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Abstract We present new properties for the Fractional Poisson process and the Frac-
tional Poisson field on the plane. A martingale characterization for Fractional Poisson
processes is given. We extend this result to Fractional Poisson fields, obtaining some
other characterizations. The fractional differential equations are studied. We consider
a more general Mixed-Fractional Poisson process and show that this process is the
stochastic solution of a system of fractional differential-difference equations. Finally,
we give some simulations of the Fractional Poisson field on the plane.
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1 Introduction
There are several different approaches to the fundamental concept of Fractional Pois-

son process (FPP) on the real line. The “renewal” definition extends the characteriza-
tion of the Poisson process as a sum of independent non-negative exponential random
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variables. If one changes the law of interarrival times to the Mittag-Leffler distribu-
tion (see [32,33,44]), the FPP arises. A second approach is given in [6], where the
renewal approach to the Fractional Poisson process is developed and it is proved that
its one-dimensional distributions coincide with the solution to fractionalized state
probabilities. In [34] it is shown that a kind of Fractional Poisson process can be
constructed by using an “inverse subordinator”, which leads to a further approach.

In [26], following this last method, the FPP is generalized and defined afresh,
obtaining a Fractional Poisson random field (FPRF) parametrized by points of the
Euclidean space Ri, in the same spirit it has been done before for Fractional Brow-
nian fields, see, e.g., [17,20,22,30].

The starting point of our extension will be the set-indexed Poisson process which
is a well-known concept, see, e.g., [17,22,37,38,47].

In this paper, we first present a martingale characterization of the Fractional Pois-
son process. We extend this characterization to FPRF using the concept of increasing
path and strong martingales. This characterization permits us to give a definition of a
set-indexed Fractional Poisson process. We study the fractional differential equation
for FPRF. Finally, we study Mixed-Fractional Poisson processes.

The paper is organized as follows. In the next section, we collect some known
results from the theory of subordinators and inverse subordinators, see [8,36,49,
50] among others. In Section 3, we prove a martingale characterization of the FPP,
which is a generalization of the Watanabe Theorem. In Section 4, another generaliza-
tion called “Mixed-Fractional Poisson process” is introduced and some distributional
properties are studied as well as Watanabe characterization is given. Section 5 is de-
voted to FPRF. We begin by computing covariance for this process, then we give
some characterizations using increasing paths and intensities. We present a Gergely-
Yeshow characterization and discuss random time changes. Fractional differential
equations are discussed on Section 6.

Finally, we present some simulations for the FPRF.

2 Inverse Subordinators

This section collects some known resuts from the theory of subordinators and inverse
subordinators [8,36,49,50].

2.1 Subordinators and their inverse

Consider an increasing Lévy process L = {L(t), t > 0}, starting from 0, which is
continuous from the right with left limits (cadlag), continuous in probability, with in-
dependent and stationary increments. Such a process is known as a Lévy subordinator
with Laplace exponent

O(s) = us+ o >(l—eﬂ")H(dx), 5> 0,
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where 1 > 0 is the drift and the Lévy measure IT on R, U {0} satisfies

/‘w min(1,x)II(dx) <
Jo

This means that
Ee*SL(l) — e*l‘d)(b‘), s 2 O

Consider the inverse subordinator Y (¢), ¢ > 0, which is given by the first-passage
time of L :
Y(t)=inf{u>0:L(u)>t},t>0.

The process Y (¢), t > 0, is non-decreasing and its sample paths are a.s. continuous if
L is strictly increasing.
We have

{(ut;): L(w;) < tiyi=1,...,n} ={(u,t;): Y(;) > u,i=1,...,n},

and it is known [39,41,49,50] that for any p > 0,EY?(¢) <
Let U(r) = EY () be the renewal function. Since

0(s) = /0 “U@)etdr = ﬁ

then U characterizes the inverse process Y, since ¢ characterizes L.
We get a covariance formula [49, 50]

min(z,s)

Cov(Y (1),Y(s)) = /O(U(t — 1)+ U(s—1))dU (1) —U(t)U s).

The most important example is considered in the next section, but there are some
other examples.

2.2 Inverse stable subordinators

Let Ly = {Lq(t),# > 0}, be an a—stable subordinator with ¢(s) = s*,0 < a < 1.
The density of Lg/(1 ) s of the form [48]

li k+1F ok+1) 1

1 -
W kT sin(zwko) = XW,mo(—x . 2.1

?-\

Here we use the Wright’ s generalized Bessel function (see, e.g., [16])

oo Zk

W@ = L R rg e <C 22

where ¥ > —1, and 8 € R. The set of jump times of Ly is a.s. dense. The Lévy
subordinator is strictly increasing, since the process Ly admits a density.
Then the inverse stable subordinator
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Yo(t) =inf{u > 0: Ly(u) > 1}
has density [36, p.110] (see also [43])

Fultn) = LPLyo () < x} = —x ago(tx @), x>0, t>0.  (23)

dx

The Laplace transform of the density f,(z,x) is
/ e fo(t,x)dt = s@ e g>0, (2.4)
0

Its paths are continuous and nondecreasing. For oo = 1/2, the inverse stable sub-
ordinator is the running supremum process of Brownian motion, and for o € (0,1/2)
this process is the local time at zero of a strictly stable Lévy process of index /(1 —
o).

Let

oo Zk

Eaz)=Y —— a>0,z€C 2.5
«@ =Y Farry z @5)
be the Mittag-Leffler function [16], and recall the following:

i) The Laplace transform of function Eq (—A1%) is of the form

a—1

oo 7stE B a _ S 1 > l/a
/Oe w(~Ar)dr = 7o 0<@ <112 0.5(s) > [A]

(ii) The function Eq (A7%) is an eigenfunction at the the fractional Caputo-Djrbashian
derivative D with eigenvalue A [36, p.36]
DYEq(At%) = AEq(At%), 0<a<1,A €R,
where DY is defined as (see [36])

o i 1 tdu(t) drt
D’M(I)_F(l—a) b dr -0 0<oa<l. (2.6)

Note that the classes of functions for which the Caputo-Djrbashian derivative is well
defined are discussed in [36, Sections 2.2. and 2.3] (in particular one can use the class
of absolutely continuous functions).

Proposition 1 The o-stable inverse subordinators satisfy the following properties:

(i)
)y (=S
Ee n§=0F<an+1) Eq(—st%), s>0.

(ii) Both processes Ly (t),t > 0 and Y4 (t) are self-similar

Lo (at) d

Yolat) 4
e ), 0

a®

Yo(t), a>0.
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(i) ForO<t; <--- <t

I'EB(Ya(n) - Yu(tr)) 1 1
-~ Jiy o) [ —n)- (e —n1)) "
In particular,
(A) (v+1)
t* v T(v+1) 4 )
EYa(l):m,E[Ya(I)] —mt 5 V>O,
(B)
_ 1 min(t.s) a oy o1 (st)*
Cov(Ya(t), Yuls)) = F(IT)FW)/o R e
2.7)
Proof See [8,49,50]. O

2.3 Mixture of inverse subordinators

This subsection collects some results from the theory of inverse subordinators, see
[49,50,36,5,28].

Different kinds of inverse subordinators can be considered.

Let Lo, and Lg, be two independent stable subordinators. The mixture of them
Lo, 0y = {La;,a (t),t > 0} is defined by its Laplace transform: for s > 0, C; +C, =
1,C; >20,C, >0, o1 < o,

Ee *taa () = exp{—1(C1s™ +Cp5™) }. (2.8)

It is possible to prove that

a‘_

1
Loy 0, (1) = (C1) @ Loy (1) +(C2) 2 Loy (2), 120,
1 1 1 1

is not self-similar, unless @ = 0 = o, since L, o, (at) =7 (C1) @ a™ Lo, (t)+(C2) 2 a® Ly, ().
This expression is equal to aéLOCl’OC2 (t) for any ¢ > 0 if and only if &) = a = @, in
which case the process Lq, ¢, can be reduced to the classical stable subordinator (up
to a constant).

The inverse subordinator is defined by

Yoy,00(t) =inf{u>0: Lo o () >}, t>0. (2.9)

We assume that C, # 0 without loss of generality (the case C; = 0 reduces to the
previous case of single inverse subordinator).
It was proved in [28] that

7 — 1 — 1 (2%) Clion—a
U(f)*mﬂ(t)*af Eoy—ay.0p+1(—g1%27%), (2.10)
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where E, g(z) is the two-parametric Generalized Mittag-Leffler function ([14, 16])

Zk

Eqp(z) = Z T(ak+B)

k=0

,a>0,8>0,zeC.

Also for the Laplace transform of the density fo, o, (f,u) = %P{Ya, o, (1) <u},u>0,
of the inverse subordinator Yy, o, = {Ya, .0, (t),t > 0}, we have the following expres-
sion [35]:

~ . 1 a a
Soy,o0(8,u) = /0 e fo 0 (1, u)dt = ;[Cmal +C2sa2]efu[cl“ 1+Cos 2], s >0,

(2.11)
and the Laplace transform of f is given by
o ¢(S) Clsal_l—l—Czsaz_l
pu du—= = , >0. 2.12
/0 e " foy o (s,u)du S 00))  piCisd fCor® P> (2.12)
From [5, Theorem 2.3] we have the following expression for u > 0,7 > 0:
Cl =1 Cz‘u| r Cl\u|
fotl,olz(tau) = Alal }goﬁ(_ )LIO‘Z ) W—Olhl—otzr—a](_ A,tal )+
G <1 C |ul - G |ul
Jrltaz E)F(* 210 ) Wfaz,lfoc,rfaz(* e )- (2.13)

One can also consider the tempered stable inverse subordinator, the inverse sub-
ordinator to the Poisson process, the compound Poisson process with positive jumps,
the Gamma and the inverse Gaussian Lévy processes. For additional details see [28,
49,50].

3 Fractional Poisson Processes and Martingales

3.1 Preliminaries

The first definition of FPP Ny, = {Ng(¢),7 > 0} was given in [32] (see also [33]) as a
renewal process with Mittag-Leffler waiting times between the events

Ng(t)=max{n:T)+..4T, <t} = Z I[{TIJ__‘JrTjSt}, t >0,
=

where {TJ} ,j=1,2,... are iid random variables with the strictly monotone Mittag-
Leffler distribution function

Fo(t) =P(Tj <t) =1—Eq(—At%), t>00<a<l1, j=1.2,...
The following stochastic representation for FPP is found in [34]:

No(t) =N(Ya(1)), 120, ae(0,1),
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where N = {N(¢),t > 0}, is the classical homogeneous Poisson process with pa-
rameter A > 0, which is independent of the inverse stable subordinator ¥,. One can
compute the following expression for the one-dimensional distribution of FPP (see
[46]):

oo 7/1)(1 k
P(Na(t) = k) = p{@(1) = /0 % Fult,X)dx
(A & (k+j)! () A W, .o
- — EX (-2
k! J; 7 TGinTD - g fa (FA)
= (MO ES e (M%), k=0,1,2..,1>0, 0<a<l,

where fq is given by (2.3), E4(z) is the Mittag-Leffler function (2.5), E((xk) (z) is the
k—th derivative of Ey(z), and E; ﬁ(z) is the three-parametric Generalized Mittag-
Leffler function defined as follows [16,42]:

o (07
E' )=y —“L _ a>0,8>07y>0, zeC, (3.1
«pl? jgz)ﬂl"(aﬁﬁ) P07

where

1 if j=0;
V)= . e
), {y(y+1)-~(y+11) ifj=1,2,...

is the Pochhammer symbol.
Finally, in [6,7] it is shown that the marginal distribution of FPP satisfies the
following system of fractional differential-difference equations (see [25]):

DEp (1) = —A(p\™ (1) — p\™, (1)), k=0,1,2,...

with initial conditions: p\® (0) = 1, p{*)(0) = 0,k > 1, and p* () = 0, where D¥ is
the fractional Caputo-Djrbashian derivative (2.6). See also [11].

Remark 1 Note that
ENe (1) = E[EIN (Y (1)) Ya (1)]] = /0 TIEN ()] fu(t,u)du = A% /T (1 + @),

where fy(t,u) is given by (2.3), and [28] showed that

Cov(Na (1), Na(s)) = W LAV Ta(t) Yals)), (D)
where Cov (Y (1), Yq(s)) is given in (2.7) while Cov(N(7),N(s)) = A min(z,s). In par-
ticular,

_ 1220 2 — 1 A%
A% al(a) At® G
r2(1+a) \T'2a) F+a)’ —
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The definition of the Hurst index for renewal processes is discussed in [14]. In the
same spirit, one can define the analogous of the Hurst index for the FPP as

VarNy (T)
TT < 00} S (0, 1)

To prove the formula (3.2), one can use the conditional covariance formula [45, Ex-
ercise 7.20.b]:

H:inf{ﬁ : lim sup

T—oo

Cov(Z1,Z2) =E(Cov(Zy,2,|Y)) + Cov(E(Z|Y),E(Z:]Y)),
where Z|,7Z, and Y are random variables, and
Cov(Z1,2:|Y) =E((Z1 —E(Z1]Y))(Z2 — E(Z]Y))).

Really, if
G, s(u,v) = P{Yq (1) <u,Yu(s) <v},

then E(N(Yq(1))|Ya(t)) = E(N(1)) - Yo (t) = AYq(t), and

Cov(Ya (1), Ve(s)) = Var (N (1) /O ) /O B min(u,v) Gy (dut, dv) ) +Cov (A¥e(1), Ao (5))
= AE(Yg(min(z,s))) + A2Cov(Yg(1), Ya(s)),

since, for example, if s <7, then v =Yy (s) < Yo (f) = u, and

/Ow /Ow vG; s(du,dv) = /Ooov/oth,s(du,dv) = /vadP{Ya(s) <v} =E(Yu(s)).

Remark 2 For more than one random variable in the condition, the conditional co-
variance formula becomes more complicated, it can be seen even for the conditional
variance formula:

Var(Z) = E(Var(Z|Y1,Y2)) + E(Var[E(Z|Y1,Y2)]|Y1) + Var(E(Z[11)).

The corresponding formulas can be found in [9]. That is why for random fields we
develop another technique, see Appendix.

3.2 Watanabe characterization

Let (2, .%,P) be a complete probability space. Recall that the %, —adapted, P-integrable
stochastic process M = {M(r),t > 0} is an .%; —martingale (sub-martingale) if E(M (¢)|.%;) =
(>)M(s), 0 <s<t,as., where {.%#} is a non-decreasing family of sub-sigma fields

of .%. A point process N is called simple if its jumps are of magnitude +1. It is locally

finite when it does not have infinite jumps in a bounded region. The following theo-

rem is known as the Watanabe characterization for homogeneous Poisson processes

(see, [51] and [10, p. 25]):

Theorem 1 Let N = {N(z),t > 0} be a .F;—adapted, simple locally finite point pro-
cess. Then N is a homogeneous Poisson process iff there is a constant A > 0, such
that the process M(t) = N(t) — At is an F;—martingale.
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We extend the well-known Watanabe characterization for FPP. The following re-
sult may be seen as a corollary of the Watanabe characterization for Cox processes as
in [10, Chapetr II]. We will make use of the following lemma.

Lemma 1 (Doob’s Optional Sampling Theorem) Let M be a right-continuous mar-
tingale. Then, if T and S are stopping times such that P(T < +e) =1 and {M(t A
T),t > 0} is uniformly integrable, then E(M(T)|Fsar) = M(SAT).

Proof Define N = {N(r) =M (¢t AT),t > 0}. Then N is a right-continuous uniformly
integrable martingale such that lim,_, . N(z) = M(T). Moreover, N(S) = M(T A S).
The thesis is hence a consequence of the Doob’s Optional Sampling Theorem (see,
e.g., [23, Theorem 7.29] with X =N, T =+ and ¢ = 9). a

Theorem 2 Let X ={X(t),t > 0} be a simple locally finite point process. Then X is a
FPP iff there exist a constant A > 0, and an o-stable subordinator Ly, = {Lg(t), 1 >
0}, 0 < o < 1, such that, denoted by Yy (t) = inf{s : Ly (s) >t} its inverse stable
subordinator, the process

M= {M(1),1>0} = {X(t) — AYq(t),1 > 0}

is a right-continuous martingale with respect to the induced filtration 7, = o(X (s),s <
1)V 6 (Yu(s),s > 0) such that, for any T > 0,

{M(7),7 stopping time s.t. Yo (7) < T} (3.4)
is uniformly integrable.

Proof If X is a FPP, then X (¢) = N(Y(t)), where Yy is the inverse of an a-stable
subordinator and N is a Poisson process with intensity A > 0.

Note that X > 0 and (Y, > 0 are monotone non-decreasing, and hence the bounde-
nesses in L given by (3.3) and Proposition 1 iiiA) imply that {N (Y, (1)) — AY(t),0 <
t < T} is uniformly integrable (see, for example, [23, pag. 67]). Therefore N (Yy(2)) —
AYq (1) is still a martingale, by Lemma 1. Notice that Y, () is continuous increasing
and adapted; therefore it is the predictable intensity of the sub-martingale X.

Now, let T be a stopping time s.t. Y (7) < T, and hence AYy(7) < AT. Then,
since N is a Poisson process with intensity A > 0, M(t) = M(T At) is a martingale
bounded in L? and null at 0, and therefore it converges in L? to M(t), with variance
bounded by

EM?(7)) = t];m E(M?(t At)) < Var(N(T)) 4 Var(Yg(1)) < const- (1+T2).
Then the family (3.4) is uniformly bounded in L?, which implies the thesis.
Conversely, it is enough to prove that X (1) = N(Yy(¢)), where N is a Poisson

process, independent of Y.
Consider the inverse of Y (7) :

Z(t) =inf{s: Yu(s) >1}.
{Z(t),t > 0} can be seen as a family of stopping times. Then, by Lemma 1,

M(Z(1)) = X(Z(1)) = AYa(Z(1))
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is still a martingale. The fact that Y, is continuous implies that Y, (Z(¢)) = ¢, and
hence X (Z(r)) — At is a martingale. Moreover, since Z(¢) is increasing, X (Z(t)) is a
simple point process.

Following the classical Watanabe characterization, X (Z(z)) is a classical Pois-
son process with parameter A > 0. Call this process N(t) = X(Z(¢)). Then X (1) =
N(Yq(t)) is a FPP. O

For recent developments and random change time results, see also [31,40]. In
particular, we thank a referee to have outlined that a similar result has been obtained
in [40, Lemma 3.2].

4 Mixed-Fractional Poisson Processes
4.1 Definition

In this section, we consider a more general Mixed-Fractional Poisson process (MFPP)
NO% = {N%(1),1 > 0} = {N (Yo 0, (1)),2 = O}, .10
where the homogeneous Poisson process N with intensity A > 0, and the inverse
subordinator Yy, o, given by (2.9) are independent. We will show that N*1:%2 is the
stochastic solution of the system of fractional differential-difference equations: for
k=0,1,2,...,
ClDtal pl((alvotz) (1) +C2D;szl((a17a2)(t) _ _)v(pl((alvaz) (1) - pl(glfaz)(t))’ (4.2)
with initial conditions:

P (0) = 1, pl@%) (0) = 0, p! ™) (1) =0, k> 1, (4.3)

where DZ is the fractional Caputo-Djrbashian derivative (2.6), and for C; > 0,C, >
0,C1+GC =101, € (0, 1),

pl((al’aZ)(t):P{Nal’az(t)Zk}, k=0,1,2...

4.2 Distribution Properties

Using the formulae for Laplace transform of the fractional Caputo-Djrbashian deriva-
tive (see, [36, p.39]):

/ e "D u(t)dr = s%u(0) —s*'u(0),0 < a < 1,
0

one can obtain from (4.2) with k = 0 the following equation

Ci5s% po(s) — Cis™ '+ Cas® po(s) — Cos™ ' = =24 po(s), po(0) = 1,
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for the Laplace transform

A ) = o) = [ pf P ), 50

Thus - o

C 1= 2
WO s,

A+ Cis® 4 Cys®2

and using the formula for an inverse Laplace transform (see, [16]), for Ra > 0,RB >

0,%Rs > 0,R(a—p) >0,R(ax— B) >0, and |asP /(s* +b)| < 1:

-1 L to—pP ro(a—B)rpr+1 o
< (so‘—|—asﬁ+b ) Z )t Eaa+(a B)r p+]<_bt ), (44)

Pols) =

(0517062)( )

one can find an exact form of the p
functions (3.1):

@.@) v [ Ol pret A
Po b (t> - Z <C2taz oc1> Eo;,(oczfal)rﬂ (Cztaz> 4.5)

r=0

oo 1
_ Z ,Qt(xz—oq " Er 7£ta2
= Cy o, (0 —0) (r+1)+1 C, .

For k > 1,we obtain from (4.2):

in terms of generalized Mittag-Leffler

Pr(s)(A +Ci15% +Cos™) = Apr_1(s),
where

A% (5) = pils) :/(; e (1dr, s> 0.

Thus from (4.2) we obtain the following expression for the Laplace transform of
P (), k>0

. A A ‘
Prls) = (l +C1s* —|—C2Sa2>pk 1) = (l +Cs™ —|—C25a2> Pols) (4.6

B lk(C1Sa1_1+Czsa2_l) 7 lk(Clsal +C2sa2) L0190
a (A‘Fclsal +C25a2)k+1 B S(l +Cys™ —|—C2S°‘2)k+17 ST

On the other hand, one can compute the Laplace transform from the stochastic
representation (4.1). If

(o1,02) = e M k
Py (1) =P{N(Yo, 0, (1)) =k} = /0 i (Ax)" fo o (2, X)dx, 4.7

where fy, o, (t,x) is given by (2.13), then using (2.11),(2.12) we have for k > 0,5 > 0

~ “ —S ooe_xx “ —S
pile) = [ e p = [ S0 [ [ ey lt 00t ax
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k oo
_ A (P(S) / eflxxkefxq)(s)dx

Tk s o
Note that
a—k /w e e 00 gy = (1) /w e M ke 00 gx
dAk Jo 0
= ﬁ# = (_1)/6L-
IA* A +9(s) (A +@(s))
thus

pi(s) = AF 9(s) _ A (Crs™ 4+ Cas™)
Pk SAF ()T~ S(A+Crs +Cps@)etT

the same expression as (4.6). We can formulate the result in the following form:

Theorem 3 The MFPP N%>* defined in (4.1) is the stochastic solution of the system
of fractional differential-difference equations (4.2) with initial conditions (4.3).

Note that in [5] one can find some other stochastic representations of the MFPP
(4.1). Also, some analytical expression for p&a"az)(t) is given by (4.5), while the
analytical expression for p,((a' ) (t),for k > 1, are given by (4.7).

Moreover, p,((a"aZ) (t),for k > 1, can be obtained by the following recurrent rela-

tion:

t

P (1) = / P (¢ - 2)g(2)dz,

0

where
g(s) = / " eig(z)dz = A
0 A +Cys% 4+ Cys2’

and from (4.4):

A ap—1 ~ Cl ' A
_ H— _ 2l o r+1 — ™
o sz rg()( sz ) Ea2*a2+(a27a‘)r( C2Z )

4.3 Dependence

From [28, Theorem 2.1] and (2.10), we have the following expressions for moments
in form of the function

1
Uu(t)= CiztazEazfalaaerl (—Cit2=1 /Cy),
EN®% (1) = AU (1),

1
VarN® % (1) = AQER“Z [2Eq, oy .y +ap+1(—Cit2=1 /Cy)
2

— (Egy—ay.ap+1(—C1127 [C3))]
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F A B E gy g g1 (~Ci% @ [C),
G
min(z,s)
Cov(N42 (1), N %(5)) = AU (min(r,s)) + A2 /0 (V-1
+U(s— r))dU(r) - U(t)U(s)}.

We extend the Watanabe characterization for MFPP. Let A(¢) : Ry — R, be a
non-negative right-continuous non-decreasing deterministic function such that A (0) =
0, A(e0) =0, and A(¢) — A(t—) < 1 for any ¢. Such a function will be called consis-
tent. The Mixed-Fractional Non-homogeneous Poisson process (MFNPP) is defined
as

NI — (NS (1), > 0 = {N(A (Yay.00 (1)1 > 0,

where the homogeneous Poisson process N with intensity A = 1, and the inverse
subordinator Yy, ¢, given by (2.9) are independent.

Theorem 4 Let X = {X(t),t > 0} be a simple locally finite point process. X is a
MFNPP iff there exist a consistent function A(t), and a mixed stable subordinator
{Legy 0, (1), 1> 0},0< 0y <1,0< 0 <1, defined in (2.8), such that

M= {M(1).1 > 0} = {X () ~ A(¥ay.05 (1)) 1 > 0}

is a martingale with respect to the induced filtration F; = 6(X (s),s <t)V 6 (Yo, (5),5 >
0), where Yy, o, (t) = inf{s : Ly, o,(t) > t} is the inverse mixed stable subordinator.
In addition, for any T > 0,

{M(7), 7 stopping time s.t. A(Yo, 0, (7)) < T}
is uniformly integrable.

Proof The proof is analogue to that of Theorem 2. g

5 Two-Parameter Fractional Poisson Processes and Martingales
5.1 Homogeneous Poisson random fields

This section collects some known results from the theory of two-parameter Poisson
processes and homogeneous Poisson random fields (PRF) (see, e.g., [47,37], among
the others).

Let (Q,.7,P) be a complete probability space and let {.%;, ,,; (t1,12) € R1} be a
family of sub-o-fields of % such that

@) Fs15 © Fuypy forany 51 <t1, 52 <t;

(if) #o o contains all null sets of .7

(iii) for each z € R%, F, = ﬂ F, where z = (s1,52) < 7 = (t1,12) denotes the

=7

partial order on Ri, which means that s; <t¢y, s <t.
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Given (s1,52) < (f1,12) we denote by
Ag 5, X (t1,02) = X(t1,0) =X (t1,52) — X (s1,12) + X (51,52)

the increments of the random field X (t1,1,), (t1,12) € R? over the rectangle ((s1,52), (t1,22)].
In addition, we denote

yw,lz :G(‘%hlzytl >O)7%1,N:G(%1,lz7t2 >0)7 and y* :g\w,szvcgzsl,w:G(ﬁsl,wﬂgzw,sz)'

51,82
A strong martingale is an integrable two-parameter process X such that
E(Asl YS2X(I1,t2) |yoo’52 V ysl ’oo) =0,

for any z = (s1,52) <7 = (t1,1) € R3.

Let { %, } be a family of sub-o-fields of .% satisfying the previous conditions
(1), (i), (iii) for all (11,5) € Ri. A %, ,,— PRF is an adapted, cadlag field N =
{N(t1,12),(t1,1) € R3 }, such that,

()N(t;,0) = N(0,1,) =0 a.s.

(2)forall (s1,s2) < (t1,72) the increments Ay, 5, N(t1,12) are independent of F g, V. Fy oo,
and has a Poisson law with parameter A (1; —s;) (f2 — s2), that is,

e M @as)*

P{Asl,szN(ll,lz) = k} = o

A>0, k=0,1,...,

where S = ((s1,52), (t1,2)], A > 0, and |S| is the Lebesgue measure of S.

If we do not specify the filtration, {.%;, ,, } will be the filtration generated by the
field itself, completed with the nulls sets of N = 6 {N(t1,0,), (t;,1,) € R% }.

It is known that then there is a simple locally finite point random measure N(-),
such that for any finite n = 1,2, ..., and for any disjoint bounded Borel sets Ay, ..., A,

P(N(A)) =ky,....N(A,) = ky)
A/kl+~-~+kn

n
_M(|A1|)kl"'(An|)knexp{—zl’14j‘}, kj=0,1,2,...,
Lo k! “

while
EN(A) =A|A|, Cov(N(A}),N(A2)) = A|A1 NA|.
Theorem 5 (Two Parameter Watanabe Theorem [19]) A random simple locally

finite counting measure N is a two-parameter PRF iff N(t;,t2) — Atitp is a strong
martingale.
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5.2 Fractional Poisson random fields

Let Yo(ql)(t),t >0 and Yo(é) (t),t > 0 be two independent inverse stable subordinators
with indices o € (0,1) and o € (0, 1), which are independent of the Poisson field
N(t1,12), (t1,12) € Ri. In [26], the Fractional Poisson field (FPRF) is defined as fol-
lows

Ney.oo (t1,12) = N(Y3y (11),Y5 (12)),  (11,12) € R2. 5.1)
We obtain the marginal distribution of FPRF: for k = 0,1,2,
Px 17az(t17t2) (NOCI O!z(tlvt2):k)

PReat
_/ / - AXIXZ) ——Joy (t1,%1) fo, (12, %2 ) dx1d 2, 52)

where f,(t,x) is given by (2.3). In other words, for (¢1,#,) € Rﬁ, k=0,1,...

HAk _ -1- 1—i o -
P(Nal-,az (tl ,tz) = al Otzk' / / lxlxz = 8oy (t1x1 )ga2 (t2x2 % )dxldxb

1

) +oT ket X1 X2
/ / R 1xz *Wogy0(— e )W—az,o(—l@)dmdm,
1 2

(5.3)

k‘tltz

where the Wright generalized Bessel function is defined by (2.2), and g (x) is defined
by (2.1).

Using the Laplace transform given by (2.4) one can obtain an exact expression
for the double Laplace transform of (5.2): for k =0, 1,2,

Llpdnmyisnssy = [ [Ce 2y, m)dnn,

—2,)61)62 a{
—// xlxz) al*l az exp{—xlsix‘—xzsgz}dxldxz. (5.4)
Note that

ENg, o, (t1,12) = E[E[N (Yo, (1), Ye, (2)) Ve, (11), Yo, (12)]]
= /Ow /OmEN(ul,uz)fal (t1,u1) fa, (t2, u2)durdus
= At{1152 /[C(1+ o) (1+ )] (5.5)

and, for (t1,12), (s1,52) € R,

COV(NOChO!z (tl 7t2)7N0¢1 ,00 (Sl 7S2))
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1 min(ty,s1) _ (S t )al
_ 2 _ o —— oy 01 _ 11
A HF(1+¢X1)F(¢X1)/0 (n==)™ (s =m) ")t dm F2(1+a1)]

1 min(ry,s7) o oo o1 (sztz)az
X [7“] )T (@) / (=) + (52— 1)%)1,° drz_iﬂ(l-i-az)]
(t1s1)® min(tz,52) @ )y 01 (s212)*®
T 1+a1 [r 1+a2 /o (2= m) 4 (o2 —2)®) 1, de*FZ(HaZ)}
(1252)" rmin(ty 1) a ay o1 (s111)™
F21+[X2 [F(1+oc1 /o ((—)* +(s1 — 7)) 7! drlfrz(lJral)”
(mln(tl 51))*" (mln(tz,sz))
C(1+o)l (14 02) 5:6)
in particular, for (t1,%2), (s1,52) € R2,
VarNg, o, (t1,1) = lztlzallgzazcl (ou,00)+ Aty % t2a2C2(061, 062)}, (5.7)
where
1 1
Ci(a, ) = — ;
(o, ) ool (200)T (200) (a1 00) T2 (o) 2 (at)
1
Clo,mm) = .
2, 00) r(1+a)C(1+o)

We can summarize our results in the following

Proposition 2 Let Ny, o, (t1,12), (t1,12) € R%, be a FPRF defined by (5.1). Then

i) P(Nay,o (t1,12) = k), k=0,1,2... is given by (5.3);
ii) ENg, o, (t1,12), VarNg, o, (t1,12) and Cov(Ng, o, (t1,12),Nay a, (51,52)) are given
by (5.5), (5.7), (5.6), respectively.

The proof is given in [30], see also Appendix for more details and more general
results hold for any Lévy random fields.

Remark 3 Following the ideas of this paper, the Hurst index of the Fractional Poisson
random field in d = 2 can be defined as follows:

VarN T,T o+ o
inf{ﬁ:limsupar‘;l’z‘zzﬁ(’)<oo}1‘;2

T—roo

€ (0,1).

Remark 4 Any random field
Z(t1,0) =N(Yi(t1).Y2(r)), (1,1) € R

defined on the positive quadrant ]Ri can be extended in the whole space R? in the
following way: let Z;(t1,1), (t1,1) € Ri, Jj =1,2,3,4 be independent copies of the
random field Z(t1,1), (1,12) € R2.

Then one can define

Zl(l‘htz) f 2075220
Z(l‘l,tz) = Zz( I 1), 1 <0,60>0
—Z3(t1,—1y ), 1 20,6<0
Zy(—t;,—ty), 11 <0,p<0
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Therefore, modifying the cadlag property we obtain a Poisson like random field
Z(t1,12),(t1,12) € R? which has a similar covariance structure (replacing 11,1, 51,52
by |], |2l [s1],[s2])-

5.3 Characterization on increasing paths

Let Ly = {Ly(2), > 0}, be an a-stable subordinator, and Y, = {¥,(¢),7 > 0} be its
inverse (o € (0, 1)). Recall that Ly (¢) is a cadlag strictly increasing process, while Yy,
(t) is nondecreasing and continuous. As a consequence, the latter defines a random
nonnegative measure fy on (R, %R, ) such that ty([0,7]) = Y4 (). The c-algebra
¢ contains all the information given by g :

4 = 0(Lg(t),t >0) =0 (Ya(t),t > 0) = 6(Ua(B),B € Br. ).

Now, let X (t) = N(Y(t)) be a FPP, where N has intensity 1. We denote by {.ZX ¢ €
R, } its natural filtration. We note that each iy ([0,7]) is 4-measurable, while N (w) —
N(ue([0,s])) is independent of o(FX,%) for any w > puy([0,s]). Hence, for any
bounded .7 X -measurable random variable Y (s), we have

/ Y(s dX / L5 (v) N(ta(dv)) ‘G %)))

) /0' ﬂwaqo,sn,uaqoytm<w>E<de|c<f5‘,%>>)
— E(Y(s)zua«s r]))
—5( / Y (5) 1) () Ata(d) ).

In other words, by [10, Theorem T4], the FPP X is a doubly stochastic Poisson pro-

cess with respect to the filtration {o(FX,¥),t € R, }. Therefore a first characteriza-
tion of a FPP may be written in the following way.

Corollary 1 A process Ny, is a FPP iff it is a doubly stochastic Poisson process with
intensity AYy, with respect to the filtration {o(FX,%),t € Ry}. In other words,
whenever By, ..., B, are disjoint bounded Borel sets and x,,...,Xx, are non-negative
integers, then

) - [ telB0) )"

.|
i=1 Xit

PN Na(B) = xi}|#

i=1

An analogous result may be found for FPRF. In fact, let Yo(tl1 ) (t),t >0and YO(;) (t),t>
0 be two independent inverse stable subordinators with indices a; € (0,1) and o, €
(0,1). Let tg, and fg,, ¢4 and % their respective c-algebras (this notation will be
used in the following results).

If g = Mo, @ Ua, is the product measure and ¥ = 0(¥,%,), we can follow the
same reasoning as above once we have noted that A#a] ([0,51]) az([().,Sz})N (w1,w7) and

o(FX, v.FX ) are conditionally independent, given ¢. In fact

0,59 51,00



18 G. Aletti, N. Leonenko, E. Merzbach

E(ASI’SZX(tl,tz)‘O'(ﬁ‘fM v gfjf’w,g))
= B (B, (01 ey (050N (B ([0.01]) oy (0,0) |0 (T v X .9))

= B (A (051 ey (05 (e (0.1]) 1y (0.21))| ) oY
= A (((s1,82), (t1,12)])-

In other words, the FPRF X is a .%*-doubly stochastic Poisson process (see [37] for
the definition of .%*-doubly stochastic Poisson process) with respect to the filtration
{o(FL,,9)),(11,0) € R2} by [37, Theorem 1]. Again, we may summarize this
result in the following statement.

Proposition 3 A process Ny, o, is a FPRF iff it is a F*-doubly stochastic Poisson
process with intensity AYy, - Yo,, with respect to the filtration {G(ﬂ?ﬁ,z,% )t 1 €
R, }. In other words, whenever By, . .., B, are disjoint bounded Borel sets in Ry x R
and x1,...,X, are non-negative integers, then

) _ ﬁ exp(—Apa(Bi)) (Apa(Bi))" . (5.9)

x,'!

i=1

P( m{Nahaz(Bi) :X,'} 9
i=1

Now, let #; > 0 be fixed. The process 1 — Ng, , (1,1) is the trace of the FPRF along
the increasing z-indexed family of sets 7 — [(0,0), (¢1,7)]. As a consequence of the
previous results, we obtain:

Theorem 6 A random simple locally finite counting measure Ny, o, is a FPRF iff
41,%, are independent, and fixed t1,t; > 0, the process Ng, a, (t1,1), conditioned on
9\, is a FPP Ny, (t), the process Ny, o, (t,12), conditioned on %, is a FPP Ng, (1),
and the two processes Ng, (t1 +1) — N, (t1),Na, (12 +1) — N, (12) are conditionally
independent given 6(4,6 (No, o, (51,52), (s1,52) < (11,12))).

Proof Assume that Ny, o, is a FPRF and 7; > 0 fixed. Denote by X; = Ny, q, (1,1)
and note that 6 ({Yq, (1), > 0}) = %. Let By, ..., B, be disjoint bounded Borel sets
and xp,...,x, non-negative integers. We have

P(ﬂ{Nal,az([O,tl] X B;) = x;}
i=1

o (%, 0({Yey(1).1 2 0})))

= P( (V.o (0:8] x B) =) [#)

_ ﬁ exp(—Alq([0,11] % Bi)) (AHa([0,11] x B;))*™

i=1 xi!
" exp(—AYe, (1) - Hoy (Bi)) (Ao, (11) - My (Bi))"
:g p 1) H . 1) U ?

and hence X; = M(Yq, (t)), where, conditioned on ¢;, M is a Poisson process with
intensity AYy, (¢1). The conditional independence follows by similar arguments, and
hence the first implication is proved.
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Conversely, by [37], to prove Proposition 3 it is sufficient to prove (5.8). Denote
by

A = 0 (Nay,a, (51 +1,5) — Ny o, (51,5),8 > 0,5 < 57)

51,52

A O'(Nal,aQ(S,SQ—&-t)—Nal,aQ(S,sz),t20,s§s1),

81552 =

N, N, N, N,
so that Fo. 50 = 0(Fy, 52, AL ) and Fy, L™ = o (F, 5™, 77 ,)). Then, de-

S1,52 51,52
noting by X LL Y|W the conditional independence of X and Y, given W, we have by
hypothesis that

N, N, N,
Ay 5y LA |G(g,jylilz‘az), ) Jifvlf?z'aﬂg? 2L Z al.az‘g’

51,52 51,52 51,52 S1,52 51,52
for any (s1,s2). Thus,

g, Frae )

[AR15] 11,12

b, !

11,52

cul | a2

LR P}

N,
2 a,0 1
- L%?l’tzﬂy , I

AR5 AR5
then

cAar

1>

N N, N N,
E(Nag.00 (1,0) |0 Foy 2V 2052, 9) ) =B (Nay 0o 11,12) [0 (F0 0V 02, 9) ),

11,52 S1502

and hence

2 S1:02
(5.10)
— note that .7, “1* = CF(Q?NO”‘O‘2 ), where & = 0 (A, 5,Nay o, (,v),51 <u <
11,52 51,82 s s1.800Voy 00\ U, V)51 =
f1,v < 52). In addition, /', 1L 0|, and 0(Ay; 5Ny 0 (t1,12), ) C
), . Hence

S1,i2°

N, No, . Ng,, Ng,
E<As1 ,szal 00 (tl 7t2) ’G(ng;az vgslt,xogaz a%)) = E<AS1 ,A‘zNal 00 (tl 7t2) ’G(%l gl ® V.7, ne 3g)) 5

Na, No
E(AShSzNOCl,OCz (t1,t2)‘6(% AV

1552 S1502

) =E(Ay oNay ao(1.02) [0(A.9)):
(5.11)
— now, note that both Ny, o, (f1,12) —Na, a, (t1,52) and N, o, (51,22) —No, ., (51,52)

. No,,
belong to %’jﬁsz, while 7 C .7, ™. Hence

E(ASI,SZNO“,OC2 (tl,tz)‘o(%”,g)) = E(Ay, 5,Nay o, (11,12)|9). (5.12)
Combining (5.10), (5.11) and (5.12) we finally get (5.8):

N, Ny, .
E(Asl-,SzNal-,az (t17t2)‘c(32°°g]2‘a2 v{gﬂg,%?%)) = E(ASL,SzNOCuOCz (t17t2)|£4)

= A(Yoy (1) = Yoy (51)) (Yo, (12) — Yz, (52))-
O

Let o be the collection of the closed rectangles {A,, ,, : t € R2 }, where Ay, ,, =
{(s1,52) €R% : 0 <s; <t;,i = 1,2}. The family .« generates a topology of closed

sets o7 (u), which is closed under finite unions and arbitrary intersections, called a
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lower set family (see, e.g., [1,22]). In other words, when a point (#1,#,) belongs to a
set A € of (u), all the rectangle A;, ;, is contained in A:

A€ o (u) — Ay CAN(H,10) €A.

A function I' : Ry — &7 (u) is called an increasing set if I'(0) = {(0,0)}, it is
continuous, it is non-decreasing (s <t = I'(s) C I'(¢)), and the area it underlies
is finite for any ¢ and goes to infinity when ¢ increases (lim;_, 1 |I"(f)| = o0). Note
that, for a nonnegative measure {1 on B, xR, , it is well-defined the non-decreasing
right-continuous function:

(Lol')(r) = u(I(2))-

Accordingly, given an increasing path I' and a random nonnegative measure N (in
[22], it is an increasing and additive process), we may define the one-parameter pro-
cess Nol  as the trace of N along I":

(NoT)(t) =N({T(1)}), t>0.

Theorem 6 shows an example of characterizations of FPRFE. In [18], the authors
proved a characterization of the inhomogeneous Poisson processes on the plane thor-
ough its realizations on increasing families of points (called increasing path) and
increasing families of sets, called increasing set (see also [2,21]).

We are going to characterize an FPRF in the same spirit.

Theorem 7 A random simple locally finite counting measure Ng, o, is a FPRF iff,
conditioned on 4, N oI is a one-parameter inhomogeneous Poisson process with
intensity A (g o I'), for any increasing set I', independent of 9.
Proof Assume that Ny, o, is a FPRF. Then, forany 0 <51 <t; <sp <tp <--- <5, <
ty, the sets B; = I'(#;) \ I (s;) are disjoint. By (5.9),
n
%) =P(( Ny (B) =5:}|9)
i=1

_ ﬁ CXP(*AHQ(Bi))(},ua(Bi»xi

xi!

p(ﬁ{(zvor)(shti] =xi}

i=1
n eXp(—/l'(Naor)(shfi])(l'(Maor)(sivfi])xi.

:H xi!

i=1

Conversely, note that that (5.9) may be checked only on disjoint rectangles By, B>, ..., B,
(see also [22]). After ordering partially the rectangles with respect to <, one can build
an increasing sets I such that B; = I'"(#;) \I'(s;), where 0 < s <t; < s <tp <-- <
sp < ty. By hypothesis, N oI is an inhomogeneous Poisson process with intensity
Ug oI Then,
/)

g) - P(ﬁ{(NoF)(si,ti] = x;}

i=1

P( (Ve (B) = 5}
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_frexp (= A (g o) (sihi]) (A (g o T)(si,1i])"
=11

P X,'!

s |

exp(—AHa(Bi))(Apa(Bi)"

xl-!

I
-

a

Now, a function I" : Ry — R is called an increasing path if I'(0) = (0,0), it is
continuous, it is non-decreasing (s <t = I;(s) < I (¢),I2(s) < I3(¢)), and the area
it underlies goes to infinity (limy_, . I3 (¢)I3(#) = o). In other words, an increasing
path is an increasing set where, for each ¢, I'(¢) is a rectangle. Given an increasing
path I" and a process N(71,1;), the one-parameter process N oI is the trace of N along
I:

(NoI') (1) = AooN (L (1), 13(1)) = N (0),13(r)), 12 0.

When dealing with the laws of the traces of a process along increasing paths, one
cannot hope to prove, for instance, the conditional independence of two filtrations
as %ﬂ’sz and %’f 5,» since the event that belong to those filtrations are generated by
the increments of the process on regions that are not comparable with respect to the
partial order <.

As an example, there is no increasing path that separates the three rectangles
By ={(1,0) <z=<(2,1)}, B, ={(0,1) <z < (1,2)} and B3 = {(1,1) <2< (2,2)}
and hence we cannot give the joint law of A(; o)N(2,1) and A )N(1,2). On the
other hand, Proposition 3 suggests that, if we assume the independence of N(B;) and
N(B;) conditioned on .%] 1, the equation (5.9) may be proved for B;, B, and B3 via
increasing paths (as in [2,3,18,21]). This consideration has suggested the following
definition.

We say that the filtration satisfies the conditional independence condition or the
Cairoli-Walsh condition ((F4) in [13], see also [24]) if for any .%-measurable inte-
grable random variable Z, and for any (,1) :

E(E(Z| %1, )| Foory) = E(E(Z| Foopy ) |-Ft, 00) = E(Z|F1, 1,)-
Thus, following the same ideas as in [2,3,18,21], one can prove the following result.

Theorem 8 A random simple locally finite counting measure N, o, is a FPRF iff,
conditioned on ¥, the Cairoli-Walsh condition holds and N oI" is an inhomogeneous
Poisson process with intensity Yo, (I (t)) - Yo, (I3(2)), for any increasing path I".

A remark on Set-Indexed Fractional Poisson Process

Let T be a metric space equipped with a Radon measure on its Borel sets. We assume
existence of an indexing collection <7 on T, as it is defined in [22]. We are interested
to considering processes indexed by a class of closed sets from 7. In this new frame-
work, I' : Ry — &/ is called an increasing path if it is continuous and increasing:
s<t=1T(s) CI'(r) (called a flow in [17])

We can now define Set-Indexed Fractional Poisson process.
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A set-indexed process X = {Xy, U € &7} is called a Set-Indexed Fractional Pois-
son process(SIFPP), if for any increasing path I the process X! = {Xp(,), t>0}is
an FPP.

Remark 5 Following results of [22], we can state that any SIFPP is a set-indexed
Lévy process.

Details and martingale characterizations will be presented elsewhere.

5.4 Gergely-Yezhow characterization

Let (Uy,n > 1) be a sequence of i.i.d. (0,1)-uniform distributed random variables,
independent of the processes Yy, i = 1,2. The random indexes associated to the
‘records’ (V,,n > 1) are inductively defined by

vi(w) =1, Vut1(@) = inf{k > v, (®): Uy(®) > Uy, () (@)}

It is well known (see, e.g., [4, p.63-78]) that P(N,{v, < oo}) = 1, and hence the k-th
record V; of the sequence is well defined: Vj := 0, Vi, = Uy, . Since V,, > max(Uy, ..., Uy),
then P(V,, — 1) = 1. Moreover, the number of U,’s that realize the maximum by time
n is almost surely asymptotic to log(n) as n — co. In other words, the sequence (V,,),
growths exponentially fast.

Now, given a increasing set I, we define

Y,F = Z”H[VH,VM)(I —exp(—Ugol'(r))) =sup{n: V, <1—exp(—pgol'(t))}.

Theorem 9 A random simple locally finite counting measure Ny, o, is a FPRF iff
NoT is distributed as Y, for any increasing set I'.

Proof In the proof we assume that lim, {1y 0 I"(¢) = oo almost surely. When this is not
the case, the proof should be changed as in [15], where generalized random variables
are introduced exactly when 1 — exp(—“intensity at ™) < 1.

By Theorem 7, we must prove that, conditioned on ¢, YT is an inhomogeneous
Poisson process with intensity fly o I'. Conditioned on ¢, let F(¢) := 1 —exp(— Uy ©
I'(1)) be the continuous deterministic cumulative distribution function. Let F~ be its
pseudo-inverse F ~ (x) = inf{y: F(y) > x}, and define §, = F~ (U,), for each n. Then
(&4,n > 1) is a sequence of i.i.d. random variables with cumulative function F. As in

[15], put &, = max(&,...,&,), (n=1,2,...) omitting in the increasing sequence
8,8
all the repeating elements except one, we come to the strictly increasing sequence
[15, Eq. (3)]
CI7C27...,C,,,...

Now, since F~ is monotone, it is obvious by definition that {, = F~ (V,,). Again, F~
is monotone, and hence

vh = Y nlie- -, ) F (1 —exp(—pg o L (1))))
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=Y nli, ¢, (0),

that is the process v(¢) defined in [15, Eq. (7°)]. The thesis is now an application of
[15, Theorem 1] and Theorem 7. O

5.5 Random time change

The process Uy may be used to reparametrize the time of the increasing paths and
sets. In fact, for any increasing path I = (I (¢),I(¢)), let

o) {inf{r: Yoy (I1(0)) Yoo (I3(0))(0) > 5} i {1 Yo (13 0) - Yeu ((0)) (@) > 5} #

oo otherwise;

be the first time that the intensity is seen to be bigger than s on the increasing path,
and define

L, (s,0) = (T (s, 0)) (5.13)

the reparametrization of I made by L. Analogously, for any increasing set I, let

L (5,0) = D(inf{t: (a(@)oI)(t) > 5}).

We note that, for any fixed s and A € </ (u)

{0:AZ T, (s)} = U,EQ({A Z ()} N {ua (1) NA) > s}) €9, (5.14)

where ¥4 = o(ug(A’),A’ C A). We recall that a random measurable set Z : Q —
o/ (u) is called a Y4-stopping set if {A C Z} € 94 for any A. As a consequence, the
reparametrization given in (5.13) transforms I'"(-) into I}, (-), a family of continuous
increasing stopping set by (5.14). Such a family is called an optional increasing set.
The random time change theorem (which can be made an easy consequence of the
characterization of the Poisson process given in [51]) together with Theorem 7 and
Theorem 8 give the following corollaries, that can be seen as extensions of some
results in [2,3].

Corollary 2 A random simple locally finite counting measure Ny, o, is a FPRF iff,
conditioned on 9, N oI, is a standard Poisson process, for any increasing set I'.

Corollary 3 A random simple locally finite counting measure Ng, ¢, is a FPRF iff,
conditioned on ¥, the Cairoli-Walsh condition holds [13,24] and N oIy, is a stan-
dard Poisson process, for any increasing path I
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6 Fractional Differential Equations

A direct calculation may be applied to show that the marginal distribution of the
classical Poisson random field N(t1,12), (t1,12) € R%

e~ M (ltltg)k

pi(tl,lz) ZP(N(thtz) Zk) = T’k: 0,1,2...
satisfy the following differential-difference equations:
9%p (1,12) 2
— 2 = (= A+ At 1,t 6.1
91, 902 = (A +A%1n) p§(t,0); 6.1)
&chl- (l‘] lz)
— L2 — (S3A+ A% pS (1, 0) + AD5 (11,12) 6.2
ETRETS ( + A1) pi (t1,02) + Ap§ (t1,12) (6.2)
PR AGHS : .
ﬁ (=2 +2%10) pi (t,0) + (A —2A%00) p_, (t,0) + A% pi_5 (t10) s k> 25

(6.3)
and the initial conditions:
76(0,0) =1, pi(0,0) = p (11,0) = pi (0,12) =0, k> 1.

We are now ready to derive the governing equations of the marginal distributions
of FPRF Ny, o, (11,12), (t1,12) € R? :

pl(cxl"az (f17f2) :P(N(xhaz(tlytZ) = k)v k=0,1,2,... 6.4)

given by (5.2) or (5.3). These equations have something in common with the govern-
ing equations for the non-homogeneous Fractional Poisson processes [27].

For a function u(f1,t), (t1,t2) € R%, the Caputo-Djrbashian mixed fractional
derivative of order o, € (0,1) x (0, 1) is defined by

not 82 171 ‘52 At dn
DX 1,1 ’
iy (1) = r'(l—oy)I(1—op) / / 01191 (1 —11)% (h —1)*®

B /l‘l/fz 82 (t1 — V1,5 — V2) dV1d vy
’F(l—al)r(l—az) 0 Jo v dvy vy’

Assuming that

82u (tl — V1,1 — 1)2)
V] 0y

—s1t1—521p [2%]

v, Y,

e

is integrable as function of four variables #{,#,,01, U2, the double Laplace transform
of the the Caputo-Djrbashian mixed fractional derivative

LDy u(ty,0);s1,8} = / / e VTR DIR Y (1 1)dty diy
:s‘lx'sgzu(sl,sz) ‘lx‘ lsg‘zu(sl,O)—s?'s‘;2 Li i(0, sz)—s?‘ laz Li i(0,0), (6.5)

where ii(sq,s2) = £ {u(t1,12);s1,52} is the double Laplace transform of the function
u(ty, ).
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Remark 6 Note that the Laplace transform of fy (¢,x) given by (2.4) as a = 1 is of
the form e™** and its inverse is the delta distribution 8 (¢ —x). Accordingly, as & — 1,
fu(t,x) converges weakly to O (¢t — x), and we denote it by fy(,x) — 8(t — x).

The proof of (6.5) is standard and we omit it (see [35, p. 37] for the one-dimensional
case).

Theorem 10 Let N(t1,1), (t1,6) € R, 0,00 € (0,1) x (0,1), be the FPRF defined
by (5.1).

1) Then its marginal distribution given in (6.4) satisfy the following fractional
differential-integral recurrent equations:

D2 py ™ (11,02) = /0"" ./om (=2 +A%x1x2) pg ™ (01,%2) foq (01,51) fy (12,%2)dxr doxa;
6.6)
D ) = [ [ L3 20 (1.
+ A" (x1,%2) | fa (11,31) fa (12,%2)dxrdxa ©.7
D () = [ [ (<A A%) o (11,x)
+ (A —=22%x132) it (x1,x2) + A2x xpgty (x]’XZ)}

X foy (t1,%1) fa, (t2,%2)dx1dx7, k>2;
6.8)

with the initial conditions:
P (0,0) = 1, pf(0,0) = pf (11,0) = i (0,12) = 0, k> 1.

2) For a; — 1,(X2 — l,fal (tl,xl) — 5(t1 —xl), faz(tQ,XQ) — 6(1‘2 —xz), hence
(6.6), (6.7) and (6.8) become (6.1), (6.2) and (6.3) correspondingly.

Proof 1) The initial conditions are easily checked using the fact that Yy, (0) =Yg, (0) =
0a.s.

Let pt® (t1,1) ,k = 0,1,2,..., be defined as in equations (5.2) or (5.3). Then
the characteristic function of the FPREF, for z € R:

p(t1,t2;z) =Eexp{izNg, o, (t1,12) } = / / M= £ (11,x1) foy (12, %2)dox 1 dxa.
(6.9)
Taking the double Laplace transform of (6.9) and using (2.4) and (5.4) yields

Pls1,52:2) = plt1,1252) = // TSR B4 1 7)dtdh (6.10)

1 1 iZ_1)
_Sflxl 062 / / lxlxz ev—1) xlsl xzsz dxidx,,

and
p(0,0,z) = p(0,52,2) = p(s1,0,2) = 0.
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Using an integration by parts for a double integral [29]:

/ / x1 XQ dX1,dX2 / / x1, XQ, ))F(dxl,d)Q)

+ [ (1) x[0.9)) F (@0,0)
+/ X [x2,00)) F (0,dx2) +F(0,0)H ([0,0) x [0,0)),
we get from (6.5), (6.10) and (6.10) with

F(x1,x) = exp{?txlxz(eiz -1 }, H (dx;,dx;) = exp{fsix‘xl fsgzxz}dxldxz,
d%exp {ixixa(e* — 1
Ps1,82:2) =M s52 l / / P il )}

8x1 aXQ
><exp{ s‘l’”xl—sz xz}d dut (OOz)}
Sl Sz2 N 51 522 .

Thus

{1552 p(s1,52;2) — p(0,0,2)

o 1a2 ]/ / d%exp {ixjxz(e“ —1)}

=S
1 8x1 8x2

Using (6.5), (2.4) we can invert the double Laplace transform as follows:

exp{ 51 Tx =5, xz}dxl,dxg

9% exp {ixlxz(eiZ — 1)}
D2 p(11,12,2) // Tx1 s Jou (t1,%1) for, (12, X2)dx1dx3.

And finally, by inverting the characteristic function (6.9), we obtain

oo 92
D% 5 (1, % (g 1 :// — t t2,x2)dx1dxs.
ity D (t1,12,2) pe 7 (t,12) o b |om 8x2pk(x1’x2) Sou (11,%1) foy (12,%2)dx1dx>
Using (6.1), (6.2) and (6.3) we arrive to (6.6), (6.7) and (6.8) correspondingly.

«;
2) Finally, as aj — 1, j = 1,2 we have e e 5%, j=1,2, and their Laplace
inversions are delta function: 8(t; —x;), j = 1,2. Thus, 2) is proven. O

7 Simulations

In this section we show some simulations of FPRF made with Matlab based on the -
stable random number generator function stblrnd. For a relevant work on statistical
parameter estimation of FPP in connection with simulations, see also [12].

The subordinators Ly are simulated exactly at times t, = nA, where A = 0.0005
till they reach a defined value Se,q. More precisely,

La(o):(); La(tn):La(tn7])+X, n:1727...’N
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Fig. 1 Simulations of the inverse stable subordinators Yo(,f)(t) and Y(g) (¢) and the corresponding FPRF

N, for different values of o and o. Top-left: simulation of Yo(t})(t), top-right: simulation of Yo(;) (1),
bottom-(left-right): simulation of Ny, ¢, , the rotation shows the connection with marginal intensity

where X is independently simulated with stblrnd(e, 1, YA, 0). Accordingly,
Ee ¥ = exp{—(s VA)*} = exp{—As“}, §>0,

and hence
EE_SLa(tn) :exp{_tnsa}a SZO,I’[ZO,L.--,N-

The simulation of the inverse stable subordinators Yy (s),s € [0, Tepg] are thus made at
times s, = Ly(t,),n=1,...,N with values Yy (s,) = nA.

To simulate a FPRF Ny, ¢, (s',5%) on the window (0,Senq) x (0,Senq), we first
simulate two independent inverse stable subordinators YO(,])( 2),n=1,...,N; and
Y (s2)n=1,...,Na.

By Propos1t10n 3, the value of Ny, ¢, on each rectangle (s}, s}, ) x (s}, s}, ) is
a Poisson random variable with mean A2. As A? < 1, we approximate it with a
Bernoulli random variable Y of parameter A% WhenY =1, we add a point at random
inside the rectangle.

In Figure 1 the simulations of the inverse stable subordinators YO(CI) (t) and Y, )( t)
and the corresponding FPRF Ny, 4, for different values of o and o are shown. The
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simulations of Ny, ¢, are plotted twice: we have rotated each figure in order to under-
line the spatial dependence of the spread of the points of the process Ny, o, in con-
nection with the marginal intensities Yo(tf) (¢) and Yog) (t). For example, in Figure 1(c)

two different marginal distribution are expected since @; = 0.9 and o, = 0.75. While
(1) ¢ (t) produces a quite uniform distribution of points, YO( 7)5( t) generates clusters in
correspondence of its steeper slopes.

We also compute the quantity

o—AX1X) l
P(N(Yi(t1),Y2(t2)) / /0 ¢ (xi2)" ——————— fo, (t1,%1) fo, (t2, X2 )dx 1 dx2,

given in (5.2), for different values of #1,#;, 0 and o. In fact, with a Monte Carlo
procedure, we approximate the above quantity with

—Ax1x2 ( A )k
e X1X2
N2 Z Z k! ]]‘an ()C])I]_Y”z (Xz)
ni=lny=1 :
where (X,,n=1,...,N) and (Y,,n = 1,...,N) are independent sequences of i.i.d.
distributed as YO<¢]1 ) (t1) and YOEz)(tz), respectively. Summing up, the integral in (5.2) is
computed numerically, and the simulations with N = 1500 are presented in Figure 2.
We underline the variety of the shape of distributions that can be generated with this
two-parameter model in addition to its flexibility to include, for example, different
cluster phenomena.
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A Covariance Structure of Parameter-Changed Poisson random fields

In this Appendix, we prove a general result that can be used to compute the covariance structure of the
parameter-changed Poisson random field:

Z(t,1) = N(Y1 (1), Y2(r2)), (t1,12) € R,

whereY; ={Yi(t1),11 > 0} and Y» = {Y2(12),72 > 0} are independent non-negative non-decreasing stochas-
tic processes, in general non-Markovian with non-stationary and non-independent increments, and N =
{N(t1,2), (t1,2) € R%} is a PRF with intensity A > 0. We also assume that ¥; and ¥> are independent of
N.

For example, Y; and Y> might be inverse subordinators.

Theorem 11 Suppose that N is a PRFE, Y| and Y, are two non-decreasing non-negative independent
stochastic processes which are also independent of N. Then
1) ifEY (1) = U (t1) and EY, (t;) = Ua(t2) exist, then EZ(1),1) exists and

EZ(Z],tz) = EN(I7 1)EY1 (ll)EYz(lz);

2) if Y1 and Y, have second moments, so does Z and

VarZ(t1,1;) = [EN(1,1)]? {Eylz(fl)Eyzz(lz) —(EY (1)) (EYZ(IZ))Z}
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Fig. 2 Simulations of the distribution of Yo(,i)(t] ). Yo(,? (f2) and the corresponding py(f1,62) =
P(N(Y1(t1),Y2(t2)) = k) for A = 10 and different values of 71,1, a; and 0.

+VarN(1,1)EY, (11 )EY (1)

and its covariance function

COV(Z(tl,tz),Z(Sl,SQ)) = Cov (N(Yl (tl),Yz(tz)),N(Yl (Sl),Yz(SQ)))

for sy <ty,s0 <ty is given by:

(EN(1,1))*{ Cov (Y1 (1), (51)) Cov (Fa(r2), Va(s2)

+E¥a(12)E¥a(52)Cov (¥ (). ¥i(51)) + BY1 (1)EY (51)Cov (Ya(12), ¥a(52)) }

and for any (s1,s2), and (t1,t2) from R%.

+VarN(1,1)EY, (s;)EYa (s2)

(EN(1,1))2{ Cov (Y1 (1), (51)) Cov (Ya(r2), Va(s2)

L EY(1)EY>(55)Cov (Y1 (11), i (s1)) -+ EY; (11 )EY; (51)Cov (Y2 (12), Ya (s2)) }

+ VE].I']V(I7 1)EY1 (min(s1 N ))EY2 (mjn(sz,tg))

(A1)

(A2)

Remark 7 These formulae are valid for any Lévy random field N = {N(t1,%2),(t1,) € R}, with finite
expectation EN(1, 1) and finite variance VarN(1,1), for PRF EN(1,1) = A; VarN(1,1) = A and to apply

these formulae one needs to know

Ui(t1) = EYi(t), Us(ta) = EXa(t), U (1) = BY (1), U (1) = EY2 (1),
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and Cov (Y;(#1),Y1(s1)), Cov (Ya(r2),Y2(s2)) which are available for many non-negative processes Y, (¢)
and Y»(¢) induction inverse subordinators.

Remark 8 One can compute the following expression for the one-dimensional distribution of the parameter-
changed PRF:

P(N(Y1(1), Ya(t2)) = k) = pi(t1,12)

00 oo ,—AX|X) A k
e X1X
:/0 /0 %ﬁ(tl,xl)fz(tg,xz)dxldxz,k:O,l,Z,...

where i p
filtx) = P <x}= -G (), =12
Xi

Xi

and its Laplace transform:

oo oo o= AX1X () k
2intnesis) = [ [T )i ) 2 )i b,

where .
,Sf{ﬁ(t;,x,-);s,'} :/() eis"t"ﬁ(l,‘,x,')dl,', i=1,2.
Proof (Proof of Theorem 11) We denote

G\ () =P{¥i(n) <m}, G (1) =P {Na(2) <o}

We know that for a PRF
EAS] .szN([l ,lz) = EN(I, 1) (l] 7&1) (lz 7S2) = VaI'AJIJZN(t] 7t2);

E(ASI’SZN(tl,tz))Z = EN(]7 1) (t1 751) (tz 752) + [EN(I7 l) (t1 731) (tz 752)}2.

To prove 1) we use simple conditioning arguments:

EZ(11,1) = /Ow /Omu vEN(1,1)G) (du) G (dv) = EN(1, 1)EY, (1) )EXa (12).

b}

Let us prove 2).
For the variance, we have

VarZ(n, 1) = E(N(Yi (1), Ya(12))* = (EN (Y1 (1), Ya(12))

_ ./O”/ON ((EN(u1,12))? + VarN (1, 42)) G (duy ) G2 (dur)
— (EN(1,1)EY, (1) EYa(12))?

— /” /w [(EN(L 1))2u%u§+VarN(1,1)ulu2] G\ (duy)GP (duy)

o Jo 1 2

— (EN(1,1)EY, (1) EYa(12))?

= (EN(1,1))”EY}(1n)EYZ (12) + VarN(1,1)EY; (11 )EY2 (12)
— (EN(1,1)EY; (1 )EY, (1))

= (EN(1,1))* {EY?(1))EY () — (EY; (11))* (EYa(12))*}
+VarN( 1, l)EYl (t1 )EY2 (tz)‘

To compute the covariance structure, first we consider the case when s; < t1, so <. Then
EN(S[,SQ)N(I1722)

= E(N(%Sz){N(fl,tz) —N(t1,52) = N(s1,12) +N(s1,52)
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+N(t1,52) +N(s1,12) —N(Sl-,52)}>

= EASI"SzN(tl,tz)EN(Sl,S2)+EN(1‘1,S2)N(S1,S2) +EN(S1,I2)N(S1,S2) 7EN2(S1,S2).

Using the facts that

EAy, 5, N(t1,12)EN(s1,52) = (t1 — 1) (t2 — 52) [EN(1,1)]* 5152,
EN(t1,52)N(s1,52) = E{N(t1,52) —N(s1,52) + N(s1,52) }N(s1,52)
=EA,, oN(t1,52)EN(s1,52) + EN(s1,52)
= [EN(1,1)]* (t; — 51 )s153 + EN?(s1,52),

it is easy to obtain

EN(s1,5)N(t1,1) = [EN(1,1)]* t1t25152 + 5152 VarN (1, 1).

Since the processes N, Y;,Y, are independent, a conditioning argument yields (A.1) and (A.2). In a similar

way, one can consider the case s > 11,52 < t2. O
Proof (Proof of Proposition 2) It follows from Theorem 11 and Proposition 1. O
References
1. Aletti, G.: On different topologies for set-indexing collections. Statist. Probab. Lett. 54(1), 67-73
(2001). DOI 10.1016/S0167-7152(01)00062-1
2. Aletti, G., Capasso, V.: Characterization of spatial Poisson along optional increasing paths—a prob-
lem of dimension’s reduction. Statist. Probab. Lett. 43(4), 343-347 (1999). DOI 10.1016/S0167-
7152(98)00268-5
3. Aletti, G., Capasso, V.: Reduction of dimension for spatial point processes and right continuous mar-
tingales. Characterization of spatial Poisson processes. Stoch. Stoch. Rep. 72(1-2), 1-9 (2002). DOI
10.1080/10451120212872
4. Andel, J.: Mathematics of Chance. Wiley Series in Probability and Statistics. Wiley (2001)
5. Beghin, L.: Random-time processes governed by differential equations of fractional distributed order.
Chaos Solitons Fractals 45(11), 1314-1327 (2012). DOI 10.1016/j.chaos.2012.07.001
6. Beghin, L., Orsingher, E.: Fractional Poisson processes and related planar random motions. Electron.
J. Probab. 14(61), 1790-1827 (2009). DOI 10.1214/EJP.v14-675
7. Beghin, L., Orsingher, E.: Poisson-type processes governed by fractional and higher-order recursive
differential equations. Electron. J. Probab. 15(22), 684-709 (2010). DOI 10.1214/EJP.v15-762
8. Bingham, N.H.: Limit theorems for occupation times of Markov processes. Z. Wahrscheinlichkeits-
theorie und Verw. Gebiete 17, 1-22 (1971). DOI 10.1007/BF00538470
9. Bowsher, C.G., Swain, P.S.: Identifying sources of variation and the flow of information in biochemi-
cal networks. PNAS 109(20), E1320-E1328 (2012). DOI 10.1073/pnas.1119407109
10. Brémaud, P.: Point Processes and Queues. Springer-Verlag, New York-Berlin (1981)
11. Busani, O.: Aging uncoupled continuous time random walk limits. Electron. J. Probab. 21, paper no.
7, 17 pp. (2016). DOI 10.1214/16-EJP3802
12. Cahoy, D.O., Uchaikin, V.V., Woyczynski, W.A.: Parameter estimation for fractional poisson pro-
cesses. Journal of Statistical Planning and Inference 140(11), 3106 — 3120 (2010). DOI
https://doi.org/10.1016/j.jspi.2010.04.016
13. Cairoli, R., Walsh, J.B.: Stochastic integrals in the plane. Acta Math. 134, 111-183 (1975)
14. Daley, D.J.: The Hurst index of long-range dependent renewal processes. Ann. Probab. 27(4), 2035—
2041 (1999). DOI 10.1214/a0p/1022677560
15. Gergely, T., Yezhow, L.I.: On a construction of ordinary Poisson processes and their modelling. Z.
Wabhrscheinlichkeitstheorie und Verw. Gebiete 27, 215-232 (1973). DOI 10.1007/BF00535850
16. Haubold, H.J., Mathai, A.M., Saxena, R.K.: Mittag-Leffler functions and their applications. J. Appl.
Math. pp. Art. ID 298,628, 51 (2011). DOI 10.1155/2011/298628
17. Herbin, E., Merzbach, E.: The set-indexed Lévy process: stationarity, Markov and sample paths prop-

erties. Stochastic Process. Appl. 123(5), 1638-1670 (2013). DOI 10.1016/j.spa.2013.01.001



32

G. Aletti, N. Leonenko, E. Merzbach

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

. Ivanoff, B.G., Merzbach, E.: Characterization of compensators for point processes on the plane.

Stochastics Stochastics Rep. 29(3), 395-405 (1990). DOI 10.1080/17442509008833623

Ivanoff, B.G., Merzbach, E.: A martingale characterization of the set-indexed Poisson process.
Stochastics Stochastics Rep. 51(1-2), 69-82 (1994). DOI 10.1080/17442509408833945

Ivanoff, B.G., Merzbach, E.: What is a multi-parameter renewal process? Stochastics 78(6), 411-441
(2006). DOI 10.1080/17442500600965239

Ivanoff, B.G., Merzbach, E., Plante, M.: A compensator characterization of point processes on topo-
logical lattices. Electron. J. Probab. 12(2), 47-74 (2007). DOI 10.1214/EJP.v12-390

Ivanoff, G., Merzbach, E.: Set-Indexed Martingales, Monographs on Statistics and Applied Probabil-
ity, vol. 85. Chapman & Hall/CRC, Boca Raton, FL (2000)

Kallenberg, O.: Foundations of modern probability, second edn. Probability and its Applications (New
York). Springer-Verlag, New York (2002)

Krengel, U., Sucheston, L.: Stopping rules and tactics for processes indexed by a directed set. J.
Multivariate Anal. 11(2), 199-229 (1981). DOI 10.1016/0047-259X(81)90109-3

Laskin, N.: Fractional Poisson process. COMMUNICATIONS IN NONLINEAR SCIENCE AND
NUMERICAL SIMULATION 8(3-4), 201-213 (2003). DOI 10.1016/S1007-5704(03)00037-6
Leonenko, N., Merzbach, E.: Fractional Poisson fields. Methodol. Comput. Appl. Probab. 17(1),
155-168 (2015). DOI 10.1007/s11009-013-9354-7

Leonenko, N., Scalas, E., Trinh, M.: The fractional non-homogeneous Poisson process. Statist.
Probab. Lett. 120, 147-156 (2017). DOI 10.1016/j.spl.2016.09.024

Leonenko, N.N., Meerschaert, M.M., Schilling, R.L., Sikorskii, A.: Correlation structure of time-
changed Lévy processes. Commun. Appl. Ind. Math. 6(1), e-483, 22 pp. (2014). DOI
10.1685/journal.caim.483

Leonenko, N.N., Meerschaert, M.M., Sikorskii, A.: Fractional Pearson diffusions. J. Math. Anal.
Appl. 403(2), 532-546 (2013). DOI 10.1016/j.jmaa.2013.02.046

Leonenko, N.N., Ruiz-Medina, M.D., Taqqu, M.S.: Fractional elliptic, hyperbolic and parabolic ran-
dom fields. Electron. J. Probab. 16(40), 1134-1172 (2011). DOI 10.1214/EJP.v16-891

. Magdziarz, M.: Path properties of subdiffusion—a martingale approach. Stoch. Models 26(2), 256—

271 (2010). DOI 10.1080/15326341003756379

Mainardi, F., Gorenflo, R., Scalas, E.: A fractional generalization of the Poisson processes. Vietnam
J. Math. 32(Special Issue), 53—64 (2004)

Mainardi, F., Gorenflo, R., Vivoli, A.: Renewal processes of Mittag-Leffler and Wright type. Fract.
Calc. Appl. Anal. 8(1), 7-38 (2005)

Meerschaert, M.M., Nane, E., Vellaisamy, P.: The fractional Poisson process and the inverse stable
subordinator. Electron. J. Probab. 16(59), 1600-1620 (2011). DOI 10.1214/EJP.v16-920
Meerschaert, M.M., Scheffler, H.P.: Triangular array limits for continuous time random walks.
Stochastic Process. Appl. 118(9), 1606-1633 (2008). DOI 10.1016/j.spa.2007.10.005

Meerschaert, M.M., Sikorskii, A.: Stochastic Models for Fractional Calculus, de Gruyter Studies in
Mathematics, vol. 43. Walter de Gruyter & Co., Berlin (2012)

Merzbach, E., Nualart, D.: A characterization of the spatial Poisson process and changing time. Ann.
Probab. 14(4), 1380-1390 (1986). DOI 10.1214/a0p/1176992378

Merzbach, E., Shaki, Y.Y.: Characterizations of multiparameter Cox and Poisson processes by the
renewal property. Statist. Probab. Lett. 78(6), 637-642 (2008). DOI 10.1016/j.spl.2007.09.026
Mijena, J.B.: Correlation structure of time-changed fractional Brownian motion. arxiv:1408.4502
(2014)

Nane, E., Ni, Y.: Stability of the solution of stochastic differential equation driven by time-changed
Lévy noise. Proc. Amer. Math. Soc. 145(7), 3085-3104 (2017)

Piryatinska, A., Saichev, A., Woyczynski, W.: Models of anomalous diffusion: The subdiffusive case.
Physica A 349(3-4), 375-420 (2005). DOI 10.1016/j.physa.2004.11.003

Podlubny, I.: Fractional Differential Equations, Mathematics in Science and Engineering, vol. 198.
Academic Press, Inc., San Diego, CA (1999)

Polito, F., Scalas, E.: A generalization of the space-fractional poisson process and its connection to
some lvy processes. Electron. Commun. Probab. 21, 14 pp. (2016). DOI 10.1214/16-ECP4383
Repin, O.N., Saichev, A.IL: Fractional Poisson law. Radiophys. and Quantum Electronics 43(9), 738-
741 (2000). DOI 10.1023/A:1004890226863

Ross, S.: A first course in probability, eight edn. Macmillan Co., New York; Collier Macmillan Ltd.,
London (2011)



Fractional Poisson Fields and Martingales 33

46.

47.

48.

49.

50.

S1.

Scalas, E., Gorenflo, R., Mainardi, F.: Uncoupled continuous-time random walks: Solution and
limiting behavior of the master equation. PHYSICAL REVIEW E 69(1, 1) (2004). DOI
10.1103/PhysRevE.69.011107

Stoyan, D., Kendall, W.S., Mecke, J.: Stochastic Geometry and its Applications. Wiley Series in
Probability and Mathematical Statistics: Applied Probability and Statistics. John Wiley & Sons, Ltd.,
Chichester (1987). With a foreword by D. G. Kendall

Uchaikin, V.V., Zolotarev, V.M.: Chance and stability. Modern Probability and Statistics. VSP, Utrecht
(1999). DOI 10.1515/9783110935974. Stable distributions and their applications, With a foreword
by V. Yu. Korolev and Zolotarev

Veillette, M., Tagqu, M.S.: Numerical computation of first passage times of increasing Lévy processes.
Methodol. Comput. Appl. Probab. 12(4), 695-729 (2010). DOI 10.1007/s11009-009-9158-y
Veillette, M., Taqqu, M.S.: Using differential equations to obtain joint moments of first-passage
times of increasing Lévy processes.  Statist. Probab. Lett. 80(7-8), 697-705 (2010). DOI
10.1016/j.sp1.2010.01.002

Watanabe, S.: On discontinuous additive functionals and Lévy measures of a Markov process. Japan.
J. Math. 34, 53-70 (1964)



