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Abstract. We compute the Fourier transform (or vacuum characteristic func-
tion) of quantum random variables (observables), defined as self-adjoint finite
sums of Fock space operators, satisfying the multi-dimensional Heisenberg Lie
algebra commutation relations. The main tool is a splitting formula for the
multi-dimensional Heisenberg group obtained by Feinsilver and Pap.

1. Bochner’s Theorem and quantum random variables

A continuous function f : R �→ C is positive definite if∫
R

∫
R

f(t− s)φ(t)φ̄(s) dt ds ≥ 0

for every continuous function φ : R �→ C with compact support. Bochner’s theorem
(see [3, p. 346]) states that such a function can be represented as

f(t) =

∫
R

eitλ dv(λ),

where v is a non-decreasing right-continuous bounded function. If f(0) = 1, then
such a function v defines a probability measure on R and Bochner’s theorem says
that f is the Fourier transform of a probability measure, i.e., the characteristic
function of a random variable that follows the probability distribution defined by
v. Moreover, the condition of positive definiteness of f is necessary and sufficient
for such a representation.

An example of such a positive definite function is provided by f(t) = 〈Φ, eitXΦ〉
where Φ is the normalized vacuum vector of a Fock-Hilbert space F and X is an
observable (self-adjoint operator on F) also called a quantum random variable in
which case ∫

R

∫
R

f(t− s)φ(t)φ̄(s) dt ds = ‖
∫
R

e−itXφ(t) dt Φ ‖2 ≥ 0.

In this paper we consider quantum random variables X acting on the Fock space
associated with the multi-dimensional Heisenberg algebra and our goal is to provide
a formula for the computation of their vacuum characteristic function 〈Φ, eitXΦ〉.
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2. Multi-dimensional Heisenberg algebra random variables

The multi-dimensional Heisenberg algebra is the infinite-dimensional Lie algebra
with generators {1, xj , Dk | j, k ≥ 1} and commutation relations

[Dk, xj ] = δj,k1 , [Dk,1] = [xj ,1] = [Dk, Dj ] = [xk, xj ] = 0.

The following theorem was proved in [1] and is central to our approach. For con-
venience we keep its notation.

Theorem 1. Let α1 ∈ C, α2, α3 ∈ Cn×1, α4, α5, α6 ∈ Cn×n, with αT
4 = α4 and

αT
6 = α6. Let also

v =

(
α5 α4

−α6 −αT
5

)
and define the functions P,Q,R, S : R �→ C

n×n by

etv =

(
P (t) Q(t)
−R(t) S(t)

)
.

Then, letting 1 denote the identity operator and using the notation

xα2
=

n∑
j=1

αj
2xj , Dα3

=

n∑
j=1

αj
3Dj , Rα4

=
1

2

n∑
j,k=1

αj,k
4 xjxk,

ρα5
=

1

2

n∑
j,k=1

αj,k
5 (xjDk +Dkxj) , Δα6

=
1

2

n∑
j,k=1

αj,k
6 DjDk

for t ∈ R sufficiently close to 0 we have

et(α11+xα2
+Dα3

+Rα4
+ρα5

+Δα6) = eA1(t)1exA2(t)eDA3(t)eRA4(t)eρA5(t)eΔA6(t) ,

where the functions A1 : R �→ C, A2, A3 : R �→ C
n×1 and A4, A5, A6 : R �→ C

n×n

are given by

A1(t) = α1t+
1

2

(
αT
3 αT

2

) etv − 1− tv

v2

(
α2

−α3

)
+

1

2
A2(t)

TA3(t),

(
A2(t)
−A3(t)

)
=

etv − 1

v

(
α2

−α3

)
,

A4(t) = Q(t)S(t)−1 , A5(t) = − logS(t)T , A6(t) = S(t)−1R(t),

and the functions etv−1
v and etv−1−tv

v2 are understood in the sense of power series,
i.e.,

etv − 1

v
= t

∞∑
k=0

(tv)k

(k + 1)!
,

etv − I − tv

v2
= t2

∞∑
k=0

(tv)k

(k + 2)!
·

Lemma 1. Let D, x, and h satisfy the Heisenberg algebra commutation relations
[D, x] = h and [D,h] = [x, h] = 0. Then, for all t, a ∈ R

(2.1) etDeax = eaxetDeath,

(2.2) [etD, xn] =
n−1∑
k=0

(
n

k

)
tn−khn−kxketD,

(2.3) etDeax
2

= ea(th+x)2etD.
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Proof. The proof of (2.1) can be found in [2]. For (2.2), using (2.1) and Leibniz’s
rule for derivatives we have

[etD, xn] = etDxn − xnetD =
∂n

∂an
|a=0e

tDeax − xnetD

=
∂n

∂an
|a=0e

axetDeath − xnetD =

n∑
k=0

(
n

k

)
tn−khn−kxketD − xnetD

=

n−1∑
k=0

(
n

k

)
tn−khn−kxketD.

To prove (2.3) we notice that

etDeax
2

= etD
∞∑

n=0

anx2n

n!
=

∞∑
n=0

an

n!
etDx2n

=

∞∑
n=0

an

n!

(
[etD, x2n] + x2netD

)
=

∞∑
n=0

an

n!
[etD, x2n] +

∞∑
n=0

an

n!
x2netD

which using (2.2) is

=

∞∑
n=0

an

n!

2n−1∑
k=0

(
2n

k

)
t2n−kh2n−kxketD + eax

2

etD

=

∞∑
n=0

an

n!

(
2n∑
k=0

(
2n

k

)
t2n−kh2n−kxk − x2n

)
etD + eax

2

etD

=

( ∞∑
n=0

an

n!
(th+ x)2n −

∞∑
n=0

an

n!
x2n

)
etD + eax

2

etD

=
(
ea(th+x)2 − eax

2
)
etD + eax

2

etD = ea(th+x)2etD.

�

Our goal is to compute the moment generating and characteristic functions,
〈Φ, etXΦ〉 and 〈Φ, eitXΦ〉, respectively, of the random variable

X = α11+ xα2
+Dα3

+Rα4
+ ρα5

+Δα6
,

where Φ is the Fock vacuum vector with 〈Φ,Φ〉 = 1. We assume that for all n > 0,
DnΦ = 0 which implies that for all an ∈ C

eanDnΦ =

∞∑
k=0

akn
k!

Dk
nΦ = Φ.

Moreover, we assume that for all n > 0, (Dn)
∗ = xn , (xn)

∗ = Dn. In view of this

assumption we have that for each i, j > 0, Di = ai and xj = a†j where [ai, a
†
j ] = δi,j

and a∗i = a†i , i.e., ai and a†i are a Boson pair.
The operator

Z = α11+ xα2
+Dα3

+Rα4
+ ρα5

+Δα6

is self-adjoint if and only if

α1 ∈ R , α2 = α∗
3 , α6 = α∗

4 , α5 = α∗
5,
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where (· · · )∗ denotes conjugate transpose. Since in Theorem 1 we have assumed
that αT

4 = α4 and αT
6 = α6, the condition α6 = α∗

4 reduces to α6 = α4.
The Fock space corresponding to the multi-dimensional Heisenberg algebra would

be defined as the Hilbert space completion of the exponential vectors

ψa := e
∑∞

i=1 aixiΦ =
∞∏
i=1

eaixiΦ , a = (a1, a2, ...) ∈ l2(C),

with respect to the inner product

〈ψa, ψb〉 := 〈
∞∏
i=1

eaixiΦ,

∞∏
i=1

ebixiΦ〉 =
∞∏
i=1

eaibi = e
∑∞

i=1 aibi .

Throughout this paper we will make repeated use of the fact that for all group
elements g

〈Φ, eanxngΦ〉 = 〈(eanxn)∗ Φ, gΦ〉 = 〈eānDnΦ, gΦ〉 = 〈Φ, gΦ〉.

Lemma 2. For i, j, k ∈ {1, 2, ..., n} and ai, bj,k ∈ C

〈Φ,
n∏

i=1

eaiDi

n∏
j,k=1 , j �=k

ebj,kxjxkΦ〉 = e
∑n

i,j=1, i�=j aiajbi,j .

Proof. Let A =
∑n

i=1 aiDi and B =
∑n

j,k=1 , j �=k bj,kxjxk. Then

C := [A,B] =

n∑
i=1

n∑
j,k=1 , j �=k

aibj,k[Di, xjxk] =

n∑
i=1

n∑
j,k=1 , j �=k

aibj,kci,j,k,

where

ci,j,k = [Di, xjxk] =

⎧⎨
⎩

0 if i 	= j, i 	= k,
xk if i = j, i 	= k,
xj if i = k, i 	= j.

Clearly [B,C] = 0 and

E := [A,C] =
n∑

m=1

n∑
i=1

n∑
j,k=1 , j �=k

amaibj,k[Dm, ci,j,k]

=
n∑

m=1

n∑
i=1

n∑
j,k=1 , j �=k

amaibj,kdm,i,j,k,

where

dm,i,j,k =

{
1 if m = k 	= i = j or m = j 	= i = k,
0 otherwise.

Thus

E = 2

n∑
i,j=1, i �=j

aiajbi,j .

Using the expansion

eABe−A = eadAB = B + [A,B] +
1

2
[A, [A,B]] + 0 + · · ·

= B + C +
1

2
E
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we find that

eABne−A =
(
eABe−A

) (
eABe−A

)
· · ·

(
eABe−A

)
=

(
B + C +

1

2
E

)n

and so

eAeBe−A =
∞∑

n=1

1

n!
eABne−A =

∞∑
n=1

1

n!

(
B + C +

1

2
E

)n

= eB+C+ 1
2E .

Thus

〈Φ,
n∏

i=1

eaiDi

n∏
j,k=1 , j �=k

ebj,kxjxkΦ〉 = 〈Φ, eAeBΦ〉 = 〈Φ, eAeBe−AΦ〉

= 〈Φ, eB+C+ 1
2EΦ〉 = 〈Φ, eB+Ce

1
2EΦ〉 = e

1
2E〈eB∗+C∗

Φ,Φ〉
= e

1
2E〈Φ,Φ〉 = e

1
2E = e

∑n
i,j=1, i�=j aiajbi,j .

�

Theorem 2. In the notation of Theorem 1, for t ∈ R sufficiently close to 0, the
moment generating and characteristic functions of the random variable

Z = α11+ xα2
+Dα3

+Rα4
+ ρα5

+Δα6

are, respectively,

〈Φ, etZΦ〉 = eA1(t)e
1
2

∑n
j=1 Aj,j

5 (t)+Aj,j
4 (t)Aj

3(t)
2

e
1
2

∑n
m,k=1, m �=k Am

3 (t)Ak
3(t)A

m,k
4 (t)

and

〈Φ, eitZΦ〉 = eA1(it)e
1
2

∑n
j=1(A

j,j
5 (it)+Aj,j

4 (it)Aj
3(it)

2)e
1
2

∑n
m,k=1, m �=k(A

m
3 (it)Ak

3 (it)A
m,k
4 (it)).

Proof. By Theorem 1

〈Φ, et(α11+xα2
+Dα3

+Rα4
+ρα5

+Δα6)Φ〉

= 〈Φ, eA1(t)1exA2(t)eDA3(t)eRA4(t)eρA5(t)eΔA6(t)Φ〉
= eA1(t) 〈Φ, exA2(t)eDA3(t)eRA4(t)eρA5(t)eΔA6(t)Φ〉

= eA1(t) 〈(exA2(t))
∗
Φ, eDA3(t)eRA4(t)eρA5(t)eΔA6(t)Φ〉

(using (exA2(t))
∗
Φ = e

∑n
j=1

¯
Aj

2(t)DjΦ =
∏n

j=1 e
¯
Aj

2(t)DjΦ = Φ

and eΔA6(t)Φ = e
1
2

∑n
j,k=1 Aj,k

6 (t)DjDkΦ = Φ )

= eA1(t)〈Φ, eDA3(t)eRA4(t)eρA5(t)Φ〉.
Moreover,

ρA5(t) =
1

2

n∑
j,k=1

Aj,k
5 (t) (xjDk +Dkxj)

=
1

2

⎛
⎝ ∑

1≤j �=k≤n

Aj,k
5 (t) 2xjDk +

n∑
j=1

Aj,j
5 (t) (xjDj +Djxj)

⎞
⎠

=
1

2

⎛
⎝ ∑

1≤j �=k≤n

Aj,k
5 (t) 2xjDk +

n∑
j=1

Aj,j
5 (t) (xjDj + [Dj , xj ] + xjDj)

⎞
⎠
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=
1

2

⎛
⎝ ∑

1≤j �=k≤n

Aj,k
5 (t) 2xjDk +

n∑
j=1

Aj,j
5 (t) (2xjDj + 1)

⎞
⎠

=
∑

1≤j �=k≤n

Aj,k
5 (t)xjDk +

n∑
j=1

Aj,j
5 (t)xjDj +

1

2

n∑
j=1

Aj,j
5 (t)

so we have that

eρA5(t)Φ = e
1
2

∑n
j=1 Aj,j

5 (t)e
∑

1≤j �=k≤n Aj,k
5 (t)xjDk+

∑n
j=1 Aj,j

5 (t)xjDjΦ

= e
1
2

∑n
j=1 Aj,j

5 (t)e
∑

1≤j,k≤n Aj,k
5 (t)xjDkΦ = e

1
2

∑n
j=1 Aj,j

5 (t)Φ =

n∏
j=1

e
1
2A

j,j
5 (t)Φ

because
∑

1≤j,k≤nA
j,k
5 (t)xjDkΦ = 0 implies e

∑
1≤j,k≤n Aj,k

5 (t)xjDkΦ = Φ. Thus

〈Φ, et(α11+xα2
+Dα3

+Rα4
+ρα5

+Δα6)Φ〉

= eA1(t)
n∏

j=1

e
1
2A

j,j
5 (t)〈Φ, eDA3(t)eRA4(t)Φ〉.

Using

DA3(t) =
n∑

j=1

Aj
3(t)Dj , RA4(t) =

1

2

n∑
j,k=1

Aj,k
4 (t)xjxk

we have that

eDA3(t)eRA4(t) = e
∑n

j=1 Aj
3(t)Dje

1
2

∑n
j,k=1 Aj,k

4 (t)xjxk

which, since the operators in each exponent commute, splits into
n∏

j=1

eA
j
3(t)Dj

n∏
J,K=1

e
1
2A

J,K
4 (t)xJxK

=

n∏
j=1

eA
j
3(t)Dj

n∏
m=1

e
1
2A

m,m
4 (t)x2

m

n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxK

=
n∏

j=1

(
eA

j
3(t)Dje

1
2A

j,j
4 (t)x2

j

) n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxK

( by Lemma 1 (iii))

=
n∏

j=1

(
e

1
2A

j,j
4 (t)(Aj

3(t)+xj)
2

eA
j
3(t)Dj

) n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxK .

Thus
〈Φ, et(α11+xα2

+Dα3
+Rα4

+ρα5
+Δα6)Φ〉

= eA1(t)
n∏

j=1

e
1
2A

j,j
5 (t)

×〈Φ,
n∏

j=1

(
e

1
2A

j,j
4 (t)(Aj

3(t)+xj)
2

eA
j
3(t)Dj

) n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxKΦ〉

= eA1(t)
n∏

j=1

e
1
2A

j,j
5 (t)
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×〈
n∏

j=1

e
1
2A

j,j
4 (t)(Aj

3(t)+Dj)
2

Φ,
n∏

j=1

eA
j
3(t)Dj

n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxKΦ〉.

Since, for each j = 1, 2, ..., n

e
1
2A

j,j
4 (t)(Aj

3(t)+Dj)
2

Φ = e
1
2A

j,j
4 (t)Aj

3(t)
2

e
1
2A

j,j
4 (t)D2

j eA
j,j
4 (t)Aj

3(t)DjΦ

= e
1
2A

j,j
4 (t)Aj

3(t)
2

Φ

we find that
〈Φ, et(α11+xα2

+Dα3
+Rα4

+ρα5
+Δα6)Φ〉

= eA1(t)
n∏

j=1

e
1
2A

j,j
5 (t)

n∏
j=1

e
1
2A

j,j
4 (t)Aj

3(t)
2

×〈Φ,
n∏

j=1

eA
j
3(t)Dj

n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxKΦ〉

= eA1(t)
n∏

j=1

e
1
2A

j,j
5 (t)+ 1

2A
j,j
4 (t)Aj

3(t)
2

×〈Φ,
n∏

j=1

eA
j
3(t)Dj

n∏
J,K=1 , J �=K

e
1
2A

J,K
4 (t)xJxKΦ〉

(which by Lemma 2 is)

= eA1(t)e
1
2

∑n
j=1(A

j,j
5 (t)+Aj,j

4 (t)Aj
3(t)

2)e
∑n

I,J=1, I �=J AI
3(t)A

J
3 (t)

1
2A

I,J
4 (t)

= eA1(t)e
1
2

∑n
j=1(A

j,j
5 (t)+Aj,j

4 (t)Aj
3(t)

2)e
1
2

∑n
I,J=1, I �=J AI

3(t)A
J
3 (t)A

I,J
4 (t).

Replacing t by it we obtain the formula for the characteristic function. �
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