INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 38 (2005) 5929-5943 doi:10.1088/0305-4470/38/26/007

Fractional generalization of gradient and Hamiltonian
systems

Vasily E Tarasov
Skobeltsyn Institute of Nuclear Physics, Moscow State University, Moscow 119992, Russia

E-mail: tarasov@theory.sinp.msu.ru

Received 11 April 2005, in final form 23 May 2005
Published 15 June 2005
Online at stacks.iop.org/JPhysA/38/5929

Abstract

We consider a fractional generalization of Hamiltonian and gradient systems.
We use differential forms and exterior derivatives of fractional orders. We
derive fractional generalization of Helmholtz conditions for phase space.
Examples of fractional gradient and Hamiltonian systems are considered. The
stationary states for these systems are derived.

PACS numbers: 45.20.—d, 05.45.—a

1. Introduction

Derivatives and integrals of fractional order [1, 2] have found many applications in recent
studies in physics. The interest in fractional analysis has been growing continually during
the past few years. Fractional analysis has numerous applications: kinetic theories [3, 4, 9],
statistical mechanics [10—12], dynamics in complex media [13—17] and many others [5—8].

The theory of derivatives of non-integer order goes back to Leibniz, Liouville, Grunwald,
Letnikov and Riemann. In the past few decades, many authors have pointed out that fractional-
order models are more appropriate than integer-order models for various real materials.
Fractional derivatives provide an excellent instrument for the description of memory and
hereditary properties of various materials and processes. This is the main advantage of
fractional derivatives in comparison with classical integer-order models in which such effects
are, in fact, neglected. The advantages of fractional derivatives become apparent in modelling
mechanical and electrical properties of real materials, as well as in the description of rheological
properties of rocks, and in many other fields.

In this paper, we use a fractional generalization of exterior calculus that was suggested in
[18, 19]. Fractional generalizations of differential forms and exterior derivatives were defined
in [18]. It allows us to consider the fractional generalization of Hamiltonian and gradient
dynamical systems [20, 21]. The suggested class of fractional gradient and Hamiltonian
systems is wider than the usual class of gradient and Hamiltonian dynamical systems. The
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gradient and Hamiltonian systems can be considered as a special case of fractional gradient
and Hamiltonian systems.

In section 2, a brief review of gradient systems and exterior calculus is considered to fix
notation and provide a convenient reference. In section 3, a brief review of fractional (exterior)
calculus will be given to fix notations and provide a convenient reference. In section 4,
a definition of fractional generalization of gradient systems is suggested. In section 5, we
consider a fractional gradient system that cannot be considered as a gradient system. In
section 6, we prove that a dynamical system that is defined by the well-known Lorenz equations
[23, 24] can be considered as a fractional gradient system. In section 7, a brief review of
Hamiltonian systems is considered to fix notations and provide a convenient reference. In
section 8, we consider the fractional generalization of Hamiltonian systems and Helmholtz
conditions. In section 9, the simple example of fractional Hamiltonian systems is discussed.
Finally, a short conclusion is given in section 10.

2. Gradient systems

In this section, a brief review of gradient systems and exterior calculus [21] is considered to
fix notations and provide a convenient reference.

Gradient systems arise in dynamical systems theory [20-22]. They are described by the
equation dx/dr = —grad V (x), where x € R". In Cartesian coordinates, the gradient is given
by grad V. = e;0V /dx;, where x = e;x;. Here and later, we mean the sum on the repeated
indices i and j from 1 to n.

Definition 1. A dynamical system that is described by the equations

YR (=L (1)
— =F i=1,...,n
dr
is called a gradient system in R" if the differential 1-form
w = F;(x)dx; 2)
isanexactformw = —dV ,where V = V (x) is a continuously differentiable function (0-form).

Here, d is the exterior derivative [21]. Let V = V (x) be a real, continuously differentiable
function on R". The exterior derivative of the function V is the 1-form dV = dx;0V /dx;
written in a coordinate chart (xq, ..., x,).

In mathematics [21], the concepts of closed form and exact form are defined for differential
forms by the equation dw = 0 for a given form w to be a closed form and w = dk for an exact
form. It is known that to be exact is a sufficient condition to be closed. In abstract terms,
the question of whether this is also a necessary condition is a way of detecting topological
information, by differential conditions.

Let us consider the 1-form (2). The formula for the exterior derivative d of differential
form (2) is

1 (0F;, OF;
do = = - — d)Cj/\d)Ci,
ij 8)C,'
where A is the wedge product. Therefore, the condition for w to be closed is
oF; O0F;
-1 _0
an axi
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In this case, if V(x) is a potential function then dV = dx;dV /dx;. The implication from
‘exact’ to ‘closed’ is then a consequence of the symmetry of the second derivatives:

0%V 0%V

ax,-axj - ijax,-'

3

If the function V = V (x) is a smooth function, then the second derivative commutes, and
equation (3) holds.

The fundamental topological result here is the Poincare lemma. It states that for a
contractible open subset X of R”, any smooth p-form 8 defined on X that is closed, is also
exact, for any integer p > O (this has content only when p is at most n). This is not true for an
open annulus in the plane, for some 1-forms w that fail to extend smoothly to the whole disc,
so that some topological condition is necessary. A space X is contractible if the identity map
on X is homotopic to a constant map. Every contractible space is simply connected. A space
is simply connected if it is path connected and every loop is homotopic to a constant map.

Proposition 1. If a smooth vector field F = e; F;(x) of system (1) satisfies the relations
oF;  OF;
3.Xj 8xl~ B

0 “4)

on a contractible open subset X of R", then the dynamical system (1) is the gradient system
such that

dy V()

dt - ax;

. (&)

This proposition is a corollary of the Poincaré lemma. The Poincaré lemma states that
for a contractible open subset X of R", any smooth 1-form (2) defined on X that is closed, is
also exact.

The equations of motion for the gradient system on a contractible open subset X of R" can
be represented in the form (5). Therefore, the gradient systems can be defined by the potential
function V = V (x).

If the exact differential 1-form w is equal to zero (dV = 0), then we get the equation

V(x)—C=0, (6)

which defines the stationary states of the gradient dynamical system (5). Here, C is a constant.

3. Fractional differential forms

If the partial derivatives in the definition of the exterior derivative d = dx;d/0dx; are allowed
to assume fractional order, a fractional exterior derivative can be defined [18] by the equation

d* = (dx,v)“Dﬁi. (7N
Here, we use the fractional derivative D¢ in the Riemann—Liouville form [1] that is defined by
the equation

DS f(x) =

1 0" /x f(y)dy )
0

I'(m — a) 9x™ (x — y)a—m+l’
where m is the first whole number greater than or equal to «. The initial point of the fractional
derivative [1] is set to zero. The derivative of powers k of x is

Fk+1)

D¢ kzi —oz7 9
K T Th+l—a) ©)
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where k > 1 and « > 0. The derivative of a constant C need not be zero

DC=——C. (10)
rd—ow)
For example, the fractional exterior derivative of order o of x’f, with the initial point taken
to be zero and n = 2, is given by

dxf = (dx))*D xf + (dxp)*D? x}. (11
Using equation (9), we get the following relation for the fractional exterior derivative of xf:
Tk + Dxy™ fxy®
d"‘x{‘ — (dxl)“% + (de)a&.
MNk+1—-oa) 'l —a)

4. Fractional gradient systems

A fractional generalization of exterior calculus was suggested in [18, 19]. A fractional exterior
derivative and the fractional differential forms were defined [18]. It allows us to consider the
fractional generalization of gradient systems.

Let us consider a dynamical system that is defined by the equation dx/d¢ = F, on a subset
X of R". In Cartesian coordinates, we can use the following equation:

& R (12)
— = r;x),
dr

wherei = 1,...,n,Xx = e;x; and F = e; F;(x). The fractional analogue of definition 1 has

the form

Definition 2. A dynamical system (12) is called a fractional gradient system if the fractional
differential 1-form

wq = Fi(x)(dx;)* 13)

is an exact fractional form w, = —d*V, where V. = V (x) is a continuously differentiable
function.

Using the definition of the fractional exterior derivative, equation (13) can be represented
as

wy = —d*V = —(dx;)*D} V.
Therefore, we have F;(x) = —ch(,- V.
Note that equation (13) is a fractional generalization of equation (2). If ¢« = 1, then
equation (13) leads us to equation (2). Obviously, a fractional 1-form w, can be closed when

the 1-form w = w; is not closed. The fractional generalization of the Poincaré lemma is
considered in [19]. Therefore, we have the following proposition.

Proposition 2. [f a smooth vector field F = e; F;(x) on a contractible open subset X of R"
satisfies the relations

D;F,-—D;F_,-:o, (14)
then the dynamical system (12) is a fractional gradient system such that

dx =-D?V(x), (15)

dr N

where V(x) is a continuous differentiable function and D7V = —F;.
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Proof. This proposition is a corollary of the fractional generalization of Poincaré lemma
[19]. The Poincare lemma is shown [18, 19] to be true for the exterior fractional derivative.

Relations (14) are the fractional generalization of relations (4). Note that the fractional
derivative of a constant need not be zero (10). Therefore, we see that constants C in the
equation V(x) = C cannot define a stationary state of the gradient system (15). It is easy to
see that

—o

D! V(x) =D%C = ——C #0.

'l —a)
In order to define stationary states of fractional gradient systems, we consider the solutions of
the system of the equations DT V (x) = 0. (|

Proposition 3. The stationary states of gradient system (15) are defined by the equation

n a=m m—1 m—1 n
veo = ([Tx| X D Ch, (]‘[m’ﬂ) =0. (16)
i=1 k=0 k=0 i=1

k, are constants and m is the first whole number greater than or equal to o.

.....

Proof. In order to define the stationary states of a fractional gradient system, we consider the
solution of the equation

D¢ V(x) = 0. 17

This equation can be solved by using equation (8). Let m be the first whole number greater
than or equal to «; then we have the solution [1, 2] of equation (17) in the form

m—1
V@) = 161" are. . X X x) (60D (18)
k=0
where a; are functions of the other coordinates. Using equation (18) fori =1, ..., n, we get

the solution of the system of equation (17) in the form (16).
If we consider n = 2 such that x = x; and y = x;, we have the equations of motion for
the fractional gradient system

dx dy

— = -D%V(x,y), — =-D%V(x, y). 19
m TV(x,y) ” YV (x,y) (19)
The stationary states of this system are defined by the equation

m—1m—1
—1
Vi, y) = ly* Y 0D Cuxtyt = 0.
k=0 =0
The Cy; are constants and m is the first whole number greater than or equal to «. (]

5. Examples of fractional gradient system

In this section, we consider a fractional gradient systems that cannot be considered as a gradient
system. We prove that the class of fractional gradient systems is wider than the usual class
of gradient dynamical systems. The gradient systems can be considered as a special case of
fractional gradient systems.

Example 1. Let us consider the dynamical system that is defined by the equations

d d
& _p & _ g
dr

, 20
dr Y 20)
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where the right-hand sides have the form
Fy = acx'F + bx7*, F, = (ax +b)y~F, 21
where a # 0. This system cannot be considered as a gradient dynamical system. Using

OF, OF,

—k
—r 0,
dy ax ay

we get that w = F, dx + F, dy is not closed form
dw = —ay *dx A dy.
Note that relation (14) in the form
D{F, —D{Fy, =0
is satisfied for the system (21), if « = k and the constant c is defined by

ra—ow)
c=———.
r-—aw

Therefore, this system can be considered as a fractional gradient system with the linear
potential function

Vix,y)=TU —a)(ax +b),

where o = k.

Example 2. Let us consider the dynamical system that is defined by equation (20) with

Fy = an(n — Dx"" 2+ ck(k — D)x*72y!, (22)
Fy = bm(m — D)y" 2 +cl(l — )x*y' =2, (23)

where k £ 1 and [ # 1. It is easy to derive that

aF, oF,
t - 2 = ckIx* Y (k= 1)y — (I = Dx] #0,
dy ax

and the differential form w = F, dx + F dy is not closed dw # 0. Therefore, this system is
not a gradient dynamical system. Using conditions (14) in the form

0°F. 9%F,
— —

2 20
DIF —DiF, = 55— 55

3

we get d®w = 0 for ¢ = 2. As a result, we have that this system can be considered as a
fractional gradient system with the potential function

V(x,y) = ax" + by™ + cx*yl.

In the general case, the fractional gradient system cannot be considered as a gradient
system. The gradient systems can be considered as a special case of fractional gradient
systems such that ¢ = 1.
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6. Lorenz system as a fractional gradient system

In this section, we prove that dynamical systems that are defined by the well-known Lorenz
equations [23, 24] are the fractional gradient system.
The well-known Lorenz equations [23, 24] are defined by

dx dy dz

T a7 a7
where the right-hand sides Fy, F, and F; have the forms

F,=0(y —x), Fy=@0—-2x—y, F, =xy—bz.
The parameters o, r and b can be equal to the following values:

o =10, b=28/3, r =470/19 >~ 24.74.
The dynamical system which is defined by the Lorenz equations cannot be considered as a
gradient dynamical system. It is easy to see that

oF, OF, oF, OF, oF, OF;

——=z+4+0—r, - = —y, —_— —

ay ox 9z ax 9z ay

Therefore, w = F, dx + F,, dy + F; dz is not a closed 1-form and we have

= —2x.

do=—(z+0 —r)dx Ady+ydx Adz+2xdy Adz.
For the Lorenz equations, conditions (14) can be satisfied in the form
D F, —D}F, =0, D!F, —DiF, =0, D F, —D}F, =0.
As aresult, we get that the Lorenz system can be considered as a fractional gradient dynamical
system with the potential function

1 1 1 1 1 b
Vx,y,2) = gax3 — anx2 + E(Z —r)xy* + 6y3 — Exyz2 + 613. (24)

The potential (24) uniquely defines the Lorenz system. Using equation (16), we can get that
the stationary states of the Lorenz system are defined by the equation
Vx,y,2)+Coo+Cox+Cyy+Cz+ Cryxy+ Cioxz+ Cyyz =0, (25)
where Cy, Cx, Cy, C,Cxy, Cy; and Cy, are the constants and « = m = 2. The plot of
stationary states of the Lorenz system with the constants Cog = 1, Cy = Cy, = C, = Cyy =
C,; = C,; = 0 and parameters 0 = 10, b = 3 and r = 25 is shown in figures 1 and 2.
Note that the Rossler system [25], which is defined by the equations

& 4o & r02 % 02+ —0)
- = s — =X . s — = 0U. X —0C)Z,
dr yre dr Y dr ¢
can be considered as a fractional gradient system with the potential function
Vi, y,2) = 30+ 2027 = 300 = 5597 = 528 — g(x — 02, (26)

This potential uniquely defines the Rossler system. The stationary states of the Rossler system
are defined by equation (25), where the potential function is defined by (26). The plot of
stationary states of the Rossler system for the constants Coo = 1, Cx = C, = C; = Cy, =
C,; = Cy; = 0 and parameter ¢ = 1 is shown in figures 3 and 4.

Let us note the interesting qualitative property of surfaces (25) which is difficult to see
from the figures. The surfaces of the stationary states of the Lorenz and Rossler systems
separate the three-dimensional Euclidean space into some number of areas. We have eight
areas for the Lorenz system and four areas for the Rossler system. This separation has the
interesting property for some values of parameters. All regions are connected with each other.
Beginning movement from one of the areas, it is possible to appear in any other area, not
crossing a surface. Any two points from different areas can be connected by a curve which
does not cross a surface. It is difficult to see this property from figures 1-4.
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Figure 1. Stationary states of the Lorenz system.
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Figure 2. Stationary states of the Lorenz system.
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7. Hamiltonian systems

In this section, a brief review of Hamiltonian systems is considered to fix notations and provide
a convenient reference.

Let us consider the canonical coordinates (¢!, ..., ¢", p',..., p") in the phase space
R?". We consider a dynamical system that is defined by the equations
dg; - dp; ;
— =G'(q, p), — =F'(q, p). 27
& (4. p) ” (4. p) 27

The definition of Hamiltonian systems can be realized in the following form [27, 28].

Definition 3. A dynamical system (27) on the phase space R*" is called a Hamiltonian system
if the differential 1-form

B=G'dp; — F'dg; (28)

is a closed form dB = 0, where d is the exterior derivative. A dynamical system is called a
non-Hamiltonian system if the differential 1-form B is nonclosed dp # 0.

The exterior derivative for the phase space is defined as

d = dg— +dp; (29)
= dg; 94 Pi Op; .
Here and later, we mean the sum on the repeated indices i and j from 1 to n.

Proposition 4.  [f the right-hand sides of equations (27) satisfy the Helmholtz conditions
[26-28] for the phase space, which have the following forms:

G! aG/

- =0, (30)
op;  Opi
aG/ 9F!

+ =0, (€29)
dgi  Op;
oF  QFJ

- =0, (32)
dg;  9q;

then the dynamical system (27) is a Hamiltonian system.

Proof. In the canonical coordinates (g, p), the vector fields that define the system have the
components (G', F'), which are used in equation (27). Let us consider the 1-form that is
defined by the equation

B =G'dp; — F'dg;.
The exterior derivative for this form can be written by the relation
df = d(G' dp) — d(F' dg;).

It now follows that

dp G
9q;
Here, A is the wedge product. This equation can be rewritten in an equivalent form as

aG/  9Fi 179G/ 3G 1 (0F" OF/
dﬁ:( + )dql/\dpj+—<—_—>dpl/\dp]+_< - )dql/\dq]
dg;  9p; 2\ 9pi  9dp; 2\dq; g

id Ad +8Gid Ad 8Fid A d OF
qj pit+—dp; pi — ——4aq; qi —
/ ap; 7 ag; 9

J

dpj A dgi.
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Here, we use the skew symmetry of dg; A dg; and dp; A dp; with respect to the indices 7 and
Jj. It is obvious that conditions (30)—(32) lead to the equation dg = 0. O

Some of Hamiltonian systems can be defined by the unique function.

Proposition 5. A dynamical system (27) on the phase space R*" is a Hamiltonian system
that is defined by the Hamiltonian H = H(q, p) if the differential 1-form

B =G'dp; — F'dg
is an exact form § = dH, where d is the exterior derivative and H = H (q, p) is a continuous
differentiable unique function on the phase space.

Proof. Suppose that the differential 1-form g, which is defined by equation (28), has the

form
oH 0H
,3 =dH = —dpi + —dqi.
api 9g;
In this case, vector fields (G', F') can be represented in the form
; 0H ; oH
G'(q,p) = , F'(g,p)=——.
opi 0g;

If H = H(q, p) is a continuous differentiable function, then conditions (30)—(32) are satisfied.
Using proposition 4, we get that this system is a Hamiltonian system. The equations of motion
for the Hamiltonian system (27) can be written in the form

- = =—-—, (33)
dr op; dr 0g;
which is uniquely defined by the Hamiltonian H.
If the exact differential 1-form B is equal to zero (dH = 0), then the equation
H(g,p)—C=0 (34
defines the stationary states of the Hamiltonian system (27). Here, C is a constant. (]

8. Fractional Hamiltonian systems

Fractional generalization of the differential form (28), which is used in the definition of the
Hamiltonian system, can be defined in the following form:

B = G'(dp;)* — F'(dg;)".

Let us consider the canonical coordinates (x',...,x", x™! ... x*) = (ql, gt
p', ..., p") in the phase space R*" and a dynamical system that is defined by the equations
dg; ; dp; ;
— =G'(q, p), — =F'(q, p). 35
ar (g, p) ” (g, p) (35)

The fractional generalization of Hamiltonian systems can be defined by using fractional
generalization of differential forms [18].

Definition 4. A dynamical system (35) on the phase space R*" is called a fractional
Hamiltonian system if the fractional differential 1-form

Ba = G'(dp)® — F'(dg;)*
is a closed fractional form
d“By =0, (36)
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where d* is the fractional exterior derivative. A dynamical system is called a fractional
non-Hamiltonian system if the fractional differential 1-form B, is a nonclosed fractional form

d*B # 0.
The fractional exterior derivative for the phase space R?" is defined as
d* = (dg:)*Dg, + (dp:)* D5, (37
For example, the fractional exterior derivative of order o of g¥, with the initial point taken to
be zero and n = 2, is given by
dq" = (dg)*Dgq" + (dp)*Diq". (38)
Using equations (9) and (10), we have the following relation for the fractional exterior
derivative (37):
o Lk+1Dg" o« 4p "
o tAp) —.
rk+1—ow) ra—ow)
Let us consider a fractional generalization of the Helmholtz conditions.

d*¢* = (dg)

Proposition 6. [f the right-hand sides of equations (35) satisfy the fractional generalization
of the Helmholtz conditions in the following form:

DY G' —D% G/ =0, (39)
D} G’/ +D} F' =0, (40)
Dy F' —Dg F/ =0, (41)

then dynamical system (35) is a fractional Hamiltonian system.

Proof. In the canonical coordinates (g, p), the vector fields that define the system have
the components (G, F'), which are used in equation (27). The 1-form f, is defined by the
equation

Ba = G'(dpi)® — F'(dgi)*. (42)
The exterior derivative for this form can now be given by the relation

d*Bs = d*(G'(dp;)*) — d*(F'(dg)®).
Using the rule
k

(P oen)ss

K

DY (fg) =
k

Il
=}

and the relation

ak
— ((d)*) =0 (k=1),
oxk

we get that

o

a(A'@x)") = Y @) A ()

NCA o )
a—k Al o N e o ai
e ) (ij A )—ij? (dx;))* = (dx;)* A (dx;) <0> (Dx,A )

Here, we use

oy (=D "ok — )
(k) T I -a)lk+1)
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Therefore, we have
d*By =D G'(dg))" A (dp)* +Dj G'(dp))* A (dp)*
—Dg F'(dg)* A (dg)® — D F'(dpp)* A (dg)*.
This equation can be rewritten in an equivalent form
d“B, = (D G/ + D% F')(dg)* A (dp))” +5(D% G/ —D% G')(dp)* A (dp))*
+3(DZ F' =D F7)(dg)* A (dg ).
Here, we use the skew symmetry of A. It is obvious that conditions (39)—(41) lead to the
equation d* B, = 0, i.e., B, is a closed fractional form. (]

Let us define the Hamiltonian for the fractional Hamiltonian systems.

Proposition 7. A dynamical system (35) on the phase space R*" is a fractional Hamiltonian
system that is defined by the Hamiltonian H = H(q, p) if the fractional differential I-form

Bo = G'(dp)* — F'(dg)*
is an exact fractional form
By =d*H, (43)

where d% is the fractional exterior derivative and H = H (q, p) is a continuous differentiable
function on the phase space.

Proof. Suppose that the fractional differential 1-form B,, which is defined by equation (42),
has the form

. =d“H = (dp,-)“DZiH + (dq,»)“DZ,_ H.
In this case, vector fields (G, F') can be represented in the form
G'(g.p) =D H, Fi(q,p)=-D} H.

Therefore, the equations of motion for fractional Hamiltonian systems can be written in the
form
dg; " dp; o
5 =D 5 = DiH (44)
The fractional differential 1-form B, for the fractional Hamiltonian system with
Hamiltonian H can be written in the form g, = d*H. If the exact fractional differential
1-form B, is equal to zero (d* H = 0), then we can get the equation that defines the stationary
states of the Hamiltonian system. |

Proposition 8. The stationary states of the fractional Hamiltonian system (44) are defined
by the equation

n a=m  p—1 m—1 n
Hap) = |[Tar| 2 0 20 Cuokaa[J@ @ =0, (45)
i=1 k=01=0  ky=0,/,=0 i=1

where Cy, ... i, .1,...1, are constants and m is the first whole number greater than or equal to o.

n

Proof. This proposition is a corollary of proposition 3. (]
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9. Example of fractional Hamiltonian system

Let us consider a dynamical system in the phase space R?> (n = 1) that is defined by the
equation

dg dp

— =D%H, — = -D%H, 46

dr 4 dr g (46)
where the fractional order 0 < @ < 1 and the Hamiltonian H (g, p) has the form

H(q, p) = ap® +bq’. (47)

If « = 1, then equation (46) describes the linear harmonic oscillator.
If the exact fractional differential 1-form

B« =d*H = (dp)*D} H + (dg)*Dy H
is equal to zero (d* H = 0), then the equation

H(g,p)—Clgp|*' =0

defines the stationary states of the system (46). Here, C is a constant. If « = 1, we get the
usual stationary-state equation (34).
Using equation (47), we get the following equation for stationary states:

lgp|'~“(ap® + bg*) = C. (48)

If o = 1, then we get the equation ap? + bg> = C, which describes the ellipse.

10. Conclusion

Fractional derivatives and integrals [1, 2] have found many applications in recent studies in
physics. The interest in fractional analysis has been growing continually during the past few
years [3—17]. Using the fractional derivatives and fractional differential forms, we consider
the fractional generalization of gradient and Hamiltonian systems. In the general case, the
fractional gradient and Hamiltonian systems cannot be considered as gradient and Hamiltonian
systems. The class of fractional gradient and Hamiltonian systems is wider than the usual class
of gradient and Hamiltonian dynamical systems. The gradient and Hamiltonian systems can
be considered as a special case of fractional gradient and Hamiltonian systems. Therefore, it
is possible to generalize the application of catastrophe and bifurcation theory from gradient to
a wider class of fractional gradient dynamical systems. Note that quantization of the fractional
Hamiltonian systems can be realized by the method suggested in [29-32].

References

[1] Samko S G, Kilbas A A and Marichev O I 1993 Fractional Integrals and Derivatives Theory and Applications
(New York: Gordon and Breach)

[2] Oldham K B and Spanier J 1974 The Fractional Calculus (New York: Academic)

[3] Zaslavsky G M 2002 Phys. Rep. 371 461-580

[4] Zaslavsky G M 2005 Hamiltonian Chaos and Fractional Dynamics (Oxford: Oxford University Press)

[5] Metzler R and Klafter J 2000 Phys. Rep. 339 1-77

[6] Metzler R and Klafter J 2004 J. Phys. A: Math. Gen. 37 R161-208

[7] Hilfer R (ed) 2000 Applications of Fractional Calculus in Physics (Singapore: World Scientific)

[8] Carpinteri A and Mainardi F 1997 Fractals and Fractional Calculus in Continuum Mechanics (New York:
Springer)

[9] Tarasov V E and Zaslavsky G M 2005 Fractional Ginzburg—Landau equation for fractal media Physica A 354
249-61



Fractional generalization of gradient and Hamiltonian systems 5943

[10]
(11]
[12]
(13]
[14]
[15]

[16]
[17]
(18]
[19]
(20]
[21]

[22]

[23]
(24]
[25]
(26]
[27]
(28]
[29]
(30]
(31]
(32]

Tarasov V E 2004 Chaos 14 123-7

Tarasov V E 2005 Phys. Rev. E 71 011102

Tarasov V E 2005 J. Phys.: Conf. Ser. 7 17-33

Nigmatullin R 1986 Phys. Status Solidi b 133 425-30

Tarasov V E 2005 Phys. Lett. A 336 167-74

Tarasov V E 2005 Possible experimental test of continuous medium model for fractal media Phys. Lett. A at
press

Tarasov V E 2005 Fractional hydrodynamic equations for fractal media Ann. Phys. 318 at press

Tarasov V E 2005 Chaos 15 023102

Cottrill-Shepherd K and Naber M 2001 J. Math. Phys. 42 2203-12

Cottrill-Shepherd K and Naber M 2003 Fractional differential forms IT Preprint math-ph/0301016

Gilmor R 1981 Catastrophe Theory for Scientists and Engineers (New York: Wiley) section 14

Dubrovin B A, Fomenko A N and Novikov S P 1992 Modern Geometry—Methods and Applications: Part [
(New York: Springer)

Hirsh M and Smale S 1974 Differential Equations, Dynamical Systems and Linear Algebra (New York:
Academic)

Lorenz E N 1963 J. Atmos. Sci. 20 130-41

Sparrow C 1982 The Lorenz Equations (New York: Springer)

Rossler O E 1976 Phys. Lett. A 57 397-8

Helmholtz H 1886 J. Reine Angew. Math. 100 137-66

Tarasov V E 1997 Theor. Math. Phys. 110 57-67

Tarasov V E 2005 J. Phys. A: Math. Gen. 38 2145-55

Tarasov V E 2001 Phys. Lett. A 288 173-83

Tarasov V E 2001 Moscow Univ. Phys. Bull. 56/6 5-9

Tarasov V E 2002 Theor. Phys. 2 150-60

Tarasov V E 2004 J. Phys. A: Math. Gen. 37 3241-57



	1. Introduction
	2. Gradient systems
	3. Fractional differential forms
	4. Fractional gradient systems
	5. Examples of fractional gradient system
	6. Lorenz system as a fractional gradient system
	7. Hamiltonian systems
	8. Fractional Hamiltonian systems
	9. Example of fractional Hamiltonian system
	10. Conclusion
	References

