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Abstract
Samples of two commercial low-density polyethylene melts were investigated with respect to their fracture behavior in 
controlled uniaxial extensional flow at constant strain rate in a filament stretching rheometer. In order to assess the possible 
influence of grain boundaries on fracture, the samples were prepared by three different types of pre-treatment: by compres-
sion molding of (1) virgin pellets used as received, (2) pellets homogenized in a twin-screw extruder, and (3) pellets that 
were milled into powder by cryogenic grinding under liquid nitrogen. The elongational stress growth data were analyzed by 
the Extended Hierarchical Multi-mode Molecular Stress Function (EHMMSF) model developed by Wagner et al. (Rheol. 
Acta 61, 281-298 (2022)) for long-chain branched (LCB) polymer melts. The EHMMSF model quantifies the elongational 
stress growth including the maximum in the elongational viscosity of LDPE melts based solely on the linear-viscoelastic 
relaxation spectrum and two nonlinear material parameters, the dilution modulus GD and a characteristic stretch parameter 
�
m
 . Within experimental accuracy, model predictions are in excellent agreement with the elongational stress growth data of 

the two LDPE melts, independent of the preparation method used. At sufficiently high strain rates, the fracture of the poly-
mer filaments was observed and is in general accordance with the entropic fracture criterion implemented in the EHMMSF 
model. High-speed videography reveals that fracture is preceded by parabolic crack opening, which is characteristic for 
elastic fracture and which has been observed earlier in filament stretching of monodisperse polystyrene solutions. Here, for 
the first time, we demonstrate the appearance of a parabolic crack opening in the fracture process of polydisperse long-chain 
branched polyethylene melts.

Keywords  Fracture of polymer melts · Entropic fracture criterion · Parabolic crack opening · Filament stretching 
rheometry · Elongational viscosity · Viscosity overshoot · Branch point withdrawal · EHMMSF model

Introduction

Low-density polyethylene (LDPE) consists of short- and 
long-chain branched macromolecules with widely different 
structures including hyper-branching with branch-on-branch 
topologies and LDPE is therefore one of the most complex 

entangled polymer system. It is therefore highly challeng-
ing to predict the rheological behavior of LDPEs, especially 
the nonlinear viscoelastic behavior including the fracture 
in extensional flows. While linear polymer melts show a 
monotonously increasing elongational stress growth coef-
ficient with increasing time or deformation reaching finally 
a steady-state elongational viscosity, long-chain branched 
(LCB) polymers display an overshoot of the transient elon-
gational viscosity at high strains and strain rates if the sam-
ples do not fracture earlier. Previous reports concerning the 
existence of elongational viscosity overshoot of LCB melts 
were reviewed recently by Wagner et al. (2022), together 
with earlier attempts to predict the viscosity overshoot of 
LDPE, such as the pom-pom model of McLeish and Larson 
(1998), which is based on the idea of “branch point with-
drawal,” i.e., the branch points and side arms are withdrawn 
into the backbone tube at sufficiently large deformation. 
Wagner et al. (2022) also considered the entropic fracture 
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criterion. According to this criterion, a polymer will fail by 
fracture when the stretch energy of entanglement segments 
reaches the bond-dissociation energy of a single carbon-
carbon bond. Due to thermal fluctuations, the energy will 
be rapidly concentrated on one bond, and the bond then rup-
tures. This leads to crack initiation and within a very short 
time, to brittle fracture of the sample.

The significance of the nonlinear rheological modeling 
of polydisperse polymeric systems for quantitative flow and 
fracture simulations in polymer processing has prompted 
Narimissa et al. (2015, 2016), and Narimissa and Wagner 
(2016a, b, c) to develop the Hierarchical Multi-mode Molec-
ular Stress Function (HMMSF) model capable of predicting 
the rheological behaviors of linear and long-chain branched 
polymers for various categories of flow, i.e., elongational, 
multiaxial extensional, and shear deformations, based on the 
linear-viscoelastic (LVE) characterization of the melt and 
only two free nonlinear parameters (i.e., 1 in extensional 
flows and 2 in shear flow). The basic idea in the develop-
ment of the model has been to recognize that the rheologi-
cal effects of the complex (and in the case of long-chain 
branched polymers often unknown) molecular structures 
are already contained in the linear-viscoelastic spectrum 
of relaxation times of the polymer and that only a limited 
number of well-defined constitutive assumptions concern-
ing the nonlinear rheology is needed, thereby reducing the 
number of adjustable free nonlinear material parameters to a 
minimum. The HMMSF model is based on the linear-viscoe-
lastic relaxation modulus, and the concepts of hierarchical 
relaxation, dynamic dilution, and interchain tube pressure. It 
was shown to predict the elongational and multiaxial exten-
sional viscosities as well as the shear viscosity of several 
polydisperse linear polymer melts based exclusively on their 
linear-viscoelastic characterization by use of a single nonlin-
ear material parameter, the so-called dilution modulus GD, 
for extensional flows, and in addition, a constraint release 
parameter for shear flow. For long-chain branched polymer 
melts, the HMMSF describes accurately the elongational 
stress growth coefficient up to the maximum of the elonga-
tional viscosity, but fails to predict the existence of a maxi-
mum and the following steady-state viscosity at higher strain 
rates. This maximum in the elongational stress growth coef-
ficient can be accounted for by the Extended Hierarchical 
Multi-mode Molecular Stress Function (EHMMSF) model 
(Wagner et al. 2022), which introduces a stretch parameter 
characterizing the specific strain at the maximum of the 
tensile stress and therefore the beginning of branch point 
withdrawal. The EHMMSF model also quantifies the stretch 
energy of entanglement strands, which is the input for the 
entropic fracture criterion.

The objectives of this contribution are to investigate the 
fracture behavior of two LDPE melts in elongational flow. 
In order to assess the possible influence of grain boundaries 

on fracture, we used three different types of sample prepara-
tion: Samples were produced from (1) virgin pellets used as 
received, (2) pellets that were homogenized in a twin-screw 
extruder, and (3) pellets that were milled into powder form 
using cryogenic grinding under liquid nitrogen. Assessing 
the effect of different pre-treatments on the rheology of LCB 
polymers and their fracture behavior is also of considerable 
interest for compounding and recycling of polymers. The 
paper is organized as follows: First, we give an account of 
the materials and experimental methods, which is followed 
by a short summary of the EHMMSF model and the fracture 
criterion. Then, the molecular and the linear-viscoelastic 
characteristics of the LDPE samples are reported, and the 
experimental data of the transient elongational viscosity 
are compared to the HMMSF and the EHMMSF models 
as well as the entropic fracture criterion. Finally, optical 
observations by high-speed videography of brittle fracture 
in elongational flow are reported, followed by discussion 
and conclusions.

Materials and methods

Materials

LDPE Purell 1840H polymer in pellet form was purchased 
from LyondellBasell and LDPE 3020D polymer pellets were 
provided by Technische Universität Berlin. We employed 
three different pre-treatment methods to produce test sam-
ples from the two LDPEs investigated: Samples which were 
compression molded from virgin pellets as received are 
denoted by “V,” samples which were produced from pellets 
that were homogenized in a twin-screw extruder at 170 °C 
are denoted by “E,” and samples produced from pellets that 
are ground into powder form using cryogenic grinding with 
liquid nitrogen are denoted by “P.” All the LDPE samples 
were dried in a vacuum oven at 50 °C for 24 h to remove 
moisture before compression molding.

Experimental methods

The molecular weights and molecular weight distributions 
of LDPE 1840H and LDPE 3020D samples were deter-
mined by gel permeation chromatography (GPC) using a 
PL-GPC-200 instrument equipped with a differential detec-
tor and two PLgel MIXED-LS 300 × 7.5 mm columns. The 
measurements were performed at 150 °C with 1,2,4-trichlo-
robenzene as the eluent at a flow rate of 1 mL/min with 
polystyrene as the calibration standard. The branching level 
CH3/1000C of LDPEs was calculated using 1H nuclear 
magnetic resonance (NMR) data. NMR was recorded on a 
400 MHz Bruker AVANCE III instrument at 120 °C using 
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deuterated 1,2-dichlorobenzene as the solvent with sample 
concentration of 80 mg/mL.

The densities of the LDPE samples were measured using 
a gas pycnometer (Accupyc 1345, Micromeritics) with a 
helium gas pressure of 19.5 psig and chamber size of 10 
cm3. Thermal properties of LDPE 1840H and LDPE 3020D 
samples were analyzed using differential scanning calorim-
etry (DSC25, TA Instruments). Samples of about 5 mg were 
heated to 200 °C to remove their thermal history and cooled 
to −90 °C, and a second heating cycle was conducted at a 
temperature range of −90 to 200 °C. The experiment used 
a heating rate of 10 °C/min and a cooling rate of 5 °C/min 
under a nitrogen atmosphere with a flow rate of 50 mL/min. 
Only the second heating cycle was considered to determine 
the crystallinity of the samples.

Linear-viscoelastic (LVE) properties of the low-density 
polyethylene melts were obtained from small amplitude 
oscillatory shear (SAOS). SAOS measurements for LDPE 
1840H and LDPE 3020D samples were performed using 
25-mm-parallel plate geometry on an ARES-G2 rheometer 
from TA Instruments. The LDPE 1840H and LDPE 3020D 
samples were compression molded at approximately 150 °C 
for 15 min into disk-shaped samples with 25 mm diameter 
for the SAOS measurements. The measurements for LDPE 
1840H were carried out at 150, 170, and 190 °C with two 
sets of multi-wave oscillations at each temperature. The 
measurements for LDPE 3020D were carried out at 130, 
150, 170, and 190 °C with two sets of multi-wave oscilla-
tions at each temperature. The fundamental and harmonic 
frequencies for the multi-wave oscillation are summarized 
in Table 1. All data for LDPE 1840H and LDPE 3020D 
were shifted to 150 and 130 °C, respectively, using the time-
temperature-superposition procedure.

Elongational stress measurements for LDPE 1840H 
and LDPE 3020D were performed using a VADER 1000 
(Rheo Filament ApS, Albertslund, DK) at 150 and 130 °C, 

respectively. The LDPE 1840H and LDPE 3020D samples 
used for the extensional measurements were compression 
molded at 150 °C for 15 min into cylindrical test samples 
with a radius of R0 = 3.1 mm and pre-stretched to a radius 
of 2.9 mm and a length of L0 = 2.2 mm.

Videography of fracture experiments was performed 
using a high-speed camera (Photron FASTCAM Nova S12) 
with a 105 mm f/2.8 Micro-Nikkor lens and a high-power 
LED lamp (Veritas MiniConstellation 120 5000 K) cou-
pled with a VADER 1000 at a stretch rate of 3.0 s−1 at 130 
°C using 16,000 and 25,000 frames per second for LDPE 
1840H and 3020D samples, respectively. Slower frame rates 
were used for 1840H to extend the capture time as a longer 
experimental time up to fracture was needed for 1840H as 
compared to 3020D. The extensional measurements carried 
out on VADER 1000 were performed using feedforward 
control parameters (Román Marin et al. 2013) that define 
the kinematic trajectory of the top plate motor in a close loop 
scheme with active feedback control.

The EHMMSF model and the entropic 
fracture criterion

The Hierarchical Multi-Mode Molecular Stress Function 
(HMMSF) model was developed by Narimissa et al. (2015, 
2016), and Narimissa and Wagner (2016a, b, c) for the predic-
tion of uniaxial, multiaxial, and shear rheological behaviors 
of polydisperse long-chain branched (LCB) polymer melts as 
well as polydisperse linear melts. A summary of the develop-
ment of the HMMSF model was presented by Narimissa and 
Wagner (2019a), a comparison between this model and other 
prominent tube-models for polydisperse linear and long-chain 
branched polymer melts was given by Narimissa and Wagner 
(2019b). At Hencky strains greater than ε ≈ 4 and higher strain 
rates, the elongational stress growth coefficient of long-chain 
branched (LCB) polymer melts such as low-density polyeth-
ylene (LDPE) shows an overshoot due to branch point with-
drawal before reaching a steady-state elongational viscos-
ity. This can be accounted for by the Extended Hierarchical 
Multi-mode Molecular Stress Function (EHMMSF) model as 
explained in detail by Wagner et al. (2022), which introduces 
a stretch parameter characterizing the specific Hencky strain 
at the maximum of the tensile stress. The extra stress tensor 
of the EHMMSF model is given by

Here, SIA
DE

 is the Doi and Edwards strain tensor assum-
ing an independent alignment (IA) of tube segments (Doi 
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Table 1    Fundamental and harmonic frequencies for multi-wave 
oscillations used for LDPE 1840H and LDPE 3020D

First step Second step

Frequency (rad/s) Amplitude (%) Frequency 
(rad/s)

Amplitude (%)

ω0 0.01 3 1 3
ω1 0.03 2 3 2
ω2 0.06 2 6 2
ω3 0.1 1 10 1
ω4 0.16 1 16 1
ω5 0.32 1 32 1
ω6 1 0.2 100 0.2
ω7 2.56 0.1 256 0.1
Peak strain - 6.65 - 6.65
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and Edwards 1978), which is five times the second-order 
orientation tensor S,

u′ presents the length of the deformed unit vector u′, 
and the bracket denotes an average over an isotropic dis-
tribution of unit vectors at time t′, u(t′), which can be 
expressed as a surface integral over the unit sphere,

The relative deformation gradient tensor, F−1(t,t′), sig-
nifies the deformation of the unit vector u at observation 
time t to u′ according to the affine deformation assumption,

The molecular stress functions fi = fi(t, t′) are the inverse 
of the relative tube diameters ai of each mode i,

fi = fi(t, t′) is a function of both the observation time t 
and the time t′ of the creation of tube segments by repta-
tion. The relaxation modulus G(t) of the melt is repre-
sented by discrete Maxwell modes with partial relaxation 
moduli gi and relaxation times τi,

We use parsimonious relaxation spectra as determined 
by the IRIS software (Winter and Mours 2006; Poh et al. 
2022a) by fitting SAOS data. It is important realizing 
that the hierarchical relaxation and dilution of the tube 
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are already embedded in the linear-viscoelastic relaxation 
spectrum and can therefore be extracted from the spectrum 
as shown in the following.

The evolution equation for the molecular stress function 
of each mode is expressed as,

with the initial conditions fi(t = t′, t′) = 1 (Narimissa and 
Wagner 2016b, 2019a). The first term on the right hand 
side represents an on average affine stretch rate with K 
the velocity gradient tensor, the second term takes into 
account Rouse relaxation in the longitudinal direction of 
the tube, and the third term limits molecular stretch due 
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Table 2   Molecular weight (Mw), polydispersity index (Mw/Mn), 
degree of branching, density, and crystallinity of LDPE 1840H and 
LDPE 3020D with different pre-treatments

Sample Mw (g/mol) Mw/Mn CH3/1000C ρ (g/cm3) Xc (%)

LDPE 
1840H-V

89,253 4.25 31 0.9201 47.92

LDPE 
1840H-E

91,855 4.53 23 0.9207 48.88

LDPE 
1840H-P

89,508 3.50 22 0.9256 50.99

LDPE 
3020D-V

109,707 3.79 21 0.9212 49.66

LDPE 
3020D-E

99,941 3.93 28 0.9234 50.92

LDPE 
3020D-P

101,774 3.59 18 0.9272 51.36

Fig. 1   a Storage (G′) and loss modulus (G″) of LDPE 1840H (V 
green, E red, P blue) at reference temperature T = 150 °C. b Partial 
relaxation moduli gi(τi) (symbols) and relaxation modulus G(t) (lines) 
as determined by the IRIS software (Winter and Mours 2006; Poh 
et al. 2022a)
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to the interchain tube pressure in the lateral direction of 
a tube segment (Wagner et al. 2005; Wagner and Rolón-
Garrído 2009a, b). The effect of dynamic dilution is enter-
ing Eq. (7) via the square of the weight fractions, w2

i
 , 

and takes into account that the effect of dynamic dilution 
vanishes in fast flows as discussed in Wagner (2011). The 
weight fraction wi of a dynamically diluted linear or LCB 
polymer segment with relaxation time τi > τD is deter-
mined by considering the ratio of the relaxation modulus 
at time t = τi to the dilution modulus GD = G(t = τD),

It is assumed that the value of wi obtained at t = τi can be 
attributed to the chain segments with relaxation time τi. Seg-
ments with τi < τD are considered to be permanently diluted, 
i.e., their weight fractions are fixed at wi = 1. Dynamically 
diluted chain segments withτi > τD have weight fractions 
wi < 1, which lead to higher values of the molecular stress 
functions fi according to Eq. (7). Thus, dynamic dilution 
leads to enhanced stretch and enhanced strain hardening 
in elongational flow. As shown by Narimissa et al. (2015), 
these assumptions allow modeling the rheology of broadly 
distributed polymers, largely independent of the number of 
discrete Maxwell modes used to represent the relaxation 
modulus G(t).

The topological parameter α depends on the topology of the 
melt (Narimissa and Wagner 2019a), with

The original HMMSF model is retained from Eq. (1) for

At sufficiently large and fast deformations, branch point 
withdrawal will occur in LCB melts, i.e., branch points and 
side arms will be withdrawn into the backbone tube and 
the number of effective entanglements carrying stress will 
decrease. Restricting attention to increasing deformations, we 
model this effect by dimensionless functions Hi representing 
the percentage of entanglements with relaxation times τi sur-
viving a given deformation,

�
(
t, t′

)
 is the average affine stretch of an entanglement seg-

ment between the times t and t′ without the consideration of 
stretch relaxation (Wagner et al. 2022),

�
(
t, t′

)
 can also be considered as a normalized strain energy 

function and is a frame invariant quantity. The parameter �m 
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Fig. 2   a Storage (G′) and loss modulus (G″) of LDPE 3020D (V 
green, E red, P blue) at reference temperature T = 130 °C. b Partial 
relaxation moduli gi(τi) (symbols) and relaxation modulus G(t) (lines) 
as determined by the IRIS software (Winter and Mours 2006; Poh 
et al. 2022a)

Table 3   Zero-shear viscosity η0, dilution modulus GD, and character-
istic stretch parameter �

m
 at reference temperature T 

Sample T (°C) η0 (kPa s) GD (kPa) �
m
 (-)

LDPE 1840H-V 150 36.2 10 90
LDPE 1840H-E 150 36.9 10 90
LDPE 1840H-P 150 27.2 10 90
LDPE 3020D-V 130 988 3 40
LDPE 3020D-E 130 1375 3 60
LDPE 3020D-P 130 631 3 40
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represents a measure of the characteristic stretch (or strain 
energy) defining the maximum of the elongational viscosity. 
As shown by Wagner et al. (2022), �m can be converted in 
good approximation into an equivalent characteristic Hencky 
strain �m = 1 + 1n

(
�m

)
 . The larger the value of �m , the larger 

is the Hencky strain at which the maximum in the tensile start-
up stress σE(ε) or in the elongational stress growth coefficient 
ηE(t) is reached. A large value of �m is associated with a poly-
mer topology featuring a large number and/or rather long side 
chains with possibly branch-on-branch topology resulting in 
large deformations and thereby large tensile forces in the back-
bone chain required for branch point withdrawal.

At small deformation rates and/or deformations, the func-
tions Hi reduce to Hi → 1, and the HMMSF model is recov-
ered. With increasing deformation rate, Hi decreases as soon as 
𝜆
(
t, t′

)
> 𝜆m , and the survival probability of entanglements of 

type i decreases, the more so the larger the strain rate and the 
larger the value of the weight fraction wi. For 𝜆

(
t, t′

)
>> 𝜆m and 

elongational flow with constant elongation rate 𝜀̇ , Hi reduces to

At small values of wi, branch points are only marginally 
embedded in the temporary polymer network due to large 
dynamic dilution by chain segments with shorter relaxation 
times. According to Eq. (13), for small Weissenberg num-
bers Wii = 𝜏i𝜀̇ , the effect of branch point withdrawal is then 
relatively small. Only at larger values of Wii branch point with-
drawal becomes important. Therefore, the quantity relevant for 
branch point withdrawal is the product of wi and Wii. While the 
time-dependent elongational stress as determined from Eq. (1) 
depends on the characteristic stretch parameter �m , the steady-
state stress depends only on strain rate, LVE characterization, 
and weight fractions wi. Thus, the only nonlinear material 
parameter determining the steady state of elongational stress 
and viscosity is the dilution modulus GD according to Eq. (8).

To model fracture of LDPE melts, we adjust the fracture crite-
rion for monodisperse polymers (Wagner et al. 2018, 2021a,b,c) 
by assuming that fracture occurs as soon as the entanglement 

(13)Hi =
1

1 + wi𝜏i𝜀̇

Fig. 3   Comparison of data 
(symbols) of elongational stress 
growth coefficient ηE(t) for 
LDPE 1840H-V at 150 °C to 
HMMSF model (lines) with GD 
= 10 kPa (a), and to EHMMSF 
model (lines) with GD = 10 
kPa and �

m
 = 90 (b). Data at 

𝜀̇ = 7.5s−1 were measured at 
130 °C and are time-tempera-
ture shifted to 150 °C. c Com-
parison of data (symbols) of 
elongational stress growth σ(ε) 
to EHMMSF model (lines) with 
GD = 10 kPa and �

m
 = 90
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segments corresponding to one relaxation mode fracture, i.e., 
when these segments reach the critical value Wc of the strain 
energy

U is the bond-dissociation energy of a single carbon-
carbon bond in hydrocarbons. As explained in Wagner 
et al. (2022), the strain energy of a diluted chain seg-
ment is given by W = 3kTf 2

i
wi with fi obtained from Eq. 

(7), and the ratio of bond-dissociation energy U to ther-
mal energy 3kT is approximately U/3kT≈35 and 33 at 
a temperature of T = 130 °C and 150 °C, respectively. 
According to the entropic fracture hypothesis, when the 
strain energy of the entanglement segment reaches the 
critical energy U, the total strain energy of the chain seg-
ment will be concentrated on one C-C bond by thermal 
fluctuations, and this bond then ruptures. This leads to 
crack initiation and within a few milliseconds to brittle 
fracture of the sample. Equation (14) defines the square 
of the critical stretch fi, c at fracture,

(14)Wc = 3kTf 2
i,c
wi = U

For the polymers investigated here, fracture is at first 
triggered by the mode with the longest relaxation time, 
followed at higher strain rates by fracture of shorter relaxa-
tion modes.

In summary, the parameters of the EHMMSF model includ-
ing the entropic fracture criterion are LVE, GD, �m , and U/3kT, 
with GD and �m being the only free model parameters.

Results

Molecular weight, density, and thermal data

The second heating cycle of the DSC results was used 
to assess the crystallinity of the LDPEs. The percent 
crystallinity is determined using the following equation 
(Menczel et al. 2009):

(15)f 2
i,c

=
U

3kT

1

wi

Fig. 4   Comparison of data 
(symbols) of elongational stress 
growth coefficient ηE(t) for 
LDPE 1840H-E at 150 °C to 
HMMSF model (lines) with GD 
= 10 kPa (a), and to EHMMSF 
model (lines) with GD = 10 
kPa and �

m
 = 90 (b). Data at 

𝜀̇ = 7.5s−1 were measured at 
130 °C and are time-tempera-
ture shifted to 150 °C. c Com-
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where ΔHm is the enthalpy of fusion, �H0
m

 is the heat 
of melting of 100% crystalline polymer, and Xc is the per-
centage crystallinity. The theoretical melting enthalpy of 
100% crystalline polyethylene is �H0

m
= 293 J/g (Wunder-

lich 1973). The density values of the LDPE samples are an 
average of 5 repetitions. The density results are in agree-
ment with a recent study on these commercial LDPEs where 
the crystallinity of the samples increases with increasing 
density (Poh et al. 2022b). The heat flow, molecular weight 
distribution, and morphology graphs can be found in the 
Supplementary Information (SI) in Figures S1 to S4. The 
weight-average molecular weight (Mw), polydispersity 
index (PDI), degree of branching, density, and crystallinity 
of the LDPE samples are summarized in Table 2.

Linear‑viscoelastic characterization

Figures 1 and 2 show the linear-viscoelastic characteriza-
tion of the two LDPE melts considered. The mastercurves 

(16)Xc =
�Hm

�H0
m

× 100%
of storage (G′) and loss modulus (G″) of the virgin sample 
(V) and the extruded sample (E) of LDPE 1840H (Fig. 1a) 
do not exhibit much difference; however, the powder sam-
ple (P) of LDPE 1840H which was milled to powder at 
cryogenic temperatures shows definitely lower values of G′ 
and G″ in the terminal regime, and also lower values of the 
partial relaxation moduli gi and the relaxation modulus G(t) 
at larger times (Fig. 1b). This is in agreement with the lower 
polydispersity of sample LDPE 1840H-P (Table 2) and the 
lower zero-shear viscosity η0 (Table 3) compared to samples 
LDPE 1840H-V and 1840H-E. On the other hand, LDPE 
3020D shows significant differences between the master-
curves of G′ and G″ and the partial relaxation moduli gi 
and the relaxation modulus G(t) at longer times, depend-
ing on the three different pre-treatments (Fig. 2): Extrusion 
of the virgin polymer leads to enhancement of the longest 
relaxation mode and a significant increase of the zero-shear 
viscosity η0, while cryogenic milling reduces the partial 
modulus of the longest relaxation time and the zero-shear 
viscosity η0 (Table 3). The difference in the behaviors of 
LDPE 1840H vs. LDPE 3020D regarding extrusion may be 
explained by the fact that LDPE 1840H is well stabilized, 

Fig. 5   Comparison of data 
(symbols) of elongational stress 
growth coefficient ηE(t) for 
LDPE 1840H-P at 150 °C to 
HMMSF model (lines) with GD 
= 10 kPa (a), and to EHMMSF 
model (lines) with GD = 10 kPa 
and �

m
 = 90 (b). Data (red sym-

bols) at strain rate 𝜀̇ = 7.5s−1

were measured at 130 °C and 
are time-temperature shifted to 
150 °C. c Comparison of data 
(symbols) of elongational stress 
growth σ(ε) to EHMMSF model 
(lines) with GD = 10 kPa and 
�
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while LDPE 3020D is a polymer which has been stored at 
ambient conditions for some 20 years resulting in deactiva-
tion of the stabilizer. Therefore, during extrusion, LDPE 
3020D undergoes oxidation and formation of radicals, 
which in turn leads to enhanced long-chain branching. On 
the other hand, the effect of cryogenic milling is clearly 
seen in both LDPEs. As reported by Liang et al. (2002), 
strong milling and high-speed collisions lead to the accu-
mulation of mechanical energy in the long chains especially 
at cryogenic conditions, with the result that covalent bonds 
rupture. Homolytic cleavage of C-C bonds within the back-
bone is the cause of mechanochemical polymer degradation. 
This is in agreement with the significant reduction of the 
polydispersity index (Table 2) which means that especially 
the long polymer chains are affected by bond rupture. The 
relaxation spectra as determined by the IRIS software (Win-
ter and Mours 2006; Poh et al. 2022a) are summarized in 
the Supplementary Information (Tables S1 and S2).

Elongational stress growth and stress growth 
coefficient

Figure 3a shows the comparison of the data (symbols) of the 
elongational stress growth coefficient ηE(t) for LDPE 
1840H-V at 150 °C to predictions of the HMMSF model 
(lines) using a dilution modulus of GD = 10 kPa. Data (red 
symbols) of strain rate 𝜀̇ = 7.5s−1 were measured at 130 °C 
and were time-temperature shifted to 150 °C. Within experi-
mental accuracy, good agreement between data and predic-
tions of the HMMSF model is found up to the maximum 
value of the stress growth coefficient measured. However, 
the data indicate a maximum of the stress growth coefficient, 
while the HMMSF model predicts a steady state. In addition, 
the samples fracture at 𝜀̇ = 3 and 7.5 s−1. The maximum can 
be accounted for by the EHMMSF model with GD = 10 kPa 
and a characteristic stretch parameter �m = 90 (Fig. 3b), 
while the fracture of the samples is found to be in reasonable 

Fig. 6   Comparison of data 
(symbols) of elongational stress 
growth coefficient ηE(t) for 
LDPE 3020D-V at 130 °C to 
HMMSF model (lines) with GD 
= 3 kPa (a), and to EHMMSF 
model (lines) with GD = 3 kPa 
and �

m
 = 40 (b). c Comparison 

of data (symbols) of elonga-
tional stress growth σ(ε) to 
EHMMSF model (lines) with 
GD = 3 kPa and �

m
 = 40
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agreement with the entropic fracture criterion of Eq. (15). 
This is even more evident when the elongational stress 
growth σ(ε) is considered (Fig. 3c). According to Wagner 
et al. (2022), the stretch parameter can be converted in good 
approximation into an equivalent characteristic Hencky 
strain by �m ≅ 1 + ln

(
�m

)
= 5.5 , with εm being the Hencky 

strain of the maximum of the elongational stress in the limit 
of low strain rates. At higher strain rates, the location of the 
maximum shifts to lower strains.

As shown in Figs. 4 and 5, with the same parameters 
set of GD = 10 kPa and �m = 90 s (Table 3), the elonga-
tional stress growth coefficient ηE(t) and the elongational 
stress growth σ(ε) of LDPE 1840H-E and LDPE 1840H-P 
can be predicted within experimental accuracy. While the 
HMMSF model gives a good description of the elonga-
tional stress growth coefficient ηE(t) up to the maximal 
experimental values (Figs.  4a and 5a), the EHMMSF 
model with the entropic fracture criterion accounts for the 
maximum of ηE(t) and σ(ε) seen at lower strain rates, and is 
in reasonable agreement with the fracture of the filaments 
found at higher strain rates. At the elongation rates of 1 

s−1 and 3 s−1, the fracture criterion according to Eq. (15) 
is reached by the longest relaxation time, at 7.5 s−1 by the 
second longest relaxation time.

Figures 6, 7, 8, and 9 show the data (symbols) of the elon-
gational stress growth coefficient ηE(t) and the elongational 
stress growth σ(ε) of LDPE 3020D measured at 130 °C. The 
sample LDPE 3020D-E was also measured at 150 °C, and the 
data (red symbols) were time-temperature shifted to 130 °C, 
resulting in excellent agreement (Fig. 8). In the case of LDPE 
3020D, the type of sample pre-treatment has not only an effect 
on the linear-viscoelastic properties as discussed in the “Lin-
ear-viscoelastic characterization” chapter, but also affects the 
characteristic stretch parameter �m (Table 3). Within experi-
mental accuracy, good agreement between data and predic-
tions of the HMMSF model using a dilution modulus of GD 
= 3 kPa is found up to the maximal values of the elongational 
stress growth coefficient ηE(t) measured, independent of the 
pre-treatment methods (Figs. 6a, 7a, and 9a). However, while 
the maxima of ηE(t)(Figs. 6b and 9b) and σ(ε) (Figs. 6c and 9c) 
found at lower strain rates are in agreement with the EHMMSF 
model using a characteristic stretch parameter of �m = 40, the 

Fig. 7   Comparison of data 
(symbols) of elongational stress 
growth coefficient ηE(t) for 
LDPE 3020D-E at 130 °C to 
HMMSF model (lines) with GD 
= 3 kPa (a), and to EHMMSF 
model (lines) with GD = 3 kPa 
and �

m
 = 60 (b). c Comparison 

of data (symbols) of elonga-
tional stress growth σ(ε) to 
EHMMSF model (lines) with 
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extruded sample LDPE 3020D-E (Figs. 7b and c, Fig. 8) shows 
maxima of ηE(t) and σ(ε) at higher strains corresponding to a 
characteristic stretch parameter of �m = 60. As discussed above, 
LDPE 3020D-E undergoes oxidation and formation of radi-
cals during extrusion leading to enhanced long-chain branch-
ing. Irrespective of sample preparation, the entropic fracture 
criterion of Eq. (15) implemented in the stress Eq. (1) of the 
EHMMSF model is again found to be in general agreement 
with the fracture of the samples observed at higher strain rates, 
and greatly improves the overall predictions of the EHMMSF 
model. At the elongation rates of 0.3 s−1 and 1 s−1, the fracture 
criterion according to Eq. (15) is reached by the longest relaxa-
tion time, at 3 s−1 by the second longest relaxation time.

High‑speed videography of fracture

Figures 10 and 11 show the optical observation of fracture 
development in LDPE 1840H and 3020D captured at an elon-
gation rate of 3.0 s−1 and a temperature of 130 °C in sequence 
from left to right using high-speed videography at 16,000 
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and 25,000 frames per second, respectively. The high-speed 
videography of fracture of the LDPE samples was repeated 
three times for each LDPE and sample preparation method, 
and the frames can be found in the Supplementary Informa-
tion (Figures S5 to S10). As typical examples, fracture events 
of LDPE 1840H samples (Fig. 10) and LDPE 3020D sam-
ples (Fig. 11) are shown here. The filaments of 1840H can 
be stretched longer and to thinner filaments before fracture 
occurs as compared to samples of 3020D. This is in agree-
ment with the elongational stress growth data of Figs. 3, 4, 
5, 6, 7, 8, and 9 which show that fracture of 1840H occurs 
typically at Hencky strains ε between 4 and 5, while fracture 
of filaments of 3020D is observed at lower Hencky strains of 
2.5 to 3.5. Due to the thin filament observed in the sequence 
of images captured for the 1840H samples (Fig. 10), it is dif-
ficult to follow the initiation and propagation of the crack in 
detail, and to observe the fracture tip profile. In contrast, the 

samples of 3020D fracturing at much lower stretch show the 
appearance of a parabolic crack opening (Fig. 11) that has 
all the signatures of an elastic fracture following the viscoe-
lastic trumpet model of de Gennes (1996). Crack openings 
start always at the sample surface. Similar parabolic crack 
openings have been observed earlier by Huang et al. (2016), 
and Huang and Hassager (2017) for monodisperse polysty-
rene solutions. They showed that polymeric systems have just 
two states, liquid or solid, and that a clear distinction exists 
between the liquid state (infinite steady-state elongation) and 
the solid state (fracture).

Within the unavoidable experimental scatter expected for 
fracture events, we could not identify significant differences 
in the fracture of samples with different pre-treatments, 
which means that even sample “V” compression molded 
from pellets as received is sufficiently homogeneous and do 
not fail at grain boundaries as originally suspected.

Fig. 10   Sequence of images 
captured at 16,000 fps of the 
propagation of fracture in 
uniaxial extensional flow of a 
1840H-V1 and b 1840H-E3 
stretched at 3.0 s−1 at 130 °C 
from left to right. The time t = 
0 is set at the frame where the 
filament breaks and the times 
of the frames indicate the time 
before fracture
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Fig. 11   Sequence of images 
shot at 25,000 fps of the propa-
gation of fracture in uniaxial 
extensional flow of a 3020D-
V1, b 3020D-E2, and c 3020D-
P2 stretched at 3.0 s−1 at 130 °C 
from left to right. The time t = 
0 is set at the frame where the 
filament breaks and the times 
of the frames indicate the time 
before fracture
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Discussion and conclusions

The Hierarchical Multi-mode Molecular Stress Func-
tion (HMMSF) model (Wagner et  al. 2022) is based 
on the fact that the rheological effect of polydispersity 
and, in the case of LCB polymers, the effect of the often 
unknown molecular branching topology is already con-
tained in the linear-viscoelastic spectrum of relaxation 
times of the polymer. Therefore, only a very limited num-
ber of well-defined constitutive assumptions concerning 
the nonlinear rheology is needed, thereby reducing the 
number of adjustable free nonlinear material param-
eters to a minimum. The HMMSF model, with only one 
nonlinear material parameter, the dilution modulus GD, 
has been shown to quantitatively model the extensional 
viscosities of linear polymer melts at all deformation 
rates investigated (Narimissa and Wagner 2016c). For 
long-chain branched polymer melts, the HMMSF model 
describes accurately the elongational stress growth coef-
ficient up to the maximum of the elongational viscos-
ity, but fails to predict the maximum and the follow-
ing steady-state viscosity at higher strain rates. For the 
two LDPEs investigated here, the values of the dilu-
tion modulus GD are 3 kPa (LDPE 3020D) and 10 kPa 
(LDPE 1840H), independent of the pre-treatment method 
applied. This shows clearly that the effect of the different 
pre-treatment methods of the samples affects primarily 
the LVE behavior.

To account for the maximum in the transient elonga-
tional viscosity, the EHMMSF model takes into account 
branch point withdrawal in the elongational flow of LCB 
melts and allows quantifying the maximum in the tran-
sient elongational viscosity of LDPE melts observed at 
higher strain rates and higher strains by a single char-
acteristic stretch parameter�m . For LDPE 1840H, the 
stretch parameter was found to be �m = 90 , independent 
of the pre-treatment of the samples. In contrast, while 
the stretch parameter for LDPE 3020D-V and LDPE 
3020D-P is �m = 40 , a value of �m = 60 was found for 
LDPE 3020D-E. According to Eq. (11), at constant �m 
the maximum will be reached at smaller Hencky strains 
with increasing strain rate and will be more pronounced, 
in agreement with experimental evidence. A larger 
value of �m as in the case of LDPE 3020D-E compared 
to LDPE 3020D-V and LDPE 3020D-P is associated 
with a polymer topology featuring a larger number and/
or longer side chains resulting in a larger deformation 
and thereby a larger tensile force in the backbone chain 
required for branch point withdrawal. This is in agree-
ment with the expectation that LDPE 3020D-E undergoes 
oxidation and radical formation during extrusion causing 
a buildup of long-chain branching.

Hence, starting from the linear-viscoelastic relaxation 
modulus G(t), it is possible to characterize the nonlinear-
viscoelastic elongational flow properties of LDPE melts 
by only two material parameters, the dilution modulus 
GD and the stretch parameter �m . This can be of consid-
erable importance for both polymer characterization as 
well as polymer processing simulations.

The entropic fracture criterion was found to be of decisive 
importance for the predictive capabilities of the EHMMSF 
at higher strain rates. According to this criterion, a poly-
mer will fail by fracture when the stretch energy of one 
relaxation mode reaches the bond-dissociation energy of 
a single carbon-carbon bond. For both LDPE 1840H and 
LDPE 3020D, and for all pre-treatment methods, fracture 
was observed at the higher strain rates investigated and in 
reasonable agreement with the entropic fracture criterion. 
High-speed videography reveals that fracture is preceded by 
a parabolic crack opening characteristic for elastic fracture 
according to the viscoelastic trumpet model of de Gennes 
(1996), which has been observed earlier (Huang et al. 2016; 
Huang and Hassager 2017) in the case of monodisperse pol-
ystyrene solutions. Here, for the first time to our knowledge, 
we demonstrate the appearance of a parabolic crack opening 
initiating the fracture process of polydisperse and long-chain 
branched LDPE.
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