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Fractional Poisson process with random drift
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Abstract

We study the connection between PDEs and Lévy processes running with clocks given
by time-changed Poisson processes with stochastic drifts. The random times we deal
with are therefore given by time-changed Poissonian jumps related to some Frobenius-
Perron operators K associated to random translations. Moreover, we also consider
their hitting times as a random clock. Thus, we study processes driven by equations
involving time-fractional operators (modelling memory) and fractional powers of the
difference operator I — K (modelling jumps). For this large class of processes we
also provide, in some cases, the explicit representation of the transition probability
laws. To this aim, we show that a special role is played by the translation operator
associated to the representation of the Poisson semigroup.
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1 Introduction and preliminary results

The aim of this paper is to study a real-valued version of the Poisson process, defined
as follows
N@#) +a3>?, t>0,a>0, a,8 € (0,1], (1.1)

where NV denotes the standard Poisson process. The drift is defined through the following
random composition
PP =A%, t>0 (1.2)

independent from NN, where 2§, ¢ > 0 is an a-stable subordinator and el — inf{s >0 :
22 > t}, t > 0 is the inverse to a stable subordinator of order § € (0, 1), all independent
from each other.

The process (1.1) can resemble the compensated Poisson process, defined as N () — At
(where )\ is the parameter of N(t)) see e.g. [1]. We want to remark here that the two
processes are completely different since (1.1) is, for any «, 8 € (0, 1], a non decreasing
process.
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Fractional Poisson process with random drift

We further generalize (1.1) by considering a "fractional version" of it, obtained by a
random time change of N, i.e. as

NE?) + a5, t>0,a>0, a,7,8€ (0,1]. (1.3)

As particular cases of (1.3), when the drift coefficient is equal to zero, we can derive
two fractional Poisson processes already studied in the literature. Fora =0 and v =1,
it reduces to the time-fractional Poisson process Ng(t), t > 0 which is studied in [17],
[15], [2]: indeed it is proved in [14] that Ng coincides with N(Sf). On the other hand,
for a = 0 and B = 1, the process (1.3) reduces to the space-fractional Poisson process
studied in [16], which can be defined as N(2(}). Subordinated Poisson semigroups have
been also investigated in [7] where measures of the form

/ Ptu(dt) = Zakék
0 k=0

() is the Dirac measure at k) with

o0

tk
— —t§ i
Pt =€ k'ak
k=0

have been characterized in terms of the properties of the sequence {ay }ren,-

Throughout the paper, we are interested in studying the fractional differential equa-
tion satisfied by the density of the processes defined above. These equations will be
expressed in terms of the translation operator defined as

%% f(x) = f(z +9) (1.4)

for z,9 € R and an analytic function f : R — R. The rule (1.4) can be formally obtained
by considering the Taylor expansion of f near x written as

[e%s} o k
py =3 P2 o g

k!
k=0
and therefore
ft ) =3 Yok r) = 3 Ry < 00y,
k=0 k=0 ’

The Taylor series can be considered also for the class of bounded continuous functions
on (0, +00) (see for example [6, 10]), so that we extend the rule (1.4) to such class of
functions.

Let N(t), t > 0 be a Poisson process with rate A > 0; we write its distribution as

follows A
(=A0\)" _
pu(t) = e,
which solves the differential equation
0
%:—)\(I—B)pk(t) (1.5)
:7)\(pk(t)fpk_1(t)), ke Ng, t>0
with
1, k=
pi(0) = { 0, k<1
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Fractional Poisson process with random drift

We denote by B the (discrete) backward difference operator, i.e. Bu(z) = u(z — 1)
for all integers x. By means of (1.4) we can also rewrite the well-known probability
generating function of N(t), ¢ > 0, as follows

EuN® — Z (*)‘Z?A)keﬂ\t — o Mudx AL A1)

k=0

Let us denote the waiting time of the k-th event for N, as
T, =inf{t >0 : N(t) > k}. (1.6)

We will study the analogues of (1.6) for the processes (1.1) and (1.3) and obtain their
governing equations.

Further in the paper we will consider the solution to the Poisson driven stochastic
differential equation, for well-defined functions b and f (see for example [20])

dY, = b(Y,)dt + f(Y,)dN, (1.7)
with EdN; = Adt and

1, Poisson arrival at time ¢,

dN; = { 0, elsewhere. (1.8)

Here, the function f plays the role of jump function. The partial differential equation
corresponding to (1.7) is a transport equation of the form

% - _a% <b(m)u) I - K)u (1.9)
where [ is the identity operator and K is the Frobenius-Perron operator associated with
the transformation  — x — f(x). If f # 1, then we have a generalized jump which equals
f at each Poisson arrival as equation (1.7) entails.

In Section 2 we consider a Lévy process time-changed with a Poisson process with
deterministic drift, i.e.
X(N(t) + at), (1.10)

where X (t), t > 0 is a Lévy process independent from N. Indeed the composition (1.10) is
meaningful since the process representing the time is positive and real-valued. Section
3 is devoted to the analysis of the Poisson process time-changed by the process (1.2)
: we find connections with fractional and higher-order equations and derive explicit
representations for the density of the hitting time. In Section 4 we study the time-
changed Poisson process with random drift (1.3) and its hitting time. Finally in Section
5 we consider more general versions of (1.10) where X is time-changed by the process
(1.3) and also by the (independent) hitting time process of (1.3) with 5 = 1. In both cases
we derive the governing equations.

2 Poisson process with drift

In order to consider the Poisson process with continuous drift we introduce the shift
operator, which we define as

e %=u(z), ifrxeRy\Zy
Ku(w) = { Bu(z), ifeeZ,

where B is the backward difference operator and e 9 is defined in (1.4).
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Theorem 2.1. The process

N(t)+at, t>0,a>0 (2.1)
has probability law
Caixe (A
pe(t) =e Z 0(x—k—at), z>at, a>0,t>0, (2.2)
k!
k=0
which is the solution to the transport equation
0 3]
il — ) p(t) == NI —K)pg(t 2.3
(5 +030 ) 20 == AT~ Kl 3

== )\(pac(t) - px—l(t))

with initial and boundary conditions

where § is the Dirac delta function.
Proof. The Laplace transform of (2.1) is given by
Ee $N(t)—¢at _ o—Catp —EN(t) _ exp (fgat — (1 — 675)) . (2.4)

We can prove that (2.2) is the law of (2.1) by checking that
e(t) = / e, (t)dz
0

e k
__—ECat—Xt (At) —&k
=) e
k=0

=exp (—ﬁat — At + /\te_g)

coincides with (2.4). We observe that

/Oo e 8" (I — K)pa(t)dr = /oo e t® (pw(t) - pa:—l(t))dx =(1- eig)ﬁvf(t)’
0 0

so that the Laplace transform of equation (2.3) takes the form
Ope _Ey ~
o )= (e = A1 = ™) 5 (®).
We immediately get
Pe(t) = exp (—aét — M (1 —e7%))
since p¢(0) = 1. O
Remark 2.2. In Theorem 2.1 we have considered a series representation involving the

generalized delta function. Let us consider an absolutely integrable function f with
compact support in the positive real line. We notice that

Pif(x) =Ef(x— N(t) —at) = e Y f(x—k— at) (2.5)

is the transition semigroup associated to the process (2.1) with initial datum f € L1(1R+).
Furthermore, we get that

Pif(€) = f(€) pe(t).
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The homogeneous Poisson process is one of the most well-known Lévy processes. Let
us consider the one-dimensional Lévy process X (t), t > 0 with Lévy symbol

1 .
wE) =i 56— [ (T iy )M () 26)

(M is the so called Lévy measure and b € R is a drift coefficient) and infinitesimal
generator

Af@) =~ [ e fleie @.7)
R
for all functions in the domain
D(A) = {f e (R.r) : [ WEOIF(E)Pde < oo} 2.8)
R

(fis the Fourier transform of f). Therefore, —V is the Fourier multiplier of A and
Eexpié X (t) = exp —t¥(¢). We recall that M is a Borel measure on R? — {0} such that

2

/(y2 A1)M(dy) < oo or equivalently / M(dy) < o

Y
1+ 92
where a A b = min{a,b}. If ®,, t > 0 is a non-decreasing Lévy process, that is a
subordinator (not necessarily stable), then its Lévy symbol is written as

W(E) = ibE + /Ooo (€Y — 1) M(dy) (2.9)

where b > 0 and the Lévy measure M satisfies the following requirements: M (—o0,0) =0
and

/(y A1)M(dy) < oo or equivalently /#M(dy) < 0. (2.10)
Y

Thus, we get that Eexp (— £9;) = exp (t1(i€)) and —(i€) is the Laplace exponent of Dy,
t> 0.

Let P, = ' be the semigroup of X(¢). Then, P, is a Feller semigroup (invariant in
C'~ and a strongly continuous contraction semigroup on the Banach space (Cwo, | - |oo) Of
the infinitely differentiable functions under the sup-norm). In particular, we are able to
compute the semigroup and its generator as pseudo-differential operators (as in formulas
(2.7) and (2.8)) and we say that 13t = ¢ t¥ is the symbol of P;.

We now focus on the time-changed process

X(N(t)+at), t>0,a>0 (2.11)

involving a continuous time change with Poissonian jumps and such that X (0) = 0.
Lemma 2.3. The infinitesimal generator of (2.11) is

£1(5) = eAf(e) =X [ (@ +y) - 1) Fx(dy) 2.12)

R

where Fx(dy) = fx(y)dy and fx is the density law of X (1).
Proof. We get that
Eel(X(N(H)+at)) _pe—(N#)+at)¥(§) _ ,—at¥(Epe—Y(N ()
=exp (—at‘ll(g) — At (1 - e_q'(f)>>
=exp (—t®(§)) (2.13)
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and therefore, .
Lf(x)=— | e " D(¢)f(&)ds

2T R

is the infinitesimal generator of (2.11). Indeed, we immediately see that —® is the
Fourier multiplier of (2.12). O

We notice that F'x in (2.12) is a non singular measure. Thus,

[ e+ = s@) Patan) = [ 1w+ Patin) - fa)
=ef(z) - f()
=(P1 — Po)f(x).
In Section 5 we will extend this result to the case where the time change in (2.11) is
represented by the process (1.3).
3 Time-changed Poisson process

We begin our analysis by studying the following composition

PP =A%, t>0 (3.1)

where Sf , t > 0 is the inverse of the stable subordinator Qlf , t > 0. The stable process
A¢, t > 0 is a Lévy process with non-negative increments and therefore non-decreasing
paths. Therefore, the inverse to a stable subordinator £, t > 0 can be regarded as a
hitting time. Indeed, we define the inverse process by writing

Pr{&y <z} =Pr{ >t} (3.2)

which means that
LY =inf{s >0 : AT & (0,7)}.

From the fact that
Ee &% = ¢~ 1" (3.3)

after some algebra, formula (3.2) says that
Ee~ ¢ = B, (—t%¢), (3.4)

where I, is a special case (for ¢ = 1) of the generalized Mittag-Leffler function

Epo(2) = Z
k=

0

k

z
—  RI{p}>0, pozcC.
Tk T 2) {r} p; 0

The density of the inverse process £, t > 0, can be written in terms of the Wright
function

& k
z
Woo(2) =D R{o} >0, p> -1, z € [0,00)
= k!'T(pk + o)

as follows )
X
la(@,t) = 5 Wa,i-a (13) L 2>0,1t>0 (3.5)

whereas, for the density of 2, ¢ > 0 we can write ([5])

ha(x7t) = aftla(@ x)
X
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Let
7P () :/ ha(z,8)lg(s,t)ds, x>0,t>0, o, € (0,1) (3.6)
0

be the law of the process §; # ¢ > 0. Then it is easy to check that the governing equation
of (3.6) is given by
(Df - ag) “Bg) =0, 2>0,t>0 3.7)

subject to the initial and boundary conditions

{ fof (@) = (),
0

;70 =0,
where
D= 0fu — u(0)—
u=0;u—1u —
t t F(l _ B)
is the Dzhrbashyan-Caputo fractional derivative and
a1 D [
0z T(Q—-a)dz )y (z—s)°

is the Riemann-Liouville fractional derivative.

Equation (3.7) has been also investigated in [9]; for another reference on the process
(3.1) see for example [18].

The following result will turn out to be useful further in the text.

Lemma 3.1. The Laplace transform of (3.6) is given by
Ee 550" = Ey(—tP¢”) (3.8)
and satisfies the following equation

O pe-esi? _ P8 0 p—esp

o i B . &> 0. (3.9)

Proof. Since §; * has non-negative increments, the Laplace transform exists, i.e.
o,
Ee %" < 0o

and can be easily written as in (3.8). In order to check (3.9) we recall that

d%Ea(—Z) —d% g% F((ﬁ_kzikl) = —%Ea 8(—2),
so that
t%EB(—tﬁfa) = — P Eg p(—t7€%) (3.10)
and
§%Eg(—t5§a) S %gatﬁEw(ftﬁga). (3.11)

Thus, by considering (3.10) and (3.11) together, we obtain

0 0
~ _iBeay _ pe P _4Bea
atatEB( t7e™) 5§8€E5( tPE™)
which coincides with (3.9). O
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Let us consider the exit time of (3.1) from the interval (0,¢), i.e.
TP =inf{s >0 : 3P ¢ (0,1)}, t>0.
Since Sf"ﬁ has non-decreasing paths, we can argue that it satisfies the relation
Pr{T"" < 2} = Pr{3>" > t}. (3.12)
Lemma 3.2. For «, 8 € (0, 1), the following result holds true
Tl e g

and thus
Stﬁ’a la:w inf {S > 0 : S?’ﬁ ¢ (Ovt)}a (3.13)

where "2 denotes the equality of the finite dimensional distributions.

Proof. Considering together (3.3) and

/OO e—pt PT{S? € dx} di = Ma—le—wuo‘7
0 dx

the composition
FC =A%, t>0
has double Laplace transform given by
a—1

e MRS g = M 3.14
/0 pe+ &P G40

We now assume that (3.13) holds. By applying (3.12), we get that

Pr{g," € dz} 9, 5
_— = = — Ppr{Z® th. 3.15

dx oz g <t} ( )
The Laplace transform of (3.15) reads

/°° Jont Pr{3l> e dr}
0 dx

8 1 oo

R *ly‘tP «, dt

axﬂ/o e r{§>" € dt}

3 1 a,B 8 1

= — —Re #% = -~ ZEg(—aPpe
ox p € oz 1 /3( z” )

=[by (3.10)] = :U'g_lu“_lEB,g(—:rB/ﬂ),

while its double Laplace transform is given by

/ eifm/ e M Pr{F>* € da}dt :/ e 8Py By o (—af ) da
0 0 0
/Jlozfl
= . (3.16
pe + &0 :
Formula (3.16) coincides with (3.14) and this proves the claim (3.13). O
Remark 3.3. We observe that
a,B +o B>«
t t—o0
— w b=« (3.17)
t
0 b <«
EJP 19 (2014), paper 122. ejp.ejpecp.org
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where W represents the ratio of two independent stable subordinators of order o and
possesses Lamperti distribution (see for example [11]). The convergence in (3.17) must
be understood in distribution as we can immediately verify by looking at

37
Eexp [ —u~t— | = Eg(—ut°~®).

t

Indeed, it is easy to check that Eg(—oc0) = 0 and Eg(0) = 1. Thus, for t — oo, we have
that
Pr{F®P >ty =1, if f>a,

Pr{3®P <t} =1, if B<a

We study now the time-changed Poisson process. We refer to N(t), t > 0 as the base
process and to 5?’5 as the time change process. Thus, the resulting composition

NG, >0, a,Be€(0,1] (3.18)

is a time-changed Poisson process with probability law

PHNG) = k) =it d) = [ pulo) s (5)ds,
0
where we use the following notation

_ k o, _ k o, _ k
B N N L G UV L G N

_Bra
o X X Eg(—t"A\%). (3.19)
The probability generating function of N (Sf‘ﬂ ), t >0, is given by

oo

‘. —uAdy )
G (u, 1) =EuNE) = 37 (Furo)” = 0 - 357 (3.20)
k=0 '

e e 1—w)E
=Eg(—tPX*(1 — u)*).

Theorem 3.4. The probability law (3.19) of the time-changed Poisson process (3.18) is
the solution to the fractional differential equation

(Df (I - B)“) ety B) =0, k=0,1,2...,t>0 (3.21)

with initial condition
0, k>1,

pk(o;a7ﬁ):{ 1. k=0

where

(I - B)* = i(_w‘ (‘;‘) BI.

J
Furthermore, the waiting time of the k-th event of N (F%"), t > 0, i.e.
737 =mf {s >0 : NFP) >k}

has density given by

Bk (—A3y)" Pk
Pr{T™P e dt})dt = = Eg(—toX*) = Zpi(t;
P € dt}/dt = S E P By(—00) = St e, B)
and
ToP I g k=12,
EJP 19 (2014), paper 122. ejp.ejpecp.org

Page 9/26


http://dx.doi.org/10.1214/EJP.v19-3258
http://ejp.ejpecp.org/

Fractional Poisson process with random drift

Proof. From the probability generating function (3.20) we get that
DYGG(u,t) = =2 (1 — u)* G§(u,t),

since the Mittag-Leffler is an eigenfunction for the Dzhrbashyan-Caputo fractional
derivative. Let us consider the auxiliary function f € L'(R,). By considering the

Bernstein function
« ds

xr = 1_‘(1_0[)\/0 (1 —e ) S(’(+1 (322)

we formally write

(I~ B)"f =5 =y /0 (s -eummy) b

«@ ds

Zm/o (f—Psf)saﬁ

where we denote by P, the transition semigroup
P,f(z) =Ef(x — N(s)) = Z flz— k)ye*S (3.23)
k=0 ’
as in Remark 2.2 with ¢ = 0 and A = 1. The Laplace transform of (3.23) is given by
P.f(€) = F(€) =) = J(§) Bem*N),

where U(¢) = (1 — ¢%) and N is now a Poisson process with A = 1. For 0 < u < 1, we
immediately get

Pof(—logu) = f(~logu)e >~ = f(—logu) Eu™

and therefore, we have that

—~

(I = B)*f(=logw) =7 o / " (F(=105w) - Pif(~ 105 w)) o

o o0 ds ~
- = _ —s(1—w) _
Il -« /0 (1 ¢ ) sl (~logu)

=(1—u)®* f(—logu).

We now consider a function f(z,t) such that |2 f(z,t)| < t7"!g(z) with v > 0 and
g € L>(R) which is, as a function of z, consistent with the previous assumption. Thus,
by imposing that

—\*(I = B)*f(—logu,t) = =\* (1 —u)* f(~logu,t) = D} f(~logu,?)

and considering that G§(u,0) =1, we get

f(=logu,t) = Gj(u,t),

which proves that equation (3.21) is satisfied. The fact that \%f(-, t)| < ¢! for some
v > 0 is a standard requirement for the existence of Df which comes directly from
the definition of the fractional derivative. Furthermore, the Laplace techniques ensure
uniqueness: indeed for any other inverse g we have that f — ¢ is a null function (see [8],
section 5).

EJP 19 (2014), paper 122. ejp.ejpecp.org
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Now we focus on the waiting time 7} ke N: its probability distribution function
can be written as

Pr{T&" <t} =Pr{N(F") > k}

Zme(t;a,ﬁ)

m=k
_ = (_A)mam Ee— 8"
_z:k m! A

Since

ONAF(N) =00 [1 4205 F(N)
=03'"* [20x + A3}] 1 ()
=[for any k < m)|
=0V R [kOT1 + NOE] F(N)
= [moy "+ NV F(N),

we can write that

o o (=)™ Ee 8"
Pr{T, # < t} = Z ( m') [m@&”fl + A0Y'] - Y
m=k ’
v [ /\GA) L (AT B
_m ‘ —1)! m! A
mA > /\6A N5
=|=A
Y 3
m= k 1 m=k
. )\ )\(3')\)]C 1 Eef)‘gf
B (k —1)! A
Therefore, we get
—A\)F 0 Ee— 287"
PrT € dt}Jdt = — AL e
T e diy/ E—1! o A
=[by (3.9)]
k—1
A2 B
— I ot
:@ (7)\0)\)k]E€,)\S?1/3
at k!
Bk
=—pi(t;a, B).
ath( aavﬁ)
As a second step we show that
Tl e k=12,
Let us consider the density
AF e
PrFH € di}jdt == /0 les phia )

o e s

EJP 19 (2014), paper 122. ejp.ejpecp.org
Page 11/26


http://dx.doi.org/10.1214/EJP.v19-3258
http://ejp.ejpecp.org/

Fractional Poisson process with random drift

where

/ 67/\Zfzﬁ’a(t)d'3=/ 67>‘2/ hg(t, s)la(s, z)dsdz
0 0 0
:/ hﬁ(tys)Aa_le_SAadS
0
N E 0

In the last steps we used formulae (3.4) and (3.3). Therefore, we get that

Pr{3y € di}/dt wfm(A@A)’“lAalt“Em(tﬂA“)

5 (_/\a)\)k B

=—-— T Fg(—t" )\~
at (k—1)! 8 )
Bk

=—pi(t; .
atpk( sa, )

This concludes the proof. O

Remark 3.5. Orsingher and Polito [16] proved that the solution to (3.21) can be written
as follows

(—1)*F & (= et?) T(r+41)

B X TG 1) Mar 1) k>0, ac(0,1], B€(0,1. (3.24)

pe(to, B) =

After some calculation, we can see that (3.24) coincides with our compact representation
given in (3.19).

As special cases for « = 1 or § = 1, we can obtain from Theorem 2 some results
on well-known processes. Indeed, in the first case, the subordinated Poisson process
coincides with the time-fractional Poisson process studied in [17, 2, 15, 14]).

Corollary 3.6. For o = 1, the probability law of the time-changed Poisson process
NG =N, t>0, Be(0,1], ie.

pe(t1,8) = PN () = k) = 2 oy

satisfies the following equation

(Df—i—)\(I—B)) pe(t:1,8) =0, keNo, t>0 (3.25)
subject to the initial condition

s ={ P20
Furthermore, for the hitting time we have that
T 'l (3.26)
and 9k
Pr{T}"F e dt}/dt = fHEﬂ(—tﬁA).

Moreover, for the subordinated Poisson process N (%’tlﬁ ), we can prove the following
result on its hitting time (3.26). We notice that equation (3.25) has been also investigated
in [12].
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Theorem 3.7. The following holds

ZT”* Zmﬁ /Otmdesl““’mgt

where .
T = / sdN,
0
Proof. From the fact that
Do =D Ay
N>k T <t

we can write

Eexp (—5 Z 91%) =

Tp<t

1T 5fo (232 ]

Tp<t

[ e (-6°T1)

T <t

=E exp (gﬁ > Tk.>

Te<t

=E

=l exp (—legt)

where

Zka/ sdN;

T <t

and this concludes the proof.

O

In the other special case, i.e. for 8 = 1, the time-changed Poisson process N (F;’ B )

reduces to the space-fractional Poisson process studied in [16].

Corollary 3.8. For 3 = 1, the probability law of the time-changed Poisson process

NEFEP) =N@®2), t>0, a e (0,1], i.e

(_/\(:))\)k e—t/\“

prltia 1) = PIN(F) = k} =

satisfies the following equation

d
(dt+/\a(1 B)® >pk(t;a,1)0, k=0,1,2...,t>0

subject to the initial condition

0, k>1,
p’“(O;a’l):{l k=0.

Furthermore, the hitting time can be written as

Tt =g,
and (A
1 pYoN o
Pr{T! L CEA) AT
r{T," edt}/dt = ot (= 1)!6
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Fractional Poisson process with random drift

We prove now that the process N(20¢) is governed also by an alternative fractional
differential equation, of order 1/« > 1. In this case we use the left-sided Riemann-
Liouville fractional derivative, defined as

Theorem 3.9. The distribution py(t; o, 1) of N (2(%) is the solution to the following equa-
tion

d=
(d( e —A(I—B))pk(t;a,l)zo, k=0,1,2...,t>0, ac(0,1] (3.28)

subject to the initial conditions

0, k>1,
pk(o?a’l){ 1, k=0.
and _ ) ( )
& pAY T(aj+1 ,
e, )| = ()P =1 [1a) - L 2
2Pt )t:0 ) Tagriogy 4= b/l (3.29)

Proof. We start by proving that the density h,(x,t) of the subordinator 2 satisfies the
fractional differential equation (of order 1/« greater than one)

ole 4 h 0 >0 3.30
. 1~ T A a 7t =Y, 7t = U, .
(a(—t)l/a 8$> () g (3.30)
with initial conditions
ho(z,0) =6(z), >0
ha(0,8)=0, t>0 (3.31)
gTtha(xat) +=0 = (_1)j(I)o¢j+1(x)v .7 = 1a ey U-/QJ -1

aj—1

where <I>aj+1(z) = ﬁ, for z > 0. For the Laplace transform of (3.30), we get

00 al/(y
/ e=r "y (at)dx = [by (3.3)
0 a(

_t)l/a
1/ N
= a(i)l/ae‘f t = [by (2.2.15) in [13]]
[e% oo a
_ —eot B e O

The third condition in (3.31) can be checked by noting that

o] 7
/ e Xy (@)
0

ot du

t=0

8‘7 —£%

75 € = (—1)¢

t=0

x—a]—l

= (=1) ooe_g””ia:: —1)7 Ooe_gm iv1(x)dx
= W [ et (1 [ @,

while the others are immediately verified. The result given in (3.30)-(3.31) generalizes,
to any « € (0,1), Theorem 2 in [4], which has been proved in the special case o = 1/n.
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We now prove equation (3.28):

— / pi(2)ha(z,t)dz = [by (3.30)]
0

0z
> d

_ _/O k(a2 0)dz = X(I = Bpi(t; . 1).

Condition (3.29) is obtained as follows

= / pk(Z)gha(z,t)dz=[by(3.31]
0

d7

@pk(t;% 1)

t=0

= / pi(z) Z5hyal(z,0)] dz=[by (3.31)]
0 t=0

)\7’“ /°° 7/\2zk*°‘j*1d2 . )\ijl“(faj +k)
kL Jo I'(—aj) ko T(—aj)
A (1 + ) sin(—may)
k! T(1+ o — k) sin(—7woj + wk)
_ (_1),€L‘” I'(1+ «ay)

K T(14+aj—k)’
and it is satisfied by pi(t; a, 1), as can be checked by differentiating formula (3.24). The
other conditions are immediately verified. O

i=1,.,|1/a] -1

Let us introduce the following differential operator

Dy f(z) = / T (Puf(@) — f())M(ds) (3.32)

where P; is the semigroup (of a Lévy process previously introduced) associated to the
infinitesimal generator A and M(-) is the Lévy measure of the subordinator ©;, ¢t > 0
with symbol . From (2.9), we immediately get that

D7 = [ T OF(e) - (0 M(ds) = w(W(©)F(E). (3.33)

0

Indeed, e~*? is the symbol of P, = e**. An alternative form can be given as follows
Do fe) = [ (Puf@) = F) M)
0
= [ @) - spmas)
0
= [ [ = f@nprixs e dyppias)
= [ 4w~ )iy
R
when the integral J(z,y)dy = [;~ Pr{X? € dy}M(ds) converges. We now consider the
differential operator (3.32) where P; is the semigroup of the Poisson process N(t), ¢ > 0.
Our aim in the present paper is to investigate the time-changed Poisson processes

presented so far. Nevertheless, we are able to state the following general result which
refers to the case where a general subordinator ©,, ¢t > 0, is used as time argument.

EJP 19 (2014), paper 122. ejp.ejpecp.org
Page 15/26


http://dx.doi.org/10.1214/EJP.v19-3258
http://ejp.ejpecp.org/

Fractional Poisson process with random drift

Theorem 3.10. Let ®,, t > 0 be a subordinator with symbol (2.9). Let )3?, t > 0 be the
inverse to a stable subordinator of order /5 € (0,1]. The time-changed Poisson process

N(’Dgf), t>0 (3.34)
has probability distribution function

—A\0y)*
w0 =

Furthermore, (3.35) is the solution to

Es(—tPp(\), k=0,1,2,.... (3.35)

(Df—ﬂ)w)p;f(t;ﬂ) =0, t>0,k=0,1,2,... (3.36)

subject to the initial condition

b 17 kZO)
pZ(Oﬂ):{ 0, k>1

)

Y

where -
Dyuy, = —/ E (uk - BN(S)uk) M(ds) = —tp (\I — B)) ug. (3.37)
0

and Buy = up_1 as usual.
Proof. We have that
Eexp (—mgf) — Eexp (—¢(/\)£f) = Eg(—tPp(N)) (3.38)

and therefore

-\ k -\ k
p;f(t; B) :%E exp (_X’Dﬁf) =K {(]j)\) exp (—)\ng)}

_ /Ooo (_AT?*)ke—*SP {9y eds} = /ODO P{N(s) = k}P {Dp € ds}
=P{N(Dys) = k}.
Furthermore, from (3.38),
Eexp (z'gN(st)) — Eexp (—m . eif)sagf)) - EB( — P (A1 — €i4)) )

It is well-known that Ejg is an eigenfunction for DJ; in particular, from (3.33) we can
write

Dy Eﬁ( — 9 (A1 — €9)) ) = (A1 =€) EB( — 9 (A1 — €9)) )

The symbol ¢ (A(1 — €%)) is the Fourier multiplier of D,, when ¥ (¢) = A(1 — €%), that is
the Lévy process X is the Poisson process N.
We now show that (3.37) holds true. It suffices to see that

E (’LL;C — BN(S)uk) = (uk — EBN(S)uk)

s

n=0

(Uk e—sAI—B) k)

uk 7Puk)

From (3.33) (or (2.9)) we get the claim. O
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Remark 3.11. Concerning the solution (3.35), it is worth to recall that
(—az)kz,b(z) <0 and (—82)’“Eg(—z) > 0.

Indeed, 7 is a Bernstein function and therefore its derivative is completely monotone,
whereas the Mittag-Leffler is completely monotone. Furthermore, F5(0) = 1 and there
exists a unique probability measure m such that Eg(—¢) = [~ e"*“m/(dz). In particular,
we have seen before that m(dx) = lg(z, 1)dz. We notice that, if f is a Bernstein function
on (0,00), then g(f) is completely monotone for every completely monotone g (see
Theorem 3.6 of [19]). This means that p}f >(forall £k > 0.

4 Poisson process with random drift

We consider now the process defined in (1.3) where §;*’ = leﬂ and 7 = UG, are
independent from N(t). /
Theorem 4.1. The drifted process

NE?) +a3?, t>0,a>0, a,7,8 € (0,1] (4.1)
has probability law
~,8 «a,3 _ = (_)‘ak)k > —s\Y a
Pr{N(F;") + aF,"" € dz}/dx = Z N e ho(z —k,a%s)lg(s,t)ds
k=0 ’ 0
L (=A0y)F
=> %E [exp(—msf) ho(z — k, aO‘Ef)} (4.2)

=
Il
<]

which is the solution to the equation
(DE %% + X (I — K)V) w(@,t) =0, zeRS, t>0 4.3)

with initial condition u(x,0) = §(x), where

oo
I—-K) = 1) ) K (4.4)
a-s7 =3 ()
7=0
and -
; e 7% if a >0
J — ) )
K { B, ifa=0
is the shift operator.

Remark 4.2. We observe that the solution (4.2) can be represented as follows
Pr{N(3)"") + a3"" € da}/dz = e Pip(x, t)
where P, is the Poisson semigroup (2.5) and
o(z,t) =E [exp(—)\vﬁf) ha(x,aasf)} .

By using the fact that h, (z,t) = O‘?’Ua,(t, x) where [, is the density law (3.5), we get

a4 . ¢ exp(—/\VStﬂ) la(aaﬂf,x)

o(z,t) =E

EJP 19 (2014), paper 122. ejp.ejpecp.org
Page 17/26


http://dx.doi.org/10.1214/EJP.v19-3258
http://ejp.ejpecp.org/
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Proof of Theorem 4.1. First we observe that

Fe¢NGE ") -at3?” _plR {efﬁN(SZ’B)efaﬁg?’B‘gﬂ ]

where

E [ —as§” Sﬂ = exp (—a“{o‘ﬁf)

and
E [6*EN(37’[§)’£5] - [E( —ENGIO) 5y B) }
—E [exp (—m _ 6P ) ]sﬂ
— exp (—mu - e-ﬁ)mf)

Therefore we obtain that
BeENGT-0T _poxp (—go] - X1(1 - e 6)))
=Eg (—tPa®¢™ —tP X (1 — e74)7). (4.5)
The density can be obtained by considering that

A—k

PeINGE) +a5i € A} =3 Pr {507 e 28 v =

k=0

for every Borel set A € B(R,) and
A—k

Pr{N(§]"") + aF;" € Alg] =s} =) Pr {mg € } P{N(A)) = k}

_ k _
(A0 o, g < A=E)

e Te T

k! a
(_Aa)\)k —sA” e
=) ¢ Pr{A., € A—Fk}
k=0 ’
o0 k
:/ Z %eﬂmha(w —k,a%s)dx.
A k=0 '

By integrating with respect to Pr{Sf € ds}, we obtain

(—200)F

Pr{N(F") + aF>’ € A} = o / e N ho(x — k,a%s)lg(s, t)ds d.
0

Ak 0

and thus
7.8 o8 Aax) —a o
Pr{N(F}") + aF}"" € da} = Z e ho(z —k,a%s)lg(s,t)dsdz.  (4.6)
0
A further check involves the Laplace transform
o0 o0 Y
/ / e SN ho(x — k,a%s)l(s, t)ds dx
o Jo

:e_fk/ e_sm_aas&“lﬁ(&t)ds _ e—EkEB(_tB()\V + a®€®)).
0
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Due to the action of the shift operator we arrive at

(=A0y)F

ey (<P (V7 + a%®)

/OO e Pr{N(F") + aF>’ € da} = Z
0

k=0
== PNEG (P (N + a%e®))
=Bp(—t? (N (1 —e7)7 +a%¢"))

which coincides with (4.5).
We now study the governing equation (4.3). From representation (4.4), where K is
the translation operator for both continuous and discrete supported functions, we get

that
(—1)j<7>/ e ST KIu(x, t)da
J/ Jo

(—1)7 (Z) /OOO e~S%u(z — j,t)dz

] (—1)7 (;)e—ﬂf /0 " e, t)da

(1 —6_5)7/ e Su(x, t)d.
0

i

/00 e (I — K)Vu(x, t)dx =
0

7=0

“

7=0

“

Il
=]

Let us write - -
i(g,ﬂ) = / e_”t/ e S%u(x, t)dzdt.
0 0

Equation (4.3) becomes

PPU(E, 1) — 1P Vg (€) + a€u(E, p) = —N(I — e =€) Ta(€, p)
from which we obtain

. B—1
(e ) = 4

Iuﬁ + aaé‘a 4 A’Y(]_ 7 e*g)V %(5) 4.7)

where -
W© = [ e Cule0)d
0

From (4.5) we obtain the double Laplace transform

oo 67
—pt [ —5N(32’B)—a53?*5} dt — 1 '
el R

1

(4.8)
For ug = §, formula (4.7) coincides with (4.8) and therefore we obtain the claimed
result. 0

For 8 = 1, the composition (4.1) becomes
N+ a2y, t>0 (4.9)

and coincides, for v = 1, with N(¢) 4+ a2(. For the latter we present the following results,
concerning its governing equation and its hitting time. We remark that, for o = 1, it
reduces to the drifted Poisson process (2.1) whereas, for a = 0, it coincides with the
standard Poisson process.
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Corollary 4.3. The Poisson process with subordinated drift

N(t)+ a2y, t>0,a>0, ac(0,1] (4.10)
has probability law
a —At = ()‘t)k a
Pr{N(t) + a2y € dz}/dz = e e (2= k0%t Lcs) (4.11)
k=0 )

which solves the fractional equation

(55 +a 08 4 A= K) Julo) =0, 220050

subject to the initial condition ug = 9.
Proof. From the fact that
> r—k
Pr{N(t) + a2y < z} = Z Pr {Qlf“ < a}pk(t) 1ih<a)
k=0

we immediately get that

o 1 & z—k
Pr{N(t) + a2¢ € da}/dx = - kzzoha ( - ,t) Pr(t) L k<)

which coincides with (4.11) by the autosimilarity of the stable process (¢, ¢t > 0. O

Theorem 4.4, Let us considerb > 0, 8,v € (0,1]. The density h(z,t) = Pr{$; € dz}/dx
of the hitting time

He=1inf{s>0: NAY) +0A7 ¢ (0,8)}, t>0 (4.12)

is the solution to the following equation

bBDfu+)\7(IfK)7u:f?, £>0,t>0 (4.13)
x
with initial and boundary conditions
N Tk —7)
=4 t)=— H(t—k 4.14
we0) = 8e), 0.0 = ~ggs > (k) (4.14)

where H (-) is the Heaviside step function and

_8t .
e 9%, if a>0,
K_{B, ifa=0

is the shift operator.
Remark 4.5. We observe that, for v = 1 in (4.14), the boundary condition reduces to

w(0,t) = N[H(t) — H(t —1)].

Indeed, for v ¢ IN, we can write

w(0,8) = NV | H(t) — vH(t — 1) — @H(t —9) - WH@ _3)—

and, for v = 1, we get the claim.
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Proof of Theorem 4.4. By definition, we can write

+o0 +oo
/ e S Pr{$), > x}dt :/ e St Pr{N ) 4+ AP < t}dt
0 0
“+o0

=¢! e*ﬁt%Pr{N(m;) + 08 < t}dt
0

=[by (4.5)]
:g—le—bﬁg%—,\u(l—e*ﬁ)j

Therefore we obtain

“+o0 “+oo a
/ e~ h(x, t)dt = — / =6 L Pr{s, > x}dt
0 oz

0
— L PP N (1— e )] e VPPN (1—e")"
=h(z,8). (4-15)

We immediately get that

¢t [bﬁfﬁ + A (1 - e—é)v]
A bR + A7 (1 —e=€)Y

Mud) = [ e g)do =

Let us now focus on the equation (4.13). We have that
—+o00
/ 6t [bﬁpf w(z,t) + N7 — K)u(z, t)} dt = bPEPT(x, ) —bPEP15(2) 4N (1—e~€)Vii(x, €)
0

and therefore, equation (4.13) takes the form

bPEu(w, €) = 77 71o(x) + N (1 - e) (e, §) = —%x,s).

Furthermore,

0o ou = ~

where
u(0,€) = /OO e Stu(0,t)dt = €N (1—e9)".
0

Indeed, considering that

3 F(kk? Y e — k) = H(

k=0

3 F(kIJ Y e — k)

Y Y
TT—) D =) &
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we can write

S B N Lk =)
/Oe»slAH(t)F(l_ﬂZ o H(tk)]dt

k=1

A7 YAV i L(k—7v)e ¢k

Z = by (3.22
G F(l—v)kzl mooe e

l_e—sxiie‘ﬁ’“ v ds
: e )T =) 97

_/oo 1— e—s)\(l—efé) o ds
o £ [l =) s7+!

=N (1 —e70)

where we used once again formula (3.22).
By collecting all pieces together, formula (4.13) with initial and boundary conditions
becomes

MU, €) — BPEP T + NT (1L — e ) (1, €) = —puii(p, €) + €I (1—e76)”

Thus, we get that
~ poeh—1 4_5—1)\7(1_6—&)7
’U/([J,,g) = BcB _
p+bBEB + AV (1 —e €)Y

(4.16)
By observing that U= h, we get the claimed result. O

5 Lévy processes with drifted Poisson time change

We consider now the Lévy process X time-changed by an independent random time
defined as in (4.9). This can be considered as a generalization of the result given in
Lemma 2.3.

Theorem 5.1. Let X(¢), t > 0, be the Lévy process previously introduced. Let X,
j=1,2,... beiid. random variables such that X; ~ X (1) for all j. Then, for -y, € (0, 1],
we have that
NE)
X(N@D) +a27) "2 3™ X+ X(a2g), t>0,a>0 (5.1)
j=1
where 21} and ¢ are independent stable subordinators. Furthermore, the infinitesimal
generator of (5.1) is written as

L7 f(z) = =(=aA)* f(z) = A(I — K)" f(2) (5.2)
where K = e is a shift operator and
aa® o ds
~ (e 1) = mi [ (P - 1) S 5.3)

with P, = e, which is the semigroup of the Lévy process X(s), s > 0.
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Proof. We first recall that 2[} =t is the elementary subordinator. Thus, fory =a =1,
the characteristic function of the right-hand side of (5.1) is given by

N(t)
Eexp | i€ Y X; +itX(at) | =e~*"©OBexp (i¢X(1)N(t))
j=1

O <E6i5X<1>)N(t’ _ O (ewm)m”

—e~ V() exp (—/\t (1 - 67\11(5))) = exp (—t®(¢)) .

which coincides with (2.13). Let 2 be a subordinator, the continuity of its density ensures
uniqueness of the inverse of the Laplace transform (see [8])

Eexp (—g(®(£))2)

(for some well-behaved g). By uniqueness, we obtain the equality in distribution (5.1).
Indeed,

—0; Eexp (—a\Il(ﬁ)Ql? -2 (1 - e—‘I’(f)) Q@)

Ly = @)+ N (1 - e—@(s))”

is the Fourier symbol of the process which appears in the right-hand side of (5.1). Let us
write the Fourier symbol as

9ar() = (@¥(©)" + 17 (17O, (5.4)

We now show that —g, ~ (&) is the Fourier multiplier of the infinitesimal generator of the
left-hand side of (5.1). The Fourier transform of (5.3) is given by

F%aa) [) (o0 1) Sffil F(&) = (a® (&)™ (&),

where we recall that e *¥(€) is the symbol of the semigroup P, associated to the infinites-

imal generator A and
Q@ ds

(1 —a) s>t

is the Lévy measure of a stable subordinator of order oo € (0,1). As we have shown
before, we also have that

M(ds) = (5.5)

[ X = Ky fade =301 - 9 0

iff K = ¢~ % is the translation operator.
Now we show that . R
(I—ef)yf=1-e"O)yf. (5.6)

By (4.4), we get the Fourier transform

—_— > . ’y /'\
T-Kyf=5 (-1 J(,)Kﬂf.
20
=
For K = e* = P;, where P, is the semigroup with symbol e~ *¥, we obtain (5.6). O

Remark 5.2. We observe that K = e# is a translation operator. Furthermore, it rep-
resents a Frobenius-Perron operator associated with the transformation = — z — f(x)
where f(x) is a random jump with generator A. If A = —0,, then the jump equals f = 1.
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Moreover we notice that, for « =y =1 and a > 0, we have that

N(t)
X(N(t) +at) "2 3" X; + X(at)
j=1

where X; ~ X(1) are independent for all j and the process X(t), t > 0 is governed by
the equation

ou

As a different time argument we consider now the hitting time defined in (4.12) and
thus we apply the result of Theorem 4.4 in order to define a new time-changed Lévy
process.

Theorem 5.3. Let X (t), t > 0 be a Lévy process with symbol (2.6) independent from $;,
t > 0. The governing equation of

X(H), t>0 (5.7)

is given by
VDl u(x,t) + N (I — Ky) u(a,t) = Au(z,t), z€R, t>0 (5.8)

subject to the initial and boundary conditions (4.14).

Proof. Let us consider the double Laplace transform (4.16). Since —W is the Fourier
multiplier of A, the Fourier transform of (5.8) is written as

bOD] G, t) + N (1 — K1) 0, t) = =0 ()i, t). (5.9)

By passing to the Laplace transform of (5.9) and following the same arguments as in the
proof of Theorem 4.4, we get that formula (4.16) leads to

bies—1 ¢ ETINY(1 - e—E)’y

T(u) + 0768 + (1 — ) (5.10)

u(u,€) =

which is the Laplace-Fourier transform of the solution to (5.8) subject to the conditions
(4.14). With the Laplace transform (4.15) at hand, we also get that

/ e S R X (D) gt :/ e StEe 9t YW gt = / e_“’(“)ﬁ(a:,f)da: (5.11)
0 0 0
equals (5.10) and therefore we obtain the claimed result. O

Finally, as a further generalization, we write
¢V = N;P) + 0,20, t>0, j=1,2 (5.12)
with v;,6; € (0,1] for all j and
o =inf{s>0:eW) ¢ (0,¢)}, t>0, j=1,2 (5.13)
where b; > 0, N;(t), t > 0 is a Poisson process with rate \; > 0, j = 1,2, whereas, we still
denote by $; the hitting time (4.12). All the processes are independent from each other.

Moreover, we consider here the processes (5.12) and (5.13) with §; = 5 and 05, = a to
streamline the notation.
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Theorem 5.4. Let X(t), t > 0 be a Lévy process with symbol (2.6) independent from
ez§1>, t > 0 and ﬁgz), t > 0. The governing equation of the process

X(@;?D), t>0 (5.14)
is written as
(6/D7 + X1 = K1) 4 (<o A)* + AP (= K2)? ) u(w,t) =0, 2 €R, t>0 (5.15)
where K, = e~ and K5 = eA, subject to the initial and boundary conditions (4.14).

Proof. We start once again from (4.16). By considering the Fourier transform of (5.15),
from the previous results and by formula (5.4), we get that

Goums (1) = /}R ei‘“{— (—boA)u(z, t) — NP (I — Ko)Pulz, t)|do
=05 ()" + 23 (1— e 7)™
and (see the proof of the previous theorem)
WP 4 (1 —e )™
G (1) + DIEP + AT (1 — e=€)m

which is the Laplace-Fourier transform of the solution to (5.15) subject to the conditions
(4.14). Now, it remains to see that

u(p,€) =

E exp (iuX(effjglo) =Eexp ((@ﬁj;)) \P(u))
=[see formula (4.5) with a = by, A = Ao, v = 72, B = 1]
—Eexp (-9 ((b22()" + Aol — e 700) ) )

- /ooo exp (g, (1) Prin’) € du}
- " exp (—2gana () (3, )dz.

By considering the Laplace transform ﬁ(:c, &) = fooc e~¢th(z,t)dt we get that

(') B ) 5 [e's)
/ e S exp <z,uX((’f§6()l))> dt = / exp (—ZGa,, (1)) h(z,&)dx
0 t 0
as in the Laplace transform (5.11). Therefore, by the same arguments as in the proof of
Theorem 5.3 we conclude the proof. O

6 Conclusions

The main issue of the paper is the process N(3;"") + " defined in (4.1) as time-
space fractional Poisson process with random drift given by a time-changed stable
subordinator. For this process we obtain the distribution together with the governing
equation; moreover the hitting time distribution is given in the special case $ = 1. These
results are then applied, in the last section, in order to derive the infinitesimal generators
of processes defined as Lévy processes time-changed by (4.1) and its inverse.

Therefore, we provide a connection between fractional derivatives, modelling the
memory, and Frobenius-Perron operators, modelling the random jumps, as Theorem 10
entails.
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