FRACTIONAL INTEGRATION IN ORLICZ SPACES.I(})

BY
RICHARD O’'NEIL
To A. Zygmund

Introduction. The present research began when the author tried to
generalize classical fractional integration theorems on the interval (0,2x)
for spaces LP(log L)*. He soon discovered, to his pleasant surprise, that it
was easier to work with general Orlicz spaces L,. The earliest results
along this line are presented in §II (Theorems 2.3 and 2.5). They not
only suggested to the author what the proper statement of the principal
theorem (Theorem 4.7) should be, but also are of interest in themselves.
(Indeed because of their elementary nature, the theorems in §II are per-
haps the most interesting in the entire paper.)

The notion of ‘“convolution operator” introduced in §III and used
most particularly in Lemma 4.2, makes clear that for the type of fractional
integration discussed here, little or no role is played by the metric or
group theoretic properties of the spaces which support the functions to
be “convoluted,” i.e., only the measure theoretic properties are used. The
author is grateful to Professor E. M. Stein for suggesting to him the notion
of “convolution operator.”

In §I appears a rather technical definition of “Young’s function.” On a
first reading not much generality will be lost if §I is omitted and if by
the words “Young’s function” the reader understands a convex monotone
increasing, continuous function A defined on [0, ») with A(0) = 0.

The results of §11 answer the following questions. (Let A(x), B(x), C(x)
be Young’s functions.)

1. If SA(|f(x)|)dx and S B(|g(x)|)dx are finite, is S C(|f(x)g(x)|)dx
finite?

(We shall see that a sufficient and with a minor qualification, necessary
condition is that A '(x)B~(x) = C'(x) for all x=0.)

2. If SA(|f(x)]|)dx and S B(|g(x)|)dx are finite and

h(x) = f flx — Dg(t)dt

is S C(|h(x)|)dx finite?
(A sufficient condition is that A (x) B '(x) < xC~'(x).)
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These questions are discussed further in §VI. (Some readers may wish
to omit entirely §§I1I, IV and V which discuss the fractional integration
theory.)

In §IIT the Banach spaces M, which are closely related to L, are
introduced. The idea for these spaces is essentially due to G. G. Lorentz [ 4].

We shall not discuss here why the convolution of a function g, with a
kernel in M, is called a “fractional integration” of g. Those interested
in this question may refer to Zygmund [10, Vol. II, pp. 133-142] or to
Hardy and Littlewood [2].

In §IV is presented the principal result on fractional integration. The
reader will observe that there is a very close connection between the con-
dition relating the Young’s functions A, B,C in Lemma 4.2 and the con-
dition in Theorem 2.5. Theorem 4.7 is in some sense the principal result
of this paper.

In §V the results in §IV are extended to some rather special cases. §V
may be of more interest to the specialist than to the casual reader.

§VI and VII are in the nature of appendices mostly to §II.

The necessity to develop tools and notations for attacking the theorems
has led to greater length than the author would have desired, but it has
had the virtue of making this paper largely self-contained.

I. Young’s functions and Orlicz spaces.

DEFINITION 1.1. A(x) is a Young’s function if either

Case 1. A(x) is a convex, nondecreasing, finite-valued function which is
not identically 0 on [0, ») and A(0) =0, or

Case 2. There is a number x,> 0 such that A is convex, nondecreasing
and finite valued on [0,x,], A(0) = 0, and for x> x;, A(x) = «, or

Case 3. There is a number x, >0 such that A is convex, nondecreasing
and finite valued on [0,x), A(0) =0, lim, .,;A(x) = », and for x = x,,

A(x) = o, o0r

Case4. A(0) =0 and for x> 0, A(x) = . We shall call this the “‘trivial”
Young’s function.

DEFINITION 1.2. If A is a Young’s function then A™' is defined for 0 < y
< o by

A7 (y) = inf{x: A(x) > y}
where inf ¢ = o,
REMARKS.
1°. For 0 =x < =, A(x) = sup{y:A '(y) <=x}, where sup¢ = 0.
2°. The domain of A is [0, »); the domain of A ' is [0, = ].
3°. In all cases A " }(®) = o,
4°. A is continuous to the left while A~' is continuous to the right.
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5°. By allowing A to jump to = at x; we may include L® as an Orlicz
space.

6°. The following useful inequalities are valid. The reader may easily
verify them for himself.

ProPERTY 1.3. If A is a Young’s function and if 0 £ x < « then

x< A7V (A(®%))
and
A(A7'(x)) = x.

DEFINITION 1.4. The Orlicz space L, = L4(X) is the set of all (real- or
complex-valued) measurable functions on the measure space (X,u) for which
there exists a number K > 0 such that

L A(If(;)l) < 1.

The norm ||f|| 4 is defined as the inf of such K. _
DEFINITION 1.5. Given a Young’s function A, the Young’s complement A
is defined for 0 < x < o by

A(x) = ,3UP (xy — A®y)).

The following is well known and may easily be verified by_the reader.
PrOPERTY 1.6. If A is a nontrivial Young’s function, then A is a non-
trivial Young’s function. If B= A then A=B. For all 0 £ x < =,

x< A~ Yx)A\(x) < 2x.
Foral0£x< »,02y< o,
xy<A(®) +A(y)  (Young’s inequality).

Using Young’s inequality and Definition 1.4, G. Weiss [8] has shown
the following generalization of Holder’s inequality:

@) ﬁ F@g)| du < 2(1fll allellz-

I1. Holder’s inequality and Young’s theorem. One immediate consequence
of Young’s inequality is:
If p and q are positive numbers such that 1/p + 1/q =1 then

D
weZil
P 9
From this we easily derive Hélder’s inequality. An immediate corollary

of Hoélder’s inequality is:
IffE L? and g € L on a measure space (X, u) and if 1/r =1/p + 1/q then
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[ [1rasrde] " simtbells

We shall generalize this for Orlicz spaces by means of the inequality of
Lemma 2.1 which is a generalization of Young’s inequality.

LeEMMA 2.1 (FIRsT GENERALIZED YOUNG’S INEQUALITY). If A, B, C, are
extended real-valued, non-negative, nondecreasing, left continuous functions
definedon [0, ), if for0 < x < o, A7'(x) = inf{y: A(y) > x} (inf¢ = =),
similarly define B™*,C™", then if for all 0 £ x < o

AY(x)B7(x) = CY(x),
then forall 0 S x< 0, 0 y<
C(xy) = A(x) + B(y).

Proof. It follows from the definition of A ' that for all x = 0, A(A ~!(x))
Sx =AY A®D).

Given any x =0, y = 0, either A(x) < B(y) or A(x) > B(y).

If A(x) < B(y) then

xy £ A7Y(A(®))B7Y(B(y) = A~Y(B(3)) B'(B(y))
< C7H(B®)).
C(xy) = C(C™Y(B(y))) = B(y).

If A(x) > B(y), a similar argument shows that C(xy) < A(x).
Therefore,

C(xy) = max (A(x), B(y)) < A(x) + B(y).

THEOREM 2.2. If A,B,C are extended real-valued non-negative, non-
decreasing, left continuous functions defined on [0, =), if

A7(x) = infly: A(y) > x},
similarly for B™',C7, and if
A~ (x)B7'(x) = C7'(v),
then

fC(If(x)g(x)I)dn < fA(If(x)I)du+fB(Ig(x)I)du-

Proof. We integrate the following inequality which is an immediate
consequence of Lemma 2.1.

C(If(x)g(x)[) = A(Jf(x)|) + B(|g(x) )

THEOREM 2.3 (GENERALIZED HOLDER’s INEQuaLITY). If A,B,C are
Young’s functions such that
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A (x)B'(x) s C ' (x)

and if fEL,, g€ Ly on a measure space (X,u), then the product h(x)
= f(x)g(x) is in Lc and

|21l =< 2]l all8}] 5.

Proof. Let ¢ > 0; without loss of generality assume ||f|la=1=]|g||s
Then, using Theorem 2.2 and the convexity of C(x),

Stz o sif (2220
i (8 i 542D o

+§=1.

IA

DO =

l[A]lc = 2(1 +o*

and the theorem follows by letting ¢—0.

We shall comment further on this theorem in §VI.

A well-known theorem of Young which we shall generalize in Theorem
2.5 is the following:

THEOREM (W. H. Young). If f&L?,g& L? on the real line and if
1/p + 1/q = 1, then their convolution

h(x) = f flx — (@) dt

is in L" where 1/p+1/q=1/r and |[h||, =||fl},l|2ll.

LEMMA 2.4 (SECOND GENERALIZED YOUNG’s INEQuUALITY). If A,B,
are Young’s functions such that for x =2 0,

A7 Y(x)B'(x) < xC7\(x),
then for x=0,y=0,
xy £ A(x)C™'(B(y)) + B(»)C ' (A(x)).

Proof. Given x = 0,y = 0, either A(x) < B(y) or A(x) > B(y).
If A(x) < B(y),

xB7(A(x)) £ AT(A(x)B H(A(x)) £ A(x)C(A(x)),

< A(x)
=~ B (A(x))

But u/B *(u) is a nondecreasing function so that

C(A(x)).
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Ax)  _ BG) _BG)
B7'(A(x)) T BT'(B(y)) T 'y
Thus xy < B(y)C Y(A(x)).
If A(x) > B(y) a similar argument shows that xy < A(x)C '(B(y)).
In either case

xy < max (A(x)C™'(B(y)), B(y)C(A(x)))
< A(x)CYB(y) + B(y)C ' (A(x)).

THEOREM 2.5. Suppose A, B, C are Young’s functions which satisfy,
forx =0,

A~'(x)B~\(%) = 2C~(x),

and that f& Ly, g€ Lg on a locally compact unimodular topological group
(G,u), where u is the Haar measure. Then their convolution (writing dt in-
stead of dy), '

h(x) = ﬁ F(g(t12) dt
is in LAG,u) and

lIAllc = -2[Ifl]allgll 5
Proof. Let ¢ > 0. Without loss of generality we may suppose ||f||s=1

=|lgll 5
By Lemma 2.4 and Jensen’s inequality [10, Vol. I, p. 21, (10.1)]:

felat o (3 20210
<[ 3 (12 e (a(220)
3 (252 o (412D) o]
<1 e (1) e (a( o2 o
A o2 (1) T

=1+
We use Jensen’s inequality [10, Vol. I, p. 24, (10.8)], observing that

[ (V0 gy
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11 A1) (12220 ]
o T o (st o
=2 J'(I(t)l

ffA(mm) o( ¢

T S
gy, (B o(452) o)

dx

-
()

dx

ézm'ﬁ')dtf i)

Similarly, J <1/2, I+ J <1,

[|hllc < 2(1 + €)%

The theorem follows by letting ¢ tend to zero.

Theorem 2.5 is close to the “fractional integration” theorem we are
looking for. Roughly speaking, we can enlarge the class L, to a class of
functions which we shall call M, and still preserve in a slightly altered
form the conclusion of Theorem 2.5. Before we give this result in §IV we
shall need some notation which we develop in §III.

III. The Banach space M,. Convolution operators. If f is a complex-
(or real-) valued measurable function on a measure space (X,u) then for
y20, m(f,y) = w(E) where E, = {x:|f(x)| >y}. m(f,y) is a monotone
nonincreasing function which takes the non-negative reals into [0,  ].
We may form its inverse f*. For x 2 0,

f*(@) = infly: m(f,3) = x}.

f* is called the nonincreasing rearrangement of |f| onto the positive reals.
f* is equimeasurable with |f|.
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f |f() | du = f Cfryde = f “mif,) dy.

The integral mean f** of f* will be useful to us. For x> 0,
frw =1 [ roa,
xJo

f¥*(0) = f*(0).
It is clear that

Ao = [0 d=srw+ [ migay

LeEmMA. If f and g are measurable functions on (X,u) and if h=f+g
then for x = 0,

h**(x) = f**(x) + g**(x).
Proof. Assume that (X, n) is atom free, then

xh**(x) = supr |h(®)| du,

the supremum taken over sets E such that u(E) = x. But

[ ino1dus [ 1r@1dn+ [ Jgo) du
< (@) + 1™ (3).

If (X,u) has atoms the proof is more complicated but nonetheless we
leave it to the reader.
If A is a Young’s function and a(x) = A’(x) then

fA(lf(xmdu=ﬁ°°m<A<|f|>,y>dy
=fwm(lfI,A“(y))dy=fwm(f,u)dA(u)
0 0

=j; a(u)ym(f,u) du,
where we have made the substitution y = A(u).
DEeFINITION. fE M4 on (X, ) if and only if there is a positive number
K so large that
fr@ ska(1).

[1f|l u, s defined as the infimum of all such K.
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LEMMA. || -||m, s @ norm.

Proof. Homogeneity and vanishing only on the zero function are obvious.
To show the triangle inequality suppose that g = f, + f;, then for all x <0,

g (x) = fI*(x) + f7*(x)

gnflnMAA*(i) +Hf2HMAA”(§)

1
U PRTAMYSIEIE

so that
g1l sy = il g+ 1 foll Ma-
LEMMA 3.1. If f€ L, then f&€ M, and ||fllm, < |If]| a-

Proof. Let ¢ > 0; without loss of generality let ||f||.= 1. By Jensen’s
inequality [ 10, Vol. I, p. 24, (10.8)],

A(100) Jo e

0
A(E) s a( ) sl

et ((52) 20 ()

The lemma follows by letting ¢ tend to zero.

DEeFINITION. Let (X,p),(X, i) and (Y,v) be three (not necessarily dis-
tinct) measure spaces and T a bilinear operator taking measurable functions
on X and X into measurable functions on Y. Suppose further that

TG &)l = |Fllllgll
(3.2) NTED = = Iflllgl -
T¢I - = Il 118l

T is called a ‘“‘convolution operator.”

The definition of a convolution operator is to be understood as defining
T(f,g) only in the case the existence is forced by equations (3.2), that is,
in case one of the functions, say g, belongs to L and the other can be split
into a sum, f=fi+fs with ffEL,f,€EL". In Lemma 4.1 we shall see
that in certain cases it is possible to extend the ‘“‘convolution operator”
in a natural way.
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ExampLE 3.3. If (G, 1) is a locally compact unimodular topological group
and
h) = T4,8) = [ 108 dutd,
then T is a convolution operator.
We remark that in establishing the last two inequalities of (3.2) we
need both the right and the left invariance of u.

ExampLE 3.4. Ordinary convolution on Euclidean n-space is an example
of a convolution operator.

IV. The fractional integration theorem.

LEmMA 4.1. If [ f*(t)g*(t) dt is finite then the convolution operator T may
be extended so that T(f,g) is defined. Moreover,

(4.1) TG < f " g d.

Proof. We shall assume throughout the proof that f,g are functions
such that /¢ f*(t)g*(t)dt < «. We begin by proving (4.1) in a series of
five steps where T'(f,g) is already known to exist. In step six we shall
extend T.

1°. |g(x)| = bxe(x), xe a characteristic function.

Let £k = mes E = || xg|| 1.

Let

f(x) if |[f(®)] < u,

fulx) = { u sgn f(x) if |[f(x)| > u.

Define f* by the equation: f(x) = f“(x) + f.(x). It follows that

full = f m(f, ) dy,

and

e =fu m(f,3) dy,
b= T(.8) = T(*.8) + T(fug) = b+ h,

IS il = [ mG.3 dy -5

[hallo = [1full- 118111 = ubk.
If we set u = f*(k),
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TG |- =11kl + (152l

SO +5 [ m(,3) dy = Bhf*+(h

k ©
- [ rwa= [ roswa.
2°. If |g(x)| is a simple function, let 0 = y, < y; < --- <y, be the values

of g|.
Let

0 if |g(®) | <y
8u(x) =  g(x) — yr_18gng(x)  if |g(x)| = ys
(Ve — ¥i-1) sgng(x) if |g(x)| > ya

g(x) = ijgk(x).

It is easily seen that

g*@) = Z": gk ).
k=1
HTE )|l - < é HT(,80 | =

3 |, rogod- [ rosod.

3°. If f€L and g€ L. Given x>0 and ¢> 0, let ¢..(f) be a simple
function such that |¢(f)| <|g(¥)| and such that ||g — ¢]]; < ex.

h=T(8) = T¢,0) + T(h.g — 6) = b+ ha
h¥*(x) S hF*(0) =|lhi]] - = ﬁ mf*(t)¢*(t) dt
< f "8 0 d.
$h3*(x) < [lhell: < 1A llg — olls = 1 fllsex.
() < AP + hi*@) < f " 08 ® dt + |If]] e,

Let ¢ tend to zero.

Be*(x) < fo " 0g* @ de.
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But this is true for any x > 0.
[|A]] « = A**(0) = limh**(x) gﬁ [*()g*(t) dt.
x—0

4°, If lim, .. f*(x) = 0 and g€ L. Given ¢> 0, there is an x so large
that f*(x) < e. This means there is a set E of measure less than or equal
x such that outside E,|f| is less than . Let f=f,+ f. where f, is f re-
stricted to E.

T8 =T, + T(f29).
T8Il < fo FHOE*(0) dt < ﬁ F2* () db.
NT(f28) - = ||fall-llg]]1 = €llg]l 1
| T(,8) |- éﬁ F*Og* @) dt + ¢||g|| .
Let ¢ tend to zero.
5°. If f is arbitrary and g€ L. Let a = lim__.. f*(x),
fi(x) = asgnf(x),

folx) = f(x) — fi(x),
T(flg) = T(flrg) + T(f27g)-

©

I TG |l < Al llell = f £*(0) d.
[ T(f28) || = ﬁ ) fEtg*(®) dt.
1G9l s [ la+ fr0lg 0

- fo "0 () dt.

6°. If fE L, g L but f°f*(t)g*()dt < » we may extend T so that
T(f,g) has a meaning. If lim, . f*(t) = a> 0, then the finiteness of the
above integral would imply g € L. So both lim, ... f*(t) = 0 and lim, . g*(?)
=0. Let E, be an increasing sequence of sets of finite measure whose
union is E = {x:8(x) #0}. Let g,(x) =g(x) if xE E, g:(x) =0 if xE E,
Then the operator V(g,) = T(f,g,) is a bounded operator taking the
Banach space whose norm is given by £~ f*(t)gx(¢) dt into L=. Moreover,
g, is a Cauchy sequence and so V(g,) converges in L=. By definition T'(f,g)
= lim,_. T(f,g,), limit in the L® norm. Since
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TG gl < f " pogro di < f " g d,
it is clear that

NT(,8) |l = ﬁ mf*(t)g*(t) dt.

If we had decided instead to extend T by choosing an increasing se-
quence of sets of finite measure D,, whose union was the support of f,fx
= f restricted to D,, we would have arrived at the same value for T(f,g).

T(fm,g) - T(f;gn) = T(fm;g _gn) - T(f— fm;gn.)-

Let r,,=f — fu,lim,_. r.(x) = 0; moreover, the convergence is monotone.

HT( = frm &0 || < ﬁ mr:(t)g:(t) dt < ﬁ mr:;(t)g*(t) dt

and the last integral tends to zero by the Lebesgue monotone convergence
theorem. Similarly, lim,_. ||T(fn8— &J|l- =0 uniformly in m. Thus,
lim, .. T(fsn8) = lim,_.. T(f,g), lim in L norm.

COROLLARY. Necessary and sufficient conditions that a bilinear operator
be a convolution operator are

TGl = 11fll1llgll

T¢I < [ rrog o
REMARk. T'(f,g) is defined if and only if the three integrals are finite:
Jufr@dt, fog*tyde, ST (08 (@) dt.
LeMMA 4.2. If A, B are Young’s functions such that
1 -1 -1
f A (t)? (#) dt <
0 t
and

C—l(x) =ﬁx%j_(t)dt’

then C is a Young’s function. _
If fEM, g€ Ly, |Ifllma=1,1l8lls= 1, and h=T(f,g) where T is a
convolution operator then

h < 1 ©
(4.2) m( 3+6 ,z) = 0B~YC(2)) J B e m(g,5) dy

where 8 is any positive constant.
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Proof. Since A !(t)/t, B~(t)/t are nonincreasing it follows that C '(x)
is concave and C~'(0) = 0. Therefore C is a Young’s function. Further-
more,

C-Y(x) =J;"A;1(t) B“(t)dt A7Y(x) B7(»)

7 Z2xX—y X
so that
AN (x)B~(x) £ xC'(x).

As in the proof of 1° in Lemma 4.1, we let

f=FL+F g=8g.+8"
where u = f*(s) and w= B~ '(1/s).
h=T({,8 = T+ 8.+ 8"
=T(fs8J + T(f.8") + T(f*, 8. + T(f* &
= hy+ hy+ hs + h,.
By Lemma 4.1,

Al o = | T(fun 8] = éﬁmf.f(t)gﬂt) dt

= [+ s+ [ rosoa
cirom () [ (Y ()

= sf*(s)B—l( sl) + ﬁ N A———_l(y;f Oy,

=sr05(1) +c (1),

A2l e =1 T(Fu €] = S 1Full = 11811
éuf m(g,y)dy=f*"(3)f_1 m(g,y) dy
w B “(1/s)

<16 [ me.9) dy s oo

ésA_1<sl) B*(;) = C_1<sl) '

hsll = = 1 TG, g 1) = < 11F*)1 180l

éfu m(f,y)dy-w=ﬁ()m(f,y)dy-B“(sl).
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1 ® YA AN
I+ b+ holl 5267 ( 1) 4085 ) + [ m.dy B (3)

e (2) oo ] ()
= ZC“( sl) + sf**(s)B‘l(%')

sac(2) von (Yo () sae ().
hdlla =1 TG 811 = |1FU 8”1
=j;mm(f,y)dy-me(g,y) dy=ff,;m(f,y)dy-ﬁwm(g,y) dy

s [ manayssa(3) [ meva

1
—1( ;) f: m(g,y) dy.

t

[[hall2  sA
m(h4’t) é t =

But

w(nse(2) ss0-(3) s (s (2)

sA™! ( 1)
3 -
= W)—f""g b
§

Let z= C~(1/s); then

(s)
1 sA\s < 1 _ 1

§= —

C) c(%) B B“(%)  BCE)

m( 5%?2) —mh,(3+02) <m ('u, '00‘1( sl))

sA™! (1) 1
s -]
oy ,y) dy.
: -G—C__l—(—_l)_ﬁ‘lu/:)n(g’ Ny = 8B~1(C(2)) B_l(c(’))m(g N
s
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Lemma 4.2 is established.

Before stating our principal theorem we need a fact about Young’s
functions. Orlicz [6] considered Young’s functions which satisfy the
inequality A(2x) < KA(x). It can be shown [3, p. 26, Lemma 4.1] that a
Young’s function satisfies Orlicz’ condition if and only if there is a con-
stant p = 1 such that

(4.3) xa(x) < pA(x)

where

J;x a(t) dt = A(x).

(4.3) with p < = is equivalent to a condition on the complementary
Young’s function B, namely

(4.4) xb(x) 2 p’B(x), p’>1,

where 1/p+1/p’ = 1,b(x) is inverse to a(x) and B(x) = f~b() dt. A
Young’s function B which satisfies (4.4) gives rise to an Orlicz space Lp
which in some sense is bounded away from L and thus avoids some of the
well-known pathology of the latter space. We shall need one fact about
a Young’s function satisfying (4.4).

LemMA 4.5. If B is a Young’s function such that
pB(x) sxb(x), p>1,
then

f’;'i”dtép'EQ <P b,
o t x p

where 1/p + 1/p’ = 1.
Proof. Integrate by parts.

I=J: bLtt)dt B(t)l fB(t)

B(x)

éM_ﬁmw_F_f tb(zt)dt_ —I.
x =0 p t P
1, B0 b
p x p

COROLLARY 4.6. If B is a Young’s function such that
pB(x) =xb(x), p>1,
then
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Bor - dt ,
j; m < p’b(y).
Proof. Let ¢t = B(u).

B dt (Vb(w) _p’ ,
ﬁ 575 = ) a5 500 SPOO).

THEOREM 4.7 (FRACTIONAL INTEGRATION FOR ORLICZ SPACES). If A,B
are Young’s functions such that

LAY OB
[aoro, .,
pB(x) = xb(x), p>1,
and the Young’s function C is defined by

x -1 -1
Cl(x) = fo A—“)tf——(t)dt

and if, furthermore, fE M,, g € Ly and h = T(f,g) where T is a convolution
operator, then h & L. and

Alic = 4P’ IIfll mall8 ]| 5

Proof. By the homogeneity of T it will be enough if we show that for
fllmy =1, I8l <1 we have

fc("‘("”) dv < 1.

We note that 3 + p’ < 4p’ and so by Lemma 4.2 with 6 = p’/,

fC(Ih(x)I)d <fC(|h(x)|)
=J:> (3+ 7 )c(z)dz

1 ®
éf c(z)m B_l(C(z))m(g,y) dy

cleon  c(@)
=‘f mendy [ gy @

(let t = C(2) and use Corollary 4. 6)
B(y)

1 (e ,
=17ﬁ mig,y) dy | B“(t) s f m(g,y)p’b(y) dy
=fB(|g(x)|)d;T< 1. Q.E.D.
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Several known theorems on L” spaces are implied by Theorem 4.7. We
shall demonstrate only the two most celebrated of these.

THEOREM OF HARDY AND LiTTLEWOOD [2, p. 595, Theorem 4. If g
EL’, p>1,and 0 <a <1/p then g,, ath fractional integral of g, belongs to
L where

l 1

= - —a.

r p
Proof. By definition, £.(x) = /5~ g(x — ) F.(¢) &t where F,(t) = 1/ T(a)ti ™.
But clearly F,(t) € M, where A(x) = x""* and g € Ly where B(x) = x”.
Then b(x) = px*~! so that pB(x) < xb(x) with p > 1.

x tl—atl/p xl/r
CYx) = f =2
@ o P 1/r

Therefore L= L™ and the theorem is established.

THEOREM OF SOBOLEFF |7, p. 481, Theorem]. If g € L” on n-space and
0 <a <n/p then g, the ath fractional integral of g, belongs to L™ where 1/r
=1/p — a/n.

Proof. By definition g (X) = fg(X — TF (T) dT, where X = (x;, ---, %),
T= (- -,t),dT =dt;-.-dt,and F,(T) is of the form K,./|T|" > By
integrating F,(T) over spheres centered at the origin it is easily seen that
F.€ M,, where A(x) = xV*,

tl—a/ntl/p xl/r
-1 = —_—— =
C-(x) j: T
Thus L= L',

V. Endpoint results for fractional integration. If we wish to form the con-
volution of a function f& M, with a function g &€ Ly and B(x) fails to
satisfy condition (4.4) then we need to complicate slightly the previous
analysis. We first state a more delicate form of Lemma 4.2 which leads
to our result.

LeMMA 5.1. Under the hypotheses and notation of Lemma 4.2 the following
conclusion holds:

@ A—l 2 @
[oa mbrays2E [ migy) a.

r4

The proof proceeds the same as the proof of Lemma 4.2 up to the point
where we conclude that

1 @
Idissa(3) [ meya.
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But since h=h,+hy+hs+h, and ||h,+ ho+ hs||. < 3C7'(1/s) it
follows that

[, b dy slibdiissa=(3) [ mesa.

¢ Yase)
But w = B7'(1/s), and the conclusion follows by setting z = 1/s.
THEOREM 5.2. If A, B are Young’s functions such that

fl A"')B™)
o7

if the Young’s function C is defined by
x -1 -1
C-(x) = f A"0OB @,
0 £

if r(x) is any non-negative, nondecreasing function on the non-negative reals
such that

dt< o,

<" _ B
r(x) = o A (B7(1),

(b(x) = dB(x)/dx), and if

R(x) = j; ) r(o) dt,

then, if fEM,, g€ Ly and h = T(f,g) where T is a convolution operator
then h €Ly and

[1Allz = 31|F1|ayl1811 5
Proof. Assume that ||f||m, =1, ||g]l5 < 1. Let

x ¢ »

If we form the Stieltjes integral of both sides of the equation of Lemma
5.1 with respect to dV(2) = (2/A~'(2))db(B~'(2)), then

© © © -1 @
f V) f L mhy)dys f A7 gy f . m@)dy
0 3C (2 0 B (@

z

- [ wmen [, medy= [ we [ mand

= J: m(g,y)b(y) dy < 1.

But
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fR(%)dv —fc r(x)m( g,x) dx
cw

b t N
- f m(h, 3%)r(x) dx < f mih 39 dx [, s dbB7HO)

Cix)

= f mm(h,3x)dx dv(z)
0 0

(let 3x = y)
1 ® Cy/3)
== f m(h,y) dy f dv(z)
3Jo 0
L dV(z)fm mih,y) dy < =<1
= 3 3¢l Y)Y 3 )
Thus

IAlle =3

and the general conclusion of Theorem 5.2 follows by homogeneity of
the norms.

We shall give an application of Theorem 5.2. M(log M)*,a > 0 denotes
M, on a measure space of finite total measure, where A(x) ~ x(logx)°.
F(x) ~ G(x) means lim, ., F(x)/G(x) = 1. To simplify the discussion we
shall use convolution on (0,1) rather than a general convolution operator.

THEOREM 5.3. If f€E M(logM)*,a>0 and g& L(logL)’, 8> 0, on
(0, 1) are extended periodically then their convolution h(x) = Jf5'f(x — t)g(t) dt
is in L(log L)*** on (0,1). (More precisely, h € gL(log L)***)

Proof. The following remarks should enable the reader to do the neces-
sary computations himself:

1°. The properties of the Orlicz space L, over a totally finite measure
space depend only on the values of A(x) for x sufficiently large. Thus the
integrals occuring in the statement of Theorem 5.2 may be taken with any
convenient lower limit of integration.

20, If A(x) ~ x(logx)*, then A '(x) ~ x(logx)*.

We then find using the notation of Theorem 5.2: A(x) ~ x(logx)*,
B(x) ~ x(logx)®, C(x) ~ x(logx)*™® and R(x) ~ gx(logx)°**. By Theorem
5.2, h€ Ly = BL(log L)*** = BL¢ = L¢.. This proves Theorem 5.3.

Theorem 5.3 generalizes the following theorem of Zygmund [9, p. 609,
Corollary].

THeoREM. If f& L(logL)*,a>0,g€ L(logL)",8>0, on (0.1) are
extended periodically then their convolution belongs to L(log L)***.

It is to be remarked that, of course, the above theorem also follows
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immediately from Theorem 2.5.

It is interesting to compare Theorem 2.5 with Theorem 5.2. We shall
restrict ourselves to ordinary convolution on the interval (0,1). Theorem
2.5 says that if f€ Ls,g & Lp and

(5.4) A7 Y(x)B(x) = O(xC'(x)),

then in all cases f*g € L. Theorem 5.2 says that if f& M,, g € Ly then
in certain cases the condition (5.4) is sufficient to give f*g &€ L¢ and in
certain other casesnot. For exampleif f & M? = M,,p > 1 andg € L(log L)'”*
= L then there follows from Theorem 5.2 the well-known fact [9, p. 606
Theorem 2] that f+g &€ LP = Ly and not L”logL = L.

Theorem 5.2 seems to say that if we start with a function g& Ly and
form the convolution with a function f& M, then A must not grow too
much faster than B if (5.4) is to guarantee that fxg & L.

ExampLE. If f& M(loglogM)*,a >0, and g& L(logL)?,8>0 then
(5.4) is sufficient to give us that f*g € Lc= L(log L)’(loglog L), If, how-
ever, the situation is reversed and fE& M(log M)’ while g € (loglogL)“
then (5.4) is not sufficient and indeed

f+xg € Lr= L(logL)’(loglog L)*~* 2 L(log L)*(loglog L)* = L.

VI. Further remarks on the generalized Holder’s inequality. Our first
theorem completes Lemma 2.1.

THEOREM 6.1. If A(x),B(x),C(x) are nondecreasing functions from
[0, ] into [ 0, « | which are continuous to the left, if A(0) = B(0) = C(0) =0,
if A7, B!, C" are their inverses normalized so as to be continuous to the
right and if A" (o) = B (o) =C"Y ) = = then for all x=0,

AA7T(x) =2 A7YAW).

Similarly for B and B™',C and C~'. If there exists a number K > 0, such
that for all x 2 0,AY(x)B (x) < KC*(x) then for all x= 0,y =0,

¢(%) s 4@ + Bo).

Conversely, if for all x20,y20,C(xy/K) < A(x) + B(y), then for all
x20,

A (x)B (x) = KC'(2x) < 2KC ().
REMARK. A and A~! are related by the following equations:
A7(y) = inf{x: A(z) >y},
A(x) =sup {y:A"Y(y) < x},
where sup@ = 0,inff = «.
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Proof. The first part of the theorem is established in exactly the same
way as Lemma 2.1. To prove the last statement for any given u = 0 we
let x = A"Yu),y = B '(u).
o(2) 4@ +Boy,

A Y w)B (u)
C( SR

M <C! (C( M)) < CY2u).

)gAm*w»+Bw*w»§m.

K K

The theorem is established.
Two closely related problems immediately suggest themselves.
PROBLEM 6.2. Given two Young’s functions A, B how shall we choose a
Young’s function C such that whenever f& L, and g€ Ly then fg & L¢?
ProOBLEM 6.3. Given two Young’s functions A and C, how shall we choose
a Young’s function B such that whenever f& L, and g € Ly then fg& Lo?
To solve Problem 6.2 we consider a subset of the first quadrant.

E={(x5:x20,0=y=<A'(x)B™'(x)}.

Let E = convex closure of E. If E s first quadrant, it is bounded above
by a concave curve which we denote by y = C'(x). Clearly A '(x)B~'(x)
< CYx) so that by Theorem 2.3, fE L, and g& L implies fg& T~

THEOREM 6.4. If E = first quadrant then there exist functions f € L4(0,1),
g€ Lg(0,1) such that the product h(x) = f(x)g(x) does not belong to any
Orlicz space.

Sketch of proof. E = first quadrant if and only if

-1 -1
limsupA ()B~(x) _ -

X X
Let 1 <y, <y, <y;--- such that A '(y)B '(y) > 2"y.. Let x,=1/2"y".
Let

0 if ) x; < x,

j=1

Yn if Z x,-<x§2x,-.
j=n

Jj=n+1

r(x) =

Let f(x) = A~%(r(x)),g(x) = B '(r(x)). The reader may easily show that

1
J; r(x)dx=1 sothat||fl|la=1, ||lgllz=1.
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But f£'f(x)g(x)dx = .
Thus f(x)g(x) is not integrable in any neighborhood (0,¢) of the origin
and so cannot belong to any Orlicz space.

THEOREM 6.5. Let A, B, C be Young’s functions. The following conditions
are equivalent:

1. limsup,.,.A Mx)B X (x)/C " (x) < ».

2. There exist numbers K > 0,x,= 0 such that for all x,y = x,,

o(2) s 40 +B0).
3. There is a number M > 0 such that for all measurable functions f,g
on (0,1),
|I781lc = MI|f]| 4ll&]] 5-

4. For every f& L4(0,1) and g & Ly(0,1), fg belongs to L(0,1).

REMARK. The equivalence of 3 and 4 appears in Krasnosel’skii and
Rutickii [ 3, Lemma 13.5, p. 118]. The equivalence of 2 and 4 is due to
And6 [1, Theorem 1, p. 178].

Sketch of proof. 1 implies that there exist numbers u,>0 and K >0
such that for x> ug, A (x)B '(x) < KC*(x). Let

xo = max (A " (uy), B~(u)).

For x,y > x, we may reason as in Lemma 2.1 to establish 2. Thus 1 implies 2.

If 2 is satisfied let M = KL where L =2+ A(xg) + B(x;). Suppose
without loss of generality that ||f||. < 1,||g]|z<1. Let F = {x:f(x) = x,},
G={x:8(x) 2 xo}.

fe(tege

L (g o

o), (520
()4

<1 ([ a0r@nas+ [ Awdds+ [ Blg ds+ [ B x)

IIA

IIA

<%(1+A(x0+1+B(x&) =1.
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Observe that we have used strongly the fact that (0,1) is a totally finite
measure space. We have shown that 2 implies 3. 3 obviously implies 4.

To show that 4 implies 1 we assume 1 false. Then reasoning as in the
proof of Theorem 6.4, we find 1 <y; <y, < --- such that A Yy)B '(y,)
> 2"C~Y(y,). Starting with the sequence y,,y, ---, we define r(x),f(x),
g(x) as in Theorem 6.4; then ||f||4s=1,||g]|s= 1. But for any 6 > 0, there
is an integer n such that 2"¢ > 1. Therefore,

1\

ﬁ COfe®) dxz 3. COA-'(y)B-'())x,

j=n+1

i C2’C ' (y))x; 2 9i 27ICRCTI ()% = .

j=n+1 j=n

1\

(The reader may verify for himself that C(2C~'(y,)) = ¥..)

THEOREM 6.6. Let A,B,C be Young’s functions. The following con-
ditions are equivalent:

1. limsup, o A} (x)B X (x)/C7}(x) < .

2. There exist numbers K > 0,x,> 0 such that for all x,y < x,,

o(2) s 4@ +Bo).

3. There is a number M such that for all sequences f= (f,fs:-),8
= (81’g2, "')’

|Ifgllc = Mif}| allgl} -
4. For every sequence f = (f,, f,, - --) in L, and every sequence g = (8,89 )
in Lp, the product sequence fg = (f1g,,f282, - --) belongs to L.

Sketch of proof. The proof is analogous to the proof of Theorem 6.5.
The only point that might cause the reader difficulty is in showing that 4
implies 1.

If 1 is false then we may choose inductively a sequence y,.

1> ATOIB0) > 2070,

1
Yn <5Yn-1 A7) B (yn) > 2°C\(yn).

Let m, be the unique integer such that
1

e Sma< —— + 1.
gy, ST < grrry +
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But 1 < 1/2"*'y, so that m, < 1/2"y,. Letrj=y, if D> icimy < j <2 hims
Then

= i 1
dori=2my. <. g Yn = 1.
j=1 n=1 n=1 Yn

Let fi=A"'(r),g=B'(r), then ||f]la<1,|glls<1. But given any
9 > 0 there is an integer N such that 26 > 1. Therefore

i Clofig) = Zm: m,C(6A " (y) B"(y,)
j=1 n=1

> Y m.CE2C ) 2 3 maC2°C(y,)
n=1

n=N+1

w©

Y m.2"9CERC () = .

n=N+1

v

We may combine Theorem 6.5 and Theorem 6.6 to obtain

THEOREM 6.7. Let A, B, C be Young’s functions. The following conditions
are equivalent:

1. There is anumber K > 0 such that for all x 2 0, A '(x)B~'(x) < KC1(x).

2. There is a number K > 0 such that for all x,y = 0,

c("—lg) < A(®) + BG).

3. There is a number M > 0 such that, for all measure spaces (X,yu), if f
and g are measurable then

|I7gllc = MI|f] alig]l -
4. For each measure space (X,u), if f€ L, and g& Ly then fg € L.

The following theorem which together with Theorem 6.4 solves Problem
6.2 follows as an immediate corollary of Theorem 6.7. We therefore leave
the proof to the reader.

THEOREM 6.8. If A, B are Young’s functions such that E = convex closure
of {(x,y):x20,0sy<A ' x)B ' (x)} is not the entire first quadrant
and if we denote by y = C~'(x) the upper boundary of E, then A,B,D are
Young’s functions such that f & L,(X), g € Lg(X) implies, for any measure
space X, that their product fg € L,(X) if and only if there is a positive con-
stant K such that D(x) £ C(Kx). In this case it follows that

gl = 2K || £1l4]18]l5-
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We now consider Problem 6.3. This was solved by Andé [1, Theorem 4]
and [5, pp. 180-181]. We may rephrase his theorem in our terminology.
(He considered N-functions which is a less general notion than that of
Young’s function.)

THEOREM OF ANDO. If A and C are Young’s functions and for y 20,
(6.9) B(y) = sup[ C(xy) — A(0)],

x20

then B is a Young’s function.

A, D, Care Young'’s functions such that for any measure space X, f € L ,(X),
8 € Lp(X) implies that their product fg € L.(X) if and only if there is a
positive constant K such that D(x) = B(x/K).

REMARK. B may be the “trivial” Young’s function.
We close with a theorem which throws some light on the “relative
complementation” defined by equation (6.9).

THEOREM. If A and C are Young’s functions and for x,y = 0,
B(y) = sup (C(xy) — A(x)),

x20

A (x) = sup (C(xy) — B(y)),

yz0

Bi(y) = sup (C(xy) — A,(%)),

xz0
then A (x) < A(x) but B,(y) = B(y).

The proof is easy and we leave it as an exercise for the reader. That the
inequality A;(x) < A(x) may not be replaced by equality is easily seen by
means of an example.

Let

0 f0sx=1,
C(x) = {
x—1 ifx>1,
and let A(x) =x° Then A,(1/2) =0<1/4= A(1/2).
VII. Further remarks on the generalized Young’s theorem.

CoNvVERSE T0 LEMMA 2.4. If A, B, C are Young’s functions such that for
all x20,y20,

xy £ A(x)C~Y(B(y)) + B(y)C '(A(n)),
then for any u 20,
A Y uw)B (u) < 2uC\(u).
Proof. Let x = A '(u),y= B '(u). Q.E.D.
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If we restrict ourselves to Orlicz spaces of a special form (namely L*
spaces) then the results of Theorem 2.3, Theorem 2.5 and Theorem 4.7
may be seen to be best possible by various methods. But if we consider
function spaces more general than the Orlicz spaces then this is no longer
true as far as Theorem 2.5 and Theorem 4.7 are concerned. The reader
who wishes to understand this point should refer to a paper of the author
(5].

We shall discuss here an improvement in Theorem 2.5 which follows as
a consequence of Theorem 4.7.

We need for this purpose the ‘“‘associated space” of the space M,. Like
M, this was introduced by G.G. Lorentz [4].

DEFINITION 7.1. Let A and A be complementary Young’s functions. Let
f be a function on a measure space (X, u).

£k, = sup f F(2)g(x) d,

sup over all g € M3 of norm less than or equal to 1.
Ka={f:|Ifllks < = }.
LemMa 7.2. |[fllmy < UF1l4 = |11l k4o

Proof. The first inequality is Lemma 3.1. It is proved in the standard
treatises on Orlicz spaces [3, p. 80] or [10, Vol. I, pp. 170-175] that

I1£]l4 < sup f F(2)g(x) du

sup over g such that ||g||z = 1. But ||g||mz; =1|€]|a so that the sup above
is less than or equal to the sup taken over g € M3 with ||g|| Mz < 1. There-

fore ||f|| 4 = |Ifll ka-

THEOREM 7.3. If A,B,C are Young’s functions such that for all x>0,
1. pA(x) < xA’(x) for a given p > 1,
2. ¢B(x) < xB’(x) for a given ¢ > 1,
3. A7 (x)B7!(x) £ xC'(x),
and if fEL,, g€ Ly on a locally compact unimodular topological group G,
then their convolution

h(x) = f FDgtx) dt

is in K; and
]|k < 16p" ¢ |I£1 all8 )] 55
where 1/p+1/p’ =1, 1/¢g+1/¢' = 1.
Proof. Suppose v & Mg, [|v]|pz = 1.
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[ s dx s [ 1o [ 1560 g0 da
= [17@1 [ 106l daa
= f |£(®) |w(®) dt.
w(#) = S |0(x)||g(t~"x)| dx is the convolution of a function in Mg of norm

less than or equal to 1 with a function in L, and so by Theorem 4.7 is in
Lp, |lwllp = 4¢'||g]| s, where

D '(x) = ﬁ ALY

* 9 B7Y(p) dt
éﬁ R R dtézﬂ R

1 a, e
_ 2]‘,4 w A’ (u) du < 2’ Aiu)
0

u =

0
, X
=% =
In the above evaluation we have used Property 1.6 and Lemma 4.5.
A7\ @)D Mx) S2p'x S ATM()A (),
D7'(x) s2p'A7'(w),

fv(x)h(x) dx = f |f(@) Jw(t) dt

< 2||fll allwlla = 4p’Mifl allwli
< 16p°¢’||f1 allgll -
But ||h|| x,= sup, S v(x)h(x)dx where ||v||pz= 1.

so that

= |lwlio

2p’ |Ia

We use equation (1.7).
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