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Abstract 
 
This paper presents the implementation of fractional-
order algorithms in the position/force hybrid control of 
robotic manipulators. The system performance and 
robustness is analyzed in the time and frequency 
domains. The effect of dynamic backlash and flexibility 
is also investigated. 
 
1. Introduction 
 

In the early eighties Raibert and Craig [1] introduced 
the concept of force control based on the hybrid 
algorithm and, since then, several researchers developed 
those ideas and proposed other schemes [2-4]. 

This paper studies the position/force control of robot 
manipulators, required in processes that involve contact 
between the gripper and the environment, using 
fractional-order (FO) controllers. The application of the 
theory of fractional calculus is still in a research stage, 
but the recent progress in this area reveals promising 
aspects for future developments [5-10]. 

In this line of thought the article is organized as 
follows. Sections two and three introduce the 
position/force hybrid controller and the fundamentals of 
the fractional-order algorithms, respectively. Section four 
presents several experiments for the analysis and 
performance evaluation of FO and PID controllers, for 
robots having several types of dynamic phenomena at the 
joints. Finally, section five outlines the main conclusions. 

 
2. The Hybrid Controller 
 
The dynamical equation of a n dof robot is: 
 

(q)FJG(q))qC(q,qH(q)τ T−++= &&&  (1) 
 

where τ is the n × 1 vector of actuator torques, q is the 
n × 1 vector of joint coordinates, H(q) is the n × n inertia 
matrix, )qC(q, &  is the n × 1 vector of centrifugal/Coriolis 
terms and G(q) is the n × 1 vector of gravitational effects. 
The n × m matrix JT(q) is the transpose of the Jacobian  
matrix of the robot and F is the m × 1 vector of the force 
that the (m-dimensional) environment exerts in the robot 
gripper. 

In this study we shall adopt as prototype manipulator the 
2R robot (Fig. 1) with dynamics given by: 

Figure 1 - The 2R robot and the constraint surface. 
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where Cij = cos(qi + qj) and Sij = sin(qi + qj). 
The numerical values adopted for the 2R robot [9] are 

m1 = 0.5 kg, m2 = 6.25 kg, r1 = 1.0 m, r2 = 0.8 m, 
J1m = J2m = 1.0 kgm2 and J1g = J2g = 4.0 kgm2. 

The constraint plane is determined by the angle θ  (Fig. 1) 
and the contact displacement xc of the robot gripper with the 
constraint surface is modeled through a linear system with a 
mass M, a damping B and a stiffness K with dynamics: 

 
cccc KxxBxMF ++= &&&  (3) 
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The structure of the position/force hybrid control 
algorithm is depicted in Fig. 2. The diagonal n × n 
selection matrix S has elements equal to one (zero) in 
the position (force) controlled directions and I is the n × 
n identity matrix. In this paper the yc (xc) cartesian 
coordinate is position (force) controlled, yielding: 
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where Cθij = cos(θ−qi−qj) and Sθ ij = sin(θ −qi−qj). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2 – The position/force hybrid controller. 
 

3.  Fractional Order Algorithms 
 
In this section we present the FO controllers inserted 

at the position and force control loops. 
The mathematical definition of a derivative of 

fractional order α has been the subject of several 
different approaches. For example, we can mention the 
Laplace and the Grünwald-Letnikov definitions: 

 
Dα[x(t)] = L−1{sα X(s)} (5a) 
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where Γ is the gamma function and h is the time 
increment. In our case, for implementing FO algorithms 
of the type C(s) = K sα, we adopt a 4th-order discrete-time 
Pade approximation (ai, bi, c, di ∈ ℜ, n = 4): 

 

( )
n

nn
n

nn

bzbzb

azaza
KC

+++

+++
≈

−

−

...

..
z

1
10

1
10

PP  (6a)

( )
n

nn
n

nn

dzdzd
czczcKzC

+++

+++
≈

−

−

...
..

1
10

1
10

FF  (6b)

 
where KP /KF are the position/force loop gains. 

4. Controller Performances 
 
This section analyzes the system performance both for 

ideal transmissions and robots with dynamic phenomena at 
the joints, such as backlash and flexibility. Moreover, we 
compare the response of FO and the PD: CP(s) = Kp + Kd s 
and PI: CF(s) = Kp + Ki s−1 controllers, in the position and 
force loops [11-13]. 

Both algorithms were tuned by trial and error having in 
mind getting a similar performance in the two cases. The 
resulting parameters were FO: {KP,αP}≡{105, 1/2}, 
{KF ,αF}≡{103,−1/5} and PD/PI: {Kp,Kd}≡{104,103}, 
{Kp,Ki}≡{103,102} for the position and force loops, 
respectively. Moreover, it is adopted the operating point 
{x,y}≡{1,1}, a constraint surface with parameters 
{θ,M,B,K}≡{π/2,103,1.0,102} and a controller sampling  
frequency fc = 1 kHz. 

In order to study the system dynamics we apply, 
separately, rectangular pulses, at the position and force 
references, that is, we perturb the references with 
{δycd,δFcd} = {10−1,0} and {δycd,δFcd} = {0,10−1}. 

 
A. Time response 
Figure 3 depicts the time response of the 2R robot under 

the action of the FO and the PD/PI controllers for ideal 
transmissions at the joints. 

In a second phase (Fig. 4) we analyze the response of a 2R 
robot with dynamic backlash at the joints [13-14]. For the 
ith joint gear, with clearance hi, the backlash reveals impact 
phenomena between the inertias, which obey the principle 
of conservation of momentum and the Newton law: 
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where 0 ≤ ε ≤ 1 is a constant that defines the type of impact 
(ε = 0 inelastic impact, ε = 1 elastic impact) and iq′&  and 

imq′&  are the inertias velocities of the joint and motor after 
the collision, respectively. The parameter Jii (Jim) stands for 
the link (motor) inertias of joint i. The numerical values 
adopted are hi = 1.8 10−4 rad and εi = 0.8 (i = 1, 2). 

In a third phase (Fig. 5) we study the 2R robot with 
compliant joints. For this case the dynamic model 
corresponds to model (1) augmented by the equations: 

 
( )qqKqBqJτ mmmmmm −++= &&&  (8a) 

( ) ( ) ( ) ( )qGqq,CqqJqqK mm ++=− &&&  (8b) 
 
where Jm, Bm and Km are the n × n diagonal matrices of the 
motor and transmission inertias, damping and stiffness, 
respectively. In the simulations we adopt Kmi = 2 106 Nm 
rad−1 and Bmi = 104 Nms rad−1 (i = 1,2). 
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Figure 3 – Time response for the 2R ideal robot under the action of the FO and PD/PI controllers. 
 

Table I – The time response parameters for a rectangular 
pulse δycd at the position reference. 

joint  PO% ess Tp Ts 
PID 23.48% 99 10−3 0.122 0.013 ideal 
FO 18.98% 79 10−3 0.033 0.018 
PID 0.37% 2.1 10−3 0.383 0.080 backlash 
FO 0.36% 1.4 10−4 0.302 0.118 
PID 2.28% 3.9 10−3 0.403 1.502 flexible 
FO 1.80% 1.4 10−3 0.302 3.004 

 
Table II – The time response parameters for rectangular 
pulse δFcd at the force reference. 

joint  PO% ess Tp Ts 
PID 22.04% 1.3 10−3 0.083 0.091 ideal 
FO 29.54% 1.3 10−3 0.089 0.093 
PID 5.98% 9.9 10−2 0.402 0.405 backlash 
FO 0.86% 9.9 10−2 0.079 0.043 
PID 3.28% 9.9 10−2 0.602 0.602 flexible 
FO 1.82% 9.9 10−2 0.450 0.450 

 
The time responses (Tables I and II), namely the 

percent overshoot PO%, the steady-state error ess, the 
peak time Tp and the settling time Ts, reveal that, although 
tuned for similar performances in the first case, the FO is 

superior to the PD/PI in the cases with dynamical 
phenomena at the robot joints. 

 
B. Frequency response 
Figures 6-7 show the transfer functions |Yc(jω)/Ycd(jω)|, 

|Fc(jω)/Fcd(jω)|, |Yc(jω)/Fcd(jω)| and |Fc(jω)/Ycd(jω)| 
(where Yc(jω)=F{δyc} and Fc(jω)=F{δFc}) for the FO 
and the PD/PI controllers, in the cases of an ideal robot 
and a robot with flexibility at the joints, respectively. 

The low-pass characteristics of |Yc(jω)/Ycd(jω)| and 
|Fc(jω)/Fcd(jω)| have a cut-off frequency that depends on 
the environment parameters. On the other hand, 
|Yc(jω)/Fcd(jω)| and |Fc(jω)/Ycd(jω)| reveal the existence of 
some coupling between the position and force loops due 
to the non-ideal performance of both algorithms. 
Furthermore, in the case of flexibility we observe a 
resonance peak for ω ≈ 5.0 102 rad s−1. 

In order to compare the robustness of both algorithms, 
for a variation of constraints surface parameters, we 
consider the cases M≡{10−4, 10−3, 10−2}, B≡{0.5, 1.0,2.0} 
and K≡{10, 102, 2 102}. Figures 8-10 depicts the 
corresponding frequency responses |Yc(jω)/Ycd(jω)| and 
|Fc(jω)/Fcd(jω)|. 
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Figure 4 – Time response for the 2R robot with dynamic backlash under the action of the FO and PD/PI controllers. 
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Figure 5 – Time response for the 2R robot with flexible joints under the action of the FO and PD/PI controllers. 
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5.  Summary and Conclusions 
 
This paper presented the implementation of hybrid 

controllers for manipulators with several types of 
nonlinear phenomena at the joints. The system was tested 
both for fractional and integer order control algorithms. 
The results revealed that the fractional-order algorithms 
have superior performances. 
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Figure 6 – Frequency responses for the 2R ideal robot under the action of the FO and PD/PI controllers. 
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Figure 7 – Frequency responses for the 2R robot with flexible joints under the action of the FO and PD/PI controllers. 
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Figure 8 – Frequency responses for the 2R ideal robot under the action of the FO and PD/PI controllers for different 

surface parameters M≡{10−4,10−3,10−2} (simulations 1, 2 and 3). 
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Figure 9 – Frequency responses for the 2R ideal robot under the action of the FO and PD/PI controllers for different 

surface parameters B≡{0.5,1.0,2.0} (simulations 1, 2 and 3). 
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Figure 10 – Frequency responses for the 2R ideal robot under the action of the FO and PD/PI controllers for different 

surface parameters K≡{10,102,2 102} (simulations 1, 2 and 3). 
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