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Preface 

The designs presented in this publication are for experiments with some 
factors at two levels and other factors at three levels. The designs are con- 
structed so that the grand mean, all main effects, and all two-factor interaction 
effects can be estimated without aliasing among them. It is assumed that all 
higher-order interaction effects are negligible, and their absence makes it 
possible to estimate the error variance. 

These designs were developed in the Statistical Engineering Laboratory 
of the National Bureau of Standards under a program sponsored by the Bureau 
of Ships, Department of the Navy. Revision of the introductory material 
and of the analysis for six designs was carried out at The Research Triangle 
Institute under the sponsorship of the Office of Ordnance Research. The work 
was performed under the direction of W. S. Connor. Professor R. C. Bose 
served as consultant and contributed to the development of related theory. 
Shirley Young performed most of the work of constructing the designs and 
working out the corresponding estimates. Carroll Dannemiller devised an elec- 
tronic computer program which was used to check the normal equations. A 
program previously developed by R. C. Burton was used to generate treatment 
combinations from 3" factorials. Also, R. C. Burton participated in certain 
aspects of construction during the summer of 1958. Lola S. Deming super- 
vised the preparation of the manuscript in final form. 

OCTOBER 1960. A. V. ASTIN, Director. 
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Fractional "Factorial Designs for Experiments With Factors 
at Two and Three Levels 

W. S. Connor and Shirley Young 

1. Introduction 

This catalog is the sequel to [1] ' and [2]. It contains fractional factorial designs for use in ex- 
periments which investigate m factors at two levels and n factors at three levels. The grand mean p, 
all main effects, and all two-factor interaction effects are estimated. All higher order interactions are 
assumed negligible and their absence allows estimation of the error variance. A design has been con- 
structed for each of the 39 pairs (m,n) included from m-\-n=5 through m+n= 10, (m,n^0). Thedesign 
for (m,n) is designated DESIGN 2m3". 

It is believed that the method of construction described in section 2 is new. Morrison 13] pub- 
lished several designs which can be constructed by the present method, and his paper was an inspiration 
to the authors in formulating their method. The objective in forming these fractions was to keep the 
number of required treatment combinations small while retaining as much orthogonality among the 
estimates as possible. The designs are neither unique nor exhaustive, and there may be attractive 
alternative ways of fractionating the 2m3" complete factorials. 

Section 3 contains a description of the mathematical model, in which it is assumed that all inter- 
actions between three or more factors are nonexistent, and of how to estimate the parameters contained 
in the model. Section 4 contains a discussion of how to test hypotheses and construct confidence 
intervals.    A worked example is presented in section 5. 

Section 6 is devoted to six designs, viz, 2333, 2S33, 2633, 253*, 233s, and 2535, for which the interaction 
effects between factors at three levels are denned in a special way. 

2. Construction of Designs 

The designs are constructed by associating fractions Si, Sj, . . ., S« from the 2m complete factorial 
with fractions Si, S2, . . ., S', from the 3" complete factorial. The fractions S< and SJ (-1=1,2, . . ., t) 

are obtained by conventional methods which have been described, for example, in [4,5]. Fractions are 
selected so that low order interaction effects, including main effects, are aliased with each other as 
little as possible. The association is such that every treatment combination in S, is adjoined to every 
treatment combination in S'«, thus forming treatment combinations from the 2",3" complete factorial. 
The resulting fraction from the 2m3" complete factorial may be denoted by 

(2.1) SiSi        S2S2        • . • S(b(. 

To illustrate, consider the 2332 complete factorial, which contains 72 treatment combinations. 
The three factors with two levels will be denoted by At, Aa, and A3, and the two factors with three levels 
by Bi and B2. One way of fractionating the 23 complete factorial into two distinct sets Si and Sa is by 
finding the treatment combinations {x&tf^, (^=0,1; j=l,2,3) having x's which satisfy 

(2.2) Zi-|-X2-r-X3=0 and Zi-r-3;2+:E3=l (mod 2), 

respectively.    These sets are as follows: 

> Figures in brackets Indicate the literature references on page 14. 



Sets of Treatment Combinations from the 23 

Si S_2 

Ai A2 A3 Ai A2 A3 

0    0    0 111 
(2.3) 110 10    0 

10    1 0    10 
Oil 001 

One way of fractionating the 32 complete factorial into three distinct sets SI, S2, and S3 is by finding 
the treatment combinations (ziZ2), (2*=0,1,2; &=1,2), having z's which satisfy 

(2.4) gj + 2^0, 2!+22=l, 2t + 22=2 (mod 3), 

respectively.    These sets are as follows: 

Sets of Treatment Combinations from the 32 

01 02 03 

Bi B2      Bj B2      Bj B2 

(2.5) 0    0        10       2    0 
12       0    1        0    2 
2    1        2    2        11 

DESIGN 2332 appearing on page 20 of this catalog is a fractional design from the 2332 complete 
factorial consisting of the following treatment combinations: 

Treatment Combinations in the Fraction from the 2332 

A, A2 A3 B, B2 
Response A, A2 A3 B, B2 Response A, Ao A3 B, B2 Responso 

0 0 0 0 0 (85.9) 0 0 1 0 1 (88.9) 0 0 1 0 2 (139.0) 
0 1 1 0 0 (99.3) 0 1 0 0 1 (78.4) 0 1 0 0 2 (153.8) 
1 0 1 0 0 (119.8) 1 0 0 0 1 (42.0) 1 0 0 0 2 (180.0) 
1 1 0 0 0 (115.5) 1 1 1 0 1 (142.0) 1 1 1 0 2 (172.4) 

0 0 0 1 2 (118.3) 0 0 1 1 0 (94.9) 0 0 1 2 0 (184.0) 
(2.6)     0 1 1 1 2 (115.4) 0 1 () 1 0 (110.4) 0 1 0 2 0 (93.0) 

1 0 1 1 2 (184.9) 1 0 0 1 0 (92.8) 1 0 0 2 0 (96.9) 
1 1 0 1 2 (161.7) 1 1 1 1 0 (167.2) 1 1 1 2 0 (172.7) 

0 0 0 2 1 (127.6) 0 0 1 2 2 (153.9) 0 0 1 1 1 (125.7) 
0 1 1 2 1 (166.8) 0 1 0 2 2 (184.3) 0 1 0 1 1 (102.7) 
1 0 1 2 1 (158.6) 1 0 0 2 2 (114.3) 1 0 0 1 1 (131.2) 
1 1 0 2 1 (138.6) 1 1 1 2 2 (199.9) 1 1 1 1 1 (223.7) 



These treatment combinations may be denoted concisely by 

(2.7) Si&i     02O2     O2S3. 

The numbers in parentheses under the column headed "Response" are data that will be used subsequently 
for a numerical illustration. 

This fractional factorial design involves 36 treatment combinations and is a one-half fraction of the 
complete factorial. In DESIGN 2332, the expression (2.7) is called the "Experimental Plan," and indi- 
cates how the sets S< and S'<, which are given under "Construction," are to be associated to form the 
treatment combinations (2.6). 

This form is followed for all of the designs in the catalog, except that the actual formation of the 
treatment combinations as shown in the Experimental Plan is left to the reader. 

3. Estimation of Effects 

The response to the treatment combination {xxx2 . . . xmzxz2 . . . zn) will be denoted by 
Y*(xiX2 • • • xmZiZ2 . . . z„), which is a random variable with expected value y(xiX2 . . . xmzxz2 

. . . zn) and variance a
2
. It is assumed that the expected value of the response is expressible as a 

linear function of certain parameters which are the grand average, main effects, and two-factor inter- 
action effects.    It also is assumed that there are no higher order interaction effects. 

In the linear function corresponding to a treatment combination, the coefficient of the grand average 
H is 1, but the coefficients of the other parameters depend on the treatment combination. If the factor 
A is at level 0, then the coefficient of the main effect of A, also denoted by A, is —1; but if at level 1, 
then the coefficient is 1. The coefficient of the interaction parameter A.JAJ> is the product of the coeffi- 
cients of the component main effects A^ and Af as is shown in the following table: 

(3-D 

Coefficients of Pure A Effects 

• levels 
Coefficients 

Main effects Interaction 

A, -V A, A,. AJAJ- 

0 0 -1 -1 1 

1 0 1 — 1 -1 

0 1 -1 1 -1 

1 1 1 1 1 

For a B factor there are two parameters which correspond to the main effect, viz, the linear effect 
B and the quadratic effect B2. The terms "linear" and "quadratic" apply literally only to equally 
spaced levels but are formally useful in other cases too. For the levels 0, 1, and 2, the coefficients of B 
are —1,0, and 1, respectively, and the coefficients of B2 are 1,-2, and 1, respectively; 

For two factors B^B*', there are four interaction parameters, viz, BtBf, B*Bt', B2B^, and B*Bf. 
The coefficients of these parameters are the products of the coefficients of the component main effects, 
as follows: 

582422—61- 



Coefficients of Pure B Effects 

(3.2) 

Factor levels 
Coefficients 

Main effects Interactions 

B* Bt, Bt B*. B2 BJ. BtB*< BJBJ- B2B*. BlBl 

0 0 -1 -1 1 1 1 -1 -1 1 

1 0 0 -1 -2 ] 0 0 2 -2 

2 0 1 -1 1 l -1 1 -1 1 

0 1 -1 0 1 -2 0 2 0 -2 

1 1 0 0 -2 -2 0 0 0 4 

2 1 1 0 1 -2 0 -2 0 -2 

0 2 -1 1 1 1 -1 -1 1 1 

1 2 0 1 -2 1 0 0 -2 -2 

2 2 1 1 1 1 1 1 1 1 

For six of the designs, viz, 2333, 2838, 2633, 2534, 2336, and 2635, the coefficients of the interaction effects 
will be defined in a different way.    These definitions will be presented in section 6. 



For two factors A and B, there are two interaction parameters, viz, AB and AB2.    The coefficients 
of these parameters, too, are the products of the component main effects, thus: 

(3.3) 

Coefficients of Mixed A B Effects 

Coefficients 
Factoi • levels 

Main effects Interactions 

A B A 15 B2 AB AB2 

0 0 -1 1 1 -1 

1 0 -1 1 — 1 1 

0 1 — 1 0 -2 0 2 

1 1 0 -2 0 -2 
0 2 — 1 1 1 — 1 — 1 
1 2 1 1 1 1 

These rules will be illustrated for DESIGN 2332, which is a one-half fraction of the 2332 complete 
factorial. In (3.4) the expected responses, riixiX&iZ^), for all 36 treatment combinations are expressed 
as linear functions of 27 parameters. The column vector r contains the following elements in the 
order given: 

n, Ai, A2, A3, AiA2, A,A3, 

A2A3, Bi, Bf, B2, B2, BiB2, 

B.BJ, B2B2) B
2B2, AxBi, AXB?, AA, 

A,B2, A2B„ A2B
2, A2B2, A2B

2, A,B„ 

ASB
2, A8B2, A3B

2. 



Expected Responses of the Treatment Combinations in Design 2332 Expressed as 
Linear Functions of the Grand Average and Main and Interaction Effects 

(3.4) 

0 0 000 

0 1100 

10 100 

110 0 0 

0 0 0 12 

0 1112 

10 112 

110 12 

00 02 1 

0 112 1 

10 12 1 

110 2 1 

0 0 10 1 

0 1001 

10 0 0 1 

1110 1 

00110 

0 10 10 

10010 

11110 

00122 

0 1022 

10022 

1112 2 

00 102 

0 10 02 

10002 

1110 2 

00 120 

0 1020 

10020 

11120 

00111 

0 10 11 

10011 

11111 

1-1 1-1 1 1-1-1 1 1-1 1-1 1-1 1-1 1-1 1- 

1-1 1-1 1 1-1-1 1 1-1 1-1-1 1-1 1-1 1-1 

•1-1 1-1 1 1-1-1 1-1 1-1 1 1-1 1-1-1 1-1 

•1-1 1-1 1 1-1-1 1-1 1-1 1-1 1-1 1 1-1 1- 

10-2110 0-2-2 0 2-1-1 0 2-1-1 0 2-1- 

10-2110 0-2-2 0 2-1-1 0-2 110-21 

•1 0-2 110 0-2-2 0-2 110 2-1-1 0-2 1 

•1 0-2 110 0-2-2 0-2 110-2110 2-1- 

1110-2 0-2 0-2-1-1 0 2-1-1 0 2-1-1 0 2 

1110-2 0-2 0-2-1-1 0 2 110-2110-2 

-1 1 1 0-2 0-2 0-2 1 1 0-2-1-1 0 2 110-2 

-1 1 1 0-2 0-2 0-2 110-211 0-2-1-1 0 2 

0-2 1-1 0 2 1-10 2-1 1 0-2 

0-2 1-1 0 2-1 1 0-2 1-1 0 2 

0-2-1 1 0-2 1-1 0 2 1-10 2 

0-2-1 1 0-2-1 1 0-2-1 1 0-2 

1- -1 1 0 -2 0 2 
1- -1 1 0- -2 0 2 

L- -1 1 0 -2 0 2 

1- -1 1 0 -2 0 2 

•1 0-2-1 10 0 2-202 
•1 0-2-1 10 0 2-202 
1 0-2-1 10 0 2-2 0-2- 
1 0-2-1 10 0 2-2 0-2- 

-1 

-1 

1 

1 

-1- 

-1- 

1- 

1- 

-1 

-1 

1 

1 

111 

1 1 1 

1 1 1 

1 1 1 

1 1 1- 

111- 

1 1 1- 

111- 

1-1 1- 

1-1 1- 

1-1 1- 

1-1 1- 

0 2 

0-2- 

0 2 

0-2- 

0-2- 

0 2 

0 2 

0-2- 

1- 

-10-20-20004020202020-20-2 

-10-20-200040202 0-2 0-20202 

10-20-200040-20-202020202 

1 0-2 0-20004 0-2 0-2 0-2 0-2 0-2 0-2 



The first equation is read as 

IJ(00000)=M—At—Ag—AJ+AIAJ+AXAS+AJAJ 

-B1+Bf-B2+Bi+B1B2-B1B|-BfB2+B^ 

(3.5) +A1B1-A1B
2+A1B2-A1B2-+A2B1-A2B

2+A2B2-A2B
2 

+A3Bl-A3B?+A3B2-A3B
2 

and the other equations are read similarly. 
For the following discussion it is assumed that the responses Y*(xi . . . xmZi . . . . zn) have 

variance a
2
 and are uncorrelated. 

The normal equations are formed from the equations of expectation in the usual way. Let the 
column vector of expected responses be denoted by rj, the matrix of coefficients by X, and the column 
vector of parameters by T.    Then the equations of expectation may be written concisely as 

(3.6) IJ=XT. 

Letting y denote the column vector of observed responses, and     the column vector of estimates, the 
normal equations are 

(3.7) Y(r)=X'2/ = X'Xr = Cr, 

for C=X'X.    The equations may be solved for T as follows: 

(3.8) T-C-lX'y 

The designs in this catalogue have been constructed so that C is nonsingular and there are not 
many nonzero elements in C_1. Indeed, for some of the designs C_1 is diagonal. Letting / denote 
the number of treatment combinations in the design, the elements in the principal diagonal can be 
calculated from (3.9), except when there is a nonzero element off the diagonal in the same row as the 
element under consideration. In that event special formulas are required. If all of the off-diagonal 
elements are zero, then the analysis is termed "Completely Orthogonal." The formulas for BtB*', 
BjtB£<, B|Bt-, and B|B^ do not apply to the six designs which are discussed in section 6. 

Elements in the Main Diagonal of the Inverse Matrix 
(except as explained above) 

(3.9) 

Parameter Element 

A, k,k,. VJ 

AB, B 3/2/ 

AB2, B2 
1/2/ 

B,fcBjfc> 9/4/ 

BtB*\ BJB*. 3/4/ 

B|B|. 1/4/ 

For DESIGN 2332, appearing on page 20 there are 36 treatment combinations, so that these 
elements, excluding the first, are 1/24, 1/72, 1/16, 1/48, and 1/144, respectively. To estimate the effects 
of Ai, A2, A3, AiA2) A1A3, and A2A3 requires special formulas, which are given under the heading "Analy- 

1 r 3   -n •    rA' 1 rAz 1 rAi T" 
sis."    It is stated that "the matrix —        , „   is used to estimate 96 L-1       3J LA.AJ, LA.AJ, |_A2AJ, 



by which is meant that the following matric equations are formed: 

(3.10) 

r A   -] 
A, 1 3 — 1 TCA.) 

_A2A3_ 
_96 

_—1 3. _Y(A2A8)J, 
r A - 

A3 1 3 — 1 T(A.) 

_AiA3_ 
_96 

_—1 3_ _Y(A,A,)J, 
r A - 

A, 1 3 -1 _Y(A3) 

_AiA2_ 
96 

_—1 3_ .Y(A,A,).. 

The values of the estimates are as given in (3.11). 

Estimates of the Parameters 

£=^Yk) i-ijYfB,) 

ii-ig [3Y(A1)-Y(A2A8)] fc?-^Y(BJ) 

A2=Jg[3Y(A2)-Y(AIA3)] ^.-^(B,) 

A3=^[3Y(A8)-Y(AxA2)] 
A        1 

=72 
BJ-igYOBJ) 

A,A,=^ [-Y(A3)+3Y(A1A2)] 

A:A3=^ [-Y(A,)+3Y(A1A,)] 

BiB2=—Y(BiB 
16' 

Oi-LY(B,B|) 
48 

(3.11) A2A3=^ [-Y(A,)+3Y(A2A3)] !B2=^Y(B?B2) 

fBi=^Y(BfBJ) 

A1B1=^T(A1BI) A2B1=^Y(A2B1) A3Bl=iiY(A3B1) 

A1B?=^Y(A1Bf) A2Bf=^Y(A2BD A3B?=^Y(A3B?) 

A1B,=^Y(AIB2) A2B2=^Y(A2B2) A3B2=^Y(A3B2) 

A1Bi=^Y(A,Bi) A2BH^Y(A2B1) A3BH^Y(A3Bi) 



4. Tests of Significance and Confidence Intervals 

In this section it is assumed that the responses Y*(a;1 . . . x„ zy . . . z») are normally and inde- 
pendently distributed, with expected values JJ (xj. . . xmZ\. . . z„) and common variance a

2
. The 

estimates will, in general, tend to be normal even if the responses are not very normal. If all of the 
estimates for a design are least squares estimates, then the estimate s of <r is obtained according to the 
usual theory: the sum of squares for error, S„ is the total sum of squares, S,, minus the sum of squares 
for parameters, SP. Then s is the square root of S,/(/— q), where/is the number of treatment combina- 
tions in the design and q is the number of parameters to be estimated. The expected value of s2 is a

2
. 

The quantity S, is Zy2, where the summation runs over all observed responses; and the quantity S, is 
SpY(p), where the summation is over all parameters pin T 

To test the null hypothesis H0 that the parameter p is zero, Hot p=0, against the alternative hy- 
pothesis H(: pT^O, Student's t with (/— q) degrees of freedom is used as follows: 

(4.1) <=P/V«(P), with (f-q) d.f. 

where »(p) is the estimated variance of p. For a least squares estimate p, the variance V(p) is a
2
 times 

the appropriate element in the main diagonal of the inverse matrix, C-1. For some estimates, this can 
be calculated from (3.9), and for others, read from the matrices which are presented under "Analysis." 
For example, in DESIGN 2332 the variances of Au A2, A3, AiA2, and AiA3 are 3/96 a

2
 where 3/96 is read 

from the matrices. The estimated variance v(p) is obtained from V(p) by replacing a
2
 by s

2
. A two- 

sided confidence interval with confidence coefficient 1—a for p is defined by the following limits: 

(4.2) P±ti-ia^jHp), where ti-ia has (/— q) d.j. 

If this interval includes zero, then the hypothesis H> is accepted; otherwise Ho is rejected. It should be 
noted that all values in the interval are consistent with the data. 

It may be desired to carry out a test for several estimates simultaneously. For example, it may be 
desired to test that all two-factor interactions for the A factors are zero; or that the linear and quadratic 
effects for some factor B are zero.    This can be done by an F-test. 

5. An Example 

Some data corresponding to DESIGN 2332 are given in (2.6). They are taken from a publication 
by W. J. Youden [6]. Youden was concerned with comparing various methods of producing tomato 
plant seedlings prior to transplanting in the field. Comparison was made by planting in the field and 
then weighing the ripe produce.    Thus, the observations were pounds of tomatoes. 

Although Youden used five methods of production, we shall select only three: flats, fibre pots, and 
fibre pots soaked in one percent sodium nitrate solution. Other factors considered were different soil 
conditions, different sizes of pots, different varieties of tomato, and different locations on the field. The 
factors and their levels are recorded below: 

Factors and Levels for a Tomato Experiment 

Factors Levels 

a .,        ,..       A /Field soil 0 
Sod condition, A, {plus fertilizer    1 

0.       , A [Three-inch        0 
Size of pot, A2 (Four-inch 1 

Variety of tomato, A, {Ma"^^^      1 

flat 0 
ibre 1 
ibre+N03      2 

Location on field, B2 0, 1, 2 

9 



The object of the experiment was to evaluate the effects of these factors on the yield of tomatoes. 
The Y's are the inner products of the column vector y with the column vectors of X.    They can be 

conveniently calculated by forming summary tables of the kind often used in analyzing complete fac- 
torials.    For example, Y(Ai), Y(A2), and Y(AiA2) are obtained from the following table, which contains 
sums of nine responses: 

A Summary Table 
Size of Pot (A2) 

0: 
Soil Condition 

(A.) 1 

Total 
Diagonal totals 

_0_ 

1118.2 

1120.5 

2238. 7 
2611.9, 

1104. 1 

1493. 7 

2597.8 
2224. 6 

Total 

2222. 3 

2614.2 

4836.5 

From the entries in this table we find 
Y(A,) = 2614. 2-2222. 3=391. 9 
Y(A2)=2597. 8-2238. 7=359. 1 

Y(AjA2)=2611. 9-2224. 6=387. 3 

The complete list of 27 distinct Y's is given below: 

Values of the Y(p)'s 

Y(M)=4836. 5 

Y(A,)=391.9 

Y(A2)=359. 1 

Y(A3)=581. 7 

Y(A1A2)=387.3 

Y(A!A3)=354. 7 

Y(A2A3) = 60. 3 

Y(A,B,) = -155.0 

Y(A,Bf) = -490. 4 

Y(A1B2) = 51. 1 

Y(A,B*) = -46. 1 

Y(A2B,) = 14. 2 

Y(A2B?) = -40. 8 

Y(B,)=373. 6 

Y(B?) = -50.2 

Y(B2)=445. 5 

Y(B*)=257. 9 

Y(B,B,) = —118.9 

Y(B,BJ) = -347.3 

Y(B?B2) = 100.5 

Y(B?Bjj)=620. 9 

Y(A2B2) = 13. 3 

Y(A2B1) = -175. 5 

Y(A3B,) = 175.4 

Y(A3B?) = -2.4 

Y(A3B2) = -190.3 

Y(A3Bi) = -273.9 
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From the Y's the estimates are calculated as indicated in (3.11).    The estimates are given below 
bracketed by their 0.95 confidence interval limits. 

Estimates and Confidence Limits 

A= 134.3, 143.8 

A,=11.6, 21.7 

A2=7.5, 17.6 
A 

124.9, 

1.6, 

-2.5, 

4.1, A,=14.1, 24.2 

-4.0, AiA2=6.0, 16.1 

-2.7, A!A3=7.3, 17.4 

-12.3, A2A3=-2.2, 7.9 

— 18.1, A,B,= -6.5,5.2 

-13.5, ABj'=-6.8,-0.1 

-9.5, A,B2=2.1, 13.7 

-7.3, AiB|=—0.6, 6.1 

— 11.0, A2Bl = 0.6, 12.2 

-7.3, AjB?=-0.6,6.1 

The analysis of variance is as follows: 

3.9 

-7.4 

6.9 

-3.1 

-21.7 

-15.5 

-6.1 

-0.4 

— 11.1 

-9.1 

-4.3 

-6.7 

— 19.5 

— 10.5 

A 

Bi= 15.6, 27.2 

0.7,6.0 
A 

B?= 

B3= 18.6, 30.2 

B|=3.6, 10.3 

B,Bj=-7.4f 6.8 

BJS
2

2=-7.2, 1.0 

B?B2=2.1, 10.3 

B?B|=4.3, 9.1 

A2B2=0.6, 12.2 

AsBh-2.4,4.3 

A»Bi=7.3, 18.9 

A3B?= -0.03, 6.7 

A3B2=-7.9, 3.7 

A^|=-3.8, 2.9 

Source of 
Variation 

Parameters 

Error 

Total 

D.F. 

26 

_9 

35 

Sum of      Mean 
Squares    Square 

50404 

5708 

56112 

1939 

634 

3.06 

This value of F may be compared with the upper 0.95 point of the F(26, 9) distribution which is 2.89. 
Until now nothing has been said of the fact that there are both qualitative and quantitative factors 

in this example. The analysis has been carried out, effects estimated, confidence intervals placed on 
the estimated effects, and an analysis of variance test performed, all ignoring the fact that we have 
both qualitative and quantitative factors.    This has been done to illustrate the calculations. 
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The breakdown of the total sum of squares by sources of variation is given in the following analysis 
of variance table: 

Source D.F. S.S. M.S. F 

Pure A Effects 6 20297 3383 5 33" 

Mixed Effects 

AjB,, A.Bf 2 4341 2171 

A,B2, A,B1 2 138 69 

A2B„ A2Bf 2 ;52 1G 

A2B2, A2B§- 2 435 218 

AaB„ A8Bf 2 1282 641 

A3B2, A.B1 2 2551 1275 

PureB Effects: 

B„Bf 2 5851 2925 4. 61* 

B2,B^ 2 9193 4597 7. 25^ 

BiB2, BtBf| 

BfB2) BfB|/ 
4 6284 1571 

Error J> 5708 634 

Total 35 56112 

*Significant at 0.05 ••Significant at 0.01 

From these analyses, all main effects are significant, except for the'size of the pot.    No two-factor 
interaction effects are significant. 
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6.  Six Special Designs 

Designs 2333, 2633, 2«33, 2634, 2336, and 253B, have been treated differently from the other designs in 
this catalogue. The pure B effects have been defined differently from the definitions in section 3. 
They are denoted by L(B), Q(B), L^B*-), Q(BJBt'), L(BtB

2.), and Q(BtB
2<). In the linear function, 

which is the expected response to a treatment combination, the coefficients of the B effects depend on 
the levels of the B factors as follows: 

(6.1) Coefficients of Pure B Effects 

Coefficients 

Factor levels 
Main effects Interaction effects 

B*       B*< L(B.) Q(B*)      L(B*0      Q(B*.) L(BtBf) Q(B*B».)     L(B»B20 Q(B*BJ.) 

0       0 -1 1           -1              1 — 1 1               -1 1 

1        0 0 -2           -1               1 0 -2                   0 -2 

2        0 1 1           -1               1 1 1                   1 1 

0        1 -1 1               0—2 0 -2                    1 1 

1        1 0 —2                0            -2 1 1                -1 1 

2        1 1 1                0            -2 -1 1                   0 -2 

0       2 -1 1                1                1 1 1                    0 -2 

1       2 0 -2                1                1 —1 1                    1 1 

2       2 1 1                1                1 0 —2                —1 1 

The main effects are the same as before, i.e., L(B)=B and Q(B)=B2.    However, the interaction 
effects are different from the effects of section 3, but are related to them by the following matric equation: 

(6.2) 
"L(BA0' 

Q(BA0 

L(BtB
2<) 

LQCBJBjoJ 

—3339 

-1 -3 -3 3 

—3       3    -3    -9 

3-3       3j    LBjBj'. 

'BtBt/ 

BtB
2, 

BfB, 

The inverse equation is 

(6.3) 
B»B; 

BtB
2« 

B2Bt, 

LBIB^ 

-3 -3 

1 -3 

1 —3 

1 1 

-3 3" "L(BA0"| 
1 3 Q(BA0 

— 1 —3 L(B»B;O 

—1 1_ LQ(BtB
2-)^ 
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The reason for introducing these new interaction effects is that there is more orthogonality among 
them than among the effects of section 3. The normal equations are easier to solve. If it is desired to 
estimate BtBt<, . . ., B£BJ<, this can be done by using (6.3). 

The elements in the main diagonal of the inverse matrix can be calculated from (6.4), except when 
there is a nonzero element off the diagonal in the same row as the element under consideration. In 
that event, special formulas are required. 

Elements in the Main Diagonal of the Inverse Matrix (except as explained above) 

Parameter Element 

A, A,A,< 1// 

(6.4) AB, L(B), L(BtBt0, L(BtBf-) 3/2/ 

AB2, Q(B), Q(BtBt<), Q(BtBt
2-)        1/2/ 

As before, / denotes the number of treatment combinations in the design. 
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8. Designs 

Design 243x 

There are four factors at 2 levels and one factor at 3 levels.    21 effects are estimated from 36 treat- 
ment combinations.    This is a % fraction. 

Experimental Plan 

Oio 020 ^3^5 

The matrix — 
32 

and the matrix — 
48 

3 

-1 

2 

1 

-1 

Analysis 

is used to estimate 3 
- , I   riA-i   rA,Bn 

_A,AJ     LA.BJ     LA3iJ 

1 -l" 

2 — 1 

— 1 2_ 

is used to estimate 

/ 

" A3 " "  A!  " " A2 " 

AiA2 J A2A3 » A,A3 

_ A, _ _A2A4_ _AiA4_ 

Construction 

Sets of Treatment Combinations from the 2* 

Set S, 

X\+x2+x3=0 

x3+x<=0 

Treatment Combinations 

Si             02               S3 

0000 
1100 

0111 
ion 

0001 

OHO 
1010 

1101 

0011 
0100 

1000 

1111 

There is only one set S' of treatment combinations from the 31, viz, the full replicate. 

Design 253' 

There are five factors at 2 levels and one factor at 3 levels.    28 effects are estimated from 48 treat- 
ment combinations.    This is a K fraction. 

Sets of Treatment Combinations from the 26 

 Set S_ 

Xi+Xi+Xs+Xi+x^Q 

Experimental Plan 

SS' 

Analysis 

Completely orthogonal 

Construction 

Treatment Combinations 

)m the 2s S 

00000 01100 

00011 10100 

00101 11000 

01001 01111 

10001 10111 

00110 11011 

01010 11101 

10010 11110 

There is only one set S' of treatment combinations from the 31, viz, the full replicate. 
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Design 2631 

There are six factors at 2 levels and one factor at 3 levels.    36 effects are estimated from 48 treat- 
ment combinations.    This is a % fraction. 

Experimental Plan 

The matrix "Si[-1 
-1 

3 

the matrix 4* 128 |_i 

S& "2*2       S3S3 

Analysis 

rAiA'i is used to estimate              , 
LA2AJ 

estimate 
A3A4I rA3A6~| 

JMJ' |_A*AJ
; 

AxA, 

i_A2A3j 

A,A6 

A2A4 

the matrix 
64 

2        -1        -1 

-12 1 

-1 1 2 

is used to estimate 

"A,A2" 

A3A5 

A4A6 

Construction 

Sets of Treatment Combinations from the 2" 

Set       Sj       S2     S3 

Xi+x2+xz+x6=0 0         1 

XI+X2+X4+XB=0 1        0 

Treatment combinations 

s, s2 s, 
000000 000100 100001 
000101 000001 100100 

110000 110001 010001 
110101 110100 010100 

011001 011000 001000 

011100 011101 001101 

001010 001011 000010 
001111 001110 000111 
100011 100010 111000 
100110 100111 111101 
101001 101000 110010 
101100 101101 1 11)1 1 1 

111010 111011 101011 
111111 111110 101110 
010011 010010 011011 

010110 010111 011110 

Sets of Treatment Combinations from the 31 

Set   SJ      S'2     S^ 

3, = 0 

Treatment Combinations 

Oi Oj Sg 

0 1        2 
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Design 2731 

There are seven factors at 2 levels and one factor at 3 levels.   45 effects are estimated from 96 treat- 
ment combinations.    This is a % fraction. 

Experimental Plan 

SiSi       S2S2       S3S3 

The matrix > [ 3    -'1 
256 L—1 3j 

Analysis 

is used to estimate 
A1A2 A1A3 

_A3A4_ _A2A4_ 

Construction 

Sets of Treatment Combinations from the 27 

Set Si     S2       Sj 

xl-\-x2+x3+xi=0       0        1 
x3+xi+xi+xt+x7=0        1        0 

Treatment Combinations 

S, s2 s3 

Sets of Treatment Combinations from the 31 

Set  s;    S't    S3 

0000000 0000001 1000000 

1100000 1100001 0100000 

0011000 0011001 1011000 

1111000 1111001 0111000 

1001100 1001101 0001100 

0101100 0101101 1101100 

1010100 1010101 0010100 

0110100 0110101 1110100 

1001010 1001011 0001010 

0101010 0101011 1101010 

1010010 1010011 0010010 

0110010 0110011 1110010 

0000110 0000111 1000110 

1100110 1100111 0100110 

0011110 0011111 1011110 

1111110 1111111 0111110 

1001001 1001000 0001001 

0101001 0101000 1101001 

1010001 1010000 0010001 

0110001 0110000 1110001 

0000101 0000100 1000101 

1100101 1100100 0100101 

0011101 0011100 1011101 

1111101 1111100 0111101 

0000011 0000010 1000011 

1100011 1100010 0100011 

0011011 0011010 1011011 

1111011 1111010 0111011 

1001111 1001110 0001111 

0101111 0101110 1101111 

1010111 1010110 0010111 

0110111 0110110 1110111 

rom the 3 Treatment Combinations 

si & j; 
0   12 

2l = 0 1 
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Design 283J 

There are eight factors at 2 levels and one factor at 3 levels.   55 effects are estimated from 96 
treatment combinations.    This is a % fraction. 

Experimental Plan 

SiSi       S2O2       S3O3 

The matrix T^ 

2 

-1 

-1 

-1 

2 

1 

— 1 

1 

2 

Analysis 

is used to estimate 

A1A3" 

A2A4 

|_A6A7. 

the matrix 

the matrix 

256 |_1 

256 [—I 

is used to estimate 

is used to estimate 

|"A2A61     rA2A7l 

|_A<Aj     |_A4AJ' 

rA.Aq   r^A/i   rA,A,"i   TA.A,"! 

|_A3A4J      LA2A3J      LA3A7J      L-^aAeJ 

Construction 

Sets of Treatment Combinations from the 2s 

Set St        S2      S3 

xl+xa+xi+x7+xa=0 (l 0 

x1+x3+xi+x7=0 f) 1 

X!+x2+x3+xt=0 1 n 

Sets of Treatment Combinationsfrom the 31 

Set SJ      Sj       Sg 

2, = 0 1 

Treatment Combinations 

S, 8, 8, 

00000000 10000010 00000011 

00001001 10001011 00001010 

00000111 10000101 00000100 

00001110 10001100 00001101 

00110011 01000001 00110000 

00111010 01001000 00111001 

00110100 01000110 00110111 

00111101 01001111 00111110 

01010001 00100011 01010010 

01011000 00101010 01011011 

01010110 00100100 01010101 

01011111 00101101 01011100 

10010010 00010000 10010001 

10011011 00011001 10011000 

10010101 00010111 10010110 

10011100 00011110 10011111 

01100010 11100000 01100001 

01101011 11101001 01101000 

01100101 11100111 01100110 

01101100 11101110 01101111 

10100001 11010011 10100010 

10101000 11011010 10101011 

10100110 11010100 10100101 

10101111 11011101 10101100 

11000011 10110001 11000000 

11001010 10111000 11001001 

11000100 10110110 11000111 

11001101 10111111 11001110 

11110000 01110010 11110011 

11111001 01111011 11111010 

11110111 01110101 11110100 

11111110 01111100 11111101 

Treatment Combinations 

s; s/ s^ 

0   1   2 
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Design 293x 

There are nine factors at 2 levels and one factor at 3 levels, 
treatment combinations.    This is a K2 fraction. 

Experimental Plan 

S1S1       S2S2       S3S3       S4S2 

66 effects are estimated from 128 

Analysis 

The matrix 

and the matrix 

ix6^[l 

576 Ll 

J] is used to estimate  [^}   [jgj   [Jjj 

l\ is used to estimate  [^J,   [^j   [A^2],   [^j   [^.J 

|_AJB?J LA^U' UB?J' USBJ* LAJB?J 

Construction 

Sets of Treatment Combinations from the 29 

Set Si       S2       S3      S4 

xl+x2
J

rxi-\-xi+xi=l       0       0        1 

Xi+xi+xi+x,+xi=Q        10        1 

X2+x3-\-Xi+x7=0       Oil 

Xl + X2 + Xi + Xi + Xs + Xl + X7=l 111 

Sets of Treatment Combinations from the 31 

Set    SJ       S'2       S3 

81 

000100000 

001011000 

110111000 

100010100 

011110100 

010001100 

101101100 

100000010 

011100010 

010011010 

101111010 

111010110 

000110110 

001001110 

110101110 

101010001 

010110001 

011001001 

100101001 

110000101 

001100101 

000011101 

111111101 

110010011 

001110011 

000001011 

111101011 

101000111 

010100111 

011011111 

100111111 

111000000 

Treatment Combinations 

s2 

101000100 

100111100 

011011100 

001110000' 

110010000 

111101000 

000001000 

001100110 

110000110 

111111110 

000011110 

010110010 

101010010 

100101010 

011001010 

000110101 

111010101 

110101101 

001001101 

011100001 

100000001 

101111001 

010011001 

011110111 

100010111 

101101111 

010001111 

000100011 

111000011 

110111011 

001011011 

010100100 

010000011 

011111011 

100011011 

110110111 

001010111 

000101111 

111001111 

110100001 

001000001 

000111001 

111011001 

101110101 

010010101 

011101101 

100001101 

111110010 

000010010 

001101010 

110001010 

100100110 

011000110 

010111110 

101011110 

100110000 

011010000 

010101000 

101001000 

111100100 

000000100 

001111100 

110011100 

101100011 

Treatment Combinations 

s, 

101100000 

100011000 

011111000 

001010100 

110110100 

111001100 

000101100 

001000010 

110100010 

111011010 

000111010 

010010110 

101110110 

100001110 

011101110 

000010001 

111110001 

110001001 

001101001 

011000101 

100100101 

101011101 

010111101 

011010011 

100110011 

101001011 

010101011 

000000111 

111100111 

110011111 

001111111 

010000000 

0 1 
s; 
1 

51 
2 
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Design 2332 

There are three factors at 2 levels and two factors at 3 levels.    27 effects are estimated from 36 
treatment combinations.    This is a % fraction. 

Experimental Plan 

OiOi O2O2 O2O3 

Analysis 

1 r 3   _ii         .    r A
3 1 r A

^ 1 r A
> 1 The matrix =5                         is used to estimate              >               \> 96L-i       sj                     [A.A,J   |_A,AJ   LA2A3J 

Construction 

>et8 of Treatment Combinations from the 23                              Treatment Combinations 

Set     s,   s2                                        1L   II 

x1+x2+x3=0 
000       ill 

1                                                                               110        100 

101        010 

011        001 

Sets of Treatment Combinations from the 32 

Set     SJ       Si      S'3 

Treatment Combinations 

Si Sa Ss 

2l + 22 = 0 1 

00 10 20 
12 01 02 
21 22 11 

Design 2432 

There are four factors at 2 levels and two factors at 3 levels, 
treatment combinations.    This is a % fraction. 

Experimental Plan 

01O1        0201        0203 

35 effects are estimated from 72 

The matrix *iaC 

Analysis 

is used to estimate 
"A,A2"      "AiAfl    rA,A4l 

A3A4J    LA2A4J    LA2A3J 

Construction 

Sets of Treatment Combinations from the 24 

Set Si      S2 

Treatment Combinations 

s,        s, 

Xi+x2+x3+xt=0        1 

Sets of Treatment Combinations from the 32 

Set     Si     Si      Si 

3,-1-22=0 1 2 

0000 1000 

1111 0100 
1100 0010 
1010 0001 
1001 1110 

0110 1101 

0101 1011 

0011 0111 

Treatment Combinations 

Bi Bi s; 
00 10 20 
12 01 02 
21 22 11 
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Design 2632 

There are five factors at 2 levels and two factors at 3 levels.    44 effects are estimated from 72 
treatment combinations.    This is a % fraction. 

Experimental Plan 

Oibi             O202            S3S3 

Analysis 

"2        1        f "A3" 

The matrix — 
9o 

1        2        1 

_1        1        2_ 

is used to estimate AjA2 

_A^A.5_ 

and 

the matrix T^ 
"3 

_1 

r 
3_ 

is used to estimate 
A, 

_A2A3_ 
> 

A2 

_AiA3. 
t 

A< 

_A3A6_ 
t 

A5 

_A3A4_ 
> 

A,A4 

_A2A6_ 

Construction 

Sets of Treatment Combinations from the 25 

Set       Si     S2      S3 

£1+22+2:3=0 1 

0 

Sets of Treatment Combinations from the 32 

Set       Si     S2      S3 

2l + 22 = 0 1 

Treatment Combinations 

B, S, 

00000 00001 10000 
00011 00010 10011 
11000 11001 01000 
11011 11010 01011 
10101 10100 00101 

10110 10111 00110 
01101 01100 11101 

01110 01111 11110 

Treatment Combinations 

s; Bi S3 

00 10 20 
21 01 02 

12 22 11 

l_A2Aj 

21 



Design 263 602 

There are six factors at 2 levels and two factors at 3 levels.    54 effects are estimated from 96 treat- 
ment combinations.    This is a % fraction. 

Experimental Plan 

SiSi       S2SS       S3S3       S4S3 

The matrix KTT^ 240 

Analysis 

is used to estimate 

the matrix  
720 

the matrix -r^z 

4  -1 

-1      4. 

2 

3 

1 

is used to estimate 

["A.Bn   f"A2Bi 

[A^n 
LA.BLJ 

AA 

_A3B2J 

A3Bf 

AaB° 

A4B, 

A4B2. 

A4Bf 

ABJJ 

_A5B2J   LA6B2J' 

-A6BH rA()Bn. 
_A6BJ' |_A6BL|' 

is used to estimate 

" A, " " A4 " " A5" 

A2A6 J A3A5 > A3A4 

_A4A6_ _A1A6_ _AjA2_ 

the matrix TZZ 

2 -2 

3 -1 

-2 -1 3_ 

is used to estimate 

" A2 " " A3" " A6 " 

A,A6 » A4A5 1 
A,A4 

_A3Ae_ _A2Aj_ _A2A3_ 

the matrix 
1 

58,752 

680    204  -68        0        0 

204 1377      51    102    102 

-68      51    153      34      34 

0    102      34    340 -68 

0    102      34 —68    340 

is used to estimate 

B,B2 

B^ 

LB^ 

and the matrix 
1,152 

20      4 

4    20 

-2       2 

-2 2" 
2 -2 

11 1 

1 11_ 

is used to estimate 

B, " 

B2 

B.B* 

Bft2. 

Construction 

Sets of^Treatment Combinations from the 2" 

Set Si      S2      S3      S4 

xl+x2+xi+xt=0 

x3+Xi+Xi=0 

x2+xi+x5+x(i=0 

0        1        1 

0 1        0 

1 0        1 

Treatment Combinations 

s, s, 
000000 001100 000101 100001 

111100 110000 111001 011101 

011010 010110 011111 111011 

100110 101010 100011 000111 

001101 000001 001000 101100 

110001 111101 110100 010000 

010111 011011 010010 110110 

101011 100111 101110 001010 
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Sets of Treatment Combinations from the 32 

Set     s;     S2     S3 

Treatment Combinations 

Si        S2 82 

Zi + 22^0 1 
00 10 20 

12 01 02 

21 22 11 

Design 2732 

There are seven factors at 2 levels and two factors at 3 levels.   65 effects are estimated from 144 
treatment combinations.    This is a % fraction. 

Experimental Plan 

SiSj       SJSJ       S3S3 

The matrix 
192 

the matrix 

the matrix 

•      1   P IX  
384 [i 

.    1  r   3 
ix  

384 [_i 

2 

1 

.-1 

r 
3 

1 

2 

-1 

-1 

-1 

2 

Analysis 

is used to estimate 

" A7
_ 

~AiA2~ 

AiAe 1 AsA6 

_A3A5_ _A3A4_ 

is used to estimate 
A4 

_A»A7_ 

"AIA1 

A2A, U        LA2AJ_ 

is used to estimate 
A 

LA5A 

<AJ  L 

r A5 1    rA.A.1    TA.AJ 

7J'   LA3A7J'   LA2A4J'   LA2A3J' 

TAsA,"! 

LA^AJ' 

Construction 

Sets of Treatment Combinations from the 27 

Set Si       S2      S3 

Xi+X2+x3+xt=Q 

x3+xi+xs+xli=0 

X! + X2 + X3 + X6+X7 = 0 

1 0 

0 1 

0 0 

Sets of treatment Combinations from the 32 

Set   S,      S2      S8 

21 + 32 = 0 1 2 

Treatment Combinations 

8, s2 83 

0000000 1000001 0000100 
1100000 0100001 1100100 
0110100 1110101 0110000 
1010100 0010101 1010000 
0101010 1101011 0101110 
1001010 0001011 1001110 
0011110 1011111 0011010 
1111110 0111111 1111010 
0011001 1011000 0011101 
1111001 0111000 1111101 
0101101 1101100 0101001 
1001101 0001100 1001001 
0110011 1110010 0110111 
1010011 0010010 1010111 
0000111 1000110 0000011 
1100111 0100110 1100011 

Treatment Combinations 

Si        S2        S3 

00 10 20 
12 01 02 

21 22 11 

23 



Design 2832 

There are eight factors at 2 levels and two factors at 3 levels.   77 effects are estimated from 144 
treatment combinations.    This is a Ke fraction. 

s,s; 

The matrix 
1536 

O2O2 

11 

-1 

— 1 

1 

SaSa 3°3 

Experimental Plan 

S«S4       SSSS       S„Sfi 

-1 

11 

-1 

1 

-1 

-1 

11 

1 

-'S'-'S 

Analysis 

f 

s7s; 

1 

1 

11 

is used to estimate 

S8S 8 s8s; 

'A,A2" A1A3 "A.A," 

A3A4 A2A4 A2A3 

A6Aj 
1 

A„A7 

» 
A,A7 

A7A8_ _A6A8_ _A|jA8_ 

"A,Af AiA6 "A,A7" A2A7 

A2A„ A2A6 A4A5 A4A6 

A,A7 ' A3A7 
t 

AsA6 

» 
AsAs 

_A.$A.g_ _A4A8_ _A2A8_ _AjA8_ 

Construction 

Sets of Treatment Combinations from the 28 

oet Oi       o2      03      04      05      05 

Xi+X2+Zt+Xi=l 1 1 1 0 0 0 0 

^1+^+2:5+2:8=1 1 0 0 1 1 0 0 

X2+x3+Xi+x7=0 1 1 0 1 0 1 0 

Xi + X2 + Xi+Xi + X6 + Xi+X7+Xs=l 1 1 1 1 1 1 1 

Treatment Combinations 

B, s. B. S; 

01110000 

01001100 

10000000 

10111100 

11101010 

00011010 

00100110 

11010110 

00101001 

11011001 

11100101 

01000011 

10110011 

10001111 

01111111 

00010101 

01000000 

10110000 

10001100 

01111100 

00101010 

11011010 

11100110 

00010110 

11101001 

00011001 

00100101 

10000011 

01110011 

01001111 

10111111 

11010101 

00100000 

11010000 

11101100 

00011100 

01001010 

10111010 

10000110 

01110110 

10001001 

01111001 

01000101 

11100011 

00010011 

00101111 

11011111 

10110101 

00010000 

11100000 

11011100 

00101100 

01111010 

10001010 

10110110 

01000110 

10111001 

01001001 

01110101 

10000101 

11010011 

00100011 

11101111 

00011111 

00001000 

11111000 

11000100 

00110100 

01100010 

10010010 

10101110 

01011110 

10100001 

01010001 

01101101 

10011101 

11001011 

00111011 

00000111 

11110111 

00111000 

11001000 

11110100 

00000100 

01010010 

10100010 

10011110 

01101110 

10010001 

01100001 

01011101 

10101101 

11111011 

00001011 

00110111 

11000111 

00000010 

11110010 

11001110 

00111110 

01101000 

10011000 

10100100 

01010100 

10101011 

01011011 

01100111 

10010111 

11000001 

00110001 

00001101 

11111101 

00000001 

11110001 

11001101 

00111101 

01101011 

10011011 

10100111 

01010111 

10101000 

01011000 

01100100 

10010100 

11000010 

00110010 

00001110 

11111110 

24 



Sets of Treatment Combinations from the 3s 

Set s; SJ Q/                O/               Q'               Q'                C' 
o3       C54       o6       oo       o7 Sg     SJ 

2| + 22 = 0 0 0        1112 2        2 

Treatment Combinations 

si 4 cs'           Q'           or          o'            a' 
03            £5*            Oj            »g             O7 si s; 

00 12 21         10        01        22        02 

Design 2233 

20 11 

There are two factors at 2 levels and three factors at 3 levels.    34 effects are estimated from 54 
treatment combinations.    This is a % fraction. 

Experimental Plan 

StSJ       SjSj       SjS3 

Analysis 

The matrix -rz 
48 1        3 

is used to estimate 

3 
"A," 

_AJ_ 
.    3 

M 

AiA2_ 
,    2 

~A.Br 

_A2B,_ 
, 2hM 2hM 

[_A2BJ    LA2B3J 

Construction 

Sets of Treatment Combinations from the 22 

Set     Si      S2 

Xx-\-x2=0       1 

A'B!I .r^n. eh 
AJBIJ     LA^U     LA, 

Treatment Combinations 

00       10 
11       01 

Sets of Treatment Combinations from the 33 

Set SJ      S2      S3 

21 + 22+23=0        1        2 

Treatment Combinations 
s; Si si 

000 001 020 
222 010 002 
120 022 011 
102 100 110 
012 121 101 
210 112 122 
201 220 200 
021 202 212 

111 211 221 

25 



Design 2433 

There are four factors at 2 levels and three factors at 3 levels.    53 effects are estimated from 108 
treatment combinations.    This is a % fraction. 

Experimental Plan 

SJSJ       S2S2       S3S3 

Analysis 

The matrix 
48 Ll 

|_A4B3J     1JLA4B?J 

3]is U8ed t0 estimate 6 LA,]'  
4 [A£] 

i2r
A3Bii 12 rA3B|i 

rA,B2i 
l_A4B2 J 

and the matrix T-TT 
144 

is used to estimate r
Ai 1 r A.1 r A3 "l 
A2A3 

} 
A1A3 ) A4 

_A2A,_ _AiA4_ _A,A2_ 

Construction 

Sets of Treatment Combinations from the 24 

Set Si      S2      S3 

Xi+x2+xi=0 

0 

1 

Sets of Treatment Combinations from the 33 

Set Sj      S2      S3 

2l + 22 + Z3 = 0 

Treatment Combinations 

s, Si s, 
0000 0001 1110 

1100 1101 1001 
0111 0110 0101 

1011 1010 0010 

Treatment Combinations 

s; s2 S3 

000 001 020 
222 010 002 

120 022 011 
102 100 110 
012 121 101 

210 112 122 

201 220 200 
021 202 212 
in 211 221 

2C, 



Design 2733 

There are seven factors at 2 levels and three factors at 3 levels, 
treatment combinations.    This is a % fraction. 

89 effects are estimated from 432 

The matrix 
576 

2 1 -1 

1 2 -1 

1 -1 2 

Experimental Plan 

SJSJ       S2S2       S3S3 

Analysis 

is used to estimate 
"A,A2~ " A7 " 

A5A6 j A1A4 

_A3A4_ _A2A3_ 

the matrix   ^[j        j] is used lo estimate [££]•    [££]•    [^J    [^} 

«—*IDB[-!  -i>—.—.[A.] [tt) [££} [££} [£.} 
Construction 

Sets of Treatment Combinations from the 27 

Set St       S2      S3 

Xi+X2 + X3 + Xi=0 1 0 

x-i + Xi+Xj+x^O        0        1 

Xi +x3+xi+xfi+x, = 0        0        0 

Treatment Combinations 

0000000 0100000 0011100 

1111000 1011000 1100100 

0110100 0010100 0101000 

1001100 1101100 1010000 

0110010 0010010 0101110 

1001010 1101010 1010110 

0000110 0100110 0011010 

1111110 1011110 1100010 

1100001 1000001 1111101 

0011001 0111001 0000101 

1010101 1110101 1001001 

0101101 0001101 0110001 

1010011 1110011 1001111 

0101011 0001011 0110111 

1100111 1000111 1111011 

0011111 0111111 0000011 

Sets of Treatment Combinations from the 33 

Set S,       S2      S3 

Zi + z2+zi=Q 

Treatment Combinations 

> 1 S s: 
000 001 020 

222 010 002 

120 022 011 

102 100 110 

012 121 101 

210 112 122 

201 220 200 

021 202 212 

111 211 221 

0S2422     61- 27 



Design 2:34 

There is one factor at 2 levels and there are four factors at 3 levels.    42 effects are estimated from 
81 treatment combinations.    This is a % fraction. 

Experimental Plan 

SJSJ       S3S2       S2Sj 

Analysis 

The matrix l[_ »       " j] is used to estimate 3 [»],   2 [£ ]   2 [gj   , [^J, 

Construction 

Sets of Treatment Combinations from the 2l 

Set Si       S2 

Xi= 0 1 

Sets of Treatment Combinations from the 34 

Set Sj     S2      ss 

21 + 22 + Z3 + 24=      0 

Treatment Combinations 

Si      Sj 

0        1 

Treatment Combinations 

Bi B5 

0000 1000 2000 

1110 2110 0110 

2220 0220 1220 

2001 0001 1001 

0111 1111 2111 

1221 2221 0221 

1002 2002 0002 

2112 0112 1112 

0222 1222 2222 

0120 1120 2120 

1200 2200 0200 

2010 0010 1010 

2121 0121 1121 

0201 1201 2201 

1011 2011 0011 

1122 2122 0122 

2202 0202 1202 

0012 1012 2012 

0210 1210 2210 

1020 2020 0020 

2100 0100 1100 

2211 0211 1211 

0021 1021 2021 

1101 2101 0101 

1212 2212 0212 

2022 0022 1022 

0102 1102 2102 



Design 2234 

There are two factors at 2 levels and four factors at 3 levels.    52 effects are estimated from 162 
treatment combinations.    This is a % fraction. 

Experimental Plan 

OiOl O2OJ ^1^8 

The matrix 

Analysis 

is used to estimate 96 ![_»    -J] is used to estimate *[££}     «,[**]     „.[£*}     96[j£], 

-BSQ -Ki] -DSB -DSO '4A3 4t] 
Construction 

Sets of Treatment Combinations from the 22 

Set     S!      S2 

xI+x2=0       1 

111 Combii lations 

B, 8, 

00 01 

11 11) 

Sets of Treatment Combinations from the 34 

Set S{      SJ      SJ 

z1 + z2+z3+zi=0        1        2 

Treatment Combinations 

s; & ^ 

0000 1011 1000 2011 2000 0011 

1110 1122 2110 2122 0110 0122 

2220 2202 0220 0202 1220 1202 

2001 0012 0001 1012 1001 2012 

0111 0210 1111 1210 2111 2210 

1221 1020 2221 2020 0221 0020 

1002 2100 2002 0100 0002 1100 

2112 2211 0112 0211 1112 1211 

0222 0021 1222 1021 2222 2021 

0120 1101 1120 2101 2120 0101 

1200 1212 2200 2212 0200 0212 

2010 2022 0010 0022 1010 1022 

2121 0102 0121 1102 1121 2102 

0201 1201 2201 



Design 2334 

There are three factors at 2 levels and four factors at 3 levels.    63 effects are estimated from 102 
treatment combinations.    This is a % fraction. 

Experimental Plan 

S]Sl      O2O2     S3S3     S4S4      O1S5     O2O6     S3S7     O4O8     SjSj 

Tlic matrix 
1728 

I 1 
-1 
-1 

1 

-1 
11 

-1 
— 1 

-1 
-1 

1 1 

-1 

Analysis 

-l' 
— 1     is used to estimate 
-1 

1 1 

M 

A,A2 

A,A3 

I_A2A3_J 

and the matrix 
ss 

II) 
-1 
— 1 

-1 —1 
10 -1 

— 1 io_ 

is used to estimate 18 
[~A'l rA.B.i [A,B2" 

A2 ,     12 A3, ,   12 A,B. 

LAJ LA3B,J AaBj 

12 

rA.B.i rA.B*! rA.Bri rA.Bii rA,Bii rA.Br] 
A2B3 ,     12 A2B4 ,     36 A2B? ,     30 ASB* ,     36 A2B^ ,    30 A2B^ 

LA3B3J LA3BJ |_A,B?J LA3B?J LA3B3J LA»B!U 

Const ruction 

Sets of Treatment Combinations from the 23 

Set      S,      S2       S3      S4 

Treatment Combinations 

a,i+x2=0 

£1+2-3=0 

A s2 . Sa 84 

000 001 010 100 
111 110 101 011 

Sets of Treatment Combinations from the 34 

Set        s; s2 S3" Si S's <5' 
^6 s; s« sj 

Si+ 22 + 23 = 0 0 0 1 1 1 2 2 2 

22 + 2s3+2,, = 0 1 2 0 1 2 0 1 2 

Treatment Combinations 

SI 9' Bj_ s; S'. s; s; S,' a; 

0000 0001 0002 1000 1001 1002 2000 2001 2002 

1110 1111 1112 2110 2111 2112 0110 0111 0112 
2220 2221 2222 0220 0221 0222 1220 1221 1222 

1201 1202 1200 2201 2202 2200 0201 0202 0200 

2011 2012 2010 0011 0012 0010 1011 1012 1010 
0121 0122 0120 1121 1122 1120 2121 2122 2120 
2102 2100 2101 0102 0100 010J 1102 1100 1101 
0212 0210 0211 1212 1210 1211 2212 2210 2211 
1022 1020 1021 2022 2020 2021 0022 0020 0021 

30 



Design 2434 

There are four factors at 2 levels and four factors at 3 levels, 
treatment combinations.    This is a }i fraction. 

75 effects are estimated from 102 

bibi S2S2 S3O3 

Experimental Plan 

S4S4       SSS5       S6SC 

Analysis 

s7s; babo S.SJ 

12 

14 1 -1 1 1     -] L         1 M 

1       14        1-1 -1      ] 1     -1 A,A2 

1 -1         1       14         1 1   -] L         1 A,A3 

he matrix  1-1         1       14 -1      ] I     —1 is used to estimate AiA4 
216C 

1-1         1-1 14         1 — 1 A2A» 
-1         1-1         1 1        1- [        1 A2A4 

1     -1         1-1 -1         ] 14_ _A3A4J 

"n     1-1    r "A,l rA,B," [AAI 
.    1 1   11     1-1 A, A-B, A,U. 

ic matrix — IS used  to estimate  \b ,     12 ,    12 
96 -1     1    11     1 A3 A3B, AsBa 

1 —1     1   n_ AJ LA4B,. LA.IVJ 

rA,B3i A,B41 rA.Bfi "A.Bin A1B3 fA.Bf 

A2B3 A2B4 
,    36 

A,B? , A,B| 
,    36 

A2Bi 
,    36 

A2B4
2 

A3B3 A3B4 A3Bf 
ou 

A3B^ A,B| A3B1 

LA4B3J AJB4 LA4B?J LA4B*J A4B! LA4B4
2
J 

( onstrut (ion 

Sets of Treatment Combinations from tlie 2* 

Set    S!       S2 Si s6    s6    S7    s8 

X! + X2=-- 

X3 + *4 = 

x2+x3= 

1 

1 

1 

1110 

10       0        1 
0        1        0       0 

0 

0 

1 

0 

1 

1 

0 

0 

0 

s,        s2 

1010        1001 
0101        0110 

Treatment Combina 

s3        s4        s5 

0100         1000        0001 

1011         0111          1110 

tions 

s6 

1100 
0011 

0010 
1101 

s8 

0000 
1111 

Sets of Treatment Combinations from the 34 

Set      S[      S2      S3      S4 s; S6      S7      Sg      S9 

Zl + 22 + 33 = -0 (i 0 1 1           1 v> 2 2 

z2 + 223+24 = =0 1 2 0 1          2 0 1 2 

T reatment Combinations 

S,' JL _§L s: s; S,' s7 Si s,' 
0000 0001 0002 1000 1001 1002 2000 2001 2002 

1110 1111 1112 2110 2111 2112 0110 0111 0112 

2220 2221 2222 0220 0221 0222 1220 1221 1222 

1201 1202 1200 2201 2202 2200 0201 0202 0200 

2011 2012 2010 0011 0012 0010 1011 1012 1010 

0121 0122 0120 1121 1122 1120 2121 2122 2120 
2102 2100 2101 0102 0100 0101 1102 1100 1101 
0212 0210 0211 1212 1210 1211 2212 2210 2211 

1022 1020 1021 2022 2020 2021 0022 0020 0021 

31 



Design 2634 

There are six factors at 2 levels and four factors at 3 levels, 
treatment combinations.    This is a Ks fraction. 

102 effects are estimated from 324 

Experimental Plan 

s,s; 

The matrix 

the matrix 
4032 

3456 

13 

the matrix 

13 

1 

4032 — 1 

_—1 

S2o2 

11 

-1 

-1 

1 

1 

13 
-1 

-1 

-1 

-1 

— 1 

13 
1 

-1 

1 

— 1 

S3S3 S4S4 S6S; 

Analysis 

^e^e S7S7 SgS8 SgSj 

13        - 

1 

1 

1 

11 

is used to estimate 
A,A5 

A2A4 

LA3A8J 

1 

1 

13 

1 

— 1 

1 

13 

- 1 

— 1 

1 

13 
I 

-1 

1 

-1 

-1 

-1 

13 
-1 13 

is used to estimate 

A3 ' 
A, 

A,A2 

A,A4 

A2A5 

_A4A5_ 

1 

1 

— 1 

I 

13 
1 13 

is used to estimate 

r A2 i r A, i 
A4 A5 

AjA3 A2A3 

A,A6 
* 

A2A, 

A3A6 A3A4 

-A5A6_ -A4A9_ 

*«m.Wx^[_» j]  is used to .*«„».«   24 jj*}     24^}     24 [^*], 

4£i:l -DSJ 24K;} -[-;} 4tS « »Ctsa 
24 

A3iJ        L.AAJ* 

72 rA2Bf-|     72[A,Bf|     72rA2B|l     72rA2BJl 
72

LA4B?J    
72LA4BiJ     72LA4BiJ'    72|_A4B4J' 

the matrix ^[j        j] is used to estimate  24 [££}     24 [AJ]     *[**}     *[*£} 

rA,B4"i 
LAJBJ' 

^LASB?J' 

72 rA3B?i 72 rA3Bii 72 LAaBI} -DS0 « 

32 



Construction 

Sets of Treatment Combinations from the 26 

oet oi     02       03      o<     05       oj     07     09 

Xi + X2 + X3=l 1 1 1 0 0 0 0 

X3  1 ^T*5
=

 1 1 0 0 1 1 0 (1 

x1+xt+xi+xt=0 1 0 1 0 1 0 1 

X, +X2 + X3 + Xi + X5 + Xe= 1 1 1 1 1 1 1 1 

Treatment Combinations 

Si S2 S3 S4 

111000 001000 010000 100000 

010011 100011 111011 001011 

100101 010101 001101 111101 

001110 111110 100110 010110 

s, s, 8, s, 

000100 000010 000111 000001 

101111 101001 101100 101010 

011001 011111 011010 011100 

110010 110100 110001 110111 

Sets of Treatment Combinations from the 34 

Set s; S4      S6      S8      S7      S8 

2, + z2+z3=0       0       0        1 

2j + 233+24 = 0 12 0 

112        2        2 

12        0        12 

Treatment Combinations 

s: Si s; s,; Bt Si Bi 

0000 0001 0002 1000 1001 1002 2000 2001 2002 

1110 1111 1112 2110 2111 2112 0110 0111 0112 

2220 2221 2222 0220 0221 0222 1220 1221 1222 

1201 1202 1200 2201 2202 2200 0201 0202 0200 

2011 2012 2010 0011 0012 0010 1011 1012 1010 

0121 0122 0120 1121 1122 1120 2121 2122 2120 

2102 2100 2101 0102 0100 0101 1102 1100 1101 

0212 0210 0211 1212 1210 1211 2212 2210 2211 

1022 1020 1021 2022 2020 2021 0022 0020 0021 



Design 2X35 

There is one factor at 2 levels and there are five factors at 3 levels.    62 effects are estimated from 
162 treatment combinations.    This is a % fraction. 

Experimental Plan 

Ojoi O2O2 

Analysis 

Completely Orthogonal 

Construction 

Sets of Treatment Combinations from the 21 

Treatment Combinations 
Set S]      S2 

*,=0 1 
0 

Sets of Treatment Combinations from the 35 

Set s;     S2 

Zl + Z2+23+34+35=0 1 

Treatment Combinations 

S,' s: 

00000 00111 00222 10000 10111 10222 

11100 11211 11022 21100 21211 21022 

22200 22011 22122 02200 02011 02122 

20010 20121 20202 00010 00121 00202 

OHIO 01221 01002 11110 11221 11002 

12210 12021 12102 22210 22021 22102 

10020 10101 10212 20020 20101 20212 

21120 21201 21012 01120 01201 01012 

02220 02001 02112 12220 12001 12112 

01200 01011 01122 11200 11011 11122 

12000 12111 12222 22000 22111 22222 

20100 20211 20022 00100 00211 00022 

21210 21021 21102 01210 01021 01102 

02010 02121 02202 12010 12121 12202 

10110 10221 10002 20110 20221 20002 

11220 11001 11112 21220 21001 21112 

22020 22101 22212 02020 02101 02212 

00120 00201 00012 10120 10201 10012 

02100 02211 02022 12100 12211 12022 

10200 10011 10122 20200 20011 20122 

21000 21111 21222 01000 01111 01222 

22110 22221 22002 02110 02221 02002 

00210 00021 00102 10210 10021 10102 

11010 11121 11202 21010 21121 21202 

12120 12201 12012 22120 22201 22012 

20220 20001 20112 00220 00001 00112 

01020 01101 (112 12 11020 11101 11212 

s, 
I 

34 



Design 2235 

There are two factors at 2 levels and five factors at 3 levels, 
treatment combinations.    This is a % fraction. 

Experimental Plan 

OiOi 02^2 O2O3 

74 effects are estimated from 162 

Analysis 

The matrix rixijj     j] is used to estimate   144 [^J    144 [£}    96 [**}    96 [££} 

Construction 

Sets of Treatment Combinations from the 22 

Set     Si    S2 

Zl+Z2 = 0 1 

Sets of Treatment Combinations from the 35 

Set Sj      S2       S3 

21 + 22+23+24+  25=0        0        0 

3, + 22 + 223 = 0 1 2 

Treatment Combinations 

_Si 8, 

00 10 
11 01 

s; 

Treatment Combinations 

Si Si 

00000 22101 02100 21201 01200 20001 

21000 20211 20100 22011 22200 21111 

12000 11211 11100 10011 10200 12111 

10110 02211 12210 01011 11010 00111 

01110 00012 00210 02112 02010 01212 

22110 21012 21210 20112 20010 22212 

20220 12012 22020 11112 21120 10212 

11220 10122 10020 12222 12120 11022 

02220 01122 01020 00222 00120 02022 

00021 22122 02121 21222 01221 20022 

21021 20202 20121 22002 22221 21102 

12021 11202 11121 10002 10221 12102 

10101 02202 12201 01002 11001 00102 

01101 00201 02001 

35 



Design 2436 

There are four factors at 2 levels and five factors at 3 levels.    101 effects are estimated from 324 
treatment combinations.    This is a }{2 fraction. 

Experimental Plan 

SjS| b2o2 o353 

Analysis 

The matrix j^~ 

2 1 1 

1 2 1 

1 1 2 

is used to estimate 
r A3

_ 
i [A, 1 r A2 ] 

A4 i A2A3 t A,A3 

_AiA2_ _A2A4_ LA,AJ 
and 

•Umldxl[»       J]h«rf to estimate   288[^J,    !«[**]     m[%£]    102^} 

-DS3 «DS} »"[£& «BaD "-CSSD 4150 HED 
Construction 

Sets of Treatment Combinations from the 24 

Set        Si      S2      S3 

Xi+x2+x3=0 

a?i+X2+»4=0 

1 

0 
0 
1 

Sets of Treatment Combinations from the 35 

Set St      S2      S3 

2l + S2 + Z3+Z4+2t=0 0 0 

z, + Z2+2z3=0        1        2 

Treatment Combinations 

s, S2 S3 

0000 0010 0001 

1100 1110 1101 

1011 1001 1010 

0111 0101 0110 

Treatment Combinations 

s; s: S3' 
00000 02100 01200 

21000 20100 22200 

12000 11100 10200 

10110 12210 11010 

01110 00210 02010 

22110 21210 20010 

20220 22020 21120 

11220 10020 12120 

02220 01020 00120 

00021 02121 01221 

21021 20121 22221 

12021 11121 10221 

10101 12201 11001 

01101 00201 02001 

22101 12012 20001 

20211 20211 21111 

11211 10011 12111 

02211 01011 00111 

00012 02112 01212 

21012 20112 22212 

12012 11112 10212 

10122 12222 11022 

01122 00222 02022 

22122 21222 20022 

20202 22002 21102 

11202 10002 12102 

02202 01002 00102 

3G 



Design 2136 

There is one factor at 2 levels and there are six factors at 3 levels.    86 effects are estimated from 
243 treatment combinations.    This is a % fraction. 

Experimental Plan 

SjSj 02^2 ^2^3 

Analysis 

The matrix | f_J ~~ jl is used to estimate 216 H,    144 IAJJJ,    144 I A4]> 

-LSJ -[&} -C5J -tw'-CSi'-ui -UU 
432 LSI «2te] «•[$•} 

Construction 

Sets of Treatment Combinations from the 21 

Set   Si      S2 

a;,=0        1 

Treatment Combinations 

Si S; 

0 1 

Sets of Treatment Combinations from the 38 

Set s;     S2 S3 

EK 

Zi+zs+zi+zi+2zs=0       0       0 

z2+2z3+z5+2zt=0       1        2 

Treatment Combinations 
Si 

000000 000011 000022 010000 010011 010022 020000 020011 020022 

110020 110001 110012 120020 120001 120012 100020 100001 100012 

220010 220021 220002 200010 200021 200002 210010 210021 210002 

101010 101021 101002 111010 111021 111002 121010 121021 121002 

211000 211011 211022 221000 221011 221022 201000 201011 201022 

021020 021001 021012 001020 001001 001012 011020 011001 011012 

202020 202001 202012 212020 212001 212012 222020 222001 222012 

012010 012021 012002 022010 022021 022002 002010 002021 002002 

122000 122011 122022 102000 102011 102022 112000 112011 112022 

200100 200111 200122 210100 210111 210122 220100 220111 220122 

010120 010101 010112 020120 020101 020112 000120 000101 000112 

120110 120121 120102 100110 100121 100102 110110 110121 110102 

001110 001121 001102 011110 011121 011102 021110 021121 021102 

111100 111111 111122 121100 121111 121122 101100 101111 101122 

221120 221101 221112 201120 201101 201112 211120 211101 211112 

102120 102101 102112 112120 112101 112112 122120 122101 122112 

212110 212121 212102 222110 222121 222102 202110 202121 202102 

022100 022111 022122 002100 002111 002122 012100 012111 012122 

100200 100211 100222 110200 110211 110222 120200 120211 120222 

210220 210201 210212 220220 220201 220212 200220 200201 200212 

020210 020221 020202 000210 000221 000202 010210 010221 010202 

201210 201221 201202 211210 211221 211202 221210 221221 221202 

011200 011211 011222 021200 021211 021222 001200 001211 001222 

121220 121201 121212 101220 101201 101212 111220 111201 111212 

002220 002201 002212 012220 012201 012212 022220 022201 022212 

112210 112221 112202 122210 122221 122202 102210 102221 102202 

222200 222211 222222 202200 202211 202222 212200 212211 212222 
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Design 2236 

There are two factors at 2 levels and six factors at 3 levels.    100 effects are estimated from 486 
treatment combinations.    This is a % fraction. 

Experimental Plan 

QlO; O2O2 ^1^3 

Analysis 

The matrix -      _?        ~*    is used to estimate 432    A^  \>    432    ^' >    288    f'S'l* 

- Dso - csa - [tie ~ csa 
Construction 

Sets of Treatment Combinations from the 22 Treatment Combinations 

Set     S,       S2 S,      S2 

£1+22=0 1 00       01 
11       10 

38 



Sets of Treatment Combinations from the 36 

Set SJ    S'2    S3 

22 + 223+25+239 = 0 1 

0 

0 

Treatment Combinations 

8| 

000000 022100 202001 011211 120102 010000 002100 212001 021211 100102 

110020 100200 012021 121201 001102 120020 110200 022021 101201 011102 

220010 210220 122011 002201 111122 200010 220220 102011 012201 121122 

101010 020210 200111 112221 221112 111010 000210 210111 122221 201112 

211000 201210 010101 222211 102112 221000 211210 020101 202211 112112 

021020 011200 120121 000022 212102 001020 021200 100121 010022 222102 

202020 121220 001121 110012 022122 212020 101220 011121 120012 002122 

012010 002220 111111 220002 100222 022010 012220 121111 200002 110222 

122000 112210 221101 101002 210212 102000 122210 201101 111002 220212 

200100 222200 102101 211022 020202 210100 202200 112101 221022 000202 

010120 000011 212121 021012 201202 020120 010011 222121 001012 211202 

120110 110001 022111 202012 011222 100110 120001 002111 212012 021222 

001110 220021 100211 012002 121212 011110 200021 110211 022002 101212 

111100 101021 210201 122022 002212 121100 111021 220201 102022 012212 

221120 211011 020221 200122 112202 201120 221011 000221 210122 122202 

102120 021001 201221 010112 222222 112120 001001 211221 020112 202222 

212110 

S3 

222110 

020000 012100 222001 001211 110102 

100020 120200 002021 111201 021102 

210010 200220 112011 022201 101122 

121010 010210 220111 102221 211112 

201000 221210 000101 212211 122112 

011020 001200 110121 020022 202102 

222020 111220 021121 100012 012122 

002010 022220 101111 210002 120222 

112000 102210 211101 121002 200212 

220100 212200 122101 201022 010202 

000120 020011 202121 011012 221202 

110110 100001 012111 222012 011222 

021110 210021 120211 002002 111212 

101100 121021 200201 112022 022212 

211120 201011 010221 220122 102202 

122120 011001 221221 000112 212222 

202110 
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Design 2336 

There are three factors at 2 levels and six factors at 3 levels, 
treatment combinations.    This is a Ks fraction. 

115 effects are estimated from 486 

Experimental Plan 

Sibi        S2S3        S3S3        0404        SiSj        02^6        ^3^7        ^Ss        Oi^s 

Analysis 

" 11 — 1 - 1 -l" P 

The matrix _,„. 
5184 

-1      11     -1     -1 
-1     -1      11     -1 

.-1     -1     -1      11. 

is used to estimate 
AiA2 

A,A3 

_A2A3_ 

I "10    -1    —r "A," "A,B," "A,B2_ 

and the matrix — -1     10    -1 is used to estimate 54 A2 ,     36 A2B, ,     36 A2B2 
88 

_-l        -1          10_ _A3. _A3B,_ AaB2_ 

rA.Bfi 'A,B; "A,B5" "A.Be" rA.Bf "A,BT "A^s2" 
36   A2B3 ,    36 A2B4 ,     36 A2B6 ,     36 A2B6 , 108 A2B? ,    108 A»B2 ,     108 A2B

2 
1 

I_A3BJ _A3B<. _A3B5_ _A3B6. _A3B?_ A»BS_ A3BL 

rAxBri r^Bfi "A,Bf 
108   A.B2

4 L     108 A2B
2 

,    108 A2B|. 

LA3BU LA3 B*.J LA3 BiJ 

40 



Construction 

Sets of Treatment Combinations from the 23 

Set       Si      S2      S3      S4 

x1+x2=0 
xt+x3=0 

1 

0 

Treatment Combinations 

Si     Sa    03     Si 

000 

111 

001 

110 

010 

101 

Sets of Treatment Combinations from the 36 

Set S' Q' Q' Q' Q' 
1       o2       o3       o4       o5 s; s: 

Zl + 23+S4 + 25 + 226=0 0 0 0 0 0 0 0 0 

s,+2s3+25+2z6=0 0 0 1 1 1 2 2 2 

2l + 22+23+Z5 = 0 1 2 0 1 2 0 1 2 

100 
Oil 

Treatment Combinations 

s; si s; « S,' Si Si 

000000 211000 122000 200010 111010 022010 100020 011020 222020 

010120 221120 102120 210100 121100 002100 110110 021110 202110 

020210 201210 112210 220220 101220 012220 120200 001200 212200 

101010 012010 220010 001020 212020 120020 201000 112000 020000 

111100 022100 200100 011110 222110 100110 211120 122120 000120 

121220 002220 210220 021200 202200 110200 221210 102210 010210 

202020 110020 021020 102000 010000 221000 002010 210010 121010 

212110 120110 001110 112120 020120 201120 012100 220100 101100 

222200 100200 011200 122210 000210 211210 022220 200220 111220 

200111 111111 022111 100121 011121 222121 000101 211101 122101 

210201 121201 002201 110211 021211 202211 010221 221221 102221 

220021 101021 012021 120001 001001 212001 020011 201011 112011 

001121 212121 120121 201101 112101 020101 101111 012111 220111 

011211 222211 100211 211221 122221 000221 111201 022201 200201 

021001 202001 110001 221011 102011 010011 121021 002021 210021 

102101 010101 221101 002111 210111 121111 202121 110121 021121 

112221 020221 201221 012201 220201 101201 212211 120211 001211 

122011 000011 211011 022021 200021 111021 222001 100001 011001 

100222 011222 222222 000202 211202 122202 200212 111212 022212 

110012 021012 202012 010022 221022 102022 210002 121002 002002 

120102 001102 212102 020112 201112 112112 220122 101122 012122 

201202 112202 020202 101212 012212 220212 001222 212222 120222 

211022 122022 000022 111002 022002 200002 011012 222012 100012 

221112 102112 010112 121122 002122 210122 021102 202102 110102 

002212 210212 121212 202222 110222 021222 102202 010202 221202 

012002 220002 101002 212012 120012 001012 112022 020022 201022 

022122 200122 111122 222102 100102 011102 122112 000112 211112 
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Design 2436 

There are four factors at 2 levels and six factors at 3 levels, 
treatment combinations.    This is a K4 fraction. 

131 effects are estimated from 486 

01O1 S2S2 S3S3 

The matrix 

14 1 
14 

1 — 1 

6480 
— 1 

— 1 

1 
-1 

14 
1 
1 

-1 
-1 

Experimental Plan 

O4S4 O5O5 &8^6 

-1 
1 

1 

14 

-1 

1 
1 

Analysis 

-1 
1      - 
1      • 

— 1 
14 

1       14 
1     -1 14 

O7O7 o8bg b8b9 

is used to estimate 

A,A2 

A,A3 

A,A4 

A2A3 

A2A4 

AaAz 

and the matrix — 
96 

36 

11 
1 
1 

-1 

1 
11 
-1 

1 

1 -1 
-1 1 
11 1 

1 11 

is used to estimate   54 

M "A,B," rAiB2"i 
A2 ,    36 

A2B, 
,    36 

A2B2 

A3 A3B, A3B2 ' 
LAJ LA4BJ LA4BJ 

rA.Bsi "A^l [AiB,-] rA,B,i rA.Bfi rAiBfi rA,Bn 
A2B3 

A3B3 
,    36 

A2B4 

A3B< 
,    36 

A2B5 

A3B5 
,    36 

A2B6 

A3B6 
,    108 

A2B
2 

A3B
2 ,    108 

A2B
2 

A3B
2 ,    108 

A2B§ 

A3B3
2 

LA4B3J LA4B4J .A4B5J LA4B8J LA4B?J L.A4BSj LA«BIJ 

108 

'A.Bfl rA,Bf| rA.Bn 
A2B4

2 

,     108 
A2B

2 

,    108 
A2B6

2 

A3B| A3B2 A3B
2 

LA4BIJ LA4BiJ LA4B6
2
J 
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Construction 

Sets of Treatment Combinations from the 24 

oet Oj O2 ^3 ^4 ^5 £>6 ^7 ^8 

Xi+*2=0 0 1 1 0 0 1 1 

^1+2:3=0 1 0 1 0 1 0 1 

xi+xi=l 1 1 1 0 0 0 0 

Treatment Combinations 

8, 

0001 

1110 

Si    S3 

0011   0101 

1100  1010 

s4 

1000 

0111 

s5 

0000 

1111 

8, 

001c 

1101 

1 

s, 

0100 

1011 

s, 
1001 

0110 

Sets of Treatment Combinations from the 3
6 

Set   Si si S3 s4 Si s« s7 Si Si 

Zl + Zi+Zt+Zi+2zli=0 0 0 0 0 0 0 0 0 

z2+2z3+zi+2zt=0 0 0 1 1 1 2 2 2 

Zi+Z2+Z3+z5=0 1 2 0 1 2 0 1 2 

Treatment Combinations 

s; s; s; s; s; s; Sj 
000000 211000 122000 200010 111010 022010 100020 011020 222020 

010120 221120 102120 210100 121100 002100 110110 021110 202110 

020210 201210 112210 220220 101220 012220 120200 001200 212200 

101010 012010 220010 001020 212020 120020 201000 112000 020000 

111100 022100 200100 011110 222110 100110 211120 122120 000120 

121220 002220 210220 021200 202200 110200 221210 102210 010210 

202020 110020 021020 102000 010000 221000 002010 210010 121010 

212110 120110 001110 112120 020120 201120 012100 220100 101100 

222200 100200 011200 122210 000210 211210 022220 200220 111220 

200111 111111 022111 100121 011121 222121 000101 211101 122101 

210201 121201 002201 110211 021211 202211 010221 221221 102221 

220021 101021 012021 120001 001001 212001 020011 201011 112011 

001121 212121 120121 201101 112101 020101 101111 012111 220111 

011211 222211 100211 211221 122221 000221 111201 022201 200201 

021001 202001 110001 221011 102011 010011 121021 002021 210021 

102101 010101 221101 002111 210111 121111 202121 110121 021121 

112221 020221 201221 012201 220201 101201 212211 120211 001211 

122011 000011 211011 022021 200021 111021 222001 100001 011001 

100222 011222 222222 000202 211202 122202 200212 111212 022212 

110012 021012 202012 010022 221022 102022 210002 121002 002002 

120102 001102 212102 020112 201112 112112 220122 101122 012122 

201202 112202 020202 101212 012212 220212 001222 212222 120222 

211022 122022 000022 111002 022002 220002 011012 222012 100012 

221112 102112 010112 121122 002122 210122 021102 202102 110102 

002212 210212 121212 202222 110222 021222 102202 010202 221202 

012002 220002 101002 212012 120012 001012 112022 020022 201022 

022122 200122 111122 222102 100102 011102 122112 000112 211112 
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Design 2'37 

There is one factor at 2 levels and there are seven factors at 3 levels.    114 effects are estimated 
from 243 treatment combinations.    This is a ){% fraction. 

Experimental Plan 

SiOj O2S2 OjS3 

Analysis 

The matrix U   _
3

        "3   is used to estimate 216   £ [     144     ~^  I     144   fy  [ 

•«[&} •**[£] i44teJ >"[£] >«[&} «LSJ «[£J 

HJSJ 432
[A1=] "LSI 432L&] 432

[A%] 

Construction 

Sets of Treatment Combinations from the 21 Treatment Combinations 

Set Si    S2 Si       S, 

K, = 0 
0 1 
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Sets of Treatment Combinations from the 37 

Set Sj    SJ     S£ 

z1 + zi+zi+zi+2zt =0      0        0 

z2+2zi+zs+2zt+z7=l      1        1 

zl + z2+z3+z5+2?7 =0      1        2 

Treatment Combinations 

K 

2000100 

0010200 

1020000 

2101000 

0111100 

1121200 

2202200 

0212000 

1222100 

1200010 

2210110 

0220210 

1001210 

2011010 

0021110 

1102110 

2112210 

0122010 

0100220 

1110020 

2120120 

0201120 

1211220 

2221020 

0002020 

1012120 

2022220 

1100201 

2110001 

0120101 

1201101 

2211201 

0221001 

1002001 

2012101 

0022201 

0000111 

1010211 

2020011 

0101011 

1111111 

2121211 

0202211 

1212011 

2222111 

2200021 

0210121 

1220221 

2001221 

0011021 

1021121 

2102121 

0112221 

1122021 

0200002 

1210102 

2220202 

0001202 

1011002 

2021102 

0102102 

1112202 

2122002 

2100212 

0110012 

1120112 

2201112 

0211212 

1221012 

2002012 

0012112 

1022212 

1000122 

2010222 

0020022 

1101022 

2111122 

0121222 

1202222 

2212022 

0222122 

2000210 2120200 1111221 0102212 

0010010 0201200 2121021 1112012 

1020110 1211000 0202021 2122112 

2101110 2221100 1212121 2100022 

0111210 0002100 2222221 0110122 

1121010 1012200 2200101 1120222 

2202010 2022000 0210201 2201222 

0212110 1100011 1220001 0211022 

1222210 2110111 2001001 1221122 

1200120 0120211 0011101 2002122 

2210220 1201211 1021201 0012222 

0220020 2211011 2102201 1022022 

1001020 0221111 0112001 1000202 

2011120 1002111 1122101 2010002 

0021220 2012211 0200112 0020102 

1102220 0022011 1210212 1101102 

2112020 0000221 2220012 2111202 

0122120 1010021 0001212 0121002 

0100000 2020121 1011112 1202002 

1110100 0101121 2021212 2212102 

0222202 

S3 

2000020 

0010120 

1020220 

2101220 

0111020 

1121120 

2202120 

0212220 

1222020 

1200200 

2210000 

0220100 

1001100 

2011200 

0021000 

1102000 

2112100 

0122200 

0100110 

1110210 

2120010 

0201010 

1211110 

2221210 

0002210 

1012010 

2022110 

1100121 

2110221 

0120021 

1201021 

2211121 

0221221 

1002221 

2012021 

0022121 

0000001 

1010101 

2020201 

0101201 

1111001 

2121101 

0202101 

1212201 

2222001 

2200211 

0210011 

1220111 

2001111 

0011211 

1021011 

2102011 

0112111 

1122211 

0200222 

1210022 

2220122 

0001122 

1011222 

2021022 

0102022 

1112122 

2122222 

2100102 

0110202 

1120002 

2201002 

0211102 

1221202 

2002202 

0012002 

1022102 

1000012 

2010112 

0020212 

1101212 

2111012 

0121112 

1202112 

2212212 

0222012 
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Design 2237 

There are two factors at 2 levels and seven factors at 3 levels.    130 effects are estimated from 486 
treatment combinations.    This is a Yn fraction. 

Experimental Plan 

OiOj ^2*^2 ^1^3 

Analysis 

The matrix f [ _\        ~j] is  used  to  estim.t. 432 [^J     432 [£}     288 [£*) 

- BSD - DSG 8M [tlfl- - [tS - Bsa - w 

4G 



Construction 

Sets of Treatment Combinations from the 22 

Set Si      S2 

Zi+x2=0        1 

Treatment Combinations 

Si       S2 

00 

11 

01 

10 

Sets of Treatment Combinations from the 37 

Set S,      S2      S3 

Zl + 23+2«+Z5+226 = 0 0 0 

2a+2z3+Zs+2z6+Z7=l        1        1 

Zl + Z2+23+Z5 + 237 = 0 1 2 

Treatment Combinations 

8, Si 

2000100 

0010200 

1020000 

2101000 

0111100 

1121200 

2202200 

0212000 

1222100 

1200010 

2210110 

0220210 

1001210 

2011010 

0021110 

1102110 

2112210 

0122010 

0100220 

1110020 

2120120 

0201120 

1211220 

2221020 

0002020 

1012120 

2022220 

1100201 

2110001 

0120101 

1201101 

2211201 

0221001 

1002001 

2012101 

0022201 

0000111 

1010211 

2020011 

0101011 

1111111 

2121211 

0202211 

1212011 

2222111 

2200021 

0210121 

1220221 

2001221 

0011021 

1021121 

2102121 

0112221 

1122021 

0200002 

1210102 

2220202 

0001202 

1011002 

2021102 

0102102 

1112202 

2122002 

2100212 

0110012 

1120112 

2201112 

0211212 

1221012 

2002012 

0012112 

1022212 

1000122 

2010222 

0020022 

1101022 

2111122 

0121222 

1202222 

2212022 

0222122 

2000210 

0010010 

1020110 

2101110 

0111210 

1121010 

2202010 

0212110 

1222210 

1200120 

2210220 

0220020 

1001020 

2011120 

0021220 

1102220 

2112020 

0122120 

0100000 

1110100 

2120200 

0201200 

1211000 

2221100 

0002100 

1012200 

2022000 

1100011 

2110111 

0120211 

1201211 

2211011 

0221111 

1002111 

2012211 

0022011 

0000221 

1010021 

2020121 

0101121 

1111221 

2121021 

0202021 

1212121 

2222221 

2200101 

0210201 

1220001 

2001001 

0011101 

1021201 

2102201 

0112001 

1122101 

0200112 

1210212 

2220012 

0001012 

1011112 

2021212 

0102212 

1112012 

2122112 

2100022 

0110122 

1120222 

2201222 

0211022 

1221122 

2002122 

0012222 

1022022 

1000202 

2010002 

0020102 

1101102 

2111202 

0121002 

1202002 

2212102 

0222202 

s; 

2000020 

0010120 

1020220 

2101220 

0111020 

1121120 

2202120 

0212220 

1222020 

1200200 

2210000 

0220100 

1001100 

2011200 

0021000 

1102000 

2112100 

0122200 

0100110 

1110210 

2120010 

0201010 

1211110 

2221210 

0002210 

1012010 

2022110 

1100121 

2110221 

0120021 

1201021 

2211121 

0221221 

1002221 

2012021 

0022121 

0000001 

1010101 

2020201 

0101201 

1111001 

2121101 

0202101 

1212201 

2222001 

2200211 

0210011 

1220111 

2001m 

0011211 

1021011 

2102011 

0112m 

1122211 

0200222 

1210022 

2220122 

0001122 

1011222 

2021022 

0102022 

1112122 

2122222 

2100102 

0110202 

1120002 

2201002 

0211102 

1221202 

2002202 

0012002 

1022102 

1000012 

2010112 

0020212 

1101212 

2111012 

0121112 

1202112 

2212212 

0222012 

17 



Design 233 3Q7 

There are three factors at 2 levels and seven factors at 3 levels.    147 effects are estimated from 
486 treatment combinations.    This is a %t fraction. 

s,s; C^a 

Experimental Plan 

S3S3 S4b4 SlOj S2S6        S3S7        0403        S40J 

The matrix 
5184 

11      1 1-1 
1    11 -1      1 
1 -1 11      1 

-1      1 1    11 

Analysis 

is used to estimate 
AiAs 

AjA3 

_A2A3_ 

and the matrix 
88 

10 1 r 
1 10 -1 
1 -1 10. 

is used to estimate 54 
[A,! [-A.B/l 

A2 ,   36    A2B, , 
LAJ       LA3B,J 

36 
fA.B,! 

A2B2 L 
LA3BJ 

36 

36 
rA:B4l rA,B."i rA,B,i 

A2B4 ,    36 A2B5 ,    36 A2Ba ,    36 
LA3BJ LA3B{J LA3BJ 

108 
TAiBn 

108    A2B2
2 , 

LA^JJ 
108 

108 

rA.B^i rAiBjn rA.B2i rA.Bri 
AiB4

2 
,    108 A2B* ,    108 A2B* ,    108 A2B? 

LA31J LAJBLJ LA3B?J LAsBU 

48 



Construction 

Sets of Treatment Combinations from the 23 

Set     Si     S2      S3      S4 

x1+x2=0 0 

1 

Treatment Combinations 

Si 02 Sj S4 

000 

111 
001 

110 
010 
101 

Sets of Treatment Combinations from the 37 

Set 

Zi+z3+Zi+z&+2zt=0 

zi+2z3+zi+2zt+z7=l 

Zi+z2+Zt+z6+2z7=0 

z1+2zi+z3+2zi+2zs+2zs+2z1=0 

100 

Oil 

5; sa SJ Si Si Si Si ss 

0 0 0 0 0 0 0 0 

1 1 1 1 1 1 1 1 

0 0 1 1 1 2 2 2 

1 2 0 1 2 0 1 2 

s; 

Treatment Combinations 

s; s; s; s; s; s; s; 
0000111 1010211 2020011 0120211 1100011 2110111 0210011 1220111 2200211 

1111111 2121211 0101011 1201211 2211011 0221111 1021011 2001111 0011211 

2222111 0202211 1212011 2012211 0022011 1002111 2102011 0112111 1122211 

0011021 1021121 2001221 0101121 1111221 2121021 0221221 1201021 2211121 

1122021 2102121 0112221 1212121 2222221 0202021 1002221 2012021 0022121 

2200021 0210121 1220221 2020121 0000221 1010021 2110221 0120021 1100121 

0022201 1002001 2012101 0112001 1122101 2102201 0202101 1212201 2222001 

1100201 2110001 0120101 1220001 2200101 0210201 1010101 2020201 0000001 

2211201 0221001 1201101 2001001 0011101 1021201 2121101 0101201 1111001 

2002012 0012112 1022212 2122112 0102212 1112012 2212212 0222012 1202112 

0110012 1120112 2100212 0200112 1210212 2220012 0020212 1000012 2010112 

1221012 2201112 0211212 1011112 2021212 0001012 1101212 2111012 0121112 

2010222 0020022 1000122 2100022 0110122 1120222 2220122 0200222 1210022 

0121222 1101022 2111122 0211022 1221122 2201222 0001122 1011222 2021022 

1202222 2212022 0222122 1022022 2002122 0012222 1112122 2122222 0102022 

2021102 0001202 1011002 2111202 0121002 1101102 2201002 0211102 1221202 

0102102 1112202 2122002 0222202 1202002 2J12102 0012002 1022102 2002202 

1210102 2220202 0200002 1000202 2010002 0020102 1120002 2100102 0110202 

1001210 2011010 0021110 1121010 2101110 0111210 1211110 2221210 0201010 

2112210 0122010 1102110 2202010 0212110 1222210 2022110 0002210 1012010 

0220210 1200010 2210110 0010010 1020110 2000210 0100110 1110210 2120010 

1012120 2022220 0002020 1102220 2112020 0122120 1222020 2202120 0212220 

2120120 0100220 1110020 2210220 0220020 1200120 2000020 0010120 1020220 

0201120 1211220 2221020 0021220 1001020 2011120 0111020 1121120 2101220 

1020000 2000100 0010200 1110100 2120200 0100000 1200200 2210000 0220100 

2101000 0111100 1121200 2221100 0201200 1211000 2011200 0021000 1001100 

0212000 1222100 2202200 0002100 1012200 2022000 0122200 1102000 2112100 
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Design 2138 

There is one factor at 2 levels and there are eight factors at 3 levels.    146 effects are estimated from 
243 treatment combinations.   This is a K« fraction. 

Experimental Plan 

Sib!        S2S2       S2S3 

Analysis 

Them.tri*i[_3       "j] is used to estimate 216 [jj.    144^}    144 [^J 

432 L&} «2 [5J 432 L&} « [&f 432 D&}432 DS «2 [5J 
Construction 

Sets of Treatment Combinations from the 2l Treatment Combinations 

Set   Si      Si Si     S» 
o      l 

Z, =0        1 
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Sets of Treatment Combinations from the 38 

Set s; 
22+23+24+^5+28+27 = 0 

2i + Z3+Z4+2z6 + 2z8+Z8=0 

z1+2z8+2z6+z8+z7=0 

Zs+2z3+2z8+z7=0 

Treatment Combinations 

s2 S3 

0 0 

0 0 

0 0 

i 2 

s[ ti 

00000000 

11110000 

22220000 

00212100 

11022100 

22102100 

00121200 

11201200 

22011200 

01202010 

12012010 

20122010 

01111110 

12221110 

20001110 

01020210 

12100210 

20210210 

02101020 

10211020 

21021020 

02010120 

10120120 

21200120 

02222220 

10002220 

21112220 

02211001 

10021001 

21101001 

02120101 

10200101 

21010101 

02002201 

10112201 

21222201 

00110011 

11220011 

22000011 

00022111 

11102111 

22212111 

00201211 

11011211 

22121211 

01012021 

12122021 

20202021 

01221121 

12001121 

20111121 

01100221 

12210221 

20020221 

01122002 

12202002 

20012002 

01001102 

12111102 

20221102 

01210202 

12020202 

20100202 

02021012 

10101012 

21211012 

02200112 

10010112 

21120112 

02112212 

10222212 

21002212 

00220022 

11000022 

22110022 

00102122 

11212122 

22022122 

00011222 

11121222 

22201222 

00000121 

11110121 

22220121 

00212221 

11022221 

22102221 

00121021 

11201021 

22011021 

01202101 

12012101 

20122101 

01111201 

12221201 

20001201 

01020001 

12100001 

20210001 

02101111 

10211111 

21021111 

02010211 

10120211 

21200211 

02222011 

10002011 

21112011 

02211122 

10021122 

21101122 

02120222 

10200222 

21010222 

02002022 

10112022 

21222022 

00110102 

11220102 

22000102. 

00022202 

s;; 
00000212 

11110212 

22220212 

00212012 

11022012 

22102012 

00121112 

11201112 

22011112 

01202222 

12012222 

20122222 

01111022 

12221022 

20001022 

01020122 

12100122 

20210122 

02101202 

10211202 

21021202 

02010002 

10120002 

21200002 

02222102 

10002102 

21112102 

02211210 

10021210 

21101210 

02120010 

10200010 

21010010 

02002110 

10112110 

21222110 

00110220 

11220220 

22000220 

00022020 

11102020 

22212020 

00201120 

11011120 

22121120 

01012200 

12122200 

20202200 

01221000 

12001000 

20111000 

01100100 

12210100 

20020100 

01122211 

12202211 

20012211 

01001011 

12111011 

20221011 

01210111 

12020111 

20100111 

02021221 

10101221 

21211221 

02200021 

10010021 

21120021 

02112121 

10222121 

21002121 

00220201 

11000201 

22110201 

00102001 

11212001 

22022001 

00011101 

11121101 

22201101 

11102202 

22212202 

00201002 

11011002 

22121002 

01012112 

12122112 

20202112 

01221212 

12001212 

20111212 

01100012 

12210012 

20020012 

01122120 

12202120 

20012120 

01001220 

12111220 

20221220 

01210020 

12020020 

20100020 

02021100 

10101100 

21211100 

02200200 

10010200 

21120200 

02112000 

10222000 

21002000 

00220110 

11000110 

22110110 

00102210 

11212210 

22022210 

00011010 

11121010 

22201010 

51 



Design 2238 

There are two factors at 2 levels and eight factors at 3 levels.    164 effects are estimated from 486 
treatment combinations.    This is a %t fraction. 

Experimental Plan 

OiOj ^2^2 ^1^3 

Analysis 

The matrix - |_ j 3     is used to estimate 432     ^ 1>    432     £' |»    288   \j*£
l
 f 

«D&} * [1:3 - K:} -[*£} «[££) «[IS:} 

-BSJ -[ISO «DS[} -D3& -ftS -[1:11} 

Construction 

Sets of Treatment Combinations from the 22 

Set     Si       S2 

Xi+x2=0 1 

Treatment Combinations 

8, S, 

0(1 01 

11 Ki 
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Sets of Treatment Combinations from the 38 

Set St      S2 S3 

z2+z3+z4+zi+za+e7=0        0 0 

zl + z3+zi+2zi+2zt+zi=0        0 0 

z1+2z3+2z6+zs+z7=0       0 0 

zi+2z3+2za+z7=0       1 2 

Treatment Combinations 

s; s; 
00000000 

11110000 

22220000 

00212100 

11022100 

22102100 

00121200 

11201200 

22011200 

01202010 

12012010 

20122010 

01111110 

12221110 

20001110 

01020210 

12100210 

20210210 

02101020 

10211020 

21021020 

02010120 

10120120 

21200120 

02222220 

10002220 

21112220 

02211001 

10021001 

21101001 

02120101 

10200101 

21010101 

02002201 

10112201 

21222201 

00110011 

11220011 

22000011 

00022111 

11102111 

22212111 

00201211 

11011211 

22121211 

01012021 

12122021 

20202021 

01221121 

12001121 

20111121 

01100221 

12210221 

20020221 

01122002 

12202002 

20012002 

01001102 

12111102 

20221102 

01210202 

12020202 

20100202 

02021012 

10101012 

21211012 

02200112 

10010112 

21120112 

02112212 

10222212 

21002212 

00220022 

11000022 

22110022 

00102122 

11212122 

22022122 

00011222 

11121222 

22201222 

00000121 

11110121 

22220121 

00212221 

11022221 

22102221 

00121021 

11201021 

22011021 

01202101 

12012101 

20122101 

01111201 

12221201 

20001201 

01020001 

12100001 

20210001 

02101111 

10211111 

21021111 

02010211 

10120211 

21200211 

02222011 

10002011 

21112011 

02211122 

10021122 

21101122 

02120222 

10200222 

21010222 

02002022 

10112022 

21222022 

00110102 

11220102 

22000102 

00022202 

s; 
00000212 

11110212 

22220212 

00212012 

11022012 

22102012 

00121112 

11201112 

22011112 

01202222 

12012222 

20122222 

01111022 

12221022 

20001022 

01020122 

12100122 

20210122 

02101202 

10211202 

21021202 

02010002 

10120002 

21200002 

02222102 

10002102 

21112102 

02211210 

10021210 

21101210 

02120010 

10200010 

21010010 

02002110 

10112110 

21222110 

00110220 

11220220 

22000220 

00022020 

11102020 

22212020 

00201120 

11011120 

22121120 

01012200 

12122200 

20202200 

01221000 

12001000 

20111000 

01100100 

12210100 

20020100 

01122211 

12202211 

20012211 

01001011 

12111011 

20221011 

01210111 

12020m 

20100111 

02021221 

10101221 

21211221 

02200021 

10010021 

21120021 

02112121 

10222121 

21002121 

00220201 

11000201 

22110201 

00102001 

11212001 

22022001 

00011101 

11121101 

22201101 

11102202 

22212202 

00201002 

11011002 

22121002 

01012112 

12122112 

20202112 

01221212 

12001212 

20111212 

01100012 

12210012 

20020012 

01122120 

12202120 

20012120 

01001220 

12111220 

20221220 

01210020 

12020020 

20100020 

02021100 

10101100 

21211100 

02200200 

10010200 

21120200 

02112000 

10222000 

21002000 

00220110 

11000110 

22110110 

00102210 

11212210 

22022210 

00011010 

11121010 

22201010 

53 



Design 2139 

There is one factor at 2 levels and there are nine factors at 3 levels.    182 effects are estimated 
from 243 treatment combinations.    This is a X«» fraction. 

Experimental Plan 

blO] O2S2 O2O3 

Analysis 

The matrix \ [_\ ~j] i, used to estimate 216 [*]    144 [^ }    144 [*J    144 [^\, 

- [A3 - [£.} - teJ - [5J - [£J - [5J «D5J- 

«2 [&} «2 [5J 432 Us] «2 L3J 432 [A*I1 
432 LSs}432 [&} 

432 DSJ 
Construction 

Sets of Treatment Combinations from the 21 Treatment Combinations 

Set   Si      Sj Si     _SJ 

Xi=0        1 

5-1- 



Sets of Treatment Combinations from the 39 

Set s; 

zi+z3+zi+zs+zs+z7=0 

z1 + z3+zi+2z6+2zs-{-z8=Q 

zl + z2+2zi+2z!l+zll+z9=0 

Zi+z2+2z3+z5+2zti=0 

Zi+2z2+2z3+zi+zt=-0 

Treatment Combinations 

85 s; 
0 0 

0 0 

0 0 

0 0 

1 2 

000000000 

121210000 

212120000 

011111100 

102021100 

220201100 

022222200 

110102200 

201012200 

010212010 

101122010 

222002010 

021020110 

112200110 

200110110 

002101210 

120011210 

211221210 

020121020 

111001020 

202211020 

001202120 

122112120 

210022120 

012010220 

100220220 

221100220 

022011001 

110221001 

201101001 

000122101 

121002101 

212212101 

011200201 

102110201 

220020201 

002220011 

120100011 

211010011 

010001111 

101211111 

222121111 

021112211 

112022211 

200202211 

012102021 

100012021 

221222021 

020210121 

111120121 

202000121 

001021221 

122201221 

210111221 

011022002 

102202002 

220112002 

022100102 

110010102 

201220102 

000211202 

121121202 

212001202 

021201012 

112111012 

200021012 

002012112 

120222112 

211102112 

010120212 

101000212 

222210212 

001110022 

122020022 

210200022 

012221122 

100101122 

221011122 

020002222 

111212222 

202122222 

001210210 

122120210 

210000210 

012021010 

100201010 

221111010 

020102110 

111012110 

202222110 

011122220 

102002220 

220212220 

022200020 

110110020 

201020020 

000011120 

121221120 

212101120 

021001200 

112211200 

200121200 

002112000 

120022000 

211202000 

010220100 

101100100 

222010100 

020221211 

111101211 

202011211 

001002011 

122212011 

210122011 

012110111 

100020111 

221200111 

000100221 

121010221 

212220221 

011211021 

SJ 

002120120 

120000120 

211210120 

010201220 

101111220 

222021220 

021012020 

112222020 

200102020 

012002100 

100212100 

221122100 

020110200 

111020200 

202200200 

001221000 

122101000 

210011000 

022211110 

110121110 

201001110 

000022210 

121202210 

212112210 

011100010 

102010010 

220220010 

021101121 

112011121 

200221121 

002212221 

120122221 

211002221 

010020021 

101200021 

222110021 

001010101 

122220101 

210100101 

012121201 

100001201 

221211201 

020202001 

111112001 

202022001 

011222111 

102102111 

220012111 

022000211 

110210211 

201120211 

000111011 

121021011 

212201011 

010112122 

101022122 

222202122 

021220222 

112100222 

200010222 

002001022 

120211022 

211121022 

020021102 

111201102 

202111102 

001102202 

122012202 

210222202 

012210002 

100120002 

221000002 

000200112 

121110112 

212020112 

011011212 

102221212 

220101212 

022122012 

110002012 

201212012 

102121021 

220001021 

022022121 

110202121 

201112121 

010012201 

101222201 

222102201 

021120001 

112000001 

200210001 

002201101 

120111101 

211021101 

012202212 

100112212 

221022212 

020010012 

111220012 

202100012 

001121112 

122001112 

210211112 

022111222 

110021222 

201201222 

000222022 

121102022 

212012022 

011000122 

102210122 

220120122 

002020202 

120200202 

211110202 

010101002 

101011002 

222221002 

021212102 

112122102 

200002102 
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Design 2333 

There are three factors at 2 levels and three factors at 3 levels, 
treatment combinations.    This is a % fraction. 

Experimental Plan 

OiOi O2O2 O3O3 ^4^3 

Analysis 

43 effects are estimated from 72 

The matrix ± [j       JJ is used to estimate [Jg^j]    [L[B1)}    USk)} 

and the matrix —— I, . 
540 [_—l 4J 

is nsed to estimate [j^}]    [gg^ ] rQCB.) 1 
LQ(B,B2)J' 

and the matrix 
1296 

30 
0 

-3 
-3 

3 
-3 

0 
10 

-3 
1 

3 
1 

-3 
-3 
30 

0 

6 
0 

-3 3 -3 

1 3 1 

0 6 0 

10 0 -2 

0 30 0 

—2 0 10 

is used to estimate 

li(B,Bj)- 

QCB.B,2) 
L(B,B!) 
QCB.BJ) 
L(B2B3) 
.QCB2B3). 

Construction 

Sets of Treatment Combinations from the 23 

Set       Si     S2     S3      S4 

a;,+a;2=0       0        1        1 

z,+z3=0       1       0       1 

Treatment Combinations 

&i        S2 S3 S4 

000 

111 

001 
110 

010 
101 

100 
on 

Sets of Treatment Combinations from the 33 

Set S{     S2      S3 

Zt+2a+23=0        1        2 

Treatment Combinations 

Si si S3 

000 001 020 

222 010 002 

120 022 on 
102 100 110 

012 121 101 

210 112 122 

201 220 200 

021 202 212 

111 211 221 
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Design 2633 

There are five factors at 2 levels and three factors at 3 levels.    64 effects are estimated from 144 
treatment combinations.    This is a % fraction. 

Experimental Plan 

SiSi       S2S2       S3S3       O4D3 

Analysis 

The matrix r•})} [LCSV} [US)]* 360 Ll       4J 10 -~ w co—""c LL(B2B3). 

and the matrix ^ [_J    ~Jj is used to estimate [Q^]   [<$££)}   [Q^B,)} 

and the matrix 
2592 

30 

0 

-3 

-3 

3 

-3 

0    -3 

10    -3 

30 

0 

G 

0 

-3 

1 

0 

10 

0 

-2 

,3 

3 

6 

0 

30 

0 

-3 

1 

0 

-2 

0 

10 

is used to estimate 

Construction 

Sets of Treatment Combinations from the 2s 

Set Sj      S2      S3      S4 

x1+x1+xi+xi+xs=l 

i,+a;J+ar,= l 

xz+xt=l 

1        1        1 

0 1        0 

1 0       0 

Sets of Treatment Combinations from the 3s 

Set        SI      S2      S3 

2l +22+^3=0 1 

LCB.Bi)' 
Q(B,Bi) 
L(B,B|) 
Q(B,B§) 
L(B2Bi) 

LQ(B2B|). 

Treatment Combinations 

S, s, 
00100 00010 10000 00001 

11100 11010 01000 11001 

01011 01101 11111 01110 

10011 10101 00111 10110 

Treatment Combinations 

Si Si si 

000 001 020 

222 010 002 

120 022 011 

102 100 110 

012 121 101 

210 112 122 

201 220 200 

021 202 212 

111 211 221 
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Design 2633 

There are six factors at 2 levels and three factors at 3 levels.    76 effects are estimated from 288 
treatment combinations.    This is a % fraction. 

SA' 

Experimental Plan 

Analysis 

S2S2 

The matrix ~ \\       j]  is used to estimate   [L[^3)}   [L(B1)]'   [L(BA)} 

and the matrix  ^ [_\        "j] is used to estimate   [^g^}    [Q^)}    [Q£B3)} 

and the matrix 

30 0 -3 -3 3 -3 
0 10 -3 1 3 1 

1 -3 -3 30 0 6 0 
5184 -3 1 0 10 0 -2 

3 3 6 0 30 0 
-3 1 0 -2 0 10 

is used to estimate 

'L(B.Bi)" 
Q(B,B|) 
L(B,B§) 
QCB.BS) 
L(B2B3

2) 
.Q(B2Bi). 
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Construction 

Sets of Treatment Combinations from the 26 

Set Si       S2     S3       S« 

x2+xi+x6=l        10       0 

Xi+Xi+x^O       1        0        1 

x3+Xi+x5+xs=0       110 

Treatment Combinations 

s< 

010000 000010 000001 100000 

100101 110111 110100 010101 

011001 001011 001000 101001 

101100 111110 111101 011100 

010110 000100 000111 100110 

100011 110001 110010 010011 

011111 001101 001110 101111 

101010 111000 111011 011010 

Sets of Treatment Combinations from the 33 

Set      s;   sj    sj 

21 + ^2+23=0        1 2 

Treatment Combinations 

s; s; BE 

000 001 020 

222 010 002 

120 022 Oil 

102 100 110 

012 121 101 

210 112 122 

201 220 200 

021 202 212 

111 211 221 

59 



Design 2B34 

There are five factors at 2 levels and four factors at 3 levels.    88 effects are estimated from 216 
treatment combinations.    This is a X* fraction. 

OjOi 0202 

Experimental Plan 

S3S3   S4S4   S6S5   SgS6 

SioOi   OnS2   Si20$ 

Analysis 

S7S7 SsSg Ogbj 

The matrix 
288 

2        -1    -1 
-1 2        1 
-1 1        2 

is used to estimate 
AjA2 ~A2A3 A1A3 

AsAs t A,A4 y A2A8 

_AjA4_ _AiAs_ _A2A4_ 

and the matrix i   |       H  is used to estimate 192    .'.    ,     192      *  ,     128   f g1  , 

»DS} »BS «[ta *[1S -»DS0 HIS -Bffl 
"24        0        -3        3"| fLCB,)    1     fLCBj) 24 0 -3 3 

and the matrix —— 
0 

-3 

8 

3 

3 

24 

1 

0 

3 1 0 8 

"L(B3) 

Q(B,) 

L(B,B2) 

_Q(B,B2)_ 

» 

and the matrix 
3888 

is used to estimate 

30 0 -6 0 -3 

0 10 0 -2 3 

-6 0 30 0 -3 

0 -2 0 10 3 

-3 3 -3 3 30 

3 1 3 1 0 

L(B,) 
QCB.) 
L(B2B3) 

LQ(BSB3)J 

L(B2) 
Q(B,) 
LCB.B,) 

LQ(B,B3)J 

3 
1 
3 
1 
0 

10 

is used to estimate 

L(BaB
2)' 

QQBjB2) 
L(B,BJ) 
Q(B,B2) 
L(B,B2) 

LQ(B.B5. 
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Set 

Construction 

Sets of Treatment Combinations from the 25 

O]    02    03    04    O5    bj    07    &8    O9   S10   On   Ou 

21+2:2=0 0 0 0 1 1 1 1 0 0 1 1 

21+23=0 1 0 1 0 1 0 1 0 1 0 1 

xi+xi+x3+xi=0 0 0 0 0 0 0 0 1 1 1 1 

Xi+Xi+Xi+x^O 0 1 1 0 0 1 1 0 0 0 0 

Treatment Combinations 

81 s2 s3 s. S, 

00000 

11111 

s7 

00111 

11000 

s8 

00001 
11110 

s. 

11001 

00110 

S10 

10100 

01011 

S„ 

10110 

01001 

10011 

01100 

10101 

01010 

10010 

01101 

00010 

11101 

00101 

11010 

10001 

01110 

Set 

Sets of Treatment Combinations from the 34 

St G' G' G' G' G' G' G' 
I 02 O3 O4 Oj o8 o7 Og s; 

Zi + Zi+z3=0 

zi + 2zz+zi=0 

0 
1 

0 

2 

2 

0 

2 

2 

s; si Si 

Treatment Combinations 

s; 8i s; 8i s» 

0000 0001 0002 1000 1001 1002 2000 2001 2002 

1110 1111 1112 2110 2111 2112 0110 0111 0112 

2220 2221 2222 0220 0221 0222 1220 1221 1222 

1201 1202 1200 2201 2202 2200 0201 0202 0200 

2011 2012 2010 0011 0012 0010 1011 1012 1010 

0121 0122 0120 1121 1122 1120 2121 2122 2120 

2102 2100 2101 0102 0100 0101 1102 1100 1101 

0212 0210 0211 1212 1210 1211 2212 2210 2211 

1022 1020 1021 2022 2020 2021 0022 0020 0021 
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Design 2336 

There are three factors at 2 levels and five factors at 3 levels.    87 effects are estimated from 216 
treatment combinations.    This is a % fraction. 

The matrix 

Experimental Plan 

OlOl O2oj &3OJ 

Analysis 

S4S4 

TLCB.B2,)-] 
|_L(B2Bj)j sio [ 1  4]is used t0 estiraate [LSSSJ} 

and the matrix ^ [ _\ "j] is used to estimate [j^jj}   [QJES) J' 

and the matrix 
3240 

24 0-3 3 
0 8      3 1 

-3 3    24 0 
3 10 8 

is used to estimate 

r L(B.) 1 r L(B,) 1 
Q(B.) 1 Q(B2) 

L(B,Bi) L(B,BS) 
|_Q(B2B

2
)J LQ(B,BS)J 

and the matrix 
3240 

24 

0 

3 
3 

0 3 3" 
s -3 1 

3 24 0 
1 S 0_ 

is used to estimate 

and the matrix 
3888 

and the matrix 
3888 

and the matrix 

' L(B4) 1 " L(B.) " 
Q(B,) , Q(B5) 

L(B3B^) L(B3B
2) 

LQ(B3Bl)J LQ(B3B
2

4)J 

30      0-6      0-3 3 
0    10      0—2      3 1 

-6      0    30      0-3 3 
0—2      0    10      3 1 

-3      3-3      3    30 0 
3      1      3      1      0 10. 

30      0      6      0-3 -3" 
0    10      0-2-3 1 
6      0    30      0      3 3 
0-2      0    10 -3 1 

-3 -3      3 -3    30 0 
-3      1      3      1      0 10 

is used to estimate 

is used to estimate 

k(B,Bi)" 
Q(B,B|) 
UB2B:|) 
Q(B.B3) 
L(B,B3) 

LQ(B.B3). 

L(B3B4)" 
Q(B3B4) 
L(B<B|) 
Q(B3f) 
LCBaBs) 

LQ(B3B5). 

30 0 -6 0 3 
0 10 0 —2 3 

1 -6 0 30 0 3 
3888 0 -2 0 10 3 

3 3 3 3 30 
-3 1 -3 1 0 

-3 
1 

-3 
1 
0 

10 

is used to estimate 

'L(B3) 
Q(B3) 
L(B,B2) 

Q(B,B,) 
L(B«BS) 

LQCBA). 

62 



Construction 

Sets of Treatment Combinations from the 23 

oet       Oj      02      03     04 

X! + XX = 0 

3,1 + X3 = 0 

Treatment Combinations 

Si S2 S3 s* 

000 

111 
001 
110 

010 
101 

100 
011 

Sets of Treatment Combinations from the 35 

oet 01      02      03      04 

2i + S2+23+34+35=0        0        0        1 

s, + Za+223=0        1        2        0 

Treatment Combinations 

s; si si 

00000 02100 01200 00001 

21000 20100 22200 21001 

12000 11100 10200 12001 

10110 12210 11010 10111 

01110 00210 02010 01111 

22110 21210 20010 22111 

20220 22020 21120 20221 

11220 10020 12120 11221 

02220 01020 00120 02221 

00021 02121 01221 00022 

21021 20121 22221 21022 

12021 11121 10221 12022 

10101 12201 11001 10102 

01101 00201 02001 01102 

22101 21201 20001 22102 

20211 22011 21111 20212 

11211 10011 12111 11212 

02211 01011 00111 02212 

00012 02112 01212 00010 

21012 20112 22212 21010 

12012 11112 10212 12010 

10122 12222 11022 10120 

01122 00222 02022 01120 

22122 21222 20022 22120 

20202 22002 21102 20200 

11202 10002 12102 11200 

02202 01002 00102 02200 



Design 2B36 

There are five factors at 2 levels and five factors at 3 levels.    116 effects are estimated from 432 

treatment combinations.    This is a Ks fraction. 

The matrix 
1080 Ll      4j 

Experimental Plan 

°i°i       S2S2       S3S3 

Analysis 

.. .. .        fL(BlB4)l is used to estimate     T ,R1,2, 

s4s4 

rLCB.Bl)-! 
'   LL(B3BJ)J' 

and the matrix ^ [_*      * ] is used to estimate  [{J^pJ}}   [Q^] 

and the matrix 
6480 

and the matrix 
6480 

24 0 -3 3 
0 8     3 1 

-3 3    24 0 
3 1      0 8 

24 0      3 3" 
0 8 -3 1 
3 - -3    24 0 
3 1      0 8 

is used to estimate 

is used to estimate 

r L(Bo i r L(B2) 1 
Q(B.) t Q(B2) 

L(B2B§) LCB.BD 
LQ(B2B§)_ LQ(B,Bi)J 

r L(B0 I r L(B5) i 
Q(B<) » Q(B5) 

L(B3B?) L(B3BJ) 
LQ(B3BDJ LQ(B3BJ)J 

and the matrix 
7776 

30      0-6     0-3 3 
0    10     0-2     3 1 

-6      0    30     0-3 3 
0—2     0    10     3 1 

-3      3-3      3    30 0 
1 1      0    10 

is used to estimate 

LCB.Bp 
QCB.BI) 
L(B2B3) 

Q(B2B3) 
LCB.Ba) 

LQ(B.B3)J 

and the matrix 
7776 

30     0 6     0-3-3 
0    10 0-2-3      1 
6      0 30      0      3      3 
0-2 0    10 -3      1 

-3 -3 3 -3    30     0 
-3 1 1      0    10 

is used to estimate 

'L(B3B4) 
Q(B3B4) 
L(B4B?) 
Q(B4B.?) 
L(B3B5) 

.Q(B3B5)J 

and the matrix 

" 30 0 -6 0 3 

0 10 0 -2 3 
1 -6 0 30 0 3 

7776 0 -2 0 10 3 
3 3 3 3 30 

-3 1 -3 1 0 

-3 
1 

-3 
1 
0 

10 

is used to estimate 

L(B3) 

Q(B3) 
L(B,B2) 
Q(B,B2) 
L(B4B6) 

LQ(B4B6). 
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Construction 

Sets of Treatment Combinations from the 26 

Set Si     S2     S3      S4 

Xi+Xa+Xa+x^+Xi^l 1 1 1 

Xi+x2+x3=l 0 1 0 

a:3+a;4=l 1 0 0 

Treatment Combinations 

Si Sj S3 St 

00100 00010 10000 00001 

11100 11010 01000 11001 

01011 01101 11111 01110 

10011 10101 00111 10110 

Sets of Treatment Combinations from the 35 

Set s; s; 
Zl + Zj + Z3 + Z«+Z6 = 0 0 0 1 

3i + z,+2z3=0        1        2        0 

Treatment Combinations 

s; BJ BS 

00000 02100 01200 00001 
21000 20100 22200 21001 

12000 11100 10200 12001 

10110 12210 11010 10111 
OHIO 00210 02010 01111 
22110 21210 20010 22111 

20220 22020 21120 20221 

11220 10020 12120 11221 

02220 01020 00120 02221 
00021 02121 01221 00022 
21021 20121 22221 21022 

12021 11121 10221 12022 

10101 12201 11001 10102 

01101 00201 02001 01102 

22101 21201 20001 22102 

20211 22011 21111 20212 

11211 10011 12111 11212 

02211 01011 00111 02212 

00012 02112 01212 00010 

21012 20112 22212 21010 

12012 11112 10212 12010 

10122 12222 11022 10120 

01122 00222 02022 01120 
22122 21222 20022 22120 

20202 22002 21102 20200 

11202 10002 12102 11200 

02202 01002 00102 02200 
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