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Using Riemann-Liouville derivatives, we introduce fractional Sobolev spaces, characterize them, define weak fractional derivatives,
and show that they coincide with the Riemann-Liouville ones. Next, we prove equivalence of some norms in the introduced spaces
and derive their completeness, reflexivity, separability, and compactness of some imbeddings. An application to boundary value

problems is given as well.

1. Introduction

Let 1 < p < oo. Classical Sobolev space W7 =

WY ((a,b), R™) of order one on an open bounded interval
(a,b) c R is defined by (cf. [1])

b
WP =dyerf; 3 vj )oY (¢) dt
{u gELPPEC au()(’) ®

b
--| g(rm(t)dt},

where Lf = LP((a,b),R™) is the space of functions g
(a,b) — R™ that are integrable with power p, C° =
C°((a,b), R™) is the set of smooth functions ¢ : (a,b) —
R™ with compact support supp¢ C (a,b), and (p(l) is the
classical derivative of ¢. The function g satistying the above
condition is denoted by ' and called the weak derivative of
u of order one.

Sobolev space W™? = W"™P((a,b),R™) of order n > 1 is
defined by (cf. [1])

W = fue W' U e wHPL 2)

The spaces W™? can be characterized as follows.

Theorem1. Letn € N. Then, u € W™? ifand only if there exist
functions gy, ..., g, € L? such that

b ' b
[ w09 0= | g, 090a O

for o € C* and j = 1,...,n, where @ denotes the
classical derivative of ¢ of order j. In such a case there exists
an absolutely continuous function @ : [a,b] — R™ such that
u = U a.e. on (a,b), which has absolutely continuous classical

¢Y) (m) _ (u(n—l))(l) c

derivatives uV, ..., u""V, the derivative u

L?, and
g =u, .. g,=u". (4)

Remark 2. One shows that g, = u', g, = W'),..., g, =
G- @) ) (ntimes).

Remark 3. In our paper, we will identify functions defined on
(a,b)and [a,b] ((a, b], [a, b), resp.) that are equal a.e. on (a, b).

Each of the functions g, j = 1,...,n, is denoted by D/u

and called the weak derivative of u of order j.
The space W™? endowed with a norm

n
- ,
Ny, = Y |Dlu},s  we W™, (5)
i=0

where D°u = u, has many useful properties such as
completeness, reflexivity (for 1 < p < ©0), and separability.



Moreover, some imbeddings of these spaces are compact (cf.
(1]).

In the last years, many papers and books on fractional
calculus and its applications have appeared. Most of them
concern fractional differential equations, including calculus
of variations and optimal control. In the classical (positive
integer) case the fundamental role in this field is played
by the mentioned Sobolev spaces. To our best knowledge,
there are no “fractional” Sobolev spaces based on the notion
of fractional derivative in Riemann-Liouville sense, which
seems to be the most used in the theory of fractional
differential equations. Our aim is to give some systematic
basics for applications of fractional calculus to differential
equations. More precisely, we extend the above definitions,
with the aid of the Riemann-Liouville derivatives, to the case
of noninteger positive (fractional) order «, derive a fractional
counterpart of Theorem 1, and prove the basic properties of
the introduced spaces. When o = n € N, the obtained results
reduce to the classical ones. In the literature, some general-
izations of Sobolev spaces to noninteger orders, on a domain
Q ¢ R" are known (cf. [2]): Gagliardo spaces W*F(Q),
Besov spaces B**(Q), and Nikolskii spaces H*?(Q2). They
have been introduced with the aid of approaches different
from ours and their comparison with our spaces (in the case
of O = (a,b)) is an open problem. Let us point that only
Gagliardo spaces coincide with the classical Sobolev spaces
when « = n.

The paper is organized as follows. In the second section,
we recall some basic notions and facts from the fractional
calculus including a characterization of functions possessing
the left (right) Riemann-Liouville derivatives. In the third
section, we derive some special cases of the fractional the-
orem on the integration by parts. In the fourth section, we
define the fractional Sobolev spaces of any order « > 0
and characterize them. In the fifth section, we derive a frac-
tional counterpart of Theorem 1, define the weak fractional
derivatives of order & > 0, and show that they coincide with
the Riemann-Liouville derivatives. In the sixth section, we
introduce two norms in the fractional Sobolev spaces and
prove their equivalence. In the seventh section, we derive
completeness, reflexivity, and separability of the introduced
spaces. In the eighth section, we prove compactness of
some imbeddings. In the ninth section, we present some
applications of the obtained results to fractional boundary
value problems using a variational approach.

In the paper, we limit ourselves to the left fractional
Sobolev spaces, but in an analogous way one can define right
spaces and derive their appropriate properties.

2. Preliminaries

By AC™ = AC™!([a,b], R™), where n € N, we denote the set
of all functions f : [a,b] — R™ that have a representative
(a.e. on [a, b]) which is absolutely continuous together with
its classical derivatives of orders 1,...,n — 1. Of course, such
a function possesses also the classical derivative of order #,
existing a.e. on [a,b] and belonging to L'. These classical
derivatives are the weak derivatives D' f,..., D" f of f. It is
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known (cf. [3, Lemma 2.4]) that f € AC™" if and only if there
exist ¢y, ¢;5...,G,_; € R™and ¢ € L' such that

n-1

fO =Y Se-ay

i=0""

t oty oy
+J J J ¢ (t)drdt,_,---dt,, telablae.
(6)
In such a case,
D'f(a)=¢, i=0,...,n-1,
(7)
D'f(t)=¢(t), te€lab] ae.

By AC*? = AC™([a,b],R™) we denote the set of all
functions f : [a,b] — R™ that have representation (6)
with ¢, ¢p5...,6,; € R™ and ¢ € LP. It is known that
AC™P = W™ for1 < p < oo.

Leta > 0, and let i € L'. By the left Riemann-Liouville
fractional integral of ki on the interval [a, b] we mean (cf. [3])

a function I, h given by
o 1 (* h@®
I" h)(t) = dr, telab] ae.
Ol e = L L CURTIN

Remark 4. The above integral exists and is finite a.e. on [a, b].

In view of the convergence (cf. [3, Theorem 2.7])

lirré+ (I h) (1) = h(t), te€lab] ae, )

it is natural to put
(I,h) (1) =h(t), telab] ae. (10)

Remark 5. If & > 1, the right side of (8) exists (and is finite)
everywhere on [a, b]. So, I, h can be defined everywhere on
[a,b]. In such a case it is continuous on [a, b].

Remark 6. 1t is easy to see that if h is essentially bounded on
[a,b] and 0 < « < 1, then the right side of (8) is defined
and bounded everywhere on (a, b]. So, in this case I;,h can
be defined everywhere on (a,b]. From [3, Theorem 3.6] it
follows that in such a case I’ h is equal everywhere on (a, b]
to a continuous function on [a, b]. It is also known (cf. [3,
Theorem 2.6]) thatif h € L? with 1 < p < co, then I, h € LP.

Letn—l<0c§n,whereneN.ByACZf=
ACZ;I([a, b],R™) we denote the set of all functions f :
[a,b] — R™ that have the representation

n-1

FO=Y (-

izol“((x—n+1+i) (11)

+ I:+(P (t) >

)a—n+i

t €la,b] ae,

with ¢, ¢p,...,6,; € R™and ¢ € L'. Of course, AC?! =
AC™,
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We say that f € L' possesses the left Riemann-Liouville
derivative DY, f of order « € (n— 1,n], n € N, on the
interval [a,b] if I/, f € AC™'. By this derivative we mean
the derivative D"(I},* f). Of course, D’ f = D" f.

The next theorem can be deduced from [3, Corollary 2.1,
Lemma 2.5 (b), Lemma 2.6 (b)] but, to our best knowledge,
it has not been formulated by other authors. In [4] we give a
direct proof of it in the case of n = 1, in [5]—when n > 2.
In the case of @ = n it reduces to the theorem on the integral
representation of type (6) of functions belonging to AC™'.

Theorem 7. I[fn—1 < a <mn e N, and f € L',
has the left Riemann-Liouville derivative DS,
the interval [a,b] if and only if f € ACZ‘:,
representation (11). In such a case,

then f

of order o on
that is, f has the

i-0,...,n—1,

DI f) (@ =,
(DZ+f) (t) = (P(f),

By AC;? (1 < p < o0) we denote the set of all
functions f : [a,b] — R™ possessing representation (11)
with ¢, ¢;5...,6, € R”, ¢ € LP.

(12)
t €[a,b] ae.

Remark 8. Itis easy to see that the above theorem implies the
following one (for any 1 < p < 00): f has the left Riemann-
Liouville derivative D, f € L? if and only if f € AC}?; that
is, f has the representation (11) with ¢ € L.

Let « > 0. By the right Riemann-Liouville fractional

integral of h € L' on the interval [a, b] we mean a function

(I_h) (1) = dr, tela,b] ae. (13)

1 Jb h(r)
F(a) )y r-t)'™

Similarly, as in the case of left integral, we put

(I.h)(t) =h(t), telab] ae. (14)

Remark 9. Clearly, I, ¢ has the properties analogous to those
described in Remarks 5 and 6.

By ACZ‘;1 = ACZ’}( [a,b], R™) we denote the set of all
functions f: [a,b] — R™ that have the representation

( a—n+i

— (-
( 1’l+1+1) (15)

fm—Z(n
+I, y (1), telab] ae

with d, d,, ...,

AC = AC™.
We say that f € L' possesses the right Riemann-Liouville

derivative Dj_f of order « € (n — 1,n], n € N, on the

interval [a,b] if I;"*f € AC™'. By this derivative we mean

the function (—1)"D”(Il}:“f). Of course, D,_f = (-1)"D" f.
We also have the following.

d,, € R"and y € L' Tt is easy to see that

Theorem 10. Ifn—1 < a < mn € N, and f € L', then f
has the right Riemann-Liouville derivative D_f of order o on

the interval [a, b] if and only if f € AC} L f; that is, f has the
representation (15). In such a case,

DL f)(b) =d
(Dy_f)@®) =y (@),

By ACZLP , 1 < p < 00, we denote the set of all functions
f : [a,b] — R™ possessing representation (15) with
dg,dy,....d, e R,y e P

i=0,...,n—1,
(16)

t €[a,b] ae

Remark 11. As in the case of left Riemann-Liouville deriva-
tive, the following theorem holds true for any 1 < p < oo: f
has the right Riemann-Liouville derivative Dj_f € L” if and

onlyif f € ACZ’_p ; that is, f has the representation (15) with
yelf

In the next section, we will use the following two
theorems (cf. [6, 7]).

Theorem 12. Ifa, 3 > 0, then

AC™! ¢ ACP! 17)
if and only if
Be©1], ael|J[B+il+i] (18)
i=0
or
Be(l,00), a=B+i, i=0,1,.... (19)

Theorem13. (a)I[fn-1<a<nneN0<fB<a-n+l,
and x € AC®! is of the form (11), then

x(t) = s Lw(t), telablae, (20)
where y € L' is given by
n—-1 c )
v (t) — i i (f _ a)oc—n—ﬁﬂ
+15Fp (), telab] ae

bWIfn-1<a<nneNn>2B=a-jjc¢
{L,...,n— 1}, and x € AC®! are of the form (11), then

"o d; B(n—j)+i
SRR (e e e R @
+ 1Py (t), telab] ae,
where
di=c¢, i=0,...,(n—j) -1, (23)

v (t) = Z G O+ o), telab] ae (24)



3. Some Special Cases of Integration by Parts

Below, C = C([a, b], R™) is the set of continuous functions f :
[a,b] - R"and C" = C”([a b] R™) is the set of functions
f:la,b] » R™suchthat f € C,i =0,...,n(by f© we
mean the function f). Of course, these classical derivatives
coincide with the weak ones D°f, D' f,..., D" f.

Lemmald. Ifn—-1<a<nneN, feC" and

D'f()=0, i=0,...,n-1, (25)
then I, f € C",
D' (*f)()=0, i=0,...,n—1,
(26)

D, f =5 (D f) = ,-" (-1)'D"f) e C

Consequently, f € I_(C).

Proof. If f € C" and

D'f(b)=0, i=0,...,n-1, (27)

then (cf. Remark 6 and [3, formulas (2.21) and (2.58)])

L2 f () = -1, (Dy_f) (1)
(DLW 28)
=L L (FD)"D"f) ()

forall t € [a,b]. This means (cf. Remark 6) that I,"* f € C"

and Dj_f = I,"%((-1)"D" f) € C. Equalities (28) imply also
the equalities

D (I*f)(b)=0, i=0,...,n—1. (29)

So (cf. Theorem 7), f € I, (C). O

Remark 15. Analogous lemma can be obtained for the left
integral I”'.” f and derivative D, f (without the term (-1)").

We have the following special case of the theorem on
integration by parts.

Theorem 16. Ifn—1 < a <n,n e N, then

b b
J 7 (D g) (t)dt:j (D% f) (g dt  (30)

forany f € AC®! and g € C" satisfying boundary conditions

D'g(a)=D'g(b)=0, i=0,...,n—1. (31)
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Proof. Let f € AC%! be of the form (11) with ¢y, ¢;, ..
R™and ¢ € L'. We have (Lemma 14 and Remark 9)

Gy €

b
| ro@io@a

a

b
- [ roa o

b G a—n+i
:.L <;F((x—n+l+z)( -4 +I+(P(T)>

x (I,_* (Dy_g)) (t) dt

Z oc n+1+1 IZ (x Z g) (a)

b
+ J (DS, f) @) (I,_D,_g) (t) dt

n—-1

ZcilgfiDZ_ g(a)

i=0

b
+J (D%, £) (£) g (r) dt

J (Dg,. ) gt)d
(32)

Existence of the first integral and the first equality follows
from Lemma 14; in the third equality we used an integral
form of a classical fractional theorem on the integration
by parts (cf. [3, formula (2.20)]), in the fourth equality we
used continuity of D"g and in the fifth equality we used the
equalities

b
I, (Dy_g) (1) = L (Dy-g) (t) dt

b
- (1) j (D"g) (1) dt

(33)
= (D" (D"'g(®) -D""g(1))
= (1" g (1)
=Dy g ().

The proof is completed. O

The next theorem will be used in the last section of the
paper. Proof of this theorem is contained in [4] and in [5]
its extension to the case of fractional derivatives of higher
order is derived (the method of the proof is the same in both

papers).
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Theorem17. If0 <a < 1L, a>1/p,a>1/q, 1< p < oo, and
1 < g < oo, then

b
[ ro@rg@a= (L) @g@
~(1,7%9) ®) f (b) (34)
b
+J (DS, f) () g (t)dt
for f € ACYP([a,b], R™) and ge ACZLq([a, b], R™).

4. Fractional Sobolev Spaces

Let0 < < 1andlet 1 < p < oo. By left Sobolev space of
order a we will mean the set We;” = W2’ ((a,b), R™) given
by

b
ap _ p. &
W = {u e L gEEILP(PE‘%?O L u(t) Dy_¢(t)dt
(35)
b
=j g(t)(p(t)dt}.

A function g given above will be called the weak left fractional
derivative of order « € (0, 1] of u; let us denote it by u,.
Uniqueness of this weak derivative follows from [1, Lemma
IV.2 and Propositions IV.18, IV.21].
Letn—1 < a <n,n e N,n> 2. By the left Sobolev space
of order « we mean the set W..¥ = Wi, ([a, b], R™) given by
WP = fue wihr e wiiE L (36)
Remark 18. Since D ¢ = D' = —p for ¢ € C°, we see
that the weak left fractional derivative u; . of u coincides with
the classical weak derivative u' = D'u of u. Consequently,

WP = WP = AC™P = ACI'P (37)
forn e N.
We have the following characterization of W’
Theorem19. Ifn—1<a<mneN,andl < p < oo, then
WoP = ACYP N LP. (38)

Proof. Case of o = n follows from (37) and from the fact that
ACF ¢ IP. So, let us consider the case of n— 1 < a < 1. We
will apply the induction with respect ton € N.

Letn = 1.Ifu € ACYY n LP, then from Theorem 7
it follows that u has the derivative D}, u € L?. Theorem 16
implies that

b b
J u(t) D¢ (1) dt:J (D%u) (g dt  (39)

for any ¢ € C°. So, u € Wy with

uy, =g=Diucll. (40)

Now, let us assume that u € We.7, that is, u € L?, and

there exists a function g € L? such that

b b
J u(t) Dy ¢ (t) dt:J gt)e(t)dt (41)

for any ¢ € C®. To show thatu € ACLY N L? itis sufficient to
check (cf. Theorem 7 and definition of AC5) that u possesses
the left Riemann-Liouville derivative of order «, belonging to
L?, that is, that I;;“u is absolutely continuous on [a, b] and
its classical derivative of the first order (existing a.e. on [a, b])
belongs to L?.

If 9 € C°, then (cf. Lemmal4) ¢ € I, (C) and
Dy ¢ = I;:"‘(—Dlgo). From the differential form of the
classical fractional theorem on the integration by parts (cf.
[3, formula (2.64)]) it follows that

b
J u (t) Dy ¢ (t)dt

a

b
- j u(® (7 (-D'g)) (1) dt

a

b
- | (Onre) 0 (17 (D) ar - ()
- Jb (I;%u) () (-D'o) (1) dt

__ jb (1) (1) (D'9) (1) dt.

a

This means (cf. (41) and (42)) that

b

b
j (I;%u) (0 (D'e) (t)dt:—j g e@)dt  (43)

a a

for any ¢ € C®. So, I'*u € W"P. Consequently, I}, *u is
absolutely continuous and its classical derivative is equal a.e.
on[a,b]tog € L?.

Now, let n € N and assume that

WoP = ACSP 0 LP (44)

for any « € (n — 1,n). We will show that this equality holds
true for any o € (n,n + 1).

Indeed, let & € (m,n+1). Ifu € WP, thenu € WP =
ACE PPN LP and u®]" € WP So,

n-1

_ Gi _a-l-nti
ut) = ZF((x—n+i)(t %)

i=0 (45)

+I50 (), telab] ae,

where ¢;,¢;,...,6,; € R™and ¢ € LP. If n = 1, from the
above formula it follows (cf. (40)) that

p=D""u=ull eW? =W, (46)



If n > 2, from Theorem 13 (b) and (40) it follows that

ua—n:D(xn _Doc 1)—(n— 1)

a+ a+

(47)
Z TR 1 Q.
This means that I, '¢ € W,"¥ and, consequently,
_Dn IInl _Dn IInl Dnl Wn,p
P=la lor 9= Q€ ( at+ (48)

= D" (W) = WP,

So, in both cases (1 = 1, > 2) there existc, € R™ and A € L?
such that

p=c,+1 A (49)
To show that u € ACS? n L? it is sufficient to check that
In+1 o

ue ACIHP, (50)

Indeed, we have (below, we use the following elementary
formula

L (c-a"")®= F(rv(—f)&(t _ay ol o

t €[a,b] ae,

forv>0,8 > 0)

1
n— c

n+1 —a i n+l-a
u(t) = %ml{ﬁ (( —

+ In+1—ocIoc—1(P (t)

a)a—l—n+i) (t)

B = I'(x—n+i) ;

_; I'(ax - n+1) I(1+i) (t-a)
+ L9 ()
n—1

- Zr(lci+ "o, () + AL
i=0

(t —a) + A1)

'M=

Il
O

(52)

for t € [a,b] a.e. Thus, I""'"*u ¢ ACIT"P.
Conversely, let u € AC? N LP. To show that u € W7 we
have to check that

ue WP S e WP (53)
Theorem 13(b) implies the equality

DX 'u=c,+ 1 ¢, (54)

a+
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where
u(t): —l(t_ )oc—n+ +1
;F(cx—n+l) (55)
+I o (t), telab] ae,
with ¢ € L?. So (cf. Theorem 12), u € ACS, P nLP = WP,
From Theorem 13 (b) it also follows that
uy" =D ' = Z ot
e (56)

=Y SHt-a) + Ip € ACLT

i=0
— WP
- Wa+
(existence of the weak fractional derivative " and equality

u" = D "u follow from the relation u € W‘X P and (40)).
O

a+

From the first part of the above proof (case of n = 1)
and from the uniqueness of the weak fractional derivative the
following theorem follows (cf. also [4, fractional fundamental
lemmal).

Theorem 20. If « € (0,1], then the weak left fractional
derivative u®, of a function u € Wy, coincides with its left
Riemann-Liouville fractional derivative DZ Lua.e onla,bl.

Remark 21. 1fn—1 < « < nand (n—a)p < 1,then ACS? ¢ L¥
and, consequently, WEP = ACYPNLP = ACYE If (n-a)p > 1,
then W: 2P = ACSF 0 IP is the set of all functlons belongmg
to ACSF that satlsfy the condition (I, f)(a) =

5. Weak Fractional Derivatives

Now, we will prove an extension of Theorem 1.

Theorem 22. Letn -1 < a <nmneN, 1< p < oo,and
u € LP. Then, u € Wo.r if and only if there exist functions
91>+ -> Gy € LF such that

b ) b
J u(t) Dy "o (1) dt = J g dt, ¢eC,

(57)

for any i € {1,...,n}. In such a case there exist the left

. . . .. ~(n-1) —(n-2)
Riemann-Liouville derivatives D" u, D5 “u,..., Dy, u
of u and
91=0" ", g =D5"u...,  g,=Dju
(58)
Proof. Case of « = n follows from Theorem 1. So, let us

consider the case of n—1 < a < n. We will apply the induction
with respect ton € N.
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When n = 1, it is sufficient to use the definition of W,”
with « € (0, 1) and Theorem 20.

So, let n € N and assume that the theorem is true for any
a € (n—1,n). We will show that it is true for any & € (n,n+1).

Indeed, if u € W7 with a fixed & € (1,71 + 1), then

uewehp (59)
Df"u=ul" e WP (60)

Relation (59) implies (by the induction assumption) the
existence of functions g,,...,g, € Lf such that (of course,
a—1€(n-1,n)

b . b .
I u(t) DI (1) dt = I u () DV (1) dt

a

b
- [ 0owar

(61)
for any ¢ € C2° and i € {1,...,n}. Moreover,
g, = D;ti—l)—(n—l)u _ DZ;((mlH)u)
g, = D[(loifnf(nfz)u _ DZI((nH)—Z)u,
(62)

D(oc—l)—(n—n)u _ D:—((nJrl)—n)

In =D,y + u.
From the existence of D, "u and from (60) it follows that
™y e W™UP In particular, there exists derivative
DS.u € LP.If we put g,,;, = D% u we see that g,,, =
Ds;((n+1)—(n+1))u and

b b
J u(t) DZ:((n+1)—(n+1))(P (t)dt = J u(t) DZJP (t) dt

a a

b
:J D u(t)p(H)dt (63)

a

b
- [ gm0
a
for any ¢ € C (the second equality follows from
Theorem 16).
Now, let us assume that there exist functions

G1>-++> G € LP such that

b b
J u(t) DZ:(("+1)_i)¢(t)dt:J g; (1) @ (t) dt,

a a

peC,
(64)

foranyie{l,...,n+1}.Sincea—((n+1)-i)=a—-1-(n—

i), the above condition for i € {1,...,n} and the induction

assumption mean that

ue W:ﬁ:l’p. (65)

Moreover, condition (64) for i = 1, Lemma 14, and
the integral form of the classical fractional theorem on the
integration by parts (cf. [3, formula (2.20)]) imply that

b b
J g (t)(p(t)dt:J u(t) Dy "o (1) dt

a

b
= J u(t)"'Dy @ (t)dt

) (66)
_ j I (1) D) _g (1) dt

b
= _J "y (t) D' (t) dt

for any ¢ € C*°. This means that I",*"'u € W"P. So, if we fix
i €{2,...,n+1}and use once again Lemma 14 and the integral
form of the classical fractional theorem on the integration by
parts, we obtain

b
| a0ewa

b |
_ J () DI g (1) dt

a

b )
= J u(t) I;T”‘“D;_cp () dt

b .
- J 197 (t) D _¢ (1) dt

o (67)
= (-1)’ J 1074 (1) D' (t) dt

b .

= (-1)’ J 1% (1) D' D" g (t) dt
b .

(1) J DIy (1) D™ (1) dt

o |
- (-1 J D" (1) D7 (1) dt.

a+t+
a
Thus, from Theorem 1 it follows that

us" = D"y e WP, (68)

a+t+ a+

Using (65) and (68) we assert that u € W;;l’p. O

Functions g, ..., g,, will be called the weak left fractional
derivatives of u € W:;P of orders « — (n — 1),...,q,
respectively. Their uniqueness follows from [1, Lemma IV.2
and Propositions 1V.18,IV.21]. From the above theorem it
follows that they coincide with the appropriate Riemann-
Liouville derivatives.

We have the following counterpart of Remark 2.

Theorem 23. Ifu e Wel,n—1<a <n andn €N, then

g = D! (Doc—(n—l)u)) i=1,...,n (69)

a+



Proof. Ifu € Wy,”, then I",*u € W™ and from the defini-

a+ >
tion of the Riemann-Liouville derivative and Theorem 22 it

follows that

g, = sz—n+1u _ DIII—(oc—n+1)u _ Dl (Iz_'—-ocu) ,

a+ a+

g, = D:;n+2u _ DZIHZ;(oc—rHZ)u _ DZIZ;au

— Dl (DII:;au) — Dl (Doc—nJrlu) ,

a+

(70)
g = DZJ:anu _ DnI:;(oc—nJrn)u
_ anl (Dll;tocu) — anl (Dz;nﬂu) )
The proof is completed. O

6. Norms in W,,”

Letus fixa € (n—1,n] where n € N and consider in the space
WP anorm | - Iy given by

n—-1 )
Wl o =l + Y | DS ]l wews ()
a+ i=0

(here || - |» denotes the classical norm in L?).
We have the following theorem.

Theorem 24. If n € N and o € (n — 1,n], then the norm
Il - ||Wa+>P is equivalent to a norm ||M||a,w‘§ﬂ given by

n—1
il ep = Y [D'T @] + DSl we WS (72)
a+ i=0

Proof. We will use the induction with respect to n € N.
Assume that n = 1 and (1 — &) p < 1. Then, for u € Wy,”
given by

u(t)

c 1 o
T +1,,9(t) (73)

with ¢ € R" and ¢ € L, we have
c 1

» b
= | | e

p-1 lc|? b (a-1)p o« P
<2 T@)? (t-a) dt + |15, 9|7,

< 2P ( |c|” 1
B F@)? (a-1)p+1

p
+I7,9@)| dt

(b _ a)((x—l)P+l +KP||(P”€P> ,
(74)
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where K = (b—a)%/T(a+ 1) (cf. [3, formula (2.72)]). Thus (of
course, ¢ = I, *u(a) and ¢ = D, u),

lull?, < Lo (Iel? + %)
= Log (IR w@[" +ID5ull)  @5)
= Lol

where

(b _ a)l—(l—a)p
Te)f (1-1-a)p

Lyo=2" ( ) + KP). (76)

Consequently,
lealr = Nallyy + |01l < Lot Il s (77)

where L, ; = Lo+ 1.
Now, we will prove that there exists a constant M, ; > 0
such that

Il e < Mot ltlaps € WP (78)

Indeed, let u € W::? and consider a coordinate function

(I'7%u) of I'*u with a fixed i € {1,...,m}. The mean value
theorem implies the existence of ¢, € (a,b) such that

(1) () = = [ (B 0ds. 09)
a+ 0 b Y a+ :

From the absolute continuity of (I ;;“u)i it follows that

(1) (6) = (15%u) () + jt D'(I5u) (s)ds  (80)

to

for any t € [a,b]. Consequently,

1
b-a

1
< —
b-a

1 (b-a)™™
b-aTlT(Q2-a)

i t
|(1;;au)l (t)| < I;;“u"Ll + L |DS,u(s)| ds
0

1wl + |05 ul (81)

a+

<

loall + DGl

fort € [a,b]. In particular,

g N 1 (b-a)'™ «
‘(IM ”) (a)’ < mm””"v + ”Dm”"Ll‘ (82)

So,

|15 "u @)] < MM (s + | D )

(83)
<mM (b - a)*" ' (ull, + | D%, ul,)
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where M, = (b —a) */T(2 - a) + 1. Thus,

_ P 1 p
I “u(a)' SmPMg,O(b—a)p L

a+

(84)
% (Il + |P5,ul,)
and, consequently,
Il e = |0 @) + | DGl
< (mPMg)O(b - (1)‘”7121’71 + 1)
(85)
x (el + 105 l,)
= M, Il
where M, ; = mPMZE (b - a)P™'2P7" + 1.

When (1 -a)p > 1, then (cf. Remark 21) W,,” = ACF n
L? is the set of all functions u belonging to ACSY that satisfy
the condition (I ;;"‘u)(a) = 0. Consequently, in the same way
as in the case of (1 — a)p < 1 (putting ¢ = 0) we obtain the
inequality lull? o, < Loy lull? | «p with some Lo, > 0. The

inequality IIuII‘D < Malllulls\/” with some M, > 0 is

obvious (it is sufﬁaent to put M, = 1 and use the fact that

(I %u)(@) = 0).

Now, let us assume that the assertion holds true for some
n € N. We will prove that it is true for n + 1.

Let « € (n,n+ 1]. We know that there exist constants L,
and M, ,, > 0 such that

1
(M )Ilullp i S IIMIIP c1p < anllullpw‘ﬂ,p (86)
an a+

for any u € Wi, P Ifu e WP, thenu € WS and
therefore (from the 1nduct10n assumption)

e 1 +ZIID“ ",

SRS
i=0

Lr
+ | DGullrs
= 1l + Dl (57)
a+
< Loy llal? oy + D5l

M(an ol o] )

+ D5 ulr,

Since D% 'u = D”IZ;(“’I)u =D'I'"u e WP (because of
I:Ilf‘xu € W::l’p), therefore (cf. case of n = 1)

[Pl = o5l

<o,

1)
< Ly |p'i
L1 awh?

Ly, (|D"1;;<“‘”u @[+ DD,V LP)

L, (|Dn1:1:(ocfl)u (“)|p + ||Dn+IIZ;(oc71)u||LP) X

(88)
where L, ; is such that
IWie < LoalvI? (89)
forv e Waljrp. Thus,
Ity < La- MZID 1 Vu@)|”

+ L Ly,

a—1,n

(|D In (a— l)u (a)| + ||Dn+1 n (a—l)u"LP)

a+

D:;uu{p)

where L,y =L, 1, +L, ;,L;;+1 (weused the equality
n+l pn—(a—1), _ ynt+lyn+l-o, _ &
DI u=D""I7 u—Da+u)l.
On the other hand, since u € W,
induction assumption)

+ D5, ulz,
n+l-o P
< L(mH( DL " u (a)|
i=0

L ull?
o,n+1 ” "u,W:;P >

P therefore (from the

@]+ D]y,

ZID Tas

(o1

“ e ( el + leD“ o ”*’ufo)

So,

|D e 1)u(a)|
i=0

(||u||P i Z"Doc 1-(n—-1)+i " ||Da+ u";)-

(92)
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Let us recall that I"' ™y € W™ so "™y e W™?,
D'y e WP and DY u = D" My = DD .
Thus,

D1 w(a)|” + | D%, ul?,

P
D In+1 o ||
” a,VV;;P
, (93)
w,?

<M11||D n+1 - )

(0" (2 Il )-
where M , is such that
1 < Mia VI, (94)

Consequently,

o s =ZID 1 D)’

+ |D”IZ;(“7l)u(a)|P

<Mam<wm+ZWf1““ﬂ&

i=0

a-1_||P
o)

My (o5 talf +Iogall) o9

+ DG ulrs

< Ma n+l <”u"LP + Z"D“ o l)ﬂu"i*’
v

My i1 <||”"LP + Z“Da " " )

M, ull?
an+l " ”W:iP’

where M, ., = M, , +M,,. U

7. Basic Properties of W7

Now, we are in a position to prove some basic properties of
the introduced spaces.

Theorem 25. The space Wo:' is complete with respect to each

of the norms || - |lyy=r and || - ||, yyr, foranya > 0and 1 < p <
00.

Proof. Let n € N be such that « € (n — 1,n]. Of course,
it is sufficient to show that W,;” with the norm | - ||, yyer
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is complete. Let (1) ¢ W.¥ be a Cauchy sequence with
respect to this norm. So, the sequences (DiI;‘;“uk(a)), i =
0,...,n — 1, are Cauchy sequences in R™ and (D{, 1;) is the
Cauchy sequence in L?. Let ¢, ¢y, ...,¢,_; € R™ and ¢ € L?
be limits of the above sequences in R™ and L?, respectively.
Then the function

< G a—n+i
u(t)zi;l"(oc—n+l+i)(t_ ) (96)
o), telab] ae,

belongs to W.;¥ and is the limit of (1) in W, with respect
to |- AW (to assert that u € L? it is sufficient to consider
the cases (n — a)p < 1 and (n — &) p > 1—in the second case
I" “u(a) = 0 for any k € N and, consequently, ¢, =0). [

In the proofs of the next two theorems we use the method
presented in [1].

Theorem 26. The space W’ is reflexive with respect to each
of the norms || - |ly«r and || - IIa’Wap,for anya >0andl < p <
0.

Proof. Letus consider W, ;p with the norm || - [|,«»r and define
a mapping

. o, p a—(n—1) oa—1 o
AW aur—>(u,D‘H u,...,D u,Da+u)

a+t
(97)
el xIPx---xLP xLP.

Since A is the isometry, /\(W; “P) is the closed linear subspace
of the reflexive space L? x --- x Lf. So (cf. [8, Corollary lin
Part V.73]), it is reflexive and, consequently, Ws.” is reflexive

with respect to || - "w;;”-

From the equivalence of the norms it follows that We.”
with the norm || - "a,w;*f is also reflexive (it is sufficient
W11 lyzr)  —
(W,f‘;p s II - llyy~r) being the linear homeomorphism and use [8,
Remark in Part V.7.3]). O

to consider the identity mapping i

Theorem 27. The space W..! is separable with respect to each
of the norms || - ||Wa+p and || - ||a)wa+p,for anya >0and1 < p <
0.

Proof. Let us consider W, ;P with the norm | - ||W03P and
mapping A defined in the proof of Theorem 26. Of ucourse,
A(WP) is separable as a subset of separable space L x- - -x L.
Since A is the isometry, We-? is also separable with respect

to the norm || - ||Wa+p. Equivalence of the norms | - ||a,w“f
and || - y«r implies separability of Wy’ with respect to
I 0
8. Imbeddings

We have the following extension of Theorem 12.
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Theorem 28. (a) If0 < B < a < 1, then
ACP ¢ 1P, (L) c ACPA (98)
forl<g<p<ooandl <q<1/(1-a+ p); consequently,
WP c whi (99)
forl<g<p<ocoandl <gq<1/(1-a+p).

) Ifn-1<a<nneNn>2and0<f<a-(n-1),
then

ACP c 1P (L) c ACPA (100)
forl<p<ooandl <q<1/(n—a+ f5); consequently,
WP c whi (101)

forl<p<ooandl <q<(l/(n—a+f)).
WDIfn-1<a<nneNn2>2=a-iand
ie{l,...,n—1}, then

AC*P ¢ ACPH (102)
forl1 < p<ooandl < q < o0o; consequently,
WP c wha (103)

forl<p<oo,(n-a)p<1,1<gq<oo,and(n-a)g<1or
l<p<oo,(n—a)p=1,andl <q<co.
(d)If0 < a = B, then

ACSF ¢ ACPA (104)
for1 < g < p < oo; consequently,
WP c Wi (105)

forl <g<p<oo.

Proof. (a) Let us fix p € [1, 00). Theorems 12 and 13 (a) imply
that
AC®P ¢ ACY! c 1P (L) c ACPA (106)
provided that (a — f—1)g > -1 and 1 < g < p (cf. (20), (21));
thatis, 1 < g < 1/(1 —a+ B)and 1 < g < p. Consequently,
for such p and g,
WP = AC*P nIF ¢ ACPIn LT =wWP1, (107)
(b) Let us fix p € [1,00). In this case « — § > 1 and,
consequently, P = I' 17 '¢ € Cforany ¢ € L'. So (cf.
Theorems 12 and 13 (a))

AC™P ¢ ACY! c 1P (19) c ACPH (108)

1

provided that (a — B —n)qg > -1 and 1 < g < oo (cf. (20),
(21)); thatis, 1 < g < 1/(n— a + f3). Consequently, for such g
and 1 < p < oo,

Wil = ACEE L e If, (L) (109)
=18 (L9 nLTc ACKIn LT =whi

(we used here the inclusion If (L) c L),
(c) Let us fix p € [1,00). Theorems 12 and 13 (b) imply
that

AC®P ¢ ACY! c ACPA (110)

for any g € [1, 00) (cf. (22), (24)).
If (n—a)p < 1, then (cf. Remark 21) ACSY N L? = AC.Y.
So,

WS = ACYP N LF = AC®? ¢ ACP1 c ACPAn 11 -
=W

provided that (cf. Theorem 13 (b)) (n—a)g < 1.If (n— ) p >
1, then (cf. Remark 21) AC? 0 L? is the set of all functions
belonging to AC,f that satisfy the condition (I",* f)(a) = 0.
Consequently (cf. Theorem 13 (b)), ACSF N LF ¢ ACff nLe,
that is, W ¢ W4 forany 1 < g < co.

(d) These facts are obvious. O

The first part of the point (¢) of the above theorem implies
the following.

Corollary 29. Ifn-1<a<nneN,n>2, =a-i and
ief{l,...,n—1}, then

weP ¢ whi (112)

forl <g<p<oo.

In the next section we will use the following important
result obtained in [9, Lemma 1.1].

Theorem 30. If « > 0 and 1 < p < oo, then the operator
I, LP — LPis completely continuous, that is, it maps the
bounded sets onto relatively compact ones.

Now, we are in a position to prove theorems on compact-
ness of some imbeddings.

Theorem 31. The imbedding

WP c wha (113)

for0<B<a<l,1<g<p<ooandl <gq<1/(1-a+p),
given in Theorem 28 (a), is compact.

Proof. Let0 < B <a < 1,1 <g<p<ool<gcx
1/(1 -« + f3), and (u;), where

G 1

T (t—a) ™ + L (1)

u (t) =
(114)

t€lab] ae, keN,
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be a bounded sequence in W-?. We will show that it contains

a subsequence which is convergent in Wf o,

Since (1) is bounded (cf. Theorem 24), the sequences (¢;.)
and (¢;.) are bounded in R™ and L?, respectively. So, one can
choose a subsequence (k;) ey of positive integers such that
(ij) is convergent to some ¢, in R™ and (cf. Theorem 30)

such that (I;tﬁ ‘ij) is convergent to some ¥, in L?. Of course,
(I:;ﬁ <ij) is convergent to ¥, in L. Moreover, the sequence
((ckj/l"(oc - —a)“il*ﬁ) converges in L7 to (¢, /T'(a—3))(- -
a)*"'"P. This means (cf. (20), (21)) that the sequence (ukj)

converges in Wf "1 to u, given by

uy(t) = 1P yo (1), t€[ablae, (115)

where y,(t) = (¢;/T(ax = B))(t - a)“il*ﬁ +1/,(t). The proof is
completed. O

The above theorem implies the following.
Corollary 32. The imbedding

WP ¢ L4 (116)

for0<a<l1<g<p<ool<g<l/(l-a)ora=1,
and 1 < q < p < 0o is compact.

Theorem 33. The imbedding

W“’P c Wﬁ)q

a+ at+

(117)

forn-l<a<nneNn=>20<pB<a-(n-1),1< p< oo,
and1 < g < 1/(n—a+ p), given in Theorem 28 (b), is compact.

Proof. Let us consider a bounded sequence (u;) in Wi’
where

k
e () = — 2 (t—a)™"
k la-n+1)
+ C{c (t _ )oc—n+1
INa—n+2) (118)
k
Cn—l a—1
vos t —
+oeeet @ (t—a)
+I0 ¢ (1), telablae,
k

€ R™ and ¢, € LP. We will show that it
contains a subsequence which is convergent in Wf 1,

Since (ug) is bounded, the sequences
(c(’;),(cf),...,(c:f_l) € R™ and (¢,) are bounded in R™
and L?, respectively. So, one can choose a subsequence

1 kK
with ¢, ¢5. .05 6,

. ki, k; K,
(kj)jeN of positive integers such that (c,’), (¢,”), ..., (c,,) are
convergent to some ¢, ¢ . . . , G,_; in R™ and (cf. Theorem 30)
such that the sequence (I! +‘ij) is convergent in L? to some
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w, where y = (¢ — ) =1 > 0. Consequently, (I;'+(pkj) is
convergent in L' to w, and
- 1 1
Ig+ﬁ¢kj = Ia+IZ+(ij — I w0 (119)

in L1, because

X

q
11,91, (0) = Lo (0)] dt

<J.(1

<|

q
17,91, (5) - @y(s)| ds) i (20

R “’o”i1 (b-a).

So, the sequence (Df +ukj), where

k.
I ]
Dﬁ £ = 0 ‘- a—n—f
st ( ) F(oc—n+1—ﬁ)( %)
¢
+ 1 t— a-n—f+1
I‘(oc—n+2—ﬁ)( %)
k.
Cnil a-f-1 a-f3
+..-+m(t—a) +1,, (ij(t)’
(121)
converges to the function
% a-n—f3
)= — (-
vo (1 I‘((x—n+1—/3)( %)
! a-n—f+1
+ ———————(t—a)
I(a—n+2-p) 122)

C,_ —B—
ot n—1 t_a)aﬁl

[a-p)
+ 1, w, ()
in L. Thus, the sequence (ukj) converges in Wf o If Yo
The proof is completed. O
The above theorem implies the following.
Corollary 34. The imbedding
WoP c L1

(123)

forn—-1<a<nneN,n>21<p<ool<g<l/(n-a)
ora =mneN,n>21< p<o0,andl < q < oo iscompact.

Theorem 35. The imbedding

WeP c wha

a+ at+

(124)

forn-1<a<nmneNn>2f=a-iic{l,...,n—-1},
and 1 < q < p < 09, given in Corollary 29, is compact.
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Proof. Let us consider a bounded sequence (u;) in Wi’
where

k
U () = —0 _(p— g
k IF'a—n+1)
k
+ Cl (t _ a)a—n+1
I'a—n+2) (125)
k
Cn—l a—-1
.o —_ t —
et I @ (t-a)
+ 10,9 (t), telablae,
k

€ R™ and ¢, € LP. We will show that it
contains a subsequence which is convergent in Wf 1,

Since (u;) is bounded, the sequences (c(];), (c{‘), o
(c,’fﬁl) € R™ and (¢;) are bounded in R™ and L?, respectively.
So, one can choose a subsequence (k;) ey of positive inte-

1 kK
with ¢, ¢}>. .05 6,

k. k. k.
gers such that (¢,’), (¢,"),...,(c,’,) are convergent to some
€ Cp» - - -G, in R™ and (cf. Theorem 30) such that

(I;+C§ii+1) seees (IZIC:L) J (I;Jr?’kj)

are convergent to some ¥, o,...,¥;_; o, ¥, in L¥ and, conse-
quently, in L9. So (cf. Theorem 13 (b)),

(126)

B _ ki 1k i-1 k; i
Du+ukj—cn_i+1 C +---4+1 "¢ +Iu+gokj

a+ n—i+l at+ n-1 (127)
— Y
in L7, where y,, € L7 is given by
Vo) =it ¥ o)+ +Y, () +¥, (1),
(128)

t €[a,b] ae.

This means (cf. (22), (23), and (24)) that the sequence (ukj)

converges in Wf "1 to u, given by

dy B-(n-i)
)= —C (t-
to (1 T(B-(n—i)+ 1)( g
d1 B-(n—i)+1
+————(t—a)
T(B-(n-i)+2) (129)
dy iv1) B-1
+———=(t-a)
r(p)
+ If+1//0 t), telab] ae.,
where
dO = CO’ dl = Cl’ ey dn—(i+l) = Cn—(i+1)' (130)
The proof is completed. O

The above theorem implies the following.

13
Corollary 36. The imbedding

WP c 11 (131)

forn—1l<a<nneNn>=2andl <q<p<oois
compact.

Remark 37. Tt is easy to see that imbeddings We." ¢ W24 for
a>0and1 < g < p < 00, given in Theorem 28 (d), are not
compact.

Remark 38. From Corollary 32 it follows that the imbedding
WU ¢ [P is compact for any 1 < p < oo. Corollary 34
implies the compactness of the imbedding W™' ¢ L? for any
neN,n>2andl < g < oo. The following problem is
open: is it possible to strengthen Theorem 31 or Theorem 33
to deduce the compactness of the imbedding W"' ¢ L1 for
any 1 < g < 00?

9. Application to Boundary Value Problems

In this section, we will demonstrate an application of the
obtained results to fractional boundary value problems.

Namely, let us fix « € (1/2,1) and consider the following
problem:

D, DS x(t)+x(t)=f (), te€lablae.

(132)

D, x(a) =0, x(b) =0,

where f € L% By a solution to this problem we mean
a function x € W%? such that D% x and D} D x exist,
and satisfying the above equation and boundary conditions.
Under the assumption on « the boundary conditions make
sense ([10, Property 4]).

Leta: Hx H — R, where

H={xeW: x(b) =0}, (133)

to be in the following bilinear form

b b
a(x,y)= L DS x(t) DS,y () dt + L x(t) y(t)dt. (134)

It is easy to see that H is the closed subspace of the Hilbert
space (W, ;2, | - llyy=r); it is sufficient to observe that it is closed
in W with respect to || - [l w=» and to use Theorem 24. Of

course, a is a scalar product in H and the norm generated
by a is simply the norm || - [|,«2 restricted to H. Clearly, a is

continuous and coercive; that is, there exists a constant ¢ > 0
such that a(x, x) > cllxlla,a,z for x € W;;Z; in fact a(x, x) =
a+

IIxIIa,:;z for x € H. So, Lax-Milgram theorem [1] or simply
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Riesz-Frechet theorem implies that there exists x € W:f such
that

b
a(x,h) = J FOR®AL heH, (135)

—1 X 2 - ’ X d
2 " ”‘N"‘lhx2 L f (t) (t) t

S R T b
- min { Wil - j FORW® dt} .
Condition (135) means that

b b
J DE x (£) D, (1) dt = J (f®) -x®O)h(®)dt, heH.
’ ’ (137)

From a counterpart of Theorem 20 for the weak right frac-
tional derivative it follows that DY, x € W** and

D, DS x(t)+x(t)=f(t), te€lab] ae (138)

Since x € H, x(b) = 0. Moreover, applying Theorem 17 to the
left side of (137) we obtain

b
J (Dy_Dix () +x(t)— f () h(t)dt

B _ (139)
~I}%h(a) DS, x (a) + I,_*D% x (b) h (b)
=0
for h € H. So,
[ *h(a)D% x(a)=0, heH. (140)
This means that D}, x(a) = 0. Indeed, it is sufficient to
consider functions h;,i = 1,...,m, of the form
1 c
h (t) = (0,...,0,——
® I'(a)(t-a)™
(141)

+ ! Jt ! 0 0)

T o t-0) 77 )
where ¢ = —(b - a)'™® Jj(l/(b - 1)) dt, with nonzero
ith coordinate function (of course, h; € H and I ;;"‘hi(a) =

(0,...,0,¢,0...,0) #0).

Remark 39. In the same way one can prove the existence of a
solution to system

Dy D x(t)+x(t) = f(t), telablae. (142)
with boundary conditions
I'*x(@) =0, L “DYx(b)=0 (143)
or
I %x(a) =0, x(b) =0, (144)
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in the space W2, In [4], system (142) with nonhomogeneous
boundary conditions
1—
I,%x(a) =C,

x(b) = D, (145)

where C,D € R", is investigated using the Stampacchia
theorem (cf. [1]). Nonlinear system of the form

D, D} x(t)=-F,(t,x(t)), t¢€ablae, (146)

where F, is the gradient (in x) of a potential F = F(t, x),
with the above boundary conditions can be studied using the
direct method of calculus of variations (cf. [11] for the case of
(144)).

It is worth noting that if « € (1/2,1), x € W;‘f, and
I ;;”‘x(a) = 0, then x(a) = 0. It follows from the integral
representation of x and from the fact that I, f is Holder
continuous on (a,b] and lim, _, ,+I7, f(t) = 0 when f ¢ L?
and o € (1/2,1) (ctf. [10, Property 4]). So, it is natural to
put in such a case x(a) = 0. It seems that the most accurate
functions for investigating the above systems with boundary
conditions involving condition x(a) = 0 (or more general
x(a) = C), in general case of « € (0, 1), are the functions
possessing the fractional derivatives in Caputo sense; on such
functions one assumes that they are absolutely continuous on
[a,b] and, consequently, condition x(a) = 0 makes sense.
To our best knowledge, fractional Sobolev spaces via Caputo
derivatives have not been investigated up to now and are an
open problem.

Remark 40. From the condition (136) it follows that one
can search approximate solutions to (132) using numerical
methods, for example, the gradient or projection of gradient
methods applied to the functional

b Y [ Fon@
— Sl - [ F @R

a

(147)

defined on H and W™, respectively.
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