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Recently, many fractional integral operators were introduced by different mathematicians. One of these fractional operators,
Atangana-Baleanu fractional integral operator, was defined by Atangana and Baleanu (Atangana and Baleanu, 2016). In this
study, firstly, a new identity by using Atangana-Baleanu fractional integral operators is proved. Then, new fractional integral
inequalities have been obtained for convex and concave functions with the help of this identity and some certain integral

inequalities.

1. Introduction

Mathematics is a tool that serves pure and applied sciences
with its deep-rooted history as old as human history and
sheds light on how to express and then solve problems.
Mathematics uses various concepts and their relations with
each other while performing this task. By defining spaces
and algebraic structures built on spaces, mathematics creates
structures that contribute to human life and nature. The con-
cept of function is one of the basic structures of mathematics,
and many researchers have focused on new function classes
and made efforts to classify the space of functions. One of
the types of functions defined as a product of this intense effort
is the convex function, which has applications in statistics,
inequality theory, convex programming, and numerical analy-
sis. This interesting class of functions is defined as follows.

Definition 1. The mapping f : [0, 6,] € R — R is said to be
convex if

fAx+(1=N)y) <Af(x) + (1= A)f (), (1)
is valid for all x,y € [0,,0,] and A € [0, 1].

Many inequalities have been obtained by using this
unique function type and varieties in inequality theory,
which is one of the most used areas of convex functions.
We will continue by introducing the Hermite-Hadamard
inequality that generate limits on the mean value of a convex
function and the famous Bullen inequality as follows.

Assume that f:ICR— R is a convex mapping
defined on the interval I of R, where 0, < b. The following
statement:
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holds and known as Hermite-Hadamard inequality. Both
inequalities hold in the reversed direction if f is concave.
Bullen’s integral inequality can be presented as

N (R

where f : I ¢ R — R is a convex mapping on the interval I
of R where «,,0, €I with 0, <0,.

To provide detail information on convexity, let us con-
sider some earlier studies that have been performed by many
researchers. In [1], Jensen introduced the concept of convex
function to the literature for the first time and drew atten-
tion to the fact that it seems to be the basis of the concept
of incremental function. In [2], Beckenbach has mentioned
about the concept of convexity and emphasized several fea-
tures of this useful function class. In [3], the authors have
focused the relations between convexity and Hermite-
Hadamard’s inequality. This study has led many researchers
to the link between convexity and integral inequalities,
which has guided studies in this field. Based on these studies,
many papers have been produced for different kinds of con-
vex functions. In [4], Akdemir et al. have proved several new
integral inequalities for geometric-arithmetic convex func-
tions via a new integral identity. Several new Hadamard’s
type integral inequalities have been established with applica-
tions to special means by Kavurmaci et al. in [5]. Therefore,
a similar argument has been carried out by Zhang et al. but
now for s — geometrically convex functions in [6]. On all of
these, Xi et al. have extended the challenge to m — and (a,
m) —convex functions by providing Hadamard type
inequalities in [7].

Although fractional analysis has been known since
ancient times, it has recently become a more popular subject
in mathematical analysis and applied mathematics. The
adventure that started with the question of whether the solu-
tion will exist if the order is fractional in a differential equa-
tion has developed with many derivative and integral
operators. By defining the derivative and integral operators
in fractional order, the researchers who aimed to propose
more effective solutions to the solution of physical phenom-
ena have turned to new operators with general and strong
kernels over time. This orientation has provided mathemat-
ics and applied sciences several operators with kernel struc-
tures that differ in terms of locality and singularity, as well as
generalized operators with memory effect properties. The
struggle that started with the question of how the order in
the differential equation being a fraction would have conse-
quences has now evolved into the problem of how to explain
physical phenomena and find the most effective fractional
operators that will provide effective solutions to real-world
problems. Let us introduce some fractional derivative and
integral operators that have broken ground in fractional
analysis and have proven their effectiveness in different
fields by using by many researchers.
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We will remember the Caputo-Fabrizio derivative oper-
ators. Also, we would like to note that the functions belong
to Hilbert spaces denoted by H'(0, 6,).

Definition 2. [8]. Let f € H'(0,6,),0, > 0,, a € [0, 1], then the
definition of the new Caputo fractional derivative is

M(a)

DR (1) =

[FCEE

K

i-a) (1, - s)} ds, (4)

where M(«) is normalization function.

Depending on this interesting fractional derivative oper-
ator, the authors have defined the Caputo-Fabrizio fractional
integral operator as follows.

Definition 3. [9] Let f € H'(0,6,), 0, >0,, a € [0, 1], then the
definition of the left and right side of Caputo-Fabrizio frac-
tional integral is

l-«

(%17) )= 5 S0+ g | s ©)

and

(713) ()= g F0) + g | S0 (@

T
where B(«) is the normalization function.

The Caputo-Fabrizio fractional derivative, which is used
in dynamical systems, physical phenomena, disease models,
and many other fields, is a highly functional operator by def-
inition, but has a deficiency in terms of not meeting the ini-
tial conditions in the special case a = 1. The improvement to
eliminate this deficiency has been provided by the new
derivative operator developed by Atangana-Baleanu, which
has versions in the sense of Caputo and Riemann. In the
sequel of this paper, we will denote the normalization func-
tion with B(a) with the same properties with the M(«)
which is defined in Caputo-Fabrizio definition.

Definition 4. [10] Let f € H'(,,6,), 6, > k,, a € [0, 1], then
the definition of the new fractional derivative is given:

8 D))= T | B,

&Jq

(t,-x%)"

(1-a)

Definition 5. [10] Let f € H'(6,,60,), 0, > ;, a € [0, 1], then
the definition of the new fractional derivative is given:

}dx. (7)

AR D [f(r))) = B—“)irf () {‘“ %} e
(8)

Equations (7) and (8) have a nonlocal kernel. Also, in
Equation (8), when the function is constant, we get zero.
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The associated fractional integral operator has been
defined by Atangana-Baleanu as follows.

Definition 6. [10] The fractional integral associate to the new
fractional derivative with nonlocal kernel of a function f €
H'(x,,0,) as defined:

—y)* Ty,

©)

f‘-%J“U(ﬁ)F% (r1) +

where 0, > 6, and a € [0, 1].

In [11], Abdeljawad and Baleanu introduced the right
hand side of integral operator as follows: the right fractional
new integral with ML kernel of order « € [0, 1] is defined by

(15, ) ) = g F)+
0,
(o=,

Ty

In [9], Abdeljawad and Baleanu has presented some new
results based on fractional-order derivatives and their dis-
crete versions. Conformable integral operators have been
defined by Abdeljawad in [12]. This useful operator has been
used to prove some new integral inequalities in [13].
Another important fractional operator—Riemann-Liouville
fractional integral operators—have been used to provide
some new Simpson type integral inequalities in [14]. Ekinci
and Ozdemir have proved several generalizations by using
Riemann-Liouville fractional integral operators in [15], and
the authors have established some similar results with this
operator in [16]. In [17], Akdemir et al. have presented some
new variants of celebrated Chebyshev inequality via general-
ized fractional integral operators. The argument has been
proceed with the study of Rashid et al. (see [18]) that
involves new investigations related to generalized k-frac-
tional integral operators. In [19], Rashid et al. have pre-
sented some motivated findings that extend the argument
to the Hilbert spaces. For more information related to differ-
ent kinds of fractional operators, we recommend to consider
[20]. The applications of fractional operators have been
demonstrated by several researchers; we suggest to see the
papers [21-23].

The main motivation of this paper is to prove an integral
identity that includes the Atangana-Baleanu integral opera-
tor and to provide some new Bullen type integral inequalities
for differentiable convex and concave functions with the
help of this integral identity. Some special cases are also
considered.

2. Main Results

We will start with a new integral identity that will be used as
proofs of our main findings.

Lemma 7. Let f : [0,,0,] — R be differentiable function on
(8,,0,) with k, < 0,. Then, we have the following identity for
Atangana-Baleanu fractional integral operators:

2(6,-0,)* + (1 - @)2*'T(a) [f(xl) 0, +2f<91 ;ez)}

o
- Z(QL))F” 51 sof 045, (52

0,+0,
+ ((91+92 )/2) 1f(0, ABI@f( ﬂ
1 «  u I+71 -
K T G

I+ 1-
02

+[m-a-rr (5

g >d11

>d
(11)

where a, 7, € [0, 1], I'(.) is the gamma function, and B(«) is
the normalization function.

Proof. By adding I, and I,, we have

1+T16 +1—

! 04 o T
11+12:J (T=7y) _Tl)f,<—2 1 lKz)‘i'fl
0

-1
5 lel)drl.

(12)

1+T16

c[m-a-mr (B

By using integration, we have

I, = J;((l —) = 1%)f! (1 2’1 0, +

1-
! K2> dr,

_((L=m)* = (L +71)12)8, + (1= 7,)/2)0,)dT, |”
(91 _92)/2 1
- KZZ—(XHI :((1 -7 T 1)f<1 +2T1 0, + ! _2T1 K2>d‘l’1

2 2 0,+0

- _ 0)—- = 1 2
61—92f( 2 Kl_ezf( 2 )

1 -
. 2a (1_1_1)0‘71]((1+T1 0, + 1 21

162> dr,

i, —91 0 2
6 6 “_lf<1 +119 211 92) i,
2 (Kl +0, )>
atly (6,+x,)/2 -
e )J (=00 )
arl (6,46,)12 a1
27060&1" f+9, -x)  f(x)dx.
(0,-6)) 2

(13)

Multiplying both sides of (13) identity by (x, —6,)**"/

(2*"1B(a)I(a)), we have



- siar 100+ (52)

(6,-6)"" |
2% 1B(a)(a) '

a (0,+6,)/2 0 el J
- B((X)F((X) JKI (.X— 1) f(x) x
a ©t6)12 19+ 6, ot
" B(a)I(a) L] ( 2 x)
“f(x)dx
(14)

Similarly, by using integration, we get
1+1, 0

IZZJ.O(T?_(I—Tl)“)f’< 3 1-n Kl)d‘fl
_(F = (=) (L +71)12)8, + (1= 7,)/2)8,)dr,|°

- (6,-6,)/2 1
2 (Y, . a_ l+1 1-7
Kz_eljo(rl '+ (1-1)) 1)f< 5 162+72 lxl)d'rl

S

2041 rz ( 6, +6,
_ .
(1, = 0)*" J 6,46, 2

20c+1

o 0,
(9 -0 )“”Je +6,)12

)“— f(x)dx
(6, = %) f(x)dx.

(15)

Multiplying both sides of (13) identity by (8, — «,)*""/
(2*1B(a)I(a)), we get

(62_01)a+1 I
29 1B(a)[(at)

- s (1004 (5%)
. W J ;9) ( 9 ;KZ)“_lf(x)dx

(6, - %) f (x)dx.

(16)

a J %,
B(a)I'(a) J (6,4x,)12
By adding identities (14) and (16), we obtain

MUH’M
251 B(a) [ (@)
(0,-0))" + (1 - @)2°T(a) 6, +6,
- e e (5]

l-—a 0 o (0,+0,)/2 0 el d
B O B ), O s

) ;(_a?f (91 ;92) ) B(a)ar(a) J:1+ez>/z

Journal of Function Spaces

i ff:sf;gz“ii;r
2 2 Bla)”
(a)af (a )J (5140, ),2(92 = x)* f(x)dx
aoc <6 ;0) - me)
- < ) (17)

Using the definition of Atangana-Baleanu fractional
integral operators, we get

|- (1 *2” o+ 1506, )ar,
oy,

[ o= a-nr (“’16
- O T e+ pe0) +2 (252
- 1 /J(K1)+AB ry(15%)

)

0o O

+f<l(gl+ez>/2laf (6,) +*°1 o,f (
(18)

Theorem 8. Let f : [0,,0,] — R be differentiable function
on (0,,0,) with k, <0, and f' € L,[0,,0,). If |f'| is a convex
function, we have the following inequality for Atangana-
Baleanu fractional integral operators

20 912;2+_(;1_)£32W”“) [ 50027 (25%)]
0
)

2*1B(a)I (« “ wel€+
-2 Bl [ABI(9,+0Z>/J(91)+‘§§9,I f< !

e
ABIQZf(O +6, >H
e+ lr'e]

a+1

+i =(0, +62)/21 WG

>

(19)

where a € [0, 1] and B(a) is the normalization function.
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Proof. By using Lemma 7, we can write

A CoE ) i a0 2 (5]

O ety (3%)

. 0,+0,
+i6,0,)2 1 (62) + ABIezf( >] ‘

SJ;(I—TI)“ f’(“;‘ 0, + 1_271 62) dr,
+J;T‘f f' (1 +2T1 0, + 1_211 62) dr,
+ET§* f’(lJ;Tl 0, + 1_271 91) dr,
+J.;(1—‘rl)“ f’(“;lez - 191) dr,.

By using convexity of [f'], we get

= _912;2+_(;1_)f+‘32aﬂ”“) [f(m) ere 2 (25%)]

+ Honsanyal F0:) + VL f (9 - )H

< f(l —n)“[l “hife)

0

|+1—T1

@)

+J T‘l"[l +71) }f [+ 7, |f’(92)’:|d‘rl
+JOT [1 +T) 70y + _271 |f’(x1)|}drl
' L [l 0]+ \f’(el)qdﬁ.

(21)

By computing the above integral, we obtain
2(0, —0)%+ (1 - a)2*"'T'(a 9+6

-0,
1 (Kl +6, )

2a+lB T B
- # [ 1(61+92)/2f(9 )+

a o 9 +9
"’fgahtez)/zl f(0,)+4I f( )H

2[ |1 @)+ 1" ©,)]

a+1

>

(22)

and the proof is completed.J0J |

5
Corollary 9. In Theorem 8, if we choose « = 1, we obtain
0,
UKL EE (VS DN T R
0,-0, (02— x1)" Jo,
< | 1)}+|f,(’<2)|
< 5 .
(23)

Theorem 10. Let f : [0,,0,] — R be differentiable function
on (8,,0,) withk,; <0, and f' € L,(0,,0,]. I |f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

2(0,-0,)" + (1 - a)2** 1 I'(«t) [f(x1)+f(0 )+2f<9 +6, )}

(6,-6,)""
B 2*1B(a)I (ax) |:ABI‘(191+92)/2,)((9 I f<K1 +0, )

(0, - K1)a+1

Aorson ol £(62) ABIe,f<6 +0; )}
_ 2 [l en I )\
" (ap+ 1)? 4

. <3|f’(02)|q + ff’<x1>|q>”q]
. ,

where p~l + g1 =1, a €0, 1], ¢> 1, and B(a) is the normal-
ization function.

(24)

Proof. By using the identity that is given in Lemma 7, we
have

210 91();2+_(;')522“HF(“) )+ 509426 (252)]

_ W {ABI?MZ)/J(GI) . Iaf<xl 10, >

0,+0,
o 91+92/2If(92)+ABI f< )H
! ol (14T l1-1
SJ(l_Tl) f,< 2 -0, + 2 192)
1

0
1+7 1-1
Tf’( 2101+ 2102

1
+




By applying Holder inequality, we have

2(6,-6,)" + (1 - 2)2°'T(a) {f(Kl)ﬂ[(e) f(a +6, )}

(6, -6,)""
_ w |:ABI(Z61+62)IZJ.(9 )+ I f(K‘ +6, >

(6, - "1)06+1
o 9 + 9
+f@1+92)/21 f(6,) + +4P1 f( )} ’

1 1/p 1 _ q 1/q
s([ (1-7 )"dT) ([ ’(”Wwﬁez) d11>
2 2
JO
1 1/p q 1/q
ko dr) ( ( TTig 4 92) drl)
1 1/p q 1/q
Pdrl) ( ( Tt 61) d‘rl)
1 —
(1-1, Pd‘rl) ( (1”19 ﬁel)
0 2

By using convexity of |f'|%,

a)2°! T (a) {f(K1)+f(9) f(e +9)}

+

+

+
N 7N N

(26)
we obtain

2(6,-6,)" +(1-

(6, -6,)""
_ 2°'B(a)['(a) [ e AB K +6,
(62 _ KI)DH—I |: 1(61+92)/2f(9 ) I f( )

o 6 +6
VAR T (0) + AP f( )H

< <J;(l —Tl)apd11>1/"(L[1 AP
*f'w»ﬂdo”ﬂ<J:f%>”" |
1+ Tl . 1/g
(H e L (x |]d )
( der) ( [ 5 1|f (K2)|q
) ()
. (JO {1 +T, I )| + —211 |f’(;<1)|q] drl)uq,

By calculating the integrals that is in the above inequal-
ities, we get desired result.(J0J |

(27)

Corollary 11. In Theorem 10, if we choose « = 1, we obtain

f(0:) +f(62) +
0,

2f((x;+6,)/2) 4 %
-0, (%, _91)2J

q 1/q
dTl) .
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(e
(p+1”~"
NEKD f(9)| .
' (28)

Theorem 12. Let f : [0,,0,] — R be differentiable function
on (0,,0,) with k, <0, and f' €L,[0,,0,). If|f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

2(6,-6,)% + (1 - a)2** 1 I'(a) {f(m)+f( )+2f(e +6, )}

(6,-0,)
_ 2*B(a)I () { g SO f<K1 +6, )

(Cr Kl)(m

w (0,10,
+. (01+ez)/21 f )+, ,f< )} '

1\ a+3
S<o¢+1) <Z(a+1 a+2) {f |

200+ 3

1 , 1/q
*m'“"zﬂq) N e LAl
l/q
+2(oc+1 a+2) |f ’)
2a+3 , 1
*(WV @)+ m’f ‘)

a+3 g
+<2(a+1 a+2) @I + 2(oc+2 ’f ‘) }
(29)

where a € [0, 1], q > 1, and B(«) is the normalization function.

Proof. By Lemma 7, we get

20 _91()2;_(;_)532““”“) [f(m) rre 2 (252

_ W [AB l<x9 ol (6 I f(Kl +92>

a « 0. +6
+ o1 2l £(65) +A3192f( 12 2)}
1
SJ(I—Tl)af/(l-;T161+1
0
1+71 1-1
f,< > 1"1+ 2 192)

1
+ | t*
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By applying power mean inequality, we get

2(0,-0))% + (1 - )2*'T'(«x) [f(x1)+f(6 )+ 2f<6 +6, )}

(6,-6,)""

2¢*'B(a)I (@) |:AB a LAB <K1 +6, )
-— 2] I“
(62 — Kl)aﬂ (0, +92)/2f( f
0, +
16,46, 1f (02 ABI@J( L ﬂ ‘
1 (1/9)
s(J (1-1,) d‘rl> <J 1-1,)" (“2”91

0

_r (1/q)

19 ) d11> + ( TldT1>

! 1+1 1-1 )q
] 0, + 0
([f( . T,
1 (179)
erq) (Jﬂf’(l”leﬁl
0 0 2
1 -(Xq) /s p1
Ja- dn) ([o=mre (S50,
0 2
1/q
it 9> d11> .
2

+

<
!

(31)

By using convexity of [f'|?, we obtain

2(6, —91()(::_(61)1_)32%1 I'(a) {f(xl) 0+ 2f (9 v 92)}
- w (401t g @125 1 (2522)

W o I (0) 471 f (6 +62)} ‘

S(J;u_n)“dn)lW(Jia—n Fl e

1 )|q] dTl)w . (J;T$d11> o
(el )
o([lree) ([ e
i) (J;“ ‘T”“d“)lw
. (J;(l—‘rl)a[l +2T1 I (6)["+ ]drl)”q.

(32)

By computing the above integrals, the proof is com-
pleted.00 0

Corollary 13. In Theorem 12, if we choose « = 1, we obtain

2[f(0,) +f(0 )+2f((K1+02)/2)]_ 8 JGZ

(1 1-(1/9) [(2}]( | +’f’(62)|q>”q
2

576, |+>f
q

) 1/q
|
)

e+l @l ]

6
2)]
f'(6))]
)|

)
< '
(2
&

(33)

Theorem 14. Let f : [0,,0,] — R be differentiable function
on (8,,6,) withk, <0, and f' € L,[0,,0,). If |f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

A {f(m) rrie)+2f ("))

ot (45

a o 0,+06
+f<%1+ez)/21 £(0,)+%15 <%)} ’

AR AN
plap+1) q ’

(34)

where p ' +q =1, a€[0,1], g> I, and B(a) is the normal-
ization function.

Proof. By using identity that is given in Lemma 7, we get

2(0,-6,)"+(1-

@)2" (@) [f(m) w1102 ("5

fe0g
R [ s (5%)

o o 0,+0
+f(Be1+ez)/2I f(6,) +A3192f( : > 2)} '

(1 147 1-1
<| (1-1)" '( Lo + 19)
[l (e 5,

dr,




f,(ln;1161+ 1—21192>
1+7 1-7
f’( 2102+ 2161>

" 1+7 1-7
+J0(1_T1> fl( 5 L0, + 3 : 1>
By using the Young inequality as xy < (1/p)x? + (1/g)y1
2(0,-6,)+ (1—a)2*" 1 (a 0,+0
e w0+ 27 (M5
(0,-6))
21 B(a)I' (@) [4p,a LA4B ek +0,
- Or=r) T [ Lig so,)nf (61) + 11 f(—>
o o 0 +9
+f(%1+ez)/21 f(6,)+*°13 f( )} ‘

1! 1! 1 1- 1
sfj (1-7,)%dr, + J ( T 1192)
Plo 2 2

dr,.

(35)

q
+lj e, + ( TTig 4 62> dr,
PJo
1! 1
+_J “Pdr, + ( 91> dr,
Plo
1 1
o1 J(1—r1 @ gy, + lj I (1”192 - 91>’ dr,
0 qJo

By using convexity of |f'|? and by a simple computation,
we have the desired result.(J0J O

Corollary 15. In Theorem 14, if we choose o = 1, we obtain

fO)+f(0,)+2f((6,+x,)12) 4 (% "
0,-0, (92_K1)2 Jelf( )d
_ 2 el ifey]
S pHp q '

(37)

Theorem 16. Let f : [0,,0,] — R be differentiable function
on (6,,0,) withx; <0, and f' € L,(6,,8,). If |f'| is a concave
for q> 1, then we have

20 _9’2;;_(;;;’22“”““) [f(m) er@) 2 (2%)]

A 00 (52)

a o 0,+0
+ f(%uez)/zl f(92)+ABIG (122>] ’
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,(01(a+3) +0,(a+ 1))

- (5) [ 2a+2)
) <91 (20 + 3) + 92) e (92(22?;5)2; 91) ‘
]’ (38)

2(a+2)
where a € [0, 1] and B(«) is the normalization function.

+

% (KZ((X+ 3)+0,(a+ 1))

2(a+2)

Proof. From Lemma 7 and the Jensen integral inequality, we
have

26, - 0,) + (1 - @)2*" ' I'(«) {f(K1)+f(9) f<e +6, )}

(0,0,
_ w {ABI?&#Z)/J(G )+ f(Kl +0, )

(6, - Kl)aﬂ

a a 6,+6
sl 70 + 1 (255 ‘

< <E(1 —Tl)“d‘l’l)

[o(1 (1 +7)/2)0, + ((1 = 7,)/2)0,)dr,
( jo (1-1,)% T, )
. "‘dr (fo'rl (1+7,)/2)6, +((1—T1)/2)92)d‘[1>'
0 fo 1dT,
o (1 +71)/2)0, + ((1-7,)712)6;)dr,
()

+

([0 s
(

1
(1 _Tl)adﬁ)
0

,<Jz,<1 —1) (1 +7,)/2)0, + (1 -7,
([‘(1)(1 -1,)%dr,

|f

)/2)91)6171)

(39)

By computing the above integrals, we have

Aot o e a0 2 (5]

2 B(a)I () [ ap 1« AB rar K1+ 0,
- W |: 1(91+92)/Zf(61)+::::91[ f(T)

o 9 +9
+f(Bel+ez)/21 F(0,) + ABIezf( >H

< 1 1 (01 (a+3)+0,(a+1)
(a+,1>61{(2a€3)+922(a+2), ¢92(20¢+3)+l91
Sy ) )
f,(KZ(“+3)+61(a+l)>H-

2(a+2)

+

(40)

So, the proof is completed. 00 O



Journal of Function Spaces

Corollary 17. In Theorem 16, if we choose « = 1, we obtain

‘f(91)+f(g il +62) i Jij(x)dx
O (59 )
) ()

(41)

Theorem 18. Let f : [0,,0,] — R be differentiable function
on (6,,0,) with x, <0, and f' €L,[0,,0,). If |f'|" is a con-
cave function, we have

20 _912;:_(;1;;’32“””“) s g0+ 2 (25%)]
- 27:;23_(2;9?) 0000+ 25,1 (252)
ABIGJ<6 +6, >H

,(391 + 92> ’ . f’ (302 +91>
4 4

I'=1,a€0,1], and g> 1.

+ (e1+ez>/zI f

J

2
<
(oap+ 1) {
(42)
where p ! +q

Proof. By using the Lemma 7 and Holder integral inequality,
we can write

26, -6,)" + (1 - @)2* T(a) {f(K1)+f(9) 2f<6 +6, )}

(6,0,
_ w |:ABI‘("9]+92)/J(6 f(Kl +0, >

(6, - K1)a+1
a « 0, +0
ol 10+ 1 (255 ’

1 Up sl _
< (L(I—T ) Pdrl) (J '(1 ;Tl * + ! 211 92)
1 1/p q 1/q
(e (L (+“9 ;)] 40)
0
( 1/p q 1/q
) (| (et ) o)
0
1 _
(Fa=rean) "l (““9 %)
0 2

q 1/q
d'rl)

+ 62

+

+

(43)

By using concavity of |f'|? and Jensen integral inequal-
ity, we get

q 1/q
drl) .

f:< R ((1+7,)/2)0, +((1—T1)/2)92)d11> !

fé‘r?drl
30, +0,
4

Similarly,
1
1
[
0

so we obtain

dr, <

>

1- q
T, 91>
2

(30, + 0\ |
f (4

(45)

20 _61();_(;}‘22““”“) s+ 27 (252)]

2971 B(a) I (a - wrf% +0
- @) a(+1)' [AB 0,+0,nf (01)+; +50, 1 f(—l 2)
(0, -1x)
o o 0,+6
ot 10 (M )] ’

)l 7))

00 O

- 2
" (ap 1)t [
(46)

Corollary 19. In Theorem 18, if we choose « = 1, we obtain

f(0)+f(0,)+2f((x,+6,)/2) 4 0,
‘ 0,-9, (k- 0,) L]f(x)dx

) )

< ! [
(D™
(47)

3. Conclusion

In this study, an integral identity including Atangana-
Baleanu integral operators has been proved. Some integral
inequalities are established by using Hoélder inequality,
power-mean inequality, Young inequality, and convex func-
tions with the help of Lemma 7 which has the potential to
produce Bullen type inequalities. Some special cases of the
results in this general form have been pointed out.
Researchers can establish new equations such as the integral
identity in the study and reach similar inequalities of these
equality-based inequalities.



10

Data Availability

Data sharing is not applicable to this paper as no datasets
were generated or analyzed during the current study.

Conflicts of Interest

The authors declare that there is no conflict of interest
regarding the publication of this paper.

Authors’ Contributions

All authors jointly worked on the results, and they read and
approved the final manuscript.

Acknowledgments

The publication has been prepared with the support of
GNAMPA 2019 and the RUDN University Strategic Aca-
demic Leadership Program.

References

[1] J. L. W. V. Jensen, “On konvexe funktioner og uligheder mel-
lem middlvaerdier,” Nyt. Tidsskr. Math. B., vol. 16, pp. 49-
69, 1905.

[2] E.F. Beckenbach, “Convex functions,” Bulletin of the Ameri-
can Mathematical Society, vol. 54, no. 5, pp. 439-461, 1948.

[3] D.S. Mitrinovi¢ and I. B. Lackovi¢, “Hermite and convexity,”
Aequationes Math, vol. 28, no. 1, pp. 229-232, 1985.

[4] A. O. Akdemir, O. Emin M., A. Avct Merve, and A. Yal¢in,
“Some new generalizations for GA-convex functions,” Filomat,
vol. 31, no. 4, pp. 1009-1016, 2017.

[5] H. Kavurmaci, M. Avci, and M. E. Ozdemir, “New inequalities
of hermite-hadamard type for convex functions with applica-
tions,” Journal of Inequalities and Applications, vol. 2011,
no. 1, 2011.

[6] T.-Y. Zhang, A. P. Ji, and F. Qi, “On integral inequalities of
Hermite-Hadamard type for s-geometrically convex func-
tions,” Abstract and Applied Analysis, vol. 2012, Article ID
560586, 14 pages, 2012.

[7] B.-Y. Xi, R. F. Bai, and F. Qi, “Hermite-Hadamard type
inequalities for the m- and («, m)-geometrically convex func-
tions,” Aequationes Math., vol. 84, no. 3, pp. 261-269, 2012.

[8] M. Caputo and M. Fabrizio, “A new definition of fractional
derivative without singular kernel,” Progress in Fractional Dif-
ferentiation and Applications, vol. 1, no. 2, pp. 73-85, 2015.

[9] T. Abdeljawad and D. Baleanu, “On fractional derivatives with
exponential kernel and their discrete versions,” Reports on
Mathematical Physics, vol. 80, no. 1, pp. 11-27, 2017.

[10] A. Atangana and D. Baleanu, “New fractional derivatives with
nonlocal and non-singular kernel: theory and application to
heat transfer model,” Thermal Science, vol. 20, no. 2,
pp. 763-769, 2016.

[11] T. Abdeljawad and D. Baleanu, “Integration by parts and its
applications of a new nonlocal fractional derivative with
Mittag-Leffler nonsingular kernel,” The Journal of Nonlinear
Sciences and Applications, vol. 10, no. 3, pp. 1098-1107, 2017.

[12] T. Abdeljawad, “On conformable fractional calculus,” Journal
of Computational and Applied Mathematics, vol. 279, pp. 57-
66, 2015.

Journal of Function Spaces

[13] A. O. Akdemir, A. Ekinci, and E. Set, “Conformable fractional
integrals and related new integral inequalities,” Journal of
Nonlinear and Convex Analysis, vol. 18, no. 4, pp. 661-674,
2017.

[14] E. Set, A. Akdemir Ocak, and E. Ozdemir M., “Simpson type
integral inequalities for convex functions via Riemann-
Liouville integrals,” Filomat, vol. 31, no. 14, pp. 4415-4420,
2017.

[15] A. Ekinci and M. E. Ozdemir, “Some new integral inequalities
via Riemann Liouville integral operators,” Applied and Com-
putational Mathematics, vol. 3, pp. 288-295, 2019.

[16] J. Tariboon, S. K. Ntouyas, and W. Sudsutad, “Some new
Riemann-Liouville fractional integral inequalities,” Interna-
tional Journal of Mathematics and Mathematical Sciences,
vol. 2014, Article ID 869434, 6 pages, 2014.

[17] A.O. Akdemir, S.I. Butt, M. Nadeem, and M. A. Ragusa, “New
general variants of Chebyshev type inequalities via generalized
fractional integral operators,” Mathematics, vol. 9, no. 2,
p- 122, 2021.

[18] S. Rashid, Z. Hammouch, H. Kalsoom, R. Ashraf, and Y. M.
Chu, “New investigation on the generalized % -fractional inte-
gral operators,” Frontiers in Physics, vol. 8, p. 25, 2020.

[19] S. Rashid, H. Kalsoom, Z. Hammouch, R. Ashraf, D. Baleanu,
and Y. M. Chu, “New multi-parametrized estimates having
pth-order differentiability in fractional calculus for predomi-
nating h-convex functions in Hilbert space,” Symmetry,
vol. 12, no. 2, p. 222, 2020.

[20] S. G. Samko et al., Fractional Integral and Derivatives, Theory
and Applications, Gordon and Breach, Yverdon et alibi, 1993.

[21] K. A. Abro and A. Atangana, “A comparative study of convec-
tive fluid motion in rotating cavity via Atangana-Baleanu and
Caputo-Fabrizio fractal-fractional differentiations,” The Euro-
pean Physical Journal - Plus, vol. 135, no. 2, p. 226, 2020.

[22] A. Atangana and I. Koca, “Chaos in a simple nonlinear system
with Atangana-Baleanu derivatives with fractional order,”
Chaos, Solitons and Fractals, vol. 89, pp. 447-454, 2016.

[23] B.Ghanbariand A. Atangana, “A new application of fractional
Atangana-Baleanu derivatives: designing ABC fractional
masks in image processing,” Physica A: Statistical Mechanics
and its Applications, vol. 542, no. 15, p. 123516, 2020.



	Fractional Integral Inequalities via Atangana-Baleanu Operators for Convex and Concave Functions
	1. Introduction
	2. Main Results
	3. Conclusion
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

