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1 Introduction

Theory of convex sets and convex functions play an
important role in different fields of pure and applied
sciences. In recent years, the concept of convexity has
been extended and generalized in various directions using
novel and innovative techniques, see [1,2,3,4,5,6,9,12,
13,14,16,19]. It is known fact that many important
inequalities in the literature are direct consequences of the
applications of convex functions, for details see [2,3,4,5,
8,10,11,12,13,14,15,17,18,19]. Dragomir [2,3] has
introduced a new class of convex functions, which is
called s-Godunova-Levin functions of second kind.
Dragomir also showed that for suitable choices of s the
class of s-Godunova-Levin functions of second kind
reduces to the known classes of convex functions.
Inspired and motivated by the research going on in this
field, we also introduce and investigate a new class of
convex functions, which is called the s-Godunova-Levin
functions of first kind. Some new fractional
Hermite-Hadamard inequalities are obtained for these two
new extensions of Godunova-Levin functions. The
interested readers may explore new and interesting
applications of these classes of convex functions in
various branches of pure and applied sciences using novel
and innovative techniques. This is the main motivation of
this paper. Results obtained in this paper may be extended
for other classes of convex functions including preinvex
functions and coordinated convex functions.

2 Preliminaries

In this section we recall some previously known concepts.
First of all let I = [a,b] ⊆ R be the interval and R be the
set of real numbers.

Definition 1([4]). A nonnegative function f : I →R is said

to be P-function, if

f (tx+(1− t)y)≤ f (x)+ f (y), ∀x,y ∈ I, t ∈ [0,1]. (1)

Definition 2([6]). A function f : I → R is said to be

Godunova-Levin function, if

f (tx+(1− t)y) ≤
f (x)

t
+

f (y)

1− t
,∀x,y ∈ I, t ∈ (0,1). (2)

We define a new generalization of Godunova-Levin type of
functions, which is called the s-Godunova-Levin functions
of first kind.

Definition 3. A function f : I → R is said to be

s-Godunova-Levin functions of first kind, if s ∈ (0,1], we

have

f (tx+(1− t)y)≤
f (x)

ts
+

f (y)

1− ts
, ∀x,y ∈ I, t ∈ (0,1). (3)

It is obvious that for s = 1 the definition of s-Godunova-
Levin functions of first kind collapses to the definition of
Godunova-Levin functions.
Our next definition is due to Dragomir [2,3].
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Definition 4([2,3]). A function f : I → R is said to be s-

Godunova-Levin functions of second kind, for s∈ [0,1], we

have

f (tx+(1− t)y)≤
f (x)

ts
+

f (y)

(1− t)s
, ∀x,y ∈ I, t ∈ (0,1).(4)

It is obvious that for s = 0, s-Godunova-Levin functions
of second kind reduces to the definition of P-functions. If
s = 1, it then reduces to Godunova-Levin functions.
We now introduce the classes of logarithmic s-Godunova-
Levin functions of first and second kinds respectively.

Definition 5. A function f : I → (0,∞) is said to be

logarithmic s-Godunova-Levin function of first kind, if

s ∈ (0,1], we have

f (tx+(1− t)y)≤ f (x)
1
ts f (y)

1
1−ts , ∀x,y ∈ I, t ∈ (0,1).

From above inequality, it follows that

ln f (tx+(1− t)y)≤
1

ts
ln f (x)+

1

1− ts
ln f (y).

Remark. Note that for s = 1 above definition reduces to the
definition for logarithmic Godunova-Levin functions, see
[14].

Definition 6. A function f : I → (0,∞) is said to be

logarithmic s-Godunova-Levin function of second kind, if

s ∈ [0,1], we have

f (tx+(1− t)y)≤ f (x)
1
ts f (y)

1
(1−t)s , ∀x,y ∈ I, t ∈ (0,1).

Thus, it follows that

ln f (tx+(1− t)y)≤
1

ts
ln f (x)+

1

(1− t)s
ln f (y).

Remark. Note that for s = 1 above definition reduces to the
definition for logarithmic Godunova-Levin functions, see
[14]. Also for s = 0 it reduces to logarithmic P-functions,
see [14].

Definition 7([7]). Let f ∈ L1[a,b]. Then the

Riemann-Liouville integrals Jα
a+

f (x) and Jα
b−

f (x) of order

α > 0 with a ≥ 0 are defined by

Jα
a+ f (x) =

1

Γ (α )

x
∫

a

(x− t)α−1 f (t)dt, x > a, (5)

and

Jα
b− f (x) =

1

Γ (α )

b
∫

x

(t − x)α−1 f (t)dt, x < b, (6)

where

Γ (α ) =
∫ ∞

0
e−txα−1dx,

is the well known Gamma function.

Lemma 1([18]). Let f : I → R be twice differentiable

function. If f ′′ ∈ L[a,b], then

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

b− f (a)
]

=
(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
f ′′(ta+(1− t)b)dt.

Lemma 2([10]). Let f : [a,b]→ R be twice differentiable
function on (a,b) with a < b. If f ′′ ∈ L[a,b], then, we have

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

=
(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

[

f ′′

(

1+ t

2
a+

1− t

2
b

)

+ f ′′

(

1− t

2
a+

1+ t

2
b

)]

dt.

The above two result play key role in proving our main
results.

3 Inequalities for s-Godunova-Levin

functions of first kind

Theorem 1. Let f : [a,b] → R be twice differentiable on

(a,b) with a < b and f ′′ ∈ L1[a,b]. If | f ′′| is s-Godunova-

Levin function of first kind, then
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

b− f (a)
]

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

[

H1(α ,s)| f ′′(a)|+H2(α ,s)| f ′′(b)|
]

,

where

H1(α ,s) = 1
1−s

− 1
α−s+2

− Γ (α+2)Γ (1−s)
Γ (α−s+3) (7)

H2(α ,s) = s+2
s+1

− 1
α+2

− sΓ (s)Γ (α+2)
Γ (α+s+3) − 2(α+2)+s

(α+2)(α+s+2) . (8)

Proof. Using Lemma 1, we have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

b− f (a)
]

∣

∣

∣

∣

∣

≤
(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
| f ′′(ta+(1− t)b)|dt

≤
(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1

×

[

1

ts
| f ′′(a)|+

1

1− ts
| f ′′(b)|

]

dt

=
(b−a)2

2(α +1)

{[

1

1− s
−

1

α − s+2
−

Γ (α +2)Γ (1− s)

Γ (α − s+3)

]

| f ′′(a)|
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+

[

s+2

s+1
−

1

α +2
−

sΓ (s)Γ (α +2)

Γ (α + s+3)

−
2(α +2)+ s

(α +2)(α + s+2)

]

| f ′′(b)|

}

.

This completes the proof. ⊓⊔

Theorem 2. Let f : [a,b] → R be a twice differentiable
function on (a,b) and f ′′ ∈ L[a,b]. If | f ′′|q for q > 1 is
s-Godunova-Levin function of first kind, then
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

(

α
α +2

)1− 1
q

×

{

H1(α ,s)| f ′′(a)|q +H2(α ,s)| f ′′(b)|q

}
1
q

,

where H1(α ,s) and H2(α ,s) are given by (7) and (8)
respectively.

Proof. Using Lemma 1, power mean inequality and the fact
that | f ′′|q is s-Godunova-Levin function of first kind, we
have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
f ′′(ta+(1− t)b)dt

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

( 1
∫

0

1− (1− t)α+1 − tα+1dt

)1− 1
q

×

( 1
∫

0

(1− (1− t)α+1 − tα+1)
∣

∣

∣
f ′′(ta+(1− t)b)

∣

∣

∣

q
dt

)
1
q

≤
(b−a)2

2(α +1)

(

α
α +2

)1− 1
q

×

{[

1

1− s
−

1

α − s+2
−

Γ (α +2)Γ (1− s)

Γ (α − s+3)

]

| f ′′(a)|q

+

[

s+2

s+1
−

1

α +2
−

sΓ (s)Γ (α +2)

Γ (α + s+3)

−
2(α +2)+ s

(α +2)(α + s+2)

]

| f ′′(b)|q

}
1
q

.

This completes the proof. ⊓⊔

Theorem 3. Let f : [a,b] → R be a twice differentiable
function on (a,b) and f ′′ ∈ L[a,b]. If | f ′′|q for q ≥ 1 and
1
p
+ 1

q
= 1 is s-Godunova-Levin function of first kind, then

∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

(

p(α +1)−1

p(α +1)+1

)
1
p

×

(

1

1− s
| f ′′(a)|q +

s+2

s+1
| f ′′(b)|q

)
1
q

.

Proof. Using Lemma 1, Holder’s inequality and the fact
that | f ′′|q is s-Godunova-Levin function of first kind, we
have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
f ′′(ta+(1− t)b)dt

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

( 1
∫

0

(1− (1− t)α+1 − tα+1)pdt

)
1
p

×

( 1
∫

0

∣

∣

∣

∣

∣

f ′′(ta+(1− t)b)

∣

∣

∣

∣

∣

q

dt

)
1
q

≤
(b−a)2

2(α +1)

( 1
∫

0

(1− (1− t)p(α+1)− t p(α+1))dt

)
1
p

×

( 1
∫

0

[

1

ts
| f ′′(a)|q +

1

1− ts
| f ′′(b)|q

]

dt

)
1
q

=
(b−a)2

2(α +1)

(

p(α +1)−1

p(α +1)+1

)
1
p

×

(

1

1− s
| f ′′(a)|q +

s+2

s+1
| f ′′(b)|q

)
1
q

.

This completes the proof. ⊓⊔

4 Inequalities for s-Godunova-Levin

functions of second kind

Theorem 4. Let f : [a,b] → R be differentiable on (a,b)
with a < b and f ′′ ∈ L1[a,b]. If | f ′′| is s-Godunova-Levin
function of second kind, then
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

b− f (a)
]

∣

∣

∣

∣

∣

≤
(b−a)2

2
H (α ,s)[| f ′′(a)|+ | f ′′(b)|],

where

H (α ,s) =
1

1− s
−

1

α − s+2
−

Γ (α +2)Γ (1− s)

Γ (α − s+3)
. (9)

Proof. Using Lemma 1, we have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

b− f (a)
]

∣

∣

∣

∣

∣
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≤
(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
| f ′′(ta+(1− t)b)|dt

≤
(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1

×

[

1

ts
| f ′′(a)|+

1

(1− t)s
| f ′′(b)|

]

dt

=
(b−a)2

2(α +1)

×

[

1

1− s
−

1

α − s+2
−

Γ (α +2)Γ (1− s)

Γ (α − s+3)

]

[| f ′′(a)|+ | f ′′(b)|].

This completes the proof. ⊓⊔

Theorem 5. Let f : I → R be a twice differentiable
function on I◦ and f ′′ ∈ L[a,b]. If | f ′′|q for q > 1 is
s-Godunova-Levin function of second kind, then

∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

(

α
α +2

)1− 1
q
(

H (α ,s)
)

1
q
(

| f ′′(a)|q + | f ′′(b)|q
)

1
q
,

where H (α ,s) is given by (9).

Proof. Using Lemma 1, power mean inequality and the fact
that | f ′′|q is s-Godunova-Levin function of second kind,
we have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
f ′′(ta+(1− t)b)dt

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

( 1
∫

0

1− (1− t)α+1 − tα+1dt

)1− 1
q

×

( 1
∫

0

(1− (1− t)α+1 − tα+1)
∣

∣

∣
f ′′(ta+(1− t)b)

∣

∣

∣

q
dt

)
1
q

≤
(b−a)2

2(α +1)

(

α
α +2

)1− 1
q

×

(

1

1− s
−

1

α − s+2
−

Γ (α +2)Γ (1− s)

Γ (α − s+3)

)
1
q

×

(

| f ′′(a)|q + | f ′′(b)|q

)
1
q

=
(b−a)2

2(α +1)

(

α
α +2

)1− 1
q
(

H (α ,s)
)

1
q
(

| f ′′(a)|q + | f ′′(b)|q
)

1
q
.

This completes the proof. ⊓⊔

Theorem 6. Let f : [a,b] → R be a twice differentiable
function on (a,b) and f ′′ ∈ L[a,b]. If | f ′′|q for q ≥ 1 and
1
p
+ 1

q
= 1 is s-Godunova-Levin function of second kind,

then
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

(

p(α +1)−1

p(α +1)+1

)
1
p
(

| f ′′(a)|q + | f ′′(b)|q

1− s

)
1
q

.

Proof. Using Lemma 1, Holder’s inequality and the fact
that | f ′′|q is s-Godunova-Levin function of second kind,
we have
∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

Γ (α +1)

2(b−a)α

[

Jα
a+ f (b)+ Jα

(b)−
f (a)

]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

2

1
∫

0

1− (1− t)α+1 − tα+1

α +1
f ′′(ta+(1− t)b)dt

∣

∣

∣

∣

∣

≤
(b−a)2

2(α +1)

( 1
∫

0

(1− (1− t)α+1 − tα+1)pdt

)
1
p

×

( 1
∫

0

∣

∣

∣
f ′′(ta+(1− t)b)

∣

∣

∣

q
dt

)
1
q

≤
(b−a)2

2(α +1)

( 1
∫

0

(1− (1− t)p(α+1)− t p(α+1))dt

)
1
p

×

( 1
∫

0

[ 1

ts
| f ′′(a)|q +

1

(1− t)s
| f ′′(b)|q

]

dt

)
1
q

=
(b−a)2

2(α +1)

(

p(α +1)−1

p(α +1)+1

)
1
p
(

| f ′′(a)|q + | f ′′(b)|q

1− s

)
1
q

.

This completes the proof. ⊓⊔

Theorem 7. Let f : [a,b] → R be twice differentiable

function on (a,b) with a < b. If f ′′ ∈ L[a,b] and | f ′′| is

s-Godunova-Levin function of second kind, then
∣

∣

∣

∣

∣

2α−1Γ (α+1)
(b−a)α

[

Jα
( a+b

2 )−
f (a)+ Jα

( a+b
2 )+

f (b)
]

− f
(

a+b
2

)

∣

∣

∣

∣

∣

≤ (b−a)2

23−s(α+1)

{

C (s,α , t)+ 1
α−s+2

}[

| f ′′(a)|+ | f ′′(b)|

]

,

where C (s,α , t) =
1
∫

0

(1− t)α+1(1+ t)−sdt.

= 1
2+α 2F1(1,s,3+α ,−1),

where 2F1(1,s,3+α ,−1) is hypergeometric function.

Proof. Using Lemma 2 and the fact that | f ′′| is
s-Godunova-Levin function of second kind, we have
∣

∣

∣

∣

∣

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

[

f ′′
(1+ t

2
a+

1− t

2
b
)

+ f ′′
(1− t

2
a+

1+ t

2
b
)

]

dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1 f ′′
(1+ t

2
a+

1− t

2
b
)

dt

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1 f ′′
(1− t

2
a+

1+ t

2
b
)

dt

∣

∣

∣

∣

∣

≤
(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

∣

∣

∣

∣

∣

f ′′
(1+ t

2
a+

1− t

2
b
)

∣

∣

∣

∣

∣

dt

+
(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

∣

∣

∣

∣

∣

f ′′
(1− t

2
a+

1+ t

2
b
)

∣

∣

∣

∣

∣

dt

≤
(b−a)2

8(α +1)

[ 1
∫

0

(1− t)α+1

×

[

( 2

1+ t

)s
| f ′′(a)|+

( 2

1− t

)s
| f ′′(b)|

]

dt

+

1
∫

0

(1− t)α+1

[

( 2

1− t

)s
| f ′′(a)|+

( 2

1+ t

)s
| f ′′(b)|

]

dt

]

=
(b−a)2

23−s(α +1)

[

| f ′′(a)|

1
∫

0

(1− t)α+1(1+ t)−sdt

+| f ′′(b)|

1
∫

0

(1− t)α−s+1dt + | f ′′(a)|

1
∫

0

(1− t)α−s+1dt

+| f ′′(b)|

1
∫

0

(1+ t)α+1(1− t)−sdt

]

=
(b−a)2

23−s(α +1)

[

| f ′′(a)|C (s,α , t)+ | f ′′(b)|
1

α − s+2

+ | f ′′(a)|
1

α − s+2
+ | f ′′(b)|C (s,α , t)

]

=
(b−a)2

23−s(α +1)

{

C (s,α , t)+
1

α − s+2

}[

| f ′′(a)|+ | f ′′(b)|

]

.

This completes the proof. ⊓⊔

Theorem 8. Let f : [a,b] → R be twice differentiable
function on (a,b) with a < b. If f ′′ ∈ L[a,b] and | f ′′|q is
s-Godunova-Levin function of second kind, then

∣

∣

∣

∣

∣

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

∣

∣

∣

∣

∣

≤
2

s−3q

q (b−a)2

α +1

(

1

p(α +1)+1

)
1
p

×

[{

| f ′′(a)|q
( −2+2s

2s(s−1)

)

+ | f ′′(b)|q
( 1

1− s

)

}
1
q

+

{

| f ′′(a)|q
( 1

1− s

)

+ | f ′′(b)|q
( −2+2s

2s(s−1)

)

}
1
q
]

.

Proof. Using Lemma 2, Holder’s inequality and the fact
that | f ′′|q is s-Godunova-Levin function of second kind,
we have

∣

∣

∣

∣

∣

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

[

f ′′
(1+ t

2
a+

1− t

2
b
)

+ f ′′
(1− t

2
a+

1+ t

2
b
)

]

dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1 f ′′
(1+ t

2
a+

1− t

2
b
)

dt

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

b−a

4

1
∫

0

(1− t)α+1 f ′′
(1− t

2
a+

1+ t

2
b
)

dt

∣

∣

∣

∣

∣

≤
(b−a)2

8(α +1)

{( 1
∫

0

(1− t)p(α+1)dt

)
1
p

×

( 1
∫

0

∣

∣

∣

∣

∣

f ′′
(1+ t

2
a+

1− t

2
b
)

∣

∣

∣

∣

∣

q

dt

)
1
q

+

( 1
∫

0

(1− t)p(α+1)dt

)
1
p

×

( 1
∫

0

∣

∣

∣

∣

∣

f ′′
(1− t

2
a+

1+ t

2
b
)

∣

∣

∣

∣

∣

q

dt

)
1
q
}

≤
(b−a)2

8(α +1)

( 1

p(α +1)+1

)
1
p

×

{(

| f ′′(a)|q
1
∫

0

( 2

1+ t

)s
dt + | f ′′(b)|q

1
∫

0

( 2

1− t

)s
dt

)
1
q

+

(

| f ′′(a)|q
1
∫

0

( 2

1− t

)s
dt + | f ′′(b)|q

1
∫

0

( 2

1+ t

)s
dt

)
1
q
}

=
2

s−3q

q (b−a)2

α +1

(

1

p(α +1)+1

)
1
p

×

[{

| f ′′(a)|q
( −2+2s

2s(s−1)

)

+ | f ′′(b)|q
( 1

1− s

)

}
1
q

+

{

| f ′′(a)|q
( 1

1− s

)

+ | f ′′(b)|q
( −2+2s

2s(s−1)

)

}
1
q
]

.

This completes the proof. ⊓⊔

Theorem 9. Let f : [a,b] → R be twice differentiable
function on (a,b) with a < b. If f ′′ ∈ L[a,b] and | f ′′|q is
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s-Godunova-Levin function of second kind, then
∣

∣

∣

∣

∣

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

∣

∣

∣

∣

∣

≤
2

s−3q

q (b−a)2

α +1

(

1

α +2

)1− 1
q

×

{(

| f ′′(a)|q(C (s,α , t))+ | f ′′(b)|q
( 1

α − s+2

)

)
1
q

+

(

| f ′′(a)|q

(

1

α − s+2

)

+ | f ′′(b)|q(C (s,α , t))

)
1
q
}

,

where C (s,α , t) =
1
∫

0

(1− t)α+1(1+ t)−sdt.

= 1
2+α 2F1(1,s,3+α ,−1).

Proof. Using Lemma 2, power-mean inequality and the
fact that | f ′′|q is s-Godunova-Levin function of second
kind, we have
∣

∣

∣

∣

∣

2α−1Γ (α +1)

(b−a)α

[

Jα
( a+b

2
)−

f (a)+ Jα
( a+b

2
)+

f (b)
]

− f
(a+b

2

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1

[

f ′′
(1+ t

2
a+

1− t

2
b
)

+ f ′′
(1− t

2
a+

1+ t

2
b
)

]

dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1 f ′′
(1+ t

2
a+

1− t

2
b
)

dt

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

(b−a)2

8(α +1)

1
∫

0

(1− t)α+1 f ′′
(1− t

2
a+

1+ t

2
b
)

dt

∣

∣

∣

∣

∣

≤
(b−a)2

8(α +1)

{( 1
∫

0

(1− t)(α+1)dt

)1− 1
q

×

( 1
∫

0

(1− t)(α+1)

∣

∣

∣

∣

∣

f ′′
(1+ t

2
a+

1− t

2
b
)

∣

∣

∣

∣

∣

q

dt

)
1
q

+

( 1
∫

0

(1− t)(α+1)dt

)1− 1
q

×

( 1
∫

0

(1− t)(α+1)

∣

∣

∣

∣

∣

f ′′
(1− t

2
a+

1+ t

2
b
)

∣

∣

∣

∣

∣

q

dt

)
1
q
}

≤
2

s−3q

q (b−a)2

α +1

(

1

α +2

)1− 1
q

×

{(

| f ′′(a)|q(C (s,α , t))+ | f ′′(b)|q
( 1

α − s+2

)

)
1
q

+

(

| f ′′(a)|q
( 1

α − s+2

)

+ | f ′′(b)|q(C (s,α , t))

)
1
q
}

.

This completes the proof. ⊓⊔

5 Inequalities for logarithmic

s-Godunova-Levin functions of second kind

Theorem 10. If f : I → (0,∞) is logarithmically

s-Godunova-Levin function of second kind, then for

s ∈ (0,1), we have

f

(

a+b

2

)
1

2s+1

≤ exp

[

1

b−a

∫ b

a
log f (x)dx

]

≤ [ f (a) f (b)]
1

1−s .

Proof. When f is a logarithmically s-Godunova-Levin
function of second kind, we have

f

(

a+b

2

)

= f

(

ta+(1− t)b+(1− t)a+ tb

2

)

≤ [ f (ta+(1− t)b)]2
s

[ f ((1− t)a+ tb)]2
s

= {[ f (ta+(1− t)b)][ f ((1− t)a+ tb)]}2s

.

Taking the logarithms on both sides of the above inequality
yields

ln f

(

a+b

2

)

≤ ln[ f (ta+(1− t)b) f ((1− t)a+ tb)]2
s

= 2s ln[ f (ta+(1− t)b) f ((1− t)a+ tb)],

which implies that

1

2s
ln f

(

a+b

2

)

≤ ln[ f (ta+(1− t)b) f ((1− t)a+ tb)]

= ln f (ta+(1− t)b)+ ln f ((1− t)a+ tb).

Integrating the above inequality with respect to t ∈ [0,1]
procures

1

2s
ln f

(

a+b

2

)

=
2

b−a

∫ b

a
ln f (x)dx,

which is equivalent to

1

2s+1
ln f

(

a+b

2

)

≤
1

b−a

∫ b

a
ln f (x)dx. (10)

Since f is logarithmically s-Godunova-Levin function
of second kind, then for s ∈ (0,1), we have

ln f (ta+(1− t)b)≤
1

ts
ln f (a)+

1

(1− t)s
ln f (b).
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Integrating on both sides of the above inequality with
respect to t ∈ [0,1] generates

1

b−a

∫ b

a
ln f (x)dx ≤ {ln[ f (a)]+ ln[ f (b)]}

∫ 1

0

1

ts
dt. (11)

Combining (10) and (11) gives

ln f

(

a+b

2

)
1

2s+1

≤
1

b−a

∫ b

a
ln f (x)dx ≤ ln[ f (a) f (b)]

∫ 1

0

1

ts
dt.

Taking the power of e on all sides of the above inequality
produces

f

(

a+b

2

)
1

2s+1

≤ exp

[

1

b−a

∫ b

a
ln f (x)dx

]

≤ eln[ f (a) f (b)]
∫ 1
0

1
ts

dt

= [ f (a) f (b)]
1

1−s .

This completes the proof. ⊓⊔
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