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1 Introduction

In recent years, fractional order calculus has been one of the most rapidly developing ar-
eas of mathematical analysis. In fact, a natural phenomenon may not only depend on the
current time but also on its previous time history. Fractional calculus facilitates modeling
of such phenomena via nonlocal fractional differential and and integral operators. Frac-
tional order differential equations naturally appear in the mathematical modeling of sys-
tems with memory. One can find numerous applications of fractional calculus in diverse
fields such as mathematics, physics, chemistry, optimal control theory, finance, biology,
engineering, and so on [1-6].

Fractional differential equations including both left and right fractional derivatives are
also attracting much attention as they appear as the Euler—Lagrange equations in the study
of variational principles, for detalils, see [7] and the references cited therein. Some recent
results on the topic, obtained by means of different methods such as fixed point theorems,
upper and lower solutions method, variational methods, etc., can be found in the papers
[8-12]. In [9], the existence of extremal solutions to a nonlinear system with the right
Riemann-Liouville fractional derivative was addressed.

In [10], the authors studied the existence of solutions for a nonlinear fractional oscil-
lator equation with both Riemann-Liouville and Caputo fractional derivatives subject to
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natural boundary conditions:

’u—D_Df,u=f(t,u(t))=0, weR-{0},0<t<1,

u(0) =0, Dl u(1) =0,

where °D{_ and D, respectively denote the right Caputo fractional derivative of order
p € (0,1) and the left Riemann-Liouville fractional derivative of order g € (0, 1).

In [12], the authors used the Krasnoselskii fixed point theorem to prove the existence of
solutions to the following problem involving both left Riemann-Liouville and right Ca-
puto fractional derivatives:

D% (D u(®) +f(t,u(®) =0, 0<t<l,

u(0) = 4/ (0) = u(1) =0,

where °Df_ and Dg . respectively denote the right Caputo fractional derivative of order
a € (0,1) and the left Riemann—Liouville fractional derivative of order 8 € (1,2), and f :
[0,1] x R - R.

In [13], a nonlocal boundary value problem involving both Caputo and Riemann-—
Liouville fractional derivatives was studied:

DY_Djy y(t) = f(t,5(0)), te]:=[0,1],
¥(0) =5'(0) =0, y(1)=8y(n), O0<n<l,

(1.1)

where °Df_ and Dg , denote the right Caputo fractional derivative of order & € (1,2] and
the left Riemann-Liouville fractional derivative of order B € (0,1] respectively, and f :
J x R — R is a given function.

In this paper, we investigate a new coupled system of nonlinear fractional differential
equations involving both right Caputo and left Riemann-Liouville fractional derivatives,
equipped with nonlocal coupled boundary conditions given by

D¢ Df x(t) = f(t,x(t), y(t)), te]:=[0,1],
‘DE_D,y(t) = gt,x(2),y(t), te]:=[0,1],
x(0)=4'(00=0,  x(1)=yym), O0<n<l,
(0) =y'(0) =0, y(1) =éx(0), 0<6<1,

(1.2)

where D¢ _, °D/_ denote the right Caputo fractional derivatives of order o, p € (1,2] and
DE., Di, denote the left Riemann-Liouville fractional derivative of order 8,4 € (0,1] re-
spectively, f,g:/ X R x R — R are given functions and y, § € R are appropriate constants.
The existence and uniqueness of solutions for the given problem will be derived by apply-
ing the well-known methods of functional analysis such as the Banach fixed point theorem
and the Leray—Schauder alternative.

The rest of the paper is organized as follows. In Sect. 2, we recall some basic definitions of
fractional calculus and present an auxiliary lemma, which plays a pivotal role in obtaining
the main results presented in Sect. 3. We also discuss an example for illustration of the

existence-uniqueness result.
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2 Preliminaries
This section is devoted to the preliminary concepts of fractional calculus [4] that we need

in the sequel.

Definition 2.1 We define the left and right Riemann-Liouville fractional integrals of or-

der o > 0 of a function g : (0,00) — R respectively as

t _ -1

12.g(t) = /0 %g(s)ds, 2.1)
1 (c_ pa-1

[ g(t) = f %g(s)ds, (2.2)

provided the right-hand sides are point-wise defined on (0,00), where I" is the gamma

function.

Definition 2.2 The left Riemann—Liouville fractional derivative and the right Caputo
fractional derivative of order o > 0 of a continuous function g : (0,00) — R such that

g € C"((0,00), R) are respectively given by

dn
D58 = - (15,"2)®),

DY g(t) = (-1)"I;=*g" (1),
wheren-1<a <n.

The following lemma, dealing with a linear variant of problem (1.2), plays an important

role in the forthcoming analysis.

Lemma 2.3 Let h,k € C(J,R) and

1

. _ +1nB+1
A._—F(ﬁ+2)r(q+2)[l ysnTteft1] #o.

Then the solution of the linear fractional differential system supplemented with nonlocal

boundary conditions

DY_Db x(t) = h(t), te]:=1[0,1],
D) _DE,y(t)=k@), te]:=[0,1],
x(0)=x'(0)=0,  x(1)=yy(m), O0<n<l,
y(0)=y(0)=0,  y(1)=8x0), 0<6<1,

is equivalent to a system of integral equations given by

tﬂ+1
AC(B+2)(g+2)

+ynT 815, 1 h(O) - 1L, I k(1)]}, (2.4)

x(6) = 18 1% h(t) +

IV IB k() - 15, 1 h(1)]
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tq+1

AC(B+2)I(g+2) {[
+ 80P [y IL I _k(n) - 15, 1% h(1)]}. (2.5)

y(t) = Ig k(D) + 815 I h(0) — IL, 17 K(1)]

Proof We first apply the right fractional integrals I , I to the fractional differential equa-
tions in (2.3) and then the left fractional integrals I , IZ_ to the resulting equations, and

using the properties of Caputo and Riemann-Liouville fractional derivatives, we get

x(t) = 1), (I h(e) + co + c1t) + ot

=10 1% h(t) + co v +c1 v + oot (2.6)
’ rg+1 "r@+2)
y(t) = I8, (I_k(8) + do + dit) + dpt?™!
=1L B k(t) +do o +d; el +dyti L, (2.7)
'(g+1) I'g+2)

Using the conditions x(0) = 0, x'(0) = 0, ¥(0) = 0, y'(0) = 0 in (2.6) and (2.7) yields ¢y = 0,
do =0, c2 =0, dy = 0. In consequence, the system of equations (2.6) and (2.7) reduces to

the form:

t.,B+1

x(8) =I5, 1% h(t) + ¢; FETY (2.8)
g+1
y@=ﬁﬁj@+m7%75. (2.9)

Making use of the conditions x(1) = yy(n), (1) = §x(0) in (2.8) and (2.9) and solving the

resulting equations for ¢; and d;, we find that

1 o n o
= Srg e RAKO) = I LB+ v (10,17 W) - 1,1 k(D]}
dy = YY) [[815, 1 1(O) - 12 k(1)] + 80P [y IL 1Y k(n) - 15,18 h(1)]},

which, on substituting in (2.8) and (2.9), leads to the solution system (2.4)—(2.5). The con-

verse follows by direct computation. The proof is completed. d

3 Main results

Let us introduce the space X' = {x(¢)|x(¢) € C([0,1],R)} endowed with the norm |x| =
sup{|x(¢)|,¢ € [0,1]} and note that (X, || - ||) is a Banach space. Then the product space
(X x X, ||(x,9)]]) is also a Banach space equipped with the norm ||(x, y)|| = |lx|| + ||¥]|.

In view of Lemma 2.3, we define an operator 7: X x X — & x X by

(3.1)

T@ﬁ@:(““”m>

To(x,y)(2)

Page 4 of 12
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where

t (t—S)ﬂ_l /l (u _S)oz—lf(u x( ) ( )) duds

Ty(o2)(0) = fo . o
tﬂ+1

AC(B+2)I(g+2)

V-9 [ (st
) {[y/O I'(g) /; I'(p) g(u,x(u),y(u)) duds

/1 (1 _ S)ﬂ—l 1 (u _ S)a—l
) )

0 (0 _ s)ﬂ—l 1 (u _ S)oz—l
re) Jo '

f (- S)q 1/ ur(j;al (u,x(u),y(u))duds]} (3.2)

f(u x(u), y(u ))duds:|

+ynt |:5 f (4, (), y (1)) dudis
0

and

=t Pt
T (x, y)(2) = T ) ) g(u,x(u),y(u)) duds

tq+1
AC(B+2)I (g +2)

% (9 _S)ﬁ—l 1 (u _ S)a—l
X {[8/0 X0 /S T f(u,x(u),y(u)) duds
~ /1 (1 —S)q71 1 (u _s)p—l
gl [T =T [ u—sp!
"o [V o @ J T
/3 o—
_ (1 s)ft / (u - S) lf(u x(u), y(u)) du ds] } (3.3)

0

g(u’ x(u), y(u)) du ds]

g(u x(u), y(u ))duds

For computational convenience, we set

= 1 1 +1nB8
O T DB+ [“ AT Gy L HIrIom™e )]’ (34
Q, = lyn? (1+n) 35)
PTIAIFp+ DI @+ DI B+ (q+2) :
) b (1+0) (36)
Q= AT @+ )C(B+ 1) (B+2)(g+2) 7 .
= ! B+1
A PES VI rESY [“ AT G2 e )]~ (3.7)

Now we are ready to present our main results. In the first result, we prove the existence

and uniqueness of solutions to system (1.2) via the Banach contraction mapping princi-
ple.
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Theorem 3.1 Assume that:
(H1) f,2:10,1] x R x R — R are continuous functions and there exist positive constants
4y and €y such that, for all t € [0,1] and x;,y; € R, i=1,2,

[f (&, x1,%2) = f (&, y1,92)| < € (1%1 =y + |2 = 32),

lg(t: 21, %) = g(t:y1,92)| < €a(lx1 = 1l + |22 = y21).
If
(Q+ Q)1 +(Qa+ Qu)la <1,
where Q;,i=1,2,3,4 are given by (3.4)—(3.7), then system (1.2) has a unique solution [0, 1].

Proof Let us define a positive number r as follows:

S (Q1 + Q3)N1 + (Q2 + Qa)N>
1-(Q1+ Q31 — (Qa + Qa)ty

Ni = sup,c(o,1) [f(£,0,0)| < 00, N2 = sup,c(o1) 18(2,0,0)| = N2 < 0o and show that 7B, C B,,
where B, = {(x,y) € X x X' : ||(%,y)|| < r}isaclosed ball. By assumption (H;), for (x,y) € B,,
t € [0,1], we have

If (&:x(0), y@®))| < |f (£ (), () = (£,0,0)| + |f(£,0,0)|
< (x@)] + @) + Ny

< (%l + Iyll) + Ny < €ar + Ny,
and
|g(5:2(8), (1)) | < La(llxll + [Iy1l) + No < Lor + N

Also note that

L(t—s)B1 /1 (u—s)*1 1

o T'(B) @ 5= rasvrpey

where we have used the fact that (1 —s)* <1 for 1 < & < 2. Using the above arguments, we

have

| T (x,9)(8))|

t (t_s)ﬂ—l 1 (M _S)a—l
S/O ') /S ) (b1r + N1)duds

1 =)t Y (u— syt
+|A|r(,3+2)p(q+2)“|7/|/0 @ /S ) (Lar + Ny) du ds

1 (1 _ S)ﬂ—l 1 (u _ S)a—l
+/(; T 6) /s @) (£1r+N1)duds]

Page 6 of 12
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4 0 — B-1 1 _ o)1
+|y|nq+1[|a|f‘ 9 /(” 9 0+ N ducds

r(p) I (a)
/ (1- s)q 1/ (u— s)” ! €2r+N2)duds]}
(€17 + N1)

F(a + 1)F(/3 +1)

1 0
* |A|F(ﬂ+2)r(q+2){|:|V|F(q+l)F(p+1)(E2r+N2)

1 - B
+m(ﬁ1r+]\h)] +lyIn? |:|5|m(51r+N1)
1

FTerDNg ) +N2)”
= (Q1l1 + Qul2)r + QN1 + Qa2Ny,

which implies that

17106 p) || < (Quer + Qala)r + QINy + QoNa.
In the same way, we can obtain that

| T206,9) || < (Qs€1 + Qala)r + QsNy + QuNa.

Consequently, we get

1 TG || <[(Q1 +Q3)1 +(Qa + Qa)ea]r + (Q1 + Q3)Ni +(Qa + Qa)Ny < 7.

Since (x,y) € B, is arbitrary, therefore it follows that 7B, C B,.
Now, for (x3,%2), (x1,y1) € X x X and for any ¢ € [0, 1], we get

| T1 (062, y2) () — T1 (31, 71)(2) |

B-1 a-1
/ (tF(S/)B) / (MF(S)) 1(lloe2 = 11l + lly2 = y11) duds

TIAT B+ 2)F(q+ 2)

n _ g1 1 _ -1
x{[m/ ("F(S;) [S(”’F(i) (2 =1l + llys = 1) duedls

(1- (u _S)a—l
/ F(,B) /S. () €1 (lloez =21l + [l —)’1||)duds}

_ J\B-1 a-1
+|yln‘”1[|5|/ © S) /(” S)) 1 (b2 =1 + llya — 1) dueds

1 1
+/(; o F(q) _/ i (lez—x1|| + ||y2—y1||)dudsi|}

< (Quly + Qaa)(Ilx2 — 1 [l + lly2 — y1l),
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which leads to the estimate

| T1(2,72) = T1(x1,1) | < (Quly + Qo) (lloe2 — 21l + lly2 — 31ll).- (3.8)

Similarly, we can find that

| T2 (%2, 32)(8) = Tolwr, 1) | < (Qsy + Qala) (llx2 — 11l + lly2 — y1ll). (3.9)

Then it follows from (3.8) and (3.9) that

1T (2, 92) = T(x1,91) | < [(Qu + Q3)er + (Qa + Qa)ea] (Il — x4 1| + lly2 = y:11l).-
Since (Q1 + Q3)¢1 + (Q2 + Q)3 < 1, therefore, T is a contraction. So, by the Banach fixed
point theorem, the operator T has a unique fixed point, which corresponds to a unique
solution of problem (1.2). This completes the proof. d

The second result is based on the Leray—Schauder alternative [14].

Lemma 3.2 (Leray—Schauder alternative [14, p. 4]) Let F : E — E be a completely contin-

uous operator (i.e., a map restricted to any bounded set in E is compact). Let
E(F) = {x € E:x=MAF(x) for some 0 < A < 1}.
Then either the set E(F) is unbounded, or F has at least one fixed point.
Theorem 3.3 Assume that:
(Hs) f,g2:10,1] x R x R — R are continuous functions and there exist real constants

ki, y;>0,i=0,1,2, and ky > 0, yo > 0 such that

[f (%1, %) | < ko + k%1 | + ka2,

|g(t,x1,x2)| <y +yilx1] + yalxal, VxieR,i=1,2.
Then system (1.2) has at least one solution on [0,1] if

(Qi+Q3)ki +(Q2+ Q)1 <1 and (Qi+Q)ka +(Q2+ Qu)ya<1, (3.10)
where Q;, i = 1,2,3,4 are given by (3.4)—(3.7),
Proof We first show that the operator 7: X x X — X x X defined by (3.1) is completely

continuous. By the continuity of functions f and g, the operator T is continuous.
Let 2 C X x X be bounded. Then there exist positive constants L; and L, such that

If (t.x(0),y@)| <L, |h(6x(0),5(0)]| < Lo, V(xy) € 2.
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Then, for any (x,y) € 2, we have

t(f_g)B-1 1 el
|T1(x,y)(t)|§L1/0 (t[,(s;) /(MF(SO)[) duds

1 T(n-911 [ (u—-spt
dud.
+|A|F(ﬁ+2)r(q+2)”Lz'y' 0 (g / re %

1 (1 _S)ﬂ—l 1 (u _S)oz—l
e ol e d”ds}

_g)p1 _ a-l
+Iylnq”[L1|8|/ DU Ul

re) Jo o I'e

L2/ (IF(q) /(u_s)plduds:“

< QiLi + QoLy,

which implies that

” T1(x,y) ” < Qily + Q2La.

In a similar manner, one can derive that
| T2(x,9) | < QsL1 + QuLo.

From the foregoing inequalities, we have || T(x,y)|| < (Q1 + Qs)L; + (Q2 + Q4)L,, which
implies that the operator T is uniformly bounded.

Next, we show that T is equicontinuous. Let £, £, € [0, 1] with £ < £,. Then we have

| T (x(t2), ¥(t2)) — T (x(t1), y(t1)) |

/1 (82— )" = (61 —5)"] dH/” (ty—s5)P~! d‘
0 1

=L IROINCES)) rra+n ™

t5 — (=871 L (u-sp!
IAIF(ﬂ+2)F(q+2)”2|y|/ IX0) / Ty s
(O Lt R 7R) L ]
dud.
Ll/ ) / Tla) 4

0 0 — p-1 1 _ -1
+|Vlnq“[L1|5I/( ) f(” 97 uds

rp) I'a)

[ P )
Wty —11) +1t5 1t ey — e Loly|ni(n +1)
= lrw+nrm+n*}mrw+mr@+m{r@+nr@+n

L1(1+|V||5|nq+19’3)}
Fa+1)'(B+1)

Page 9 of 12
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Analogously, we can obtain

| T2 (x(t2), y(82)) — Ta(x(t2), ¥(21)) |
2ty — 1)1+ 11—t 8 = P L118168(0 + 1)
=2 g+ 1)I'(p+1) * [A|T(B+2)T (g +2) { Foe+1)I'(B+1)

L2(1+|V||3|77q95+1)}
Fp+1)I(g+1)

Therefore, the operator T'(x, y) is equicontinuous. In consequence, from the foregoing ar-
guments, it follows that the operator T'(x, y) is completely continuous.

Finally, it will be verified that the set £ = {(x,y) € X x X|(x,y) = AT(x,9),0 <1 < 1} is
bounded. Let (x,y) € £ with (x,y) = AT (x,). For any t € [0, 1], we have

x(t) = ATi(x)(0),  y(t) = ATa(x, y)(2).

Then

[x(t)| < Qu(ko + ki lxl + ka[yl) + Qa(yo + 1%l + y2lyl)
= Qrko + Q2o + (Qiky + Qay1) x| + (Qikz + Qay2)

and

[y®)] < Qs(ko + k1lx] + kalyl) + Qa(yo + 111l + 12lyl)
= Qsko + Quyo + (Qsk1 + Quy)lx| + (Qska + Qaya)lyl.

Hence we have

%]l < Qiko + Qoo + (Quk1 + Qay1)lIxl + (Qukz + Q212) 1yl
and

Iyl < Qsko + Qayo + (Qsky + Qay) x|l + (Qskz + Quy2) Iyll,
which imply that

llall + Iyl < (Q1 + Qs)ko + (Q2 + Qa)yo + [(Q1 + Qa)ky + (Qz + Qu)y ]Il
+[(Q1 + Qa)kz + (Q2 + Qu)y2) ]Iy .

Consequently,

(Q1 + Qs)ko + (Q2 + Qu)yo

] < o

where Mo = min{1 - [(Q1 + Q3)ki + (Q2 + Qu)11], 1 = [(Q1 + Q3)kz + (Q2 + Qu)y2)1}, which
proves that £ is bounded. Thus, by Lemma 3.2, the operator 7T has at least one fixed point.
Hence problem (1.2) has at least one solution on [0, 1]. The proof is complete. O
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Example 3.4 Consider the following system:

3/2 y1/2 1 12 o
DDy x(t) = m% +1+5sin"y, te]:=[0,1],

. Iyl -
DY?Dy?y(t) = 51— sin(2mu) + 16(1y+|y|) +3, te]:=[01], (3.11)
x(0) =x'(0) = 0, x(1) = (1/2)y(3/4),

y(0)=y(0)=0,  y(1) =4x(2/3).

Here « =3/2, B=1/2, p=5/2,g=1/2, y =1/2, 8 =4, n = 3/4, 0 = 2/3, f(t,x,y) =
m% +1+ 3—12 sin?y, and g(t,x,y) = ﬁ sin(2wx) + %ﬁw + % With the given data,
we find that Q; ~ 6.125906, Q, ~ 0.439438, Q3 ~ 13.668568, Q, ~ 2.874670. Note that
lf(txxlxe) _f(t,yl)yZ)l = 3_12|x1 _x2| + 3—12|J’1 _y2|: |g(trxlrx2) _g(t)y11y2)| =< %'xl —le +
%|y1 — ), and (Q1 + Q3)¢1 + (Q2 + Q4)f5 A~ 0.825708 < 1. Thus all the conditions of The-

orem 3.1 are satisfied and, consequently, its conclusion applies to problem (3.11).

4 Conclusions

We have investigated the existence criteria for a coupled system of nonlinear fractional dif-
ferential equations involving right Caputo and left Riemann-Liouville fractional deriva-
tives, equipped with nonlocal three-point coupled boundary conditions. We apply the
Banach contraction mapping principle and the Leray—Schauder alternative to obtain the
desired results. We emphasize that the work accomplished in this paper is new and en-
hances the scope of the literature on the topic. Moreover, we obtain new existence results
for the given coupled fractional differential system with the boundary conditions of the
form: x(0) = x'(0) = 0, x(1) = 0, ¥(0) =»'(0) = 0, y(1) = 0 by taking y = 0 = § in the results of
this paper.
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