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Abstract: We develop an operator-theoretic approach to discrete frame theory on
a separable Hilbert space. We then apply this to an investigation of the structural
properties of systems of unitary operators on Hilbert space which are related to
orthonormal wavelet theory. We also obtain applications of frame theory to group
representations, and of the theory of abstract unitary systems to frames generated

by Gabor type systems.
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Introduction

The purpose of this manuscript is to explore and develop a number of the basic
aspects of a geometric, or operator-theoretic, approach to discrete frame theory on
Hilbert space which arises from the simple observation that a frame sequence is
simply an inner direct summand of a Riesz basis. In other words, frames have a
natural geometric interpretation as sequences of vectors which dilate(geometrically)
to bases. This approach leads to simplified proofs of some of the known results in

frame theory, and also leads to some new results and applications for frames.

A frame is a sequence {z,} of vectors in a Hilbert space H with the property

that there are constants A, B > 0 such that

Allel]> <Y | < @m; > P < Blja|?
J

for all x in the Hilbert space. A Riesz basis is a bounded unconditional basis; In
Hilbert space this is equivalent to being the image of an orthonormal basis under
a bounded invertible operator; another equivalence is that it is a Schauder basis
which is also a frame. An inner direct summand of a Riesz basis is a sequence {z,, }
in a Hilbert space H for which there is a second sequence {y, } in a second Hilbert
space M such that the orthogonal direct sum {x,, ® y,} is a Riesz basis for the
direct sum Hilbert space H & M.

Frame sequences have been used for a number of years by engineers and applied
mathematicians for purposes of signal processing and data compression. There are
papers presently in the literature which concern interpretations of discrete frame
transforms from a functional analysis point of view. However, our approach seems
to be different in an essential way in that the types of questions we address are
somewhat different, and there is a fundamental difference in perspective arising
from a dilation vantage point. This article is concerned mainly with the pure
mathematics underlying frame theory. Most of the new results we present are in

fact built up from basic principles.

This paper began with an idea the second author had on the plane back to College
Station after participating in the stimulating conference on Operator Theory and
Wavelet Theory which took place in July, 1996 in Charlotte, NC. This was the



observation that a frame could be gotten by compressing a basis in a larger Hilbert
space, together with the observation that this method was reversible. This quickly
led the authors to an understanding of frame theory from a functional analysis
point of view in a form that was very suitable for exploring its relationship to the
earlier study of wandering vectors for unitary systems and orthogonal wavelets [DL]

by the second author together with Xingde Dai.

The basic elements of our approach to frames are contained in Chapters 1 and
2, which contain a number of new results as well as new proofs of some well-known
results. Our original plan was that these two chapters would contain only those
basic results on frames that we needed to carry out our program in the remaining
chapters. However, through seven preliminary versions of this manuscript, these
chapters grew to accomodate some apparently new results for frames that seemed
to belong to the basics of the theory. In many cases we made little or no attempt
to give the most general forms possible of basic results because we felt that doing
so might get in the way of the flow of the rest of the manuscript. So in these two
chapters we tried to give what was needed together with the essentials of some
additional results that we felt might have independent interest. Then, beginning
with Chapter 3, our main thrust concerns applications to unitary systems, group

representations and frame wavelets.

In [DL] the set of all complete wandering vectors for a unitary system was param-
eterized by the set of unitary operators in the local commutant (i. e. commutant
at a point) of the system at a particular fixed complete wandering vector. This was
the starting point for the structural theory in [DL]. In Chapter 3 we generalize this
to frames. In the case where a unitary system has a complete wandering vector, we
parameterize the set of all the normalized frame vectors ( a vector which together
with the unitary system induces a normalized tight frame for a closed subspace of
the underlying Hilbert space) by the set of all the partial isometry operators in the
local commutant of the unitary system at the fixed complete wandering vector. In
particular the set of all complete normalized tight frame vectors for such a unitary
system can be parameterized by the set of all co-isometries in the local commutant

of the unitary system at this point.

Unlike the wandering vector case, we show that the set of all the normalized
tight frame vectors for a unitary group can not be parameterized by the set of all
the unitary operators in the commutant of the unitary group. This means that the
complete normalized tight frame vectors for a representation of a countable group

are not necessarily unitarily equivalent. However, instead, this set can be parame-



terized by the set of all the unitary operators in the von Neumann algebra generated
by the representation. Several dilation results are given for unitary group systems
and some other general unitary systems including the Gabor unitary systems. A
simple application is that every unitary group representation which admits a com-
plete frame vector is unitarily equivalent to a subrepresentation of the left regular
representation of the group. Regarding classification of the frame vectors for a
group representation, we investigate frame multiplicity for group representations in

Chapter 6.

Frame wavelets have been in the literature for many years. These can be viewed
as the frame vectors for the usual dilation and translation unitary system on L?(R).
In Chapter 5 we focus our attention on strong disjointness of frame wavelets and on
the frame wavelets whose Fourier transforms are normalized characteristic functions
\/%X g for some measurable sets E. These sets are called frame sets. A character-
ization of these frame sets is given. (We note that an equation-characterization of
complete normalized frame wavelets is in the literature, cf. [HW]). The study of
strong disjointness in Chapter 2 leads to the concept of super-wavelets in Chapter
5. The prefix "super-" is used because they are orthonormal basis generators for
a "super-space” of L?(R), namely the direct sum of finitely many copies of L?(R).
Super-wavelets can be viewed as vector valued wavelets of a special type. Using
the frame sets, we prove the existence of super-wavelets of any length. No su-
perwavelet can be associated with a single multiresolution analysis (MRA) in the
super-space. However, each component of a super-wavelet can be an MRA frame
in the usual sense. They might have applications to signal processing, data com-
pression and image analysis (see Remark 2.27). We also discuss the interpolation

method introduced by Dai and Larson in [DL] for frame wavelets.

We wish to thank a number of our friends and colleagues for useful comments and
suggestions on preliminary versions of this work. Since we were working between
the two different areas of operator algebra and frame theory on this, we especially
appreciated comments that helped us assess the originality and potential usefulness
of our work and those that helped us improve the coherency and readability of our
write-up. We first wish to thank three of Larson’s research students Qing Gu,
Vishnu Kamat and Shijin Lu for useful conversations and commentary with both
of us throughout the year in which this manuscript was written. The list of those
whose motivational and critical comments inspired us and helped us far more than
they probably realize includes Pete Cazazza, Xingde Dai, Gustavo Garrigos, Bill
Johnson, Michael Frank, John McCarthy, Manos Papadakis, Carl Pearcy, Lizhong



Peng, Marc Rieffel, Joe Ward, and Guido Weiss.



Chapter 1

Basic Theory for Frames

We begin by giving an elementary self-contained exposition of frames suitable for
our work in subsequent sections. Some of what we describe in this chapter is known
and is standard in the literature. However, our dilation results and exposition
characterizing tight frames and general frames as precisely the direct summands
of Riesz bases seems to be new and serves to clarify some aspects of frame theory
from a functional analysis point of view. For an operator theorist and also for a
Banach space theorist, dilation may be the most natural point of view to take in

regard to frames.
1.1 A Dilation Viewpoint on Frames

Let H be a separable complex Hilbert space. Let B(H) denote the algebra of
all bounded linear operators on H. Let N denote the natural numbers, and Z the
integers. We will use J to denote a generic countable ( or finite ) index set such as
Z, N, Z® NUN etc. The following are standard definitions:

A sequence {z; : j € N} of vectors in H is called a frame if there are constants
A, B > 0 such that

All|[> < Y| < @2y > P < Blja|? (1)
j
for all z € H. The optimal constants (maximal for A and minimal for B) are
called the frame bounds. The frame {xz;} is called a tight frame if A = B, and is
called normalized if A = B = 1. A sequence {z;} is called a Riesz basis if it is a
frame and is also a basis for H in the sense that for each x € H there is a unique
sequence {a;} in C such that x = ) ajz; with the convergence being in norm. We
note that a Riesz basis is sometimes defined to be a basis which is obtained from
an orthonormal basis by applying a bounded linear invertible operator (cf. [Yo]).
This is equivalent to our definition (cf. Proposition 1.5). Also, it should be noted
that in Hilbert spaces it is well known that Riesz bases are precisely the bounded

unconditional bases.
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It is clear from the absolute summation in (1) that the concept of frame ( and
Riesz basis) makes sense for any countable subset of H and does not depend on a
sequential order. Thus there will be no confusion in discussing a frame , or Riesz

basis, indexed by a countable set J.

From the definition, a set {z; : j € J} is a normalized tight frame if and only if

o0
2> =D | <z, z; > (2)
j=1

for all z € H. An orthonormal basis is obviously a normalized tight frame. More-
over, if {z;} is a normalized tight frame, then (2) implies that ||z;|| < 1 for all
j. Also, if some z; happens to be a unit vector then (2) implies that it must be
orthogonal to all other vectors x; in the frame. Thus a normalized tight frame of
unit vectors is an orthonormal basis. On the other hand, some of the vectors in a
tight frame may be the zero vector. If H is the zero Hilbert space, then any count-
able indexed set of zero vectors satisfies the definition of a normalized tight frame
(provided we use the convention that A = B = 1 in this case). Let {z,, : j € J} be a
normalized tight frame for H. Suppose that {z; : i € A} is a subset of {z; : j € J}
which is also a normalized tight frame for H. We may assume A C J. If j ¢ A,
then

H%HZZZ|<%’, $k>|2=Z|<xj, z; > 2

kel ieA
Thus > yen | < zj, zp > |?=10. So < zj, ; >= 0 which implies that z; = 0. So
the only way to enlarge a normalized tight frame in such a way that it remains a

normalized tight frame is to add zero vectors.

If {z,} is a frame which is not a Riesz basis, and not a sequence of zeros on the

zero Hilbert space, then we will call {z,,} a proper frame.

We will say that frames {z; : j € J} and {y; : j € J} on Hilbert spaces H, K,
respectively, are unitarily equivalent if there is a unitary U : H — K such that
Uxz; = y; for all j € J. We will say that they are similar ( or isomorphic) if there is
a bounded linear invertible operator T : H — K such that T'z; = y; for all j € J.

It is important to note that the two notions of equivalence of frames (unitary
equivalence and isomorphism) in the above paragraph are somewhat restrictive,
and are in fact more restrictive than some theorists would prefer for a notion of
equivalence of frames. In particular, isomorphism of frames is not invariant under
permutations. For example if {e1, ea} is an orthonormal basis for a two-dimensional

Hilbert space Hs then both {e;, ez, 0, 0} and {0, 0, e, e2} are normalized
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tight frames for Hy indexed by the index set J = {1, 2, 3, 4}. But they are
not isomorphic, because isomorphism would require the existence of an invertible
operator T" mapping Hs to Hy such that Te; =0, Tes =0, TO=e1, T0 = eq, an
impossibility. For our geometric interpretation and to achieve the strength of the
theorems we prove it is important to distinguish between the equivalence classes of
such frames. Moreover, for a similar reason we will make no attempt to define a

notion of equivalence of two frames that are not indexed by the same index set J.

Suppose that {z,} is a sequence in H such that the equation

T = Z < T, Ty > T
n
holds for all x € H (the convergence can be either in the weakly convergent sense
or in the norm convergent sense). Then {z,} is a normalized tight frame for H
since for every z € H, we have
n

2|2 = limy oo < Z <z, Tl > Tk, T >
k=1

n
=lim,_ o Z <z, T)p >< T, T >

k=1
n o0

:limn_,oo2|<:n, T > |2=Z| <z x> A
k=1 k=1

Example A. Let H and K be Hilbert spaces with H C K, and let {e;}?2; be an

orthonormal basis for K. Let P denote the orthogonal projection from K onto H,

and let x; = Pe; for all 4. If x € H is arbitrary, then

][> =) <z, e > (3)
j

and

xzz<x,ej>ej. (4)
J

Since x = Px and z; = Pe;j we have < z, e; > = <z, x; >, so (3) becomes (2)
and hence {z,} is a normalized tight frame for H. Moreover, applying P to (4)
then yields

x:Z<x,xj>xj (5)

J

for all z € H. The formula (5) is called the reconstruction formula for {z;}.
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Example A;. For a special case let {e1, e2, e3} be an orthonormal basis for a
3-dimensional Hilbert space K. Another orthonormal basis for K is then
1
{%(61 + e + 63), 76(61 — 262 + 63), 72(61 — 63)}.
Thus from above,
- (e1 — 262)
— —(e1 — 2e9),

is a normalized tight frame for H = span{e;, es}.

(e1 + e2),

Example A,. Let K = L?(T) where T is the unit circle and measure is normalized
Lebesgue measure. Then {¢™ : n € Z} is a standard orthonormal basis for L?(T).
If E C T is any measurable subset then {e"*|g : n € Z} is a normalized tight frame
for L?(E). This can be viewed as obtained from the single vector xg by applying
all integral powers of the (unitary) multiplication operator M,:s. It turns out that
these are all ( for different F) unitarily inequivalent, and moreover every normalized
tight frame that arises in a manner analogous to this is unitarily equivalent to a

member of this class (see Corollary 3.10).

Example A;. Take H = C2%, ¢; = (0, 1), ey = (?, 1), ez = (?, —3).
The elementary computation on page 56 of [Dau] or page 399 of [HW] shows that
{e1, €2, e3} is a tight frame with frame bound 2. An alternate way of seeing this

is by observing that the set

2 1 2 V3 1 1 2v3 1 1
{\/;(07 17 ﬁ)’ \/;(27 57 _ﬁ)v 5(7’ _57 72)}

is an orthonormal basis for C3.

It turns out that Example A is generic and serves as a model for arbitrary
normalized tight frames. One can always dilate such a frame to an orthonormal
basis. One immediate consequence of the dilation is that the reconstruction formula

(5) always holds for a tight frame. This is usually proven in a different way.

Proposition 1.1. Let J be a countable ( or finite) index set. Suppose that {x,, :
n € J} is a normalized tight frame for H. Then there exists a Hilbert space K O H
and an orthonormal basis {e, : n € J} for K such that x,, = Pe,,, where P is the

orthogonal projection from K onto H.

Proof. Let K = 1%(J) and let  : H — K be the usual frame transform defined by

0(x) = (< &, 20 >)nes (6)
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for all x € H. Since {z,} is a tight frame for H, we have

1017 =D | <@an > P = |l

n

Thus 6 is well defined and is an isometry. So we can embed H into K by identifying
H with 6(H). Let P be the orthogonal projection from K onto §(H). Denote the
standard orthonormal basis for K by {e; : j € J}. That is, for each j € ], e; is
defined to be the vector in [?(J) which is 1 in the j-th position and 0 elsewhere.
We claim that Pe,, = 0(x,,). For any m € J, we have

< O(xm), Pen, > = < PO(xy,), en > =< 0(xm), €, >
=< Ty, Ty, > = < 0(x4), 0(x0) > . (7)

In the third equality in (7) the fact was used that, by definition of 6, for each
y € H we have < 0(y), e, > = <y, x, >. Since the vectors (z,,) span §(H) it
follows that Pe,, — 6(z,,) L 6(H). But ran(P) = (H). Hence Pe,, —0(x,) =0, as
required. [

Corollary 1.2.

(i) Let {e, : n € J} be an orthonormal basis for H, and let V be a partial
isometry in B(H). Then {Ve,} is a normalized tight frame for the range of V.

(i) Suppose that {x,} is a normalized tight frame for a Hilbert space H and
{en} is an orthonormal basis for a Hilbert space K. If T is the isometry defined by
Tx = Znej < x,T, > ey, then T e, = x,, and Tz, = Pe, for alln € J, where P
is the projection from K onto the range of T. More generally, if {x,} is a general
frame for H, then T defined above is a bounded linear operator and T*e, = x,, for
alln € J.

(i1i) Suppose that {x,} is a normalized tight frame for a Hilbert space H. Then

> e l@nll? is equal to the dimension of H.

Proof. Statement (i) follows from the definition or from Proposition 1.1. For (ii),
when {x,} is normalized, then the equality Tz, = Pe, follows from the proof of
Proposition 1.1. If {x,} is a general frame, boundness of T is clear. Now let z € H

be arbitrary. Then we have
<T%en, x>=<e,, Tx>

=< en, Z<a:, X > e >

kel

= <@, Tk > <en, >
kel

=27, T, S

=< Tp, T>.
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Hence T%e,, = z,,.

To prove (iii), by Proposition 1.1, there is a Hilbert space K and an orthonormal
basis {e,} for K such that K O H and Pe, = x,, where P is the orthogonal
projection from K onto H. Thus

> lanll> =) < Pen, Pey >

nej neJ
= Z < Pe,, e, >
nejJ
= tr(P) = dimH,

where tr(P) denotes the trace of P if H has finite dimension and is taken to be

+o00 if H has infinite dimension. [

Some further elementary consequences of Proposition 1.2, whose proofs are given
in Chapter 2 because they are used there although they could just as well have
been given at this point, are contained in Proposition 2.6, Corollary 2.7, Corollary
2.8, Lemma 2.17. In particular, two frames are similar if and only if their frame
transforms have the same range. Based on this, there is a one-to-one correspondence
between the closed linear subspaces of [2(J) and the similarity classes of frames with

index set J.

Corollary 1.3. Let J be a countable ( or finite ) index set. A set {x,, : n € J} is
a normalized tight frame for a Hilbert space H if and only if there exists a Hilbert
space M and a normalized tight frame {y, : n € J} for M such that

{zn®yn: neN} (8)

is an orthonormal basis for H ® M. (If {x,} is an orthonormal basis, the under-

standing is that M will be the zero space and each y,, will be zero vector.)

Proof. By Proposition 1.1 there is a Hilbert space K © H and an orthonormal
basis {e,} of K such that x,, = Pe,, where P is the projection from K onto H.
Let M =(I — P)K and y, = (I — P)e,, neJ. O

Proposition 1.4. The extension of a tight frame to an orthonormal basis described
in the statement of Corollary 1.3 is unique up to unitary equivalence. That is if N is
another Hilbert space and {z,} is a tight frame for N such that {x,, ® z, : n € J} is
an orthonormal basis for H® N, then there is a unitary transformation U mapping

M onto N such that Uy, = z, for all n. In particular, dimM = dimN .

Proof. Let e, = z,, ® y, and f, = x, ® z,. Let U:H®M — H® N be the
unitary such that Ue,, = f,,. Fix € H. Write 0p7, 0y for the zero vector in M, N,
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respectively. We have
<X, Xy >=<x®0, e, >=<z2d0N, fn>.

Sox @0 =), <x®0m, e, >=>  <T,x, > e, Similarly @0y =), <
T, Ty > fn. Thus

U(m@OM):Z<m, zn, > Uey, =2 ®0y.

Identifying H @ 07 and H @ Oy, it follows that U = I & U, where U is a unitary
in B(M,N). O

If {z,} is a normalized tight frame we will call any normalized tight frame {z;}
such that {z; @ z;} is an orthonormal basis for the direct sum space, as in Propo-
sition 1.4, a strong complementary frame (or strong complement ) to {z;}. The
above result says that every normalized tight frame has a strong complement which
is unique up to unitary equivalence. More generally, if {y;} is a general frame we
will call any frame {w;} such that {y; ® w;} is a Riesz basis for the direct sum
space a complementary frame ( or complement ) to {x;}. It turns out that every
frame has a normalized tight frame which is a complement (see Proposition 1.6),
but there is no corresponding uniqueness result for complements as there is for
strong complements (see Example B). These and related matters will be discussed

at length in Chapter 2.

Now consider the technique in the proof of Proposition 1.1 carried out on a
general frame {z,} for H with bounds A, B as in (1). Let K = [?(J) and let
0:H— K, 0(z)=(< z,x, >) be the frame transform for {z,}. The equation (1)
implies that 6 is bounded below and has closed range. Denote the range of 6 by H.
As earlier, let {e,, : n € J} be the standard orthonormal basis for (?(J]), and let P
be the orthogonal projection of K onto H. Then for all n,l € J,

< 0*Pe,, x; > = < Pe,, 0(x;)) > = <e,, PO(x;) >

= <ep, O(x;) > =<z, 11 >,

where 6* : K — H denotes the Hilbert space adjoint of 6. Since {z; : | € N} is
dense in H, it follows that

0* Pe,, = x,, 9)
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for all n € J. Note that 6*|; is an invertible operator from H to H. It agrees with

the adjoint of  when 6 is regarded as an invertible operator from H to H.

Since the set {Pe, : n € J} is a normalized tight frame, this shows that an
arbitrary frame is similar to a normalized tight frame. In the special case when
{x;} is a Riesz basis, an elementary argument shows that §(H) = K, so P = I,
recovering the well known fact that a Riesz basis is similar to an orthonormal basis.

These arguments are each reversible.

If T is a bounded invertible operator and {f,} is a normalized tight frame in H,

then if we set x,, = T'f,, and let u € H be arbitrary, we compute

Z|<u, :Uj>\222|<u, Tfj>|2:Z]<T*u,fj>|2=||T*uH2. (9a)
J J J
Since

7=l < 17wl < (1T - [Jull,

{z,} is a frame with frame bounds A > ||T7!||72 and B < ||T||>. In fact we
have B = ||T||> and A = ||T~!||2. To see that B = ||T|?, simply let {u;}3° be a
sequence of unit vectors with ||T*ug|| — ||T7*||, and apply equation (9a). To see that
A = ||T71]|72, let {vi}5° be a sequence of unit vectors such that ||[(T*) 1vg|| —
[[(T*)~Y||, normalize these to get unit vectors zx = (T™*) 1vg/||(T*) tvg||, note
that

1T vel] = [1(T*) " oel|7H = 17117,

and apply (9a). The sequence {z,} is a Riesz basis if and only if {f,} is an

orthonormal basis. We capture these results formally:

Proposition 1.5. A Riesz basis is precisely the image of an orthonormal basis
under a bounded invertible operator. Likewise, a frame is precisely the image of a
normalized tight frame under a bounded invertible operator. If the bounded invertible
operator is denoted by T then the upper and lower frame bounds are precisely ||T||?

and ||[T~1]|72, respectively.
There is a corresponding dilation result.

Proposition 1.6. Let J be a countable (or finite) index set. If {z; : j € I} is a
frame for a Hilbert space H, there exists a Hilbert space M and a normalized tight
frame {y; : j € J} for M such that

{rj@y;: jel}



16

is a Riesz basis for H @ M with the property that the bounds A and B for {z; ®y;}

are the same as those for {z;}.

Proof. By Proposition 1.5 there exists a normalized tight frame {f;} for H and an
invertible operator 7' in B(H) such that x; = T'f;, Vj. By Corollary 1.3 there is a
Hilbert space M and a normalized tight frame {y;} for M such that {f; ®y;} is an
orthonormal basis for H @ M. Then T' & I is an invertible operator in B(H @& K),
and (T®I)(f;®y;) = z;Py;. So {z;Dy;} is a Riesz basis for H@® M by Proposition

1.5. The statement regarding bounds is obvious. [J

One might expect that the strong complementary frame {y;} to the frame {z,}
in Proposition 1.6 can be always chosen to be in H, that is M can be chosen as
a subspace of H. In general this is not true. For example, let H = C and let
{z;} = {%, %, %} Then {z;} is a normalized tight frame for H. Suppose that
{y;} is a frame in H such that {z; ® y;} is a Riesz basis for H & M, where M is
the subspace of H generated by {y;}. Note that {y;} is non-trivial. Thus M = H.

Therefore we get a Riesz basis

{x1®y1, 22 P y2, x3 P ys}

for the two dimensional Hilbert space H @& H, which is a contradiction. However
if H is infinite dimensional, we can imbed M into H by an isometry U : M — H.
Thus {Uy,} is an indexed set in H such that {z; @ Uy;} is an Riesz basis for
H® UM since {z; Uy} ={(IdU)(z; Py;)}

Given sequences of vectors {z,,} and {y,} in spaces H and K, respectively, there
are two possible notions of a direct sum for them. One is the so-called outer direct
sum, which is the union of the sets {x,, ® 0},cy and {0 @ y,, }ney. In this case the
outer direct sum of two frames will clearly be a frame, and of two bases will be a
basis. Obviously the outer direct sum of two frames will be a basis if and only if
each is a basis to start with. The other is the so-called inner direct sum, which is
{Zn, ® yn}tney. In this article by the direct sum of two sequences indexed by the
same index set we will always mean the inner direct sum. Likewise, the term direct

summand will mean inner direct summand.
A perhaps more convenient way of summing up the above dilation results is:

Theorem 1.7. Frames are precisely the inner direct summands of Riesz bases.
Normalized tight frames are precisely the inner direct summands of orthonormal

bases.
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Proof. In view of Corollary 1.3 and Proposition 1.6, the only thing remaining to
prove is that if {x,} is a Riesz basis for H, and if P € B(H) is an idempotent
(a non-selfadjoint projection) then {Pz, : n € J} is a frame for PH. Write
P =TQT~! for some invertible operator T € B(H) and selfadjoint projection Q.
Let y, = T~ ', another Riesz basis for H. For z € QH,

Yl<wQun>P=>1<Qu, yn>*=) [ <z ya> ">,
n n n

so by (1), {Qyx} is a frame for QH. Thus since T'|gy is a bounded invertible oper-
ator from QH onto PH, it follows that {T'Qy,} is a frame for PH, as required. [J

Theorem 1.7 suggests a natural matrix-completion point of view on frames, which

adds some perspective to the theory. See section 7.3.

Remark 1.8. In view of Theorem 1.7, it would seem most natural to generalize
the concept of frame by defining an abstract frame in a Banach space to be simply a
direct summand of a basis. In this case the index set should be N. A particular type
of basis would then suggest that particular type of frame. For instance, Schauder
frame would be by definition a direct summand of a Schauder basis. And a bounded
unconditional frame would mean a direct summand of a bounded unconditional
basis. This latter might give the best generalization, because on Hilbert spaces
the bounded unconditional bases are precisely the Riesz bases. We will comment

further on this in section 7.2 of the concluding remarks chapter.

Proposition 1.9. (i) If {x,} is a frame and if T is a co-isometry (that is T* is an
isometry), then {Tx,} is a frame. Moreover, {Tx,} is an normalized tight frame
if {xn} is.

(ii) Suppose that {x,} and {y,} are normalized tight frames, and suppose that
T is a bounded linear operator which satisfies Tx, = yp for all n. Then T is a
co-isometry. If T is invertible, then it is unitary.

(111) If {zn} and {y,} are normalized tight frames such that {z, © y,} is a
normalized tight frame, and if {z,} is a normalized tight frame which is unitarily
equivalent to {yn}, then {x, ® z,} is also a normalized tight frame.

() If {x,,} is a frame which is a Schauder basis, then it is a Riesz basis.

(v) If {x,} is both a Riesz basis and a normalized tight frame, then it must be

an orthonormal basis.

Proof. Let A and B be the frame bounds for {z,,}. Then, since T* is an isometry,
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if z € H we have
Allal? = ATa)? < S| < T, 20 >
n

< B|IT*a|* = Bll«]]*.

Since < T*x, x, > equals < x, Tz, >, the result (i) follows.

For (ii), let {z,,} and {y,} be normalized tight frames for Hilbert spaces H and
K, respectively, and let T be a bounded operator such that Tz, = v, for all n.
Then for any y € K,

IT7l1* = Y | <Tyan>1? = Y [ <y, Tz > = |lyll*.

Thus T is an isometry, and so it is a unitary when 7T is invertible.

For (iii), let H, K7, K2 be the spaces of {x,}, {yn}, {zn}, respectively. Let
U € B(Ki, K3) be a unitary such that Uy, = z,, Vn. Then V := (I @ U) is a
unitary such that V(z, & y,) = x, ® z,. Hence {z,, ® 2,} is a normalized tight

frame.

To prove (iv), by Proposition 1.6, there is a frame {y,} for a Hilbert space M
such that {z, ®y,} is a Riesz basis for H & M. We need to show that M = 0. Let
P be the projection from H & M onto H and let z € M. Write

for ¢, € C. Then
0=Pz= Z CnTm-

Since {z,} is a Schauder basis, ¢,, = 0 for all n. Thus z = 0 , as required.

For (v), by Proposition 1.5, there is an invertible operator A such that {Ax,,} is
an orthonormal basis. Since {z,} is also a normalized tight frame, it follows from

(74) that A is a unitary operator. Thus {z,} is an orthonormal basis. [

Example B. A direct sum of two normalized tight frames can be a Riesz basis
which is not orthonormal. This shows that the uniqueness part of Proposition 1.4

does not generalize to the setting of Proposition 1.6. Consider Example A;. Let

1

1= \}5(61 +e2), fo= \}6(61 —2e3), f3=—=e1

S
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and let g1 = —%63, go = %63, gs = %63. Then {f1, f2, f3}is anormalized tight
frame for span{ei,es} and {g1, g2, g3} is a normalized tight frame for span{es}.
Let

1 1
hi=fi®g = ﬁ(el +e2) — 563,

ho = fo®go = 2ez) +

I
\/6 1 \/6 3

1 1
hs = f3®gs = \ﬁ@l + ﬁe?f

Then < hy, he ># 0, and a computation shows that hi, hs, hs are linearly
independent. Thus {hi, ha, hs} is a Riesz basis which is not orthonormal. However

if we choose
1 1 1

g1 = %637 §2 = \/6637 §3 = _Ee?n

then {f1 ® g1, fo® g2, f3 @ g3} is an orthonormal basis. Thus, by Proposition 1.9

(iii), {91, g2, g3} and {G1, g2, g3} are not unitarily equivalent (as is also evident

by inspection in this case).

1.2 The Canonical Dual Frame

For a tight frame {z;} with frame bound A, the reconstruction formula is

m:%2<x, zj > ;.
Jj€J
If a frame is not tight, there is a similar reconstruction formula in terms of dual
frames. The next proposition and the remark following it concerns the usual dual
of a frame which is standard in the wavelet literature. We will call it the canonical
dual because we will have need of alternate duals in this article. Our particular
way of presenting it is different from the usual way (cf. [HW]), and is given to
highlight the uniqueness aspect of the canonical dual that distinguishes it from the

other alternate duals.
Proposition 1.10. Let {x, : n € J} be a frame on a Hilbert space H. Then there

exists a unique operator S € B(H) such that

$:Z<$,S$n>$n (10)
neN

for all x € H. An explicit formula for S is given by

S=A"A
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where A is any invertible operator in B(H,K) for some Hilbert space Kwith the
property that {Az,, : n € J} is a normalized tight frame. In particular, S is an

invertible positive operator. (We will denote x}, := Sz, in the sequel).

Proof. Let A € B(H, K) be any invertible operator in B(H, K) for some Hilbert
space Kwith the property that {Ax, : n € J} is a normalized tight frame. The
existence of such an operator follows from Proposition 1.5. Let f, = Ax,, and let
S =A*A € B(H). Then

Z<$, A*Azx, >z, :Z<Am, fn>xn :Z<Al‘7 fo>A"f

= AT <Az, fo>fa=AT"Az =1

So S = A* A satisfies (10).

For uniqueness, suppose that T' € B(H) satisfies v = Y < z,Tz, > x,, Vo €
H. Then

x :Z<x, Tz, >xn:2<x, TA Y, > A7Lf,
=AY < (AT, fu> fa
n
— A*l(A*flT*x),
which implies that A='A*~1T* = I, hence T = A* A, as required. [J
Corollary 1.11. Suppose that {x,} is a frame for Hilbert space H and T : H — K

is a an invertible operator. Then (Txy,)* = (T~Y)*x%. In particular, if T is unitary

then (Tx,)* =Tz}
Proof. Let S € B(H) such that Sz, = x. Then for any € H, we have

Tx:Z<w, x, > Tx,
nel

=Y < Tz, (T7)'ST YTz, > Ty

Thus, by Proposition 1.10, (Tz,)* = (T~Y)*ST YTz, = (T 'z;. O
Remark 1.12 The frame defined by z;, := Sx,, n € J in Proposition 1.10 is called
the dual frame of {x,} in the frame literature. Usually it is defined in terms of the

frame operator (see below), but the way it is done in Proposition 1.10 is equivalent



21

and points out the particular type of uniqueness property it satisfies. The way to
construct it directly is to note that if we set A = (6*|5)~", where @ is the frame
transform for {z,}, then A satisfies the condition of Proposition 1.10. That is,
{Ax,} is a normalized tight frame. Then, viewing # as an invertible operator from
H — H and 6* as an invertible operator from H — H, the operator S in (10)

becomes

S=A"A=0"10")"" = (070)".

So x; = (0*0) 'z, as one usually defines the dual. The operator (6*6)~! is a
positive operator in B(H ) which is frequently called the frame operator. (Sometimes
(cf. [HW]) @ itself is called the frame operator. We have elected to distinguish
between these by referring to 0 as the frame transform and (0*0)~! as the frame
operator.) Since {Az,} is a normalized tight frame, it follows that {Szz,} is also a
normalized tight frame because the polar decomposition yields A = US %, where U
is a unitary operator. As we mentioned above, in this article we will call {z} } the
canonical dual of {x,}, as opposed to the alternate duals which we will consider in
the next section, and in the balance of this article. Obviously if {x,,} is a normalized

tight frame then S = I and z} = x,,.
1.3 Alternate Dual Frames

If {z,} is a frame which is not a basis then there are in general many frames

{yn} for which the formula

xzz<x,yn>xn, Ve € H (11)
n
holds. For the simplest case of this, first note that an arbitrary pair of nonzero
complex numbers {x;, w2} satisfying the relation |x1|? + |72|?> = 1 is a tight frame
for the 1-dimensional Hilbert space H = C, and then note that if {y1, y} is any
pair of numbers in C which satisfies 177 + 2272 = 1, then (11) is satisfied for
all x € H. So the canonical dual frame given by Proposition 1.10 is special. As

mentioned above, usually it is defined in the terms of the frame operator.

If {y,} is a frame satisfying (11) for some frame {x,}, it can still happen that
{yn} is not the canonical dual frame for {z,,} even in the special case where {z,,} is
a normalized tight frame. For instance, let H = C. Then {%, %} is a normalized
tight frame for H. However if we let {y1, y2} be either {%, %} or {v/2, 0}, then
(11) is always satisfied.
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We will call a frame {y,} satisfying (11) an alternate dual frame for {z,}. For
convenience we define the class of alternate dual frames for {z,} to include the

canonical dual of {z,}.

It is obvious that if {z,} is a frame, then

$:z<m,$:>:ﬂnzz<az, Tp >xy, VreH.
n n

Using our dilation result (Theorem 1.7), we have the following more general situ-
ation which tells us that if {y,} is an alternate dual of {z,}, then {z,} is is an

alternate dual of {y,}.

Proposition 1.13. Let {z,,} and {y,} be frames on a Hilbert space H such that

$:Z<xa Yn > Tn

n

forallz e H. Thenx =), <z, x, >y, forallz € H.

Proof. By Theorem 1.7, there exists a Riesz basis {f,,} on a Hilbert space K (K D
H) and a projection P such that y,, = Pf,. Since > | < 2,2, > |*> < 0o, we can
define T' € B(H,K) by Tx =), < x,2y > fn, Vo € H. Then PT € B(H) and
PTx =) <ux,x, >y, Write S= PT. Then

< Sz, > :<Z<x,xn>yn,x>

n

= Z<x, Tp > < T, Yn >
n

and

<z, z> =< Y <L, Yo > T, T>

n

=Y <z y><T 1, >

n

= Z<:r, Ty > < T, Yn >

n

for all z € H. So < S,z >= ||z||2, which implies that S is positive and S? is an
isometry. Thus S = (S2)2 = (§2)*S=z = I, as required. [

Suppose that {z,, : n € J} is a frame and {y, : n € J} is simply a set indexed
by J with the property that it satisfies (11). Then {y,} is not necessarily a frame.
For instance let H = C. Choose {z,} and {y,} in C such that

Z’an:la Zl‘nyinzly Z]ynP:oo

n
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Then {z,} is a normalized tight frame for C and (11) is satisfied. But {y,} is not

Z|<x7 yn>’2:’x‘2|yn|2zoo
n n

a frame because

when 0 # x € C.

The following elementary observation tells us that distinct alternate duals for a

given frame are never similar.

Proposition 1.14. Suppose that {z,} is a frame and {y,} is an alternate dual for
{zn}. If T € B(H) is an invertible operator such that {Ty,} is also an alternate
dual for {z,}, then T =1.

Proof. This follows from:
T*x:Z<T*aﬁ, yn>xnzz<m, Ty, >z, =2, € H.
]

We will show in Chapter 2, Corollary 2.26, that a frame has a unique alternate

dual if and only if it is a Riesz basis.

If {z,,} is a frame for H and P is an orthogonal projection, then { Px,,} is a frame
for PH. It is natural to ask whether (Pz,)* = Pz}, for all projections P? It turns
out that this is not true in general unless {z,} is a tight frame (see Corollary 1.16).
However { Pz} } is always an alternate dual for { Pz, }. To see this, let x € PH be

arbitrary and just note that

ac:Px:Z<Px,m;;>P$n:Z<x, Pz; > Px,.
n n

Proposition 1.15. Let {z,} be a frame for H and let S be the (unique) positive
operator in B(H) such that Sz, = x},. If P is an orthogonal projection in B(H),
then Px} = (Pxy)* for all n if and only if PS = SP.

Proof. Assume that Pz} = (Px,)* for all n € J. Let T € B(PH) be the (unique)
positive operator such that T'Pz,, = (Pz,)*. Then

TPz, = (Px,)" = Pz, = PSx,

for all n € J. Considering T'P as an operator in B(H), we have TP = PS and so
TP = PSP, which implies that PSP = PS. By taking adjoints on both sides, we
get PSP = SP, and hence PS = SP.
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Now suppose that SP = PS. Since x =) < z,z}, > x, for all x € H, we have
that for every z € H,

x:Z<$,P$;>P$n
n
:Z <z, PSx, > Px,

=Y <,SP(Pz,) > P,

Thus, by Proposition 1.10, (Pz,)* = SPz, = PSx, = Pz}. O

Corollary 1.16. Let {x,} be a frame for H. Then {x,} is a tight frame if and
only if (Px,)* = Pz}, for all orthogonal projections P € B(H).

The following proposition characterizes the alternate duals in terms of their frame

transforms.

Proposition 1.17. Let {x,} and {y,} be frames for a Hilbert space H, and let 6,
and 6 be the frame transforms for {x,} and {y,}, respectively. Then {y,} is an
alternate dual for {x,} if and only if 056, = 1.

Proof. For any x,y € H, we have

<z, 0561y > =<0s(x), 0:1(y) >

=< <X, Y e, D <Y, Ty > e >

nel nel
:Z<xayn><xnay>'
nel

It follows that x = ) < z,y, > x, for x € H if and only if 056, (y) = y for all
y € H. That is, {y,} is an alternate dual for {x,} if and only if 650, = 1. O

Remark 1.18. One other thing that is worthwhile to note, regarding Proposition
1.10 and Remark 1.12, is that, while the notion of frame transform makes perfect
sense in a more general Banach space setting (see section 2 of the concluding chap-
ter), the frame operator itself (and likely the canonical dual as well) is necessarily
a Hilbert space concept because the form of Proposition 1.10 forces a similarity (
that is, an isomorphism) between a frame and its canonical dual, forcing in turn
an isomorphism between the underlying space and its dual space, and most Ba-
nach spaces are not isomorphic to their dual spaces. However, in Banach spaces as
in Hilbert spaces there are always plenty of alternate duals, which points out the

essential naturality of the concept of alternate dual frame.
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Chapter 2

Complementary Frames, and Disjointness

In this chapter we develop the topics of disjointness of frames and related prop-
erties as we require them in subsequent chapters. We also include some related
results which we feel have significant independent interest, even though they are

not necessarily used in later chapters.

2.1 Strong Disjointness, Disjointness and Weak Disjointness

Let {z,} be a normalized tight frame in a Hilbert space H. By Corollary 1.3
there is a Hilbert space M and a normalized tight frame {y,} in M such that
{x,, @ yn} is an orthonormal basis for H @& M. As in Chapter 1, we will call {y, }
a strong complementary frame (or strong complement) to {x,}, and we will call
({zn}, {yn}) a strong complementary pair. Proposition 1.4 says that the strong
complement of a normalized tight frame is unique up to unitary equivalence. For

instance, in Example Aq,

1 1 1

B B T

63}

is a strong complement to

1 1
%(61 — 262), Eel},

and in Example Ay, {e""*|p\ g : n € Z} is a strong complement to {e""*|p : n € Z}.

1
{%(61 + e2),

As in Chapter 1, if {2, } is a general frame we will define a complementary frame
(or complement) to be any frame {y,} for which {z,, ® y,} is a Riesz basis for the
direct sum of the underlying Hilbert spaces. It is clear that any frame similar to a
complementary frame for {z,,} is also a complementary frame for {x,, }. Proposition
1.6 shows that every frame has a complement, and in fact that the complement can
be taken to be a normalized tight frame. Example B shows that the complement is
not unique in any good sense ( i.e. up to similarity) without additional hypotheses.

We will give a remedy for this. If {z1, : n € N}, {z2, : n € N}, {y1, : n €
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N}, {y2n : n € N} are frames, we say that the frame pairs ({x1,}, {z2n}) and
({yin}, {y2n}) are similar if there are bounded invertible operators 77 and T such
that T1x1, = Y1, and Toxo, = yo, for all n. Note that we do not require Ty to be
equal to T. We will extend similarity to ordered k-tuples in the obvious way that
two k-tuples ({z1n}, .- ,{zrn}) and ({yin}, .. ,{yrn}) of frames are said to be
similar if there exist invertible operators T; such that y;, = T;x;, for i =1, ... |k
and all n € J. If {x,} is a general frame, we will define a strong complement to
{z,} to be any frame {z,} such that the pair ({z,}, {2,}) is similar to a strong
complementary pair of normalized tight frames. For example, by this definition,
the complement constructed in the proof of Proposition 1.6 is a strong complement,
but the one constructed in Example B is not. By definition, any frame similar to a
strong complementary frame is also a strong complementary frame. We show that

strong complementary frames to a given frame are similar.

Proposition 2.1. Let {x,} be a frame in H, and let {y,} and {z,} be strong
complementary frames to {x,} in Hilbert spaces M and N, respectively. Then

there exists an invertible operator A € B(M, N) such that z, = Ay, for all n.

Proof. Let Ty, Ts, S1, So be invertible operators such that

{(Th @ T2)(zn @ yn)}

and
{(51® S2)(zn @ 20)}

are orthonormal basis for H®&M and HPN , respectively. Write Tz, = fn, Toy, =
gn and Sz, = hy,, Soz, = ky. Then {f.}, {90}, {hn}, {kn} are normalized tight
frames. Since

fn =Tz, =T1S7 (S12,) = TSy h,

we have, from Proposition 1.9 (ii), that U := TlSl_1 is unitary. Thus {f, & k,}
(={(U ® I)(hy, ® ky} is an orthonormal basis. By Proposition 1.4 there exists a
unitary operator V€ B(M, N) such that k,, = Vg, for all n. Thus z,, = S5 'V Tay,,

as required. [

Definition 2.2. If {z,} is a frame in H, we define a subframe of {x,} to be a
frame of the form {Px, : n € N} in the Hilbert space PH, for some projection P
in B(H).

The reader will note that the above definition is analogous to the notion of a

subrepresentation of a group representation. This is not accidental.



27

Suppose that {z,} and {y,} is a pair of frames on Hilbert spaces H and K,
respectively. We will say that {x,} and {y,} are disjoint if {z,, ® y,,} is a frame
for H ® K, and weakly disjoint if span{x, & y,} is dense in H @& K. Clearly
disjointness implies weak disjointness. Complementary frames are of course disjoint.

We formally give these definition for k-tuples.

Definition 2.3. A k-tuple {{zin}ney: ¢ =1,....,k} of frames on Hilbert spaces H;
(1 <i <k, respectively) is called disjoint if

{Z1n B T2n © . . . D Tintneg
1 a frame for the Hilbert space Hy ® Ho @ ... ® Hy, and weakly disjoint if

span{xin ® Ton & . . . B Thn fnel
1s dense in Hy ® Ho @ ... © Hy.

There is also a notion of strong disjointness for a k-tuple of frames, which is a
much stronger notion than disjointness, and which will be extremely important in
this paper. It generalizes the notion of a strong complementary pair. A pair of
normalized tight frames {z,} and {y,} is called strongly disjoint if {x,, ® y,} is a
normalized tight frame for H @ K, and a pair of general frames {x,,} and {y,} is
called strongly disjoint if it is similar to a strongly disjoint pair of normalized tight

frames. We formally give the appropriate definition for k-tuples.

Definition 2.3'. A k-tuple {{xin}ney: i =1,...,k} of normalized tight frames on
Hilbert spaces H; (1 <1 <k, respectively) is said to be strongly disjoint if

{xln b...Ph xkn}n€J

is a normalized tight frame for Hy & . . .® Hy,. More generally, a k-tuple of general
frames is said to be strongly disjoint if it is similar to a k-tuple of normalized tight

frames.

It is clear that strong disjointness, disjointness and weak disjointness are invari-
ant under similarity. For instance, if ({x;};cz, {y;}jez, {#;};jez) is a disjoint triple
and if 77, Ty, T3 are bounded invertible linear operators from H;, H,, Hj3 onto
Hilbert spaces K1, Ky, Kj, respectively, then ({T1x;} ez, {T2y;}jez, {I5%}jez)
is disjoint because the direct sum {T1x; & Toy; @ T52;} is the image of the frame
{z; ® y; ® z;} under the bounded linear invertible operator 171 @& T» @ T3, which
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maps Hy @& Hy ® Hs onto K1 @& Ky ® K3, hence is itself a frame. The other cases

are analogous.

Note that the frame pairs (z,,, y,) and (2, y;) are similar. Thus, by definition,
if {z,,} and {y,} are strongly disjoint (resp. disjoint, weakly disjoint), then so are
{z7} and {y;}.

For a k-tuple of normalized tight frames ({z15 }nes, -5 {Zkn}ner), we call it a
complete strongly disjoint k—tuple if {z1, @ ... ® 2z, } is an orthonormal basis for
H®...®Hy. Similarly, we call a k-tuple of general frames ({1, }neg, -, {ZTkn tnes)
a complete strongly disjoint k-tuple if it is similar to a complete strongly disjoint
k-tuple of normalized tight frames, or equivalently, it is a strongly disjoint k-tuple
with the property that {x1, ® ... ® Xk, }ney is a Riesz basis for the direct sum

space. Complete disjoint k-tuples can be defined in a similar way.

We note that by Proposition 1.1 any strongly disjoint k-tuple of normalized tight
frames can be extended to a complete strongly disjoint (k + 1)-tuple of normalized
tight frames. So any strongly disjoint k-tuple of general frames can be extended to
a complete strongly disjoint (k + 1)-tuple. In addition, a disjoint k-tuple of general
frames can always be extended to a complete disjoint (k + 1)-tuple by including

any complementary frame to the inner direct sum of the k-tuple.

Suppose that {z;, : n € J},i =1, ..., k, is a strongly disjoint k-tuple of frames.
By applying projections to {z1, @ ... ® Tgp tney, it is easy to see that each pair
is also strongly disjoint (resp. disjoint, weakly disjoint). We will see in Corollary
2.12 that the converse is also true for strong disjointness. However this is no longer
true for the disjointness and weakly disjointness cases, but the reason is a technical

reason (see the remark following Corollary 2.12).

By definition, strong disjointness implies disjointness, and disjointness implies
weak disjointness. The inverse implications are false. This will be easily seen from
the characterizations of the different types of disjointness in Theorem 2.9. We will

need the following simple fact:

Lemma 2.4. Let {z,} and {y,} be normalized tight frames on Hilbert spaces H
and K, respectively. If {x,} and {y,} are unitarily equivalent, then span{x, ®y,}
is not dense in H & K.

Proof. Let U € B(H, K) be a unitary operator such that Uz,, = y,,. Then U@ I is
unitary from H® K onto K@ K. Since (1&U)(x, BYyn) = yYnDYn and span{y, By, }
is not dense in K @ K, it follows that span{x, & y,} is not dense in H & K. O
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For convenience we prove:

Proposition 2.5. Suppose that {x;, : n € J}, i =1, ..., k, are normalized tight
frames for H;, respectively. If

{xln ©...d xkn}neﬂ

is a normalized tight frame for span{xi, ® . . .® xgy}, then in fact
span{xin ® .. .G xpnt=H1 & ...D Hy.

So {{xin: nel}:i=1,.. k} isin fact a k-tuple of strongly disjoint frames.

Proof. We only consider pairs. The proof for the general case is similar. Fix any
l € J. Since

TOY =Y <TDY, Tn®Yn > Tn D Yn

n

:Z(< T, Tp > 4 <yl7yn >$n@ym

n

and x; =), <X, %y > Ty and yp = > < Y1, Yn > Y1, it follows that
Z<xl,xn>ynzz<yl,yn>mn20.
n n

Hence

2 ®0= <2 DO, TnDYn > Tn O Yn

n

and

n

for all [, which implies that span{x, ® y,} is dense in H & K. O

We note that the normalized tight condition of

{xln ©...D mkn}nGJ

is essential in Proposition 2.5. For example if {e,,} is an orthonormal basis for a
Hilbert space H, then {e, @ e,} is a frame for span{e, @ e,}, which is a proper
subspace of H & H.

2.2 Characterizations of Equivalence and Disjointness

To have a better understanding of the different types of disjointness, we prove

the following classification result.
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Proposition 2.6. Let J be a countable (or finite) index set. Let H be a Hilbert
space with dim H = card J, and fix an orthonormal basis {e; : j € J} for H. Let
P and @Q be projections in B(H), and let M = PH and N = QH. Suppose that
{z;} and {y;} are the normalized tight frames for M and N defined by x; = Pe;
and y; = Qe;j. Then {z;} and {y;} are unitarily equivalent if and only if P = Q.

Proof. Suppose that {z;} is unitarily equivalent to {y,}. Then there is a unitary
V € B(M, N) such that f/xj = y; for all j. This determines a partial isometry
V € B(H) with initial and final spaces M and N, respectively, such that Vz; = y;
for all j. Then V*V = P, VV* = @Q and V = QVP = QV = VP. Note that
VPe; = Qe;. Thus, from VP = V, we obtain Ve; = Qe; for all j. So since
{e; : j € I} is an orthonormal basis , this implies that V' = Q. Hence P = @, as
required. [

From Proposition 2.6 and Proposition 1.1, we have

Corollary 2.7. Let J be a countable (or finite) index set. Then the set Fy of the
unitary equivalence classes of all normalized tight frames indexed by J is in one to
one correspondence with the set P(H) of all self-adjoint projections on the Hilbert
space H = 12(J). Likewise, the set Sy of similarity equivalence classes of all frames
indezed by J is in 1 — 1 correspondence with the set of all P(H) of all self-adjoint
projections on the Hilbert space H.

Another way of describing this is

Corollary 2.8. Let {z;: j € J} and {y; : j € I} be normalized tight frames for
Hilbert spaces H1 and Hs, respectively. Let 601 and 02 be the frame transforms for
{z;} and {y;}, respectively. Then {x;} is unitarily equivalent to {y;} if and only
if 01 and 03 have the same range. Likewise, two frames are similar if and only if

their frame transforms have the same range.

The above result shows that Fj can be parameterized by P(H) together with
any choice of an orthonormal basis {e; : j € J} for H. So we could equip Fy with
the corresponding lattice structure, topological and algebraic properties of P(H).
It can be easily shown that the lattice structure is independent of the choices of
{e;} and H in the unitary equivalence sense. So we can define the meet, join,
essential limit of frames, etc. For instance we could call a normalized tight frame
{z;}jer an essential limit of a sequence of normalized tight frames {x,, ;} ey if the

corresponding projections P, for {z, j}jey converges in norm to the corresponding
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projection P for {x;};cy. Theorem 2.9 tells us that the different types of disjointness

of frames can be characterized by the topological and algebraic properties of P(H).

Theorem 2.9. Let {z; : j € J} and {y; : j € I} be frames for Hilbert spaces
H, and Hy, and let 6, and 6y be the frame transforms for {z;} and {y;}, respec-
tively. Let P and Q be the self-adjoint projections from H (= 12(J)) onto 61(Hy)
and 05(Hs), respectively. Then

(1) {z;} and {y;} are strongly disjoint if and only if PQ = QP = 0.

(11) ({z;}, {y;}) is a strong complementary pair if and only if P =1 — Q.

(iit) {x;} and {y;} are disjoint if and only if PH NQH = (0) and PH + QH is
closed.

(w) {z;} and {y;} are weakly disjoint if and only if PH N QH = {0}.

(v) ({z;}, {y;}) is a complementary pair if and only if PH N QH = (0) and
PH +QH = H.

Proof. Since the frame transforms of similar frames have the same range, it suffices
to consider the normalized tight frame case.

Let {e; : j € J} be the standard orthonormal basis for [*(J). Then {z;} and
{Pe;} (resp. {y;} and {Qe;}) are unitarily equivalent. Since unitary equivalence
preserves the different types of disjointness, we can assume that x; = Pe; and
y; = Qe;. We note that if PH N QH = (0) and PH + QH is closed, then L :
PH ® QH — PH + QH defined by L(u ® v) = u + v is a linear bijection, and

L) = |lu+o]* < (lull + [Jv]])*
< 2(|[ul +lvl1*) = 2lue vl]*.

Thus |||u+v||| := (||u]|? + ||v||?)*/? is an equivalent norm on PH + QH. Hence (i)

- (iii) follow from the definitions and the equalities:

1Pz @ Qyl* = [|Px|]* +[|QylI?

and

Z|<P$@Qy, ijByj>|2:Z|<Pm,Pej>—|—<Qy,Q6j>|2

J J

:Z|<Pm,ej>+<Qy,ej>|2
J

:Z|<Pw—|—Qy,ej>|2
J

= ||Pz + Qyl|*.
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For (iv), suppose that {z;} and {y;} are weakly disjoint. As discussed above
we can assume that z; = Pe; and y; = Qe; for some projections P,(Q € B(H). If
PH N QH # (0), we choose a non-zero element € PH N QH. Then

<z @ (—x), Pe; ®Qej >=<x, Pe; >— <z, Qe; >

=< Pz, e; > - <Qx, e >=0

for all j € J. Thus span{Pe; ® Qe;} is not dense in PH & QH, which implies that
{Pz;} and {Qe;} are not weakly disjoint. Hence PH N QH = (0)

Conversely assume that PH N QH = (0). To show that span{z; @ y; : j € J}
is dense in PH © QH, let x € PH and y € QH such that x ®y L z; ® y; for all
j € J. Then

0 =<z,2;,>+<y,y; >=<uz,Pej >+ <y,Qe; >

=< Pr,e; >+ <Qy,ej >=<z+y,e >

for all j. Hence x = —y, which implies z = y = 0 since PH NQH = {0}. Therefore
span{x; @ y;} is dense in PH & QH.

Prat (v) follows from (#ii) and the fact that a frame is a Riesz basis if and only

if the range of its frame transform is the whole space [2(J]). O
Parts (i) and (iii) have straightforward extensions to k-tuples.

Theorem 2.9'. Suppose that ({T1n}ness -, {Tknlney) is a k- tuple of frames.
Then it is a strongly disjoint (resp. disjoint) k-tuple if and only if the ranges of
their frame transforms give an orthogonal direct sum (resp. Banach direct sum)
decomposition of the closed linear span of these range spaces. In particular, it is a
complete strongly disjoint (resp. complete disjoint) k-tuple if and only if the ranges
of their frame transforms give an orthogonal direct sum (resp. Banach direct sum)

decomposition of 12(J).

Corollary 2.10. Let {z,} and {y,} be frames for Hilbert spaces H and K, respec-
tively. Then {x,} and {y,} are strongly disjoint if and only if one of the equations

Z<x, xy, >y, =0 forallx e H
n
or

Z<y, yp >y =0 forallye K

n
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holds. Moreover, if one holds the other also holds.

Proof. Let 6, and 65 be the frame transforms for {z,} and {y,}, respectively.
By Theorem 2.9, {x,} and {y,} are strongly disjoint if and only if 6;(H) and
02(K) are orthogonal. If we recall that 6;(z) = (< z, 2} >)ney € 2(J) and
02(y) = (< y, ¥y >)ney € 12(J), the proposition follows. [

Since every frame is similar to its (canonical) dual, their frame transforms have
the same range. Thus, if {z,,} and {y,} are strongly disjoint frames for Hilbert
spaces H and K, respectively, then, by Theorem 2.9 (i), {z}} and {y,} are also

strongly disjoint. Hence

Z<x, Ty >yr =0
n

for all z € H. Similarly

Y <y yn>a=0

for all y € K.

Corollary 2.11. Let {z;} and {y;} be normalized tight frames for H; and Hs.
Then {x;} and {y;} are weakly disjoint if and only if there is no non-zero subframe

of {x;} which is unitarily equivalent to a subframe of {y;}.

Proof. We can assume that x; = Px; and y; = Qe;. Suppose that there is no
non-zero subframe of {z;} which is unitarily equivalent to a subframe of {y;}. To
show that {z;| and {y;} are weakly disjoint, by Theorem 2.9, it suffices to show
PH N QH = {0}. Let R be the projection from H onto PH N QH. Assume that
R # 0. From Rz; = RPe; = Rej = RQe; = Ryj;, we have that { Rz;} is a non-zero
subframe pf {x,,} unitarily equivalent to a non-zero subframe {Ry;} of {y;}, which

contradicts our assumption. Thus PH NQH = {0}.

Conversely, assume that PH N QH = {0}. Suppose that there exist non-zero
projections P, € B(PH) and Q1 € B(QH) such that {Piz;} and {Q1y;} are
unitarily equivalent. Considering P; and )y as projections in B(H), then, by
Proposition 2.6, P, = Q1 since {Pie;} and {Qie;} are unitarily equivalent. So
PHNQH D Py H # {0}, which leads to a contradiction. [

Corollary 2.12. Suppose that {x;, : n € J}(i =1, ..., k) is a k—tuple of frames
on Hilbert spaces H;, respectively. Then

({fln}nEJa R {xkn}TLEJ)
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is a strongly disjoint k—tuple if and only if each pair is strongly disjoint.

Proof. By the remark following Definition 2.3, we only need to prove the sufficiency.
We can assume that each {x;, }ney is a normalized tight frame.

Assume that each pair in {x;, : n € J}(i =1, ..., k) are strongly disjoint. Let
P; be the orthogonal projection from [?(J) onto the range of the frame transform
0; for {z;,}. Then, by Theorem 2.9 (i), P;(i = 1,..., k) are mutually orthogonal.
Hence Zle Pie,, is a normalized tight frame. This implies that {z1, @ ... ® Tk, }ner

is a normalized tight frame since
01 ® .0, Hi & ...® Hp — 12(])

defined by
(91 D Gk)(ul D...D uk) = Ol(ul) + ...+ Hk(uk)

is an isometry and
(01 ..0,) (X1 ® ... Dxpp) = Pren + ... + PuE,.
Thus
{xln@a cey @xkn}

is a normalized tight frame, as required. [

As we mentioned before, the above result is false for disjointness and weak dis-
jointness. For example, let K = H® H and let {e,, } be a fixed orthonormal basis for
K. Let P;, P> and P5 be the orthogonal projections from K onto My = H®0, My =
0@ H and M3 ={x @z : x € H}, respectively. Then ({Pie,}, {Peen}, {Psen})
are mutually disjoint. It is easy to see that {Pie,, & Psey,}bney is an othonormal
basis for M; @ M. So the range of its frame transform is the whole space [2(J).
This implies, by Theorem 2.9 (iii), that {Pie,, & Pye,} and {Pse,} are not weakly
disjoint (hence not disjoint). That is, span{Pie, ® Pse,, ® Pse,} is not dense in
the direct sum space My @ My @ Ms. Therefore ({Pie,}, {Pen}, {Psen}) is not
a disjoint (resp. weakly disjoint) triple.

Corollary 2.13. Suppose that {x,,}, {yn} and {z,} are mutually strongly disjoint
frames for Hilbert spaces H, K and M, respectively. Then {x, ®y,} and {z,} are
strongly disjoint.

Definition 2.14. Let {z;} and {y;} be normalized tight frames on Hy and Ho,
respectively. We say that they commute if there exist projections P € B(H;) and
Q € B(Hs) such that {Px;} and {Qy;} are unitarily equivalent frames on PHy and
QHs, respectively, and {P+z;} and {Q1y;} are strongly disjoint frames on P+ H;
and Q+Hy, respectively.
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Corollary 2.15. Let {z;}, {y;}, P and Q be as in Theorem 2.9. Then {x;} and
{y;} commute if and only if PQ = QP.

Proof. This follows immediately from Propositions 2.6 and 2.9. [

See section 7.1 for more on commuting frames.

2.3 Cuntz Algebra Generators

Strong disjointness can be also characterized in terms of Cuntz algebra genera-
tors. Recall that a representation of the Cuntz algebra O, on a Hilbert space H
is the C*-algebra generated by an n-tuple of isometries S; (i = 1, ..., n) in B(H)
with the property that they have orthogonal ranges and Y ;- | S;S7 = I. Given two
normalized tight frames {x1, : n € J} and {zg, : n € J} for a Hilbert space H, let
{en} be a fixed orthonormal basis for H. As before we define two isometries on H
by

Vimzz<x,xm>en, n € J.
n

In general if {f,};ey is a normalized tight frame for H and {e;} ¢y is an or-
thonormal basis for K, then the formula Tz := jey < %, f; > e; gives the unique

isometry such that T%e,, = f,, (see Corollary 1.2 (ii)).

Proposition 2.16. Let {z;, : n € Z} and V; (i = 1,2) be as above. Then {x1,}
and {x2,} are strongly disjoint if and only if ran(Vy) and ran(Vz) are orthogonal.
Moreover they are strongly complementary to each other if and only if (V1,Va) are

generators for a representation of Os.

Proof. Suppose that {x1,,} and {xs,} are strongly disjoint. Then, from the proof
of Proposition 2.5, > < x,21, > Xop = Y, < &, %2y > T1, = 0 for all x € H.
Thus for all x,y € H,

<Vix,Voy > = <Z<x,x1n>en,z<y,x2n > e, >
n n

=) <za1, > <Y o >

n

= <Z<x,x1n>x2n,y> = 0,

n
as required.
Conversely, assume that V1 H L Vo H. Then the above computation shows that

Yon <X, Tin > Top =, < T,Tay > 1, =0 for all x € H. So it follows that

x@y:2<x®y,x1n@xzn>=T1n€9$2n

n
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for all x,y € H. Thus {x1,, ® z2,} is a normalized tight frame.

If {1, ® x,} is an orthonormal basis, then
< X1k, Tin > + < Tok, Top > = 5k,n7
where 0, =0if k #n and 1 if £ =n. So

Vizik + Vazor, = Z(< Tk, Tin > + < Tog, Ton >)en = €n.

n

Hence Vi Vi + VoV = 1.

Now suppose that Vi H 1L Vo H and V1V 4+ VoV = 1. Define W by
WEaey) = Vie+ Vay
Then
Wayll* = |IViz+Vayll* = [[Vizl|* + [[Vayll* =[] + ||y

So W is unitary since V1 H + Vo H = H. Note that W(x1, ® x2,,) = Viz1, =
iVite, + VoVie,, = e,. Thus {1, ® 22, : n € J}(= {W¥e, : n € J}) is an

orthonormal basis as expected. [

We note that if U; and Us are isometries which are generators for a representation
of the Cuntz algebra Q2 on H, fix an orthonormal basis {e, } of H, and let x;, =
Ufe, (i =1,2). Then {z1,} and {z2,} are normalized tight frames for H since the

U} are isometries. An elementary computation shows that

Uix = Z<JZ, Tin > €n
n

for all x € H. Hence every pair of generators of a representation of Oy can be
obtained from a complete pair of strongly disjoint normalized tight frames. This
argument and Proposition 2.16 easily extends to representations of the Cuntz alge-
bra O,.

2.4 More on Alternate Duals

Now we turn to more on dual frames.
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Lemma 2.17. If {z,} is frame for H and if C € B(H) is an invertible operator
such that C*Cx,, = x}, for alln € Z, then {Cz,} is a normalized tight frame.
Proof. Since x = . <z, z}, >z, =, <z, C*Cx, >z, for all z € H, we

have

Clz = Z <C7lz, C*Cxy > 2y = Z <z, Cx, > 1,
n n

forallz € H. Thusz =) <, Cx, > Cx, for all x € H, which implies, by the
argument preceding Example A, that {Cz,} is a normalized tight frame. O

The following result reinforces the ”correctness” of our definition of strong dis-
jointness. It is the version of disjointness which is compatible with the definition of

canonical dual.
Proposition 2.18. Frames {z,} and {y,} are strongly disjoint if and only if {z, ®
Yn} 18 a frame and (z, ® y,)* = ) Y.

Proof. (=). Suppose that {z,} and {y,} are strongly disjoint. Then let A, B be
invertible operators such that Az, = f,, By, = g, with the property that {f,},
{gn} and {x,, @y, } are normalized tight frames. We have f,,®g, = (A®B)(z,®yn).
Thus, by Proposition 1.10,

(@n @ yn)" = (A® B)"(fn @ gn)
= (A" @ B")(fn © gn)
=A"f, ®Bg, = .CL‘: S y:'
(«<). Assume that z} @y = (x, ® y,)*. Again let A and B be invertible

operators such that { Az, } and { By, } are normalized tight frames. Write f,, = Ax,,
and g, = By,. Then, z; = A*f, and y; = B*g, by proposition 1.9. Thus

(A*A® B*B)(zy, ®yn) =, @y, = (T, B yn)".
So, by Lemma 2.17, (A @® B)(z,, & y,) is a normalized tight frame, which implies
that {x,} and {y,} are strongly disjoint by definition. [

With the similar proof as in Proposition 1.18 (or by Corollary 2.13 and Propo-

sition 1.18), we have

Proposition 2.18. A k-tuple ({x1n}tney, -, {Tknltney) of frames are strongly
disjoint if and only if it is a disjoint k-tuple and the canonical dual of the direct

sum frame is equal to the direct sum of their canonical duals.

Strongly disjoint pairs of frames on the same Hilbert space have some surprising

and useful additional structural properties.
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Proposition 2.19. Suppose that {x,} and {y,} are strongly disjoint frames for
the same Hilbert space H, then {x,, + yn} is a frame for H. In particular, if {x,}
and {yn} are strongly disjoint proper normalized tight frames for H, then {x, +y,}
is a tight frame with frame bound 2. More generally, if {x,} and {y,} are strongly
disjoint frames for closed subspaces M and N of H, respectively, then {x, + yn} is

a frame for the closed linear span of M and N.

Proof. Let x € span(M U N), and let P and @ be the orthogonal projections onto
M and N, respectively. Then ||Pz||? + ||Qz||*> > ||z||>. Suppose that {z,} has

frame bounds a, b, and {y,} has frame bound ¢, d. We have

HIHQZZ| < T, T+ Yn > |2

n

=Y | <Pz, 2y >+ < Qz, y, > 2
n
=> | <P, 2> [P+ [ <Qx, yn >

+ReZ<Paj, Ty >< Yn, QT > .
n

Note that, from either Theorem 2.9 (i) or Corollary 2.10, > < Pz, x, ><
Yn, Qr >= 0. Therefore

Yl<m wptyn>P=) | <Pr,xn>P+) | <Qu, yo > [
n n n
> b||Pz||” + d||Qz|* > min(b, d)||x|”

and similarly

Z] <z, Ty +yn > |* < 2maz(a, c)||z])?.

n

Thus {z, + y,} is a frame.
In the case that {z,} and {y,} are strongly disjoint proper normalized tight

frames for H, the above argument implies that

Z| <Z, Tn+Yn > |2 :2Hw‘|2

for all x € H. Hence {x,, + y,} is a tight frame with frame bound 2. [
Similarly for k-tuples we have:

Theorem 2.19'. Suppose that ({x1n}tney, -, {Tkntner) is strongly disjoint k-

tuple of frames on the same Hilbert space H. Then the sum of these frames is a
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frame for H. In particular when it is a strongly disjoint k-tuple of proper normalized
tight frames, then the sum of these frames is a tight frame for H with frame bound
k.

For the weaker notion of disjointness we also have

Proposition 2.20. If {z,} and {y,} are disjoint frames for H, then {x, +yn} is

also a frame for H.

Proof. Let 61 and 05 be the frame transforms for {x,, and {y, }, respectively. Then,
by Corollary 1.2 (ii), =, = 6je,, and y, = 6ie, for all n € J, where {e,} is the

standard orthonormal basis for [2(J). Thus for any z € H, we have

Z|<x, xn+yn>|2:Z<m,0Ien+9§en>|2

n

=" <0i(z) + 0a(), € > |?
n

= |l01(x) + ba(2)[]*.

By Theorem 2.9 (iii), there exists a positive constant a such that

161.(2) + B2 (1)yl1* = a(|l62(2)[]* + [102(»)[*)

for all z,y € H. Also note that if a;,b; and asg, by are frame bounds for {z,} and

{yn}, respectively, then

arl|* < (101 (@)]1* < ba|]®
and

as||z[|* < [|62(2)]]* < bol|z||?

for all x € H. Thus for all x € H, we get

a(ar + az)||z|* <D <@, @n +yn > P < (Vo + vb2)? ]2

n

Therefore {x,, + y,} is also a frame for H. O
The second statement of Proposition 2.19 generalizes considerably:

Proposition 2.21. Suppose that {z,} and {y,} are strongly disjoint normalized
tight frames for H and A, B € B(H) are operators such that AA*+BB* = 1. Then
{Az,, + By, } is a normalized tight frame for H. In particular {ax, + By.} is a

normalized tight frame whenever a and 3 are scalars such that |a]? +|3[? = 1.

Proof. Let {e,} be the standard orthonormal basis for (?(J), and let §; and 6 be the

frame transforms for {z,} and {y,}, respectively. Then #; and 6 are isometries
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with orthogonal range such that 6je, = z, and 63e, = y, for all n € J. Let
T = A67 + BO35. We claim that 7™ is an isometry. In fact, since 07602 = 6560, = 0,

we have

TT* = A0*0,A* + BO30,B*
— AA* + BB* =1

Thus {Az,, + By, } ( = {Te,}) is an normalized tight frame for H by Proposition
1.9 (). O

More generally by an analogous argument we have the following;:

Proposition 2.21'. Suppose that ({x1n}ner, - 5 {Tkn}ney) is strongly disjoint
k-tuple of normalized tight frames on the same Hilbert space H and A; € B(H)
such that Zle A;AY = 1. Then {Zle AiZin tnez 1S a normalized tight frame for
H.

Given a frame {z,} for H, we sometime want to find a tight alternate dual frame
for {z,,}. In general tight alternate duals might not exist. For example if {z,} is a
Riesz basis which is not tight, then it has a unique alternate dual which also fails to
be tight. Thus there is no tight alternate dual in this case. However, the following

result tells us that in many (in fact in most) cases tight alternate duals do exist,

Proposition 2.22. Let {x,} be a frame for a Hilbert space H, and let A € B(H) be
an invertible operator such that {A=x*} is a normalized tight frame. If ||A|| < 1,
then {z,} has a normalized tight alternate dual if and only if the range of the frame

transform for {x,} has co-dimension greater than or equal to the dimension of H.

Proof. Write z, = A=z} . Let 6; and 0 be the frame transforms for {z,,} and {z,},
respectively. Then 61(H) = 0(H) since {z,} and {z,} are similar. Let P be the
projection from [2(J) onto the range of 6, and let {e, } be the standard orthonormal
basis for 12(J). Since 6(z,) = Pe,, we have that {z, ® Pte,} is an orthonormal
basis for H @ M, where M = P+i2(]).

First assume that dim(0(H)*) > dimH. Choose a closed subspace N of 0(H)~*
such that dimN = dimH. Let W : N — H be a fixed unitary, and let w,, = WQe,,
where @ is the orthogonal projection from ?(J) onto N. Then {w,} is a normalized
tight frame for H, which is strongly disjoint with {z,}. Let B = /I — AA*. Then
AA* + BB* = I. Thus, by Proposition 2.21, {z, + Bw,} is a normalized tight
frame for H. Note that B is invertible. Hence {Bw,,} is a frame which is strongly

disjoint with {z,}. Therefore { Bw, } and {z,,} are also strongly disjoint since {z, }
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and {z,} are similar. This implies

Z<x, Bw, >x, =0
n

for all x € H. Note that Az, = ;. Then we have
m:2<x, xfl>acn:z<x, Az, + Bw,, > x,
n n

for all z € H. That is, {Az, + Bw,} is a normalized tight alternate dual for {z,},
as required.

Conversely, assume that {z,,} has a normalized tight alternate dual {y,,}. Define
T:H— H& M by

Tx:Z<ac, Yn > (2, ® Pte,), z € H.

Then T is an isometry since {z, ® Pre,} is an orthonormal basis, and T*(z, @
Pte,) = y,. Write T = (g) with C € B(H) and D € B(H,M). Then C*C +
D*D =TI and y,, = C*2, + D*P~e,,. We prove that C* = A. Let x;, = Sx,, where
S € B(H) is the frame operator for {x,}. Since {z,} and {Pte,} are strongly

disjoint, we have

Z<x, D*PLen>xn=Z<D:U, Plte, >z, =0
n n
for all x € H. So for any z € H, we have
xTr = Z < Ty Yn > Iy
= Z <z, C*z, +D*Plen > T
= Z <z, C*A 'Sz, > x,.
n

By Proposition 1.10, we have that C*A~'S = S, which implies that C* = A. Hence

D*D =1 — AA* is invertible. Therefore dimM > dimH. 0O

Let {x,} be a frame for a Hilbert space H, and let A € B(H) be an invertible
operator such that {A~!z*} is a normalized tight frame. Suppose that the range
of the frame transform for {z,} has codimension > dimH. From the proof of
Proposition 2.22, if we let B = /1 — [|A||[72AA*, then there is a normalized tight

frame {w, } such that it is strongly disjoint with {z,}, and {x,, + Bw,} is a tight
frame with frame bound ||A||?. Although {Bw,} is not necessarily a frame for H,

it is a sequence which is strongly disjoint with {z,} in the sense that
Z<x,mn>Bwn:Z<x,Bwn>xn=0
n n

for all z € H. If we require { By, } to be a frame for H, we have
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Corollary 2.23. Let {x,} be a frame for a Hilbert space H. Suppose that the range
of its frame transform has co-dimension > dimH. Then there is a frame {y,} for
H which is strongly disjoint with {x,} so that {x, +yn} is a tight frame for H with
frame bound arbitrarily close to the upper frame bound of {x,}. Moreover, {x,}

has a tight alternate dual with frame bound equal to the upper frame bound of {z}}.

Proof. The second statement follows immediately from the preceding argument by
replacing {z,} by {z}}. For the first statement, let A € B(H) such that {A™1z,}
is a normalized tight frame. Scale {z,,} by ¢ > 0 such that ¢||A|| < 1. Then, by the
proof of the above result, there is a frame {u,,} for H which is strongly disjoint with
{x,} such that {cz,, +u,} is a normalized tight frame for H. Hence {z, +c 1u,}
is a tight frame for H. Note that ||A||? is the upper frame bound for {z,}, and

thus {z,, + u,} has frame bound ¢~2 which can be arbitrarily close to ||4[|?. O
The following is an immediate corollary of Proposition 2.19" and Corollary 2.10.

Corollary 2.24. Suppose that ({x1n}, . . ., {Tkn}) is a strongly disjoint k-tuple
of frames acting on the same Hilbert space H. Then these k frames have a common

alternate dual.

Proof. By similarity, we also have that ({z3,}, ..., {zrn}") is a strongly disjoint
k-tuple. Hence, by Proposition 2.19’, {Zf: x} tner is a frame for H. Note that,
by Corollary 2.10, > < z, xj,, > xin = 0 when i # [. Thus {Zf: x} tner is a

common alternate dual for all {z;,} (i =1, ... ,, k). O

We note that if {x,} is a frame for H and P is an orthogonal projection from
H onto a subspace M, then {Pz,} and {Ptz,} are always disjoint. To see this,
let U : H— M @ M~ be the unitary operator defined by

Ur = Pz @ Ptua.

Then Uz, = Pz, ® P*z,. Thus {Pz, ® Ptx,} is a frame for M @& M+, which
implies that { Px,,} and {P+x,,} are disjoint. However they are not always strongly
disjoint. In fact, from Corollary 1.16 and Proposition 2.18, we have the following

characterization.

Corollary 2.25. Let {x,} be a frame for H and suppose that P is an orthogonal
projection in B(H). Let S € B(H) be the operator such that Sz, = z). Then
{Pz,} and {P+x,} are strongly disjoint if and only if PS = SP.

The following is a consequence of Proposition 2.19 which we mentioned in Section
1.3.
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Corollary 2.26. Suppose that {z;} is a frame on a Hilbert space H. Then {z;}

has a unique alternate dual if and only if it is a Riesz basis.

Proof. Tt suffices to prove the necessity. First assume that {z;} is a normalized tight
frame which is not an orthonormal basis. By Proposition 1.1, there is a normalized
tight frame {y,} for a Hilbert space M such that {z; ®y;} is an orthonormal basis
for H @& M. Choose y; such that y; # 0 and let P be the projection from M onto
the one dimensional subspace generated by yi. Thus {z;} and {Py;} are strongly
disjoint since

{z; @ Py;} ={(I & P)(x; ®y;)},

which is a normalized tight frame for H & PM. Embed M into H by an isometry
U. Then {z;} and {UPy;} are strongly disjoint. Thus, By Corollary 2.10,

Z<£L‘, UPy; >z; =0

J

for all z € UM. However if z € (UM)*, we have < x, Uy; >= 0. Thus

Z<1:, UPy; >xz; =0

J

for all z € H. It follows that

x:Z<w, xj>szz<x, x; +UPy; >z, v¢€H.
J j

By Proposition 2.19, {z; + UPy;} is a frame for H. Therefore it is an alternate
dual for {z;}, which is different from the classical dual since z}, # x, + U Pyy.

Now let {z;} be an arbitrary frame which is not a Riesz basis. By Proposition
1.10, there is an invertible operator A € B(H) such that {Az;} is a normalized
tight frame for H and

x:Z<x, Sx; > x;

j
for all z € H, where S = A*A and {Sz;} is the classical dual frame of {z;}. Note
that {Az;} is not an orthonormal basis. Thus from what we just proved there is an
alternate dual {y;} of {Az;} which is different from {Axz;}. Let z; = A*y;. Then

z: ¢ 18 a frame different from the classical dual frame Xit an
g i fi diff fi he classical dual f A*A i d
z=A1Ar=A"" Z < Az, y; > Azj = Z <z, A%y; > x;.
J J

Thus {A*y;} is an alternate dual for {z;}. Hence {z;} has different frame duals
{Sxz;} and {A*y;}, as required. [
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In the case that {x,,} is a normalized tight frame, then it can the shown that there
is a unique normalized tight alternate dual frame, namely, {x,} itself. However if
{z,,} in addition satisfies the codimension condition in Corollary 2.23, then, except
for the canonical dual {z,}, it has another tight alternate dual which has the form

{zn, + yn}, where {y,} is a tight frame for H which is strongly disjoint with {z,,}.

Remark 2.27. We address some potential application aspects of strongly disjoint
k-tuples. For simplicity we only consider normalized tight frames. However, all the
following discussions carry through if one replaces the frames in all relevant inner
products by its canonical duals. Suppose that {z,, : n € N} and {y,} are strongly
disjoint normalized tight frames for Hilbert spaces H and K, respectively. Then

given any pair of vectors z € H, y € K, we have that
T=Y <T > T, Y= <Y, Yn > Yn.
n n

If we let a, =< x, x, > and b, =<y, y, >, and then let ¢,, = a,, + b,,, we have

Zanyn =0, anxn =0,

by the strong disjointness, and therefore we have

€r = chl'n, Yy = chyn

n n

This says that, by using one set of data {c,}, we can recover two vectors z and y
(they may even lie in different Hilbert spaces) by applying the respective inverse
transforms corresponding to the two frames {z,} and {y,}. The above argument
obviously extends to the k-tuple case: If {f;, : n € J}, i =1, ..., k, is a strongly
disjoint k-tuple of normalized tight frames for Hilbert spaces Hi, ..., Hy, and if
(z1, ..., x) is an arbitrary k-tuple of vectors with x; € H;, 1 < i < k, then we

have

$i=Z<$ia fin > fin

nelJ
for each 1 < i < k. So if we define a single "master” sequence of complex numbers
{¢n: n€J} by

k
Cp = Z < Zy, fzn >,
i=1

then the strong disjointness implies that for each individual ¢ we have

Ti = chfm-

nel
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This simple observation might be useful in applications to data compression. We
will discuss this phenomenon for unitary groups and wavelet systems in sections 4

and 5. It leads to our notion of superwavelets.

The concept of Remark 2.27 can be condensed into the following proposition,
which says that the frame transforms corresponding to strongly disjoint normalized
tight frames indexed by the same set J act orthogonally as operators in the sense

that the support of each inverse transform is orthogonal to the ranges of the others.

Proposition 2.28. Let {fi, : n € J}, ¢ = 1,...,k, be a strongly disjoint k-tuple
of mormalized tight frames for Hilbert spaces Hy, . . . ,Hy. Let 0; : H; — 1*(])
be the corresponding frame transforms, and for each i let I'; := 0] denote the
inverse transform mapping 1>(J) — H;. Then T;0; = 0 if i # j, and ';0; = Iy,
ii=1,..k
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Chapter 3

Frame Vectors for Unitary Systems

Following Dai and Larson [DL], a unitary system U is a subset of the unitary
operators acting on a separable Hilbert space H which contains the identity operator
1. So a unitary group ia a special case of unitary system. An element ¢ € H is
called a wandering vector for U if Uy := {Uy : U € U} is an orthonormal set;
that is < U,V > =0if U,V € U and U # V. If Uy is an orthonormal basis
for H, then 9 is called a complete wandering vector for U. The set of all complete

wandering vectors for U is denoted by W(U).

Analogously, a vector z € H is called a normalized tight frame vector (resp.
frame vector with bounds a and b) for a unitary system U if Uz forms a tight frame
(resp. frame with bounds a and b) for span(Uz). It is called a complete normalized
tight frame vector (resp. complete frame vector with bounds a and b) when Uz is a

normalized tight frame (resp. frame with bounds a and b) for H.

If U is a unitary system and ¢p € W(U), the local commutant Cy(U) at 9 is
defined by {T' € B(H) : (TU —UT)y = 0,U € U}. Clearly Cy(U) contains the
commutant U’ of Y. When U is a unitary group, it is actually the commutant of .
A useful result is the one to one correspondence between the complete wandering
vectors and the unitary operators in Cy(U). In particular, if v € W(U), then
WU) = U(CyU))p = {Ty : T € U(Cy(U))} (see[DL], Proposition 1.3), where
U(S) denotes the set of all unitary operators in S for any subset S C B(H). It is
also known that ¢ separates Cy (i) in the sense that the mapping A — Ay from
Cy(U) to H is injective. In [La] it was pointed out that an analogous result holds for
complete Riesz vectors (those vectors 1 for which U1 is a Riesz basis for H). In the
same way, the set of all complete Riesz vectors for U is in one to one correspondence
with the set of all invertible operators in Cy(U). The following result characterizes
all the normalized tight frame vectors for U in terms of the partial isometries in the

local commutant at a fixed complete wandering vector.
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3.1 The Local Commutant and Frame Vectors

In this section we will characterize frame vectors in terms of operators in the

local commutant at a fixed complete wandering vector. We first prove:

Proposition 3.1. Suppose that 1 is a complete wandering vector for a unitary
system U. Then

(i) a vector m is a normalized tight frame vector for U if and only if there is a
(unique) partial isometry A € Cy(U) such that Ay = 1.

(ii) a vector n is a complete normalized tight frame vector for U if and only if

there is a (unique) co-isometry A € Cy(U) such that A =n.

Proof. The uniqueness follows from the fact that ¢ separates Cy,(U). The statement
(ii) follows from (i) since if A is a partial isometry in Cy(U), then {Un: U e U} =
{AUv¢ : U € U} generates H if and only if A* is an isometry. So we only need to
prove (i).

Suppose that n is a normalized tight frame vector for i/. Define a linear operator
B by

Bx = Z <z,Un>Uy
Ueu

for x € span(Un), and Bx = 0 when x L Span(Un). Since n is a normalized
tight frame vector, we have that B is isometric on span(Un). Thus B is a partial
isometry with closed range BH. Let P be the orthogonal projection onto BH, and
let A = B* = B*P. We will show that A is a partial isometry with the required

property.
We first claim that BUn = PU%, for all U € U.
In fact, let V€ U. We have
< BVn,PUY > =< PBVn, Uy >=< BVn, Uy >
=< <VnSp> Sy, Uy >

Seu
=<Vn, Un>.

Since B is isometric on span(Un), it follows that
< BVn,PUY >=<VnUn>=<BVn, BUnp > .

Thus BUn = PUq.

Next we claim that A = B*P € Cy(U) and Ay = .
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From the above paragraph, we have B* BUn = B*PU4) for all U € U. Note that
Un is contained in the initial subspace of the partial isometry B. Thus B*BUn =
Un. So Un = AU for each U € U. Thus n = Ay and A € Cy(U).

Note that PH(= BH) is the final subspace of B and B* is isometric on PH and
takes the value zero on PLH. Thus B*P = B*, which implies that A is a partial

isometry.

Conversely let A be a partial isometry in Cy () and let n = At). Note that A*

is isometric on AH. Then for any © € AH, we have

][ = l|lA"2|? = Y | < A"z, Uy > |?
Ueu

= | <z, AUY > |?

veu

= | <z,UAp > |?

veud

= Z|<CL‘,U77>|2.
veu

Thus 7 is a normalized tight frame vector for U on span(Un)(= AH). O

As in the wandering vector case (cf [DL] Lemma 1.6), we have

Proposition 3.2. Let S be a unital semigroup of unitaries in B(H). If S has a

complete normalized tight frame vector, then S is a group.

Proof. Let U € S. We want to show that US = S. Let ) be a complete normalized

tight frame vector for §. Then for any x € H, we have

U 2P =) <U 2, Sp>P=> | <z, USp> |
Ses SeS

and

(U= e][? = Jlzl* = Y | <, Sn> .
Ses

IfU-t ¢S, then I ¢ US. Thus < x, n >= 0 since US C S. Let o = 1. We get

a contradiction. So S is a group. U

Suppose that n and ¢ are complete normalized tight frame vectors for a unitary
system U. If {Un}uyecy and {UE}yey are unitarily equivalent, then there is a unitary
operator W satisfying WUn = U¢ for every U € U. In particular, Wn = £. Hence
WUn =UWn for all U € U. So when U is a unitary group, we have that Un and
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U are unitarily equivalent frames if and only if there is a unitary operator W € U’
such that Wn = £. Thus a frame unitary equivalence determines an equivalence
relation for complete normalized tight frame vectors. For a set S C B(H), we use
w*(S) to denote the von Neumann algebra generated by S, and use S’ to denote

the commutant of S, that is
§'={TeB(H): ST-TS=0, VSeS}.

An element = € H is call a trace vector for a von Neumann algebra R acting on H
if < ABx, x > = < BAz, x > for all A,B € R. A trace vector x for R is said to
be faithful if the mapping A — Az (A € R) is injective. The following lemma can
be found in [Lal, and will be frequently used in this paper.

Lemma 3.3. Let U be a unitary group such that W(U) is nonempty. Then both
w*(U) and U are finite von Neumann algebras. Moreover each element in W(U)
is a faithful trace vector for both w*(U) and U'.

Corollary 3.4. Suppose that U is a unitary group such that W(U) is non-empty.
Then every complete normalized tight frame vector must be a complete wandering

vector.

Proof. Let ¢ € W(U) and let n) be a complete normalized tight frame vector. Then,
Proposition 3.1 (2), there exists a co-isometry A € Cy(U) = U’ such that n = A.
Since U’ is a finite von Neumann algebra, it follows that A is a unitary operator.

Hence 7 is a complete wandering vector for U by Proposition 1.3 in [DL]. O

By Corollary 3.4, if a unitary group system U has a complete tight frame which
is not a wandering vector, then W(U) is empty.
With a minor modification of the proof for Proposition 3.1, one can easily get

the following more general result. We leave the details to the interested reader.

Proposition 3.5. LetU and i be as in Proposition 3.1. Then a vectorn is a frame
vector with frame bounds a and b if and only if there exists an (unique) operator
A e Cy(U) such that n = Ay and aP < AA* < bP for some orthogonal projection
P.

In fact P is the orthogonal projection onto spam(Un). So we have

Corollary 3.6. The vector n is a complete frame vector with frame bounds a and
b if and only if there exists an (unique) operator A € Cy(U) such that n = Ay and
al < AA* <bl.
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By a similar argument used in the proof of Proposition 2.1 in [DL], it is easy to
prove that {Un : U € U} is a Riesz basis if and only if n = St for some invertible
operator S € Cy(U) (see Proposition 2.1 in [La]).

Corollary 3.7. Let U and ¢ be as in Proposition 3.1. Suppose that M is a finite
von Neumann algebra contained in Cy(U) and n = Ay for some operator A € M.
Then

(i) n is a complete frame vector if and only if Un is a Riesz basis for H.

(ii) n is a complete normalized tight frame vector if and only if n is a complete

wandering vector.

Proof. For (i), suppose that 7 is a complete frame vector for . Then AA* is
invertible by Corollary 3.6. Let A* = U (AA*)% be the polar decomposition of A.
Then U is a partial isometry with initial space H(= (AA*)2 H) and U € M. Thus U
is unitary since M is a finite von Neumann algebra. Therefore A is invertible, which
implies that Un is a Riesz basis. The other direction is shown in an analogous way.
For (ii), assume that 7 is a complete normalized tight frame vector, then AA* =T
by Proposition 3.1 (ii). Thus A is a unitary operator since M is finite, and both A
and A* are in M. The other direction is trivial. [J

3.2 Dilation Theorems for Frame Vectors

The general dilation result (Proposition 1.1 ) tells us that if 7 is a complete
normalized tight frame vector for a unitary system U, then {Un: U € U} can be
dilated to an orthonormal basis. What we expect here is to dilate i to a complete
wandering vector. In this section we show that this can be done for unitary groups

and some other special cases.

Theorem 3.8. Suppose that U is a unitary group on H and n is a complete nor-
malized tight frame vector for U. Then there exist a Hilbert space K O H and a
unitary group G on K such that G has complete wandering vectors, H is an invari-
ant subspace of G such that G|y = U, and the map g — g|g s a group isomorphism
from G onto U.

Proof. Let K = 1?(U), and for each U € U, let Ay be the left regular representation
defined by A\pxv = xvv, V € U, where xy is the characteristic function at the
single point set {V'}. Consider the unitary group G = {\y : U € U}. Then U and
G are group isomorphic , and ey € W(U) for all V € U. Now we define 0 : H — K
by

W(z) = Z <z, Un>xu.
veu
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Let P be the orthogonal projection onto W(H). Then W is an isometry and
Pxy = W (Un) as discussed in the proof of Proposition 1.1.

We first prove that \gyW = WU on H for each U € U. Let V € U be arbitrary.
Then

AW (V) = Au (D < Vi, Sn> xs)
Seu

=) <Vn,Sn>xus
Seu

=) <VnU*Sn > xs
Seu

= Z <UVn,Sn > xs
Seu

=WU(Vn).

Thus W*A\gW = U on WH since {Vn: V € U} generates H.

Secondly, we verify that P € G’. In fact, for any U € U, we have
PXyxr = Pxu =W(Un) =WUW*Wn=WUW*Pxj.

Since we just verified that WUW™ = Ay on PK, we obtain PAyx; = Ay Pxr.
Hence P € C,,(G)(=G’). By identifying H with W H, we complete the proof. [J

Suppose that there exists another unitary group G; acting on a Hilbert space K3
satisfying all the requirements of Theorem 3.8. Then G; is unitarily equivalent to its
left regular representation on 12(G;). So we can assume that Ky = [?(G1) = I2(U).
Therefore G and K in Theorem 3.8 are unique in the unitary equivalence sense. For

convenience, Theorem 3.8 can be restated as follows:

Theorem 3.8'. Let G be a group and w be a representation of G on a Hilbert space
H such that w(G) has a complete normalized tight frame vector n. Then there exists
a representation ©™ on a Hilbert space K and a complete normalized tight frame
vector & for w'(G) such that n ® £ is a complete wandering vector for (w @ 7')(G)

on H® K. Moreover ', K and & are unique up to unitary equivalence.

So if P is the orthogonal projection from H & K onto H & 0, then P is in the
commutant of (7 ® 7')(G) and n=P(n® &), £ = P(n @ §).
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Corollary 3.9. Suppose thatU is a unitary group which has a complete normalized

tight frame vector. Then the von Neumann algebra w*(U) generated by U is finite.

Proof. Let G, K and P be as in Theorem 3.8. Then, by Lemma 3.3, w*(G) is a

finite von Neumann algebra. Thus w*(U)(= w*(G|pm) is also finite. O

Corollary 3.10. Let T € B(H) be a unitary operator and let n € H be a vector
such that {T™n : n € Z} is a normalized tight frame for H. Then there is a
unique (modulo a null set) measurable set E C T such that {T"n : n € Z} and

{e""s|p :n € Z} are unitarily equivalent frames.

Proof. First note that the powers 1", n € Z, are distinct, so H must be infinite
dimensional and {T" : n € Z} is group-isomorphic to Z. Indeed, if 7% = I for
some k # 0, then in the equation
Il =Y 1 <n,T"n >,
nez
infinitely many terms in the right hand side reduce to | < n, n > |2 = |[n||*,
contradicting the fact that n # 0.

Let \ be the left regular representation of Z on 12(Z) . Write 1 = eg. Then,
by Theorem 3. 8, there is a projection P € [°°(Z) such that {T"n : n € Z} and
{A(n)Pvy : n € Z} are unitarily equivalent. Note that {\(n) : n € Z} and {Mins :
n € Z} are unitarily equivalent, where M; denotes the multiplication operator on
L?(T) with symbol f. Let W : [?(Z) — L?(T) be the unitary operator inducing the
equivalence and satisfying Wi = 1. Then Q = WPW* is a projection in L>(T).
Write @ = xg for some £ C T. Then {\(n)Py : n € Z} and {Minsxg : n € Z}
are unitarily equivalent, as required. The uniqueness of F follows from Proposition
2.6. O

For a unitary system U on a Hilbert space H, we recall that a closed subspace M
of H is called a complete wandering subspace for U if span{UM : U € U} is dense in
H,and UM L VM when U # V. Let {e; : i € Z} be an orthonormal basis for M.
Then M is a complete wandering subspace for U if and only if {Ue; : U e U,i € T}
is an orthonormal basis for H. We call {e;} a complete multi-wandering vector.
Analogously, an n-tuple (71, ..., 1,) of non-zero vectors ( here n can be co) is called
a complete normalized tight multi-frame vector for U if {Un; : U e U,i=1,...,n}

forms a complete normalized tight frame for H. Equivalently, if

> =" > [ <z,Un >

i=1UelU
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for every x € H.

Let G be a group and let A be the left regular representation of G. Then {A\; ®

I, : g € G} has a complete multi-wandering vector (f1, ..., fn), where f; =
(Xe,0,...,0), ...y fn = (0,0, ..., Xxe). Let P be any projection in the commutant
of (A® I,)(G). Then (Pfi, ..., Pfy,) is a complete normalized multi-tight farme

vector for the subrepresentation (A ® I,,)|p. As in Theorem 3.8, it turns out that
every representation with a complete normalized multi-tight frame vector arises in

this way.

Theorem 3.11. Let G be a countable group and let m be a representation of G on a
Hilbert space H such that w(G) has a complete normalized tight multi-frame vector

{m, ..., m}. Then 7 is unitarily equivalent to a subrepresentation of A ® I,

Proof. (This is similar to the proof of Theorem 3.8. We give it for completeness.)
Write 0 = A ® I,,. Define W : H — [2(G) @ ... ® 12(G) by

W)=Y Y <zx(gn >o(9)fi

i=1 ge}
for all x € H. Then W is an isometry from H to W(H). Let P be the projection
from 12(G) @ ... ® [*(G) onto W (H). It follows from the proof of Proposition 1.1
that Po(g)fi = Wr(g)n;.

Next we claim that o(g)W = Wr(g) on H for every g € G. This follows from

the computation

a(gW(z)=0a(g)> Y <=z, w(h)n; > o(h)f;

i=1 heg

= Z Z <z, w(h)n;, > o(gh)fi

=1 heg

forall z € H.
Finally, for any g,h € G and any ¢, the above results imply
Pa(g)o(h)fi = Po(gh)fi = Wr(gh)mi
= Wa(g)m(h)n; = o(g)Wn(h)n;
=o(g)Ponfi.
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Hence P € 0(G) O

We will call two unitary systems U and U isomorphic if there is a bijection
o : U — U such that o(UV) = o(U)o (V) whenever U, V,UV € U. Given a unitary
system U on a Hilbert space H. We say that U/ has the dilation property if for
every complete normalized tight frame vector n for U, there exists a Hilbert space
K and a unitary system ¢ on K such that there is a complete wandering vector
@ for U, and there is isomorphism o : Y — U and a projection P € Cy U) with
the property that {Un : U € U} and {o(U)Py : U € U} are unitarily equivalent
frames. Roughly speaking, {Un : U € U} can be dilated to an orthonormal basis
induced by an isomorphic unitary system and a complete wandering vector. We
have shown that unitary groups always have this dilation property, and in Chapter
4 we will point out that Gabor type unitary systems (see the definition in Chapter

4) also have this property. In general, we ask
Problem A: Does every unitary system have the dilation property?

Let U be a unitary system of the form
U=uUul := {Vl‘/() Ve, Ve uo},

where U; and Us are unitary groups such that Uy NUy = {I}. Suppose that W(U)
is not empty. Then for some special complete normalized tight frame vector 7,
we have the following dilation result, which will be use in section 4. For a vector

x € H, we use [Upzx] to denote the closure of span(Upx).

Proposition 3.12. Let U be as above. Suppose that n is a complete normalized
tight frame vector such that [Uon] is a wandering subspace for Uy. Then there is a

vector £ € H such that
{UnaU¢: Uel}

is an orthonormal basis for H & [UE].

proof. Fix 1» € W(U). As before we define § : H — H by

0(z) = Y <z, Un>Us
veud
for all U € U. Then 0 is a unitary operator from H onto 6(H) and PUv = 0(Un)
for every U € U, where P is the projection from H onto 6(H). Let U = 0U6*. We
claim that U6(n) = UO(n).
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In fact, let U = U Uy with Uy € U; and Uy € Uy. Note that, by hypothesis,
< Ugn, ViUgn >= 0 when Vi € U; and V; # I. Thus

Uob(n)= > <Uom, ViVon > ViVoy)
Vieu,Voelo

= Y <Uom, Von > Vot
Vo EUp

=Uo > <n, Uy 'Von > Uy 'Vou
Vo EUp
=Ub(n).

In the last equality we use the fact that U, WUy = Uy. Therefore we have

Uon)= > <UUm, ViVon > ViVt
VieUy,VoeUy

= Y <UiUon, UrVon > UiVt
Vo EUy

=Uy Y, <n, Von>Voy
Vo EUy

= Ur1Uo0(n) = U0(n).

Since Py = 6(n), we get PUY = Ul(n) = Ub(n) = UP1p, which implies that
P e CyU). So P+ € Cy(U). Let & = Py, Then
(U@ Us: UeU} ={UPYpaUPy: Uecl}
= {PUy ® P Uy : U ecU}.

So {U6(n) @ U¢ : U €U} is a an orthonormal set. Since
{UneoUs: UeU}y=(0"aD{Un)aUs: UecU}OaI),

it follows that {Un @ U¢ : U € U} is an orthonormal set, and thus it is an
orthonormal basis for H @ [UE] by Proposition 2.5. O

We note that if U is a unitary group such that W(U) is not empty, then, by
Corollary 3.4, every complete normalized tight frame vector must be a wandering
vector. Thus Theorem 3.8 can not be considered as a special case of Proposition
3.12.

3.3 Equivalent Classes of Frame Vectors

For an arbitrary unitary system U and a complete wandering vector ¢» € W(U),

as we mentioned before that for every complete wandering vector ¢ € W(U) there
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is an invertible (in fact unitary) operator V' € Cy, (i) such that ¢ = V¢p. The reader
would expect that an analogous result when replacing ¢, ¢ by frame vectors should
be true. Unfortunately this is no longer true even for the unitary group case. We

have the following characterization:

Proposition 3.13. Let G, w, «', n, &, P, H and K be as in Theorem 3.8. Let
M be the von Neumann algebra generated by {m(g) ® 7'(g9) : g € G}. Then the
following are equivalent

(i) P is in the center of M, i. e. P € MNM'.

(i) For every complete normalized tight frame vector x for w(G), there is an
(unique) unitary operator V € n(G)' such that x = Vn.

(iii) For every complete frame vector x for w(G), there is an (unique) invertible

operator V € w(G)" such that x = V.

Proof. Let v = n @ &. For (i) = (iii), by Proposition 3.5 there is an operator
A € M’ such that Ay = x and aP < AA* < bP, where a and b are frame bounds
for {w(G)x}. Let V.= PAP. Then V € n(G)' is invertible and Vi = PAPn =
PAP(Pvy) = PAYy = Pz = z, as required.

Suppose (iii) holds. Then, by Proposition 1.9 (ii), V is unitary if = is a a

normalized tight frame vector, and hence (i7) follows.

Now prove (ii) = (i). To show that P is in the center of M, it suffices to prove
that P € M. Let A € M’ be an arbitrary unitary operator. Then PA1 is a
complete normalized tight frame vector for m(G) on H. Thus there is a unitary
operator V' € w(U)’ such that Vip = PAt. That is

VP = PAy.

Note that 7(G)" = PM’'P (see Proposition 1 on page 17 of [Di]). We write V =
PBP for some operator B € M’. Then PBP, PA € M’ and PBPy = PA.
Hence PBP = PA since v separates M’. This implies that A*P = PB*P and
so that P is an invariant projection for A*. Since all the unitary operators in M’

generates M’, we have that P € M , as expected.

The uniqueness of the operator in (#i) and (iii) follows from the fact that n

separates m(G)". O

Corollary 3.14. Let G be an abelian group and let w be a representation of G

on a Hilbert space H. Suppose that n is a complete normalized tight frame vector
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for w(G). Then for every complete frame vector £ , there is an (unique) invertible
operator V € m(G)" such that & = V.

From Proposition 3.13, one can easily construct a unitary group which does
not satisfy (ii) or equivalently (iii). For instance, let G be any non-abelian group
and let 7 be the regular left representation on [?(G). Then v := ey (where e is
the characteristic function at the singleton point set {I}) is a complete wandering

" such that P is not in the von

vector for m(G). Let P be a projection in m(G)
Neumann algebra generated by 7(G) (the existence of such a P follows from the
fact that 7(G) is non-abelian). Let U := 7(G)|ranp- Then 1 := P1) is a complete
normalized tight frame vector for & and U does not have property (ii) and (¢i7) in

Proposition 1.9.
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Chapter 4

Gabor Type Unitary Systems

The study of Gabor frames was initiated by D. Gabor in 1946 ([Gab]) with a
proposed use for communication purpose, and in recent years is has been one of the
major subjects in the study of frame theory and wavelet theory (cf. [BW], [Daul],
[DGM]). We recall that if a,b > 0 and g € L?(R), then we call {g, : m,n € Z}

a Gabor system associated with g and a, b, where
gm,n(g) = 62ﬂ—imb£g(£ - na)7 n7 m e Z

When {gm.n : m,n € Z} is a frame for L*(R), then we call {gy., : m,n € Z} a
Gabor frame associated with g and a, b. If we define operators U,V € B(L?(R)) by

(UF)(E) =™ f()

and
(VHE) = f(€—a)

for all f € L2 (R), then U and V are unitary operators. An elementary computation
shows that
UV = e 2mabyy

In particular UV = VU if and only if ab is an integer. It is clear that g,,, =
{U™V"g : m,n € Z}. Therefore {gm. .} is a Gabor frame if and only if ¢ is a
complete frame vector for the unitary system {U™V™ : m,n € Z}. In general,
suppose that U and V are unitary operators on a Hilbert space H and satisfy the
relation

Uv =\vU

for some unimodular scalar A, then we call the unitary system
U={U0m"v": n,meZ}

a Gabor type unitary system. Note that U™V™ = X"V U™ for all n,m € Z.
In the case A = €*™ for some irrational number 6, then U is called an irrational

rotation unitary system which is closely related to the important C* - algebra
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class-irrational rotation C*-algebras, and has been studied in [Han]. For a vector
n € H, we call {U™V™y: m,n € Z} a Gabor type frame if {U™V"™n: m,n € Z}
is a frame for H. Note that if A # 1, then U can not be a group. The main
purpose of this chapter is to show that Gabor type unitary systems share most of
the important properties with unitary group systems. Some of these results have
been studied in [Han] for irrational rotation unitary systems. We first prove the

following uniqueness result.

Proposition 4.1. Suppose that {U"V{* : m,n € Z} and {UF*'V3*: m,n € Z} are
two Gabor type unitary systems with respect to the same scalar A, and suppose that

both of them have complete wandering vectors. Then there is a unitary operator W
such that WUW™* = Uy and WVIW* = V5.

Proof. Assume that {U{"V* : m,n € Z} and {UJ"VJ* : m,n € Z} are acting on
Hilbert spaces Hy and Hs with complete wandering vectors v, and 9, respectively.
Write w(fl)n = UM"V™p; for i = 1,2 and m,n € Z. Then {¢£ﬁ)n :m,n € Z} is an
orthonormal basis for H;. Define W : Hi — Hs by Ww,{?n = ,(73?” for all n and

m. Then W is a unitary operator and we have

WU, = WU U V"
= U2U3" V3" 1o
= U, Wyt

and

WV, = WUV,
= )‘_mWU{anlH?ﬂl
= AUV .
= VU3 " V3o
= VWi,

Thus WU W* = Uy and WV, W™* = V5 since these relations hold on an orthonormal
basis for H;. O

Remark 4.2. For any unimodular scalar A, there exists a Gabor type unitary
system U with respect to A such that W(U) is non empty. For instance, let H be
the Hilbert space [?(Z x Z), and let e,, ,,, be the standard orthonormal basis for H.
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Define unitary operators U, V on H by Ue,,n, = €m+1.n a0d Ve, = A" € nt1-
Then UV = AVU follows from

Uvem,n — U()\imem,n—&-l) — Aimem—‘,—l,n—f—l

=M e = AV U e
Thus Uy, is a Gabor type unitary system. Since
UmV"e[m = em,n

for any n,m € Z, eg is a complete wandering vector for U.

Theorem 4.3. Suppose that U is a Gabor type unitary system with respect to A
with a complete wandering vector 1. Then

(i) Coltd) = U’

(7i) the vector v is a faithful trace vector for both w*(U) and U’,

(111) both w*(U) and U’ are finite von Neumann algebras,

(i) W) = U(w*U)),

(v) W(U) is a connected, closed subset in H and spanW(U) is dense in H.
Proof. The proof is similar to that of Theorem 1 in [Han|. For completeness we
include the proof of (i) and (é7).

Let ¢» € W(U) be arbitrary. First we show that < AB, ¢ >=< BAy, ) > for
all A, B € w*(U). It is enough to verify that this holds for A = U"V™, B = U*V!

with n,m, k,l € Z since the linear span of I/ is an algebra. In fact, this follows from

<UWmUFVIp, 1 > = X™mF < grthymtly, o >

0 (n+km+1) #(0,0)
{Amk (n+k,m+1)=(0,0)

and

< UleUan’l/J,w > = )\fln < UkJrnvler,l/}’w >
0 (ntkmtl)#(0,0)
A" (n+k,mA+D) =(0,0)

Thus 9 is a trace vector of w*(U). Note that v is also a cyclic vector for w*(U)
since U1 is an orthonormal basis for H. Thus, by Lemma 7.2.14 in [KR], ¥ is a
joint cyclic trace vector for w*(U) and U’. By Theorem 7.2.15 in [KR], this implies
that both w*(U) and U’ are finite von Neumann algebras. [
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Corollary 4.4. Suppose that U is a Gabor type unitary system such that W(U) is
nonempty. Then

(i) Every complete normalized tight frame vector for U must be a complete wan-
dering vector.

(ii) Every wandering vector must be complete.

Proof. The statement (i) follows from (i) and (iii) in Theorem 4.3 and the proof
of Corollary 3.4. For (ii), let ¢ € W(U) and let n be a wandering vector. Then
WU™V"™p = U™V™n defines an isometry in U'(= Cy(U). Thus W is a unitary

since U’ is finite. Therefore n(= W1) is a complete wandering vector for . O

Corollary 4.5. Suppose that U is a Gabor type unitary system such that W(U) is
non empty. If {U™V"™n :n,m € Z} is a frame for H, then it is a Riesz basis for
H.

Proof. Take 1p € W(U). By Corollary 3.6, there is an operator A € U’ such that
n = At. Thus the result follows from Theorem 4.3 (iii) and Corollary 3.7. O

Let g € L?(R) and let
G = e27rimb§g(£ _ na)

for all n,m € Z. If ab=1 and g = %X[O,a}a then {gm »} is an orthonormal basis.

Thus from Corollary 4.5, we obtain

Corollary 4.6. Suppose that ab = 1. Then following are equivalent:
(i) The set {gmn} is a frame for L?(R).
(ii) The set {gm.n} is a Riesz basis for L*(R).

Corollary 4.7. (For case a = b =1, see Proposition 2.1, [HW], Page 403) Suppose
that {gm.n} is a frame for L*(R). Then the dual frame of {gm.n} is also a Gabor

frame.

Proof. By Corollary 4.6, {gy.»} is a Riesz basis for L?(R). Thus, by the Remark
following Corollary 3.6, there is an invertible operator A in U’ such that ¢ =
A(ﬁX[O,a)' Hence {(A_l)*UmV”(ﬁx[O,a]}) is the dual frame of {g,, ,}. Note
that (A=1)* is also in U’. Let h = (A_l)*(%x[o,a]). Then the dual frame of
{gm.n} s {hmn}, as required. O

Now we prove that the any Gabor type unitary system has the dilation property.

Theorem 4.8. Let Uy (= {U"V*: m,n € Z}) be a Gabor type unitary system on

a Hilbert space Hy associated with A. Then for any complete normalized tight frame
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vector n for Uy, there is a Gabor type unitary system Us(= {UF'V3* : m,n € Z})
on a Hilbert space Hy associated with A and a normalized tight frame vector £ for
Us such that

{U"V'n @ U* VS : m,n € Z}

1s an orthonormal basis for Hi ® Hs.

Proof. Let H, U and ¢ be as in the remark following Proposition 4.1. Define an
operator W : Hy — H by

Wa= Y <z, U'Vi'n>U"V")
m,n€”Z
for all x € H. Then W is an isometry from H; onto W Hy. Let P be the orthogonal
projection from H onto W H;. We need to show that P € U’. Since Cy(U) = U’,
similar to the proof of Theorem 3.8, it suffices to show that W*(U™V™)W = U{"V]"
on the H; for all m,n € Z. However this follows from the following calculation:
Unvh(Wa) = UmV" Y <, UfVin > UMVl
k,EZ
= Y <z, UfVin>Umvrurviy
k,€EZ

= Y A <, UfVin > UMYy
k,leZ

= AT <UDV, UPVIUT VG > URTmying
k,l€Z

= ) <UPVw, UV > Uktmyng
k,leZ
=W(U"Vi"z)

for all x € H; and all m,n € Z. Let Uy = P*UP* |, Vo = PV P! Hy = P+H
and let &£ = P14). Then Uy and ¢ satisfy our requirement. [

The following result tells us that to study a Gabor type unitary system (resp.
unitary group system ) which has a complete frame vector is equivalent to studying

the unitary system which has a complete normalized tight frame vector.

Proposition 4.9. If a Gabor type unitary system (resp. unitary group system) has
a complete frame vector, then it has a complete normalized tight frame vector. In
particular, if a Gabor unitary system U has a vector n such that {U™V"n: n,m €

Z} is a Riesz basis, then U has a complete wandering vector.

Proof. Let U be a Gabor unitary system on a Hilbert space space H. Suppose that

it has a complete frame vector 1. Then, by Proposition 1.10, there is a positive
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invertible operator S € B(H) such that

z= Y <z SU"V'n>U"V"

m,neL

for all z € H. Replacing x by S~'z, we obtain

Slg = Z < S7lx, SU™V™y > U™V
m,neEZ
= > <z, U™V >U"V™
m,nez
since S is positive. The same argument as in the proof of Theorem 4.8 shows that
STIUFRVly = URVES— 1z for all x € H. Thus S~ € U/, and hence S € U’ since U’

is a von Neumann algebra. Let A =5 2. Then A is also U’. From

r= )  <Ax,AU™V"n>U"V"

mne”L

for all x € H, we have (replace z by A~1xz)

Ae = ) <@, AU™V"y > U™V
m,nez
Hence
r= Y <az,U"V"An>U"V"An
m,nez

for all x € H. By Lemma 2.17, {U™V"™An: m,n € Z} is a normalized tight frame
for H, which implies that An is a complete normalized tight frame vector for U, as
required. The same argument applies to the unitary group system case.

If in addition {U™V™y: m,n € Z} is a Riesz basis for H. Let A be as above
such that {AU™V"n : m,n € Z} is a complete normalized frame. Note that it is
also a Riesz basis. Thus, by Proposition 1.9 (v), it is an orthonormal basis for H.

Therefore An is a complete wandering vector for U/. [
From Theorem 4.8 and Proposition 4.9, we immediately obtain

Corollary 4.10. If a Gabor type unitary system (resp. unitary group system) has

a complete frame vector, then both w*(U) and U’ are finite von Neumann algebras.

Remarks 4.11. (i) For a Gabor unitary system U with a complete normalized
tight frame vector n, if A = 1, then U/ is an abelian group. Thus, by Corollary 3.14,
for any complete frame vector £ for U, there is an (unique) invertible operator A
in the von Neumann algebra w*(U)(= U’) such that £ = An. When X # 1, this
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is not true in general. For instance, let & and i be as in the Remark following
Proposition 4.1. Choose a projection P € U’ but P ¢ w*(U) ( this can be done
since w*(U) is not an abelian von Neumann algebra in this case). Let Uy = PUP
on the Hilbert space PH. Then Pt is a complete normalized tight frame vector
for U;. But the same argument as in the proof of Proposition 3.13 shows that there
exists complete normalized tight frames which can not be expressed as the form of
An for some A € U'. However, as in the group case (Theorem 6.17 in Chapter 6,
we can show that the set of all the complete normalized tight frame vectors for U
is equal to the set {An : A € U(w*(U)), where U(w*(U)) denotes the set of all the

unitary operators in w*(U).

(ii) For a Gabor system {g,, } associated with a,b, if ab > 1, it was proven by
I. Daubechies and M. Rieffel (cf [Daul], [Dau2], [Dau3], [Ri]) that the linear span
of {gm.n} can not be dense in L?(R) for all g € L*(R). Thus {gsm»} can not be a
frame, whatever the choice of g. In the case ab < 1, there exists g such that {g,, »}
is a complete normalized frame. For example 9 = \/BX[O,G,] generates a complete
normalized tight frame. It is also easy to see that {g. .} can be an orthonormal

basis only when ab = 1.

(iii) We use U, and V, to denote the multiplication unitary operator by €27

and the translation operator by a, respectively. If ab = ¢, then the unitary systems
{Upvy © m,n € Z} and {U"V : m,n € Z} are unitarily equivalent by the
unitary operator W € B(L?(R)) defined by

1

G, [ I®)

Thus ab determines a unique class of concrete Gabor unitary systems.

(W)(s) =

(iv) If ab < 1, it is possible to construct two frame vectors f and g such that

{fm.n} and {gm,} are strongly disjoint frames. For example when ab < 3. Let
f= \/BX[O,a] and g = \/Ex[a72a}. Then {fm»} and {gm.n} are complete normalized
. 2 o e . 1

tight frames for L“(R). To see that they are strongly disjoint, suppose ka < § <

(k4 1)a. For simplicity, assume that £ = 2 and let h = \/BX[QQ,%]' Then
{fm,n D Gm,n O hm,n m,nc Z}

is an orthonormal set. Note that {h,, ,} is also a normalized tight frame for M :=

span{hm. n : m,n € Z}. Thus, by the proof of Proposition 2.5, we have that

{fm,n D gm,n O hm,n m,nc Z}
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is an orthonormal basis for L?(R)® L?(R)® M. Hence { fi,.n® gm.n } is a normalized
tight frame for L*(R) & L*(R), as required. When ab = 1, {f,,.n} and {g,,} are
complementary normalized tight frames. Even in the ab < % case, we don’t know if
it is always possible that for an arbitrary complete normalized tight frame {f, »},
there exists another complete normalized tight frame {g,,,} for L?(R) such that
{fmmn ® gmn} is an orthonormal basis for L?(R) & L?(R). The same question

remains for the % < ab < 1 case.
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Chapter 5

Frame Wavelets, Super-wavelets and Frame Sets

In this chapter we study the frame wavelets. For simplicity, we only consider the
one-dimensional dyadic wavelet system case. Practically, however, the reader will
note that by use of the appropriate abstract techniques of Chapter 3 many aspects

of the material we present in this Chapter carry over to R™ theory.

We recall that (cf [HW]) that a function ¢ € L2(R) is an orthonormal wavelet (
resp. frame wavelet) if {1); 1 : j, k € Z} is an orthonormal basis (resp. frame) for
L?(R), where

Yin(s) = 259(27s — k)

for all j,k € Z. Let T and D be the translation and dilation unitary operators,
respectively, on L?(R) defined by (T'f)(t) = f(t—1) and (Df)(t) = v/2f(2t). Then
1 is a wavelet if and only if {D'T*4) : j, k € Z} is an orthonormal basis for L?(R).
The Fourier transform, f, of f € L*(R) N L2(R) is defined by

fle) = —— s)e "¢ ds
fl6) = o= [ st

This transformation can be uniquely extended to a unitary operator F on L?(R).
We write D =: FDF = and T =: FTF~L. For convenience, if A and B are unitary
operators on a Hilbert space H, we will use U4 p to denote the set {A"B™; n,m €
Z}. A function is called a tight frame wavelet (resp. normalized tight frame wavelet)
if it is a complete tight frame vector (resp. complete normalized tight frame vector)

for Up 1 in L*(R). The following is Proposition 2.1 for the frame wavelet case.

Proposition 5.1. Let v be a fized wavelet. Then f € L*(R) is a normalized tight
frame wavelet if and only if there is a co-isometry A € Cy(Up ) such that f = Ai.

5.1 Frame Sets

In [HWW1], [HWW2], [FW], the Minimally-Supported-Frequencies wavelets are
extensively studied. These are the wavelets whose Fourier transforms have minimal
support of measure 27. X. Dai and D. Larson in [DL] independently studied the

same class of wavelets and introduced the concept of wavelet set. Recall from
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[DL] that a measurable set E C R is called a wavelet set if ﬁ)@, where xpg
is the characteristic function of FE, is the Fourier transform of a wavelet. The
corresponding wavelet is called an s-elementary wavelet. It is quite easy to check
that F is a wavelet set if and only if it is the support set of the Fourier transform

of an MSF wavelet.

Two measurable sets E and F' are translation congruent modulo 27 if there exists
a measurable bijection ¢ : E — F such that ¢(s) — s is an integral multiple of 27
for each s € E. Analogously, two measurable sets G and H are dilation congruent
modulo 2 if there exists a measurable bijection 7 : G — H such that for any s € G
there is n € Z satisfying 7(s) = 2"5. Lemma 5.3 in [DL] tells us that a measurable
set E is a wavelet set if and only if F is both a 2-dilation generator of a partitionn
(modulo null sets) of R and a 27-translation generator of a partitionn (modulo null
sets) of R in the sense that both {FE + 2km : k € Z} and {2"F : n € Z} form
partitionns of R modulo null sets. Equivalently, ' is a wavelet set if and only if
E is both translation congruent to [0,27) modulo 27 and dilation congruent to
[-27, —m) U [, 27) modulo 2. We note in passing that \/%X[,gm,ﬂ)u[mgw) is the
Fourier transform of the Shannon wavelet, and [—27, —7) U [7, 27) is the simplest

wavelet set.

Definition 5.2. A measurable subset E of R is called a frame set if \/%XE 1
a complete normalized tight frame vector for Uy 7, where xg is the characteristic
function of E.

We will give a complete characterization for frame sets.

Lemma 5.3. Let f € L?>(R) and E = supp(f). Then the following are equivalent:
(1) {T"f : n € Z} is a normalized tight frame for L*(E),
(2) |f| = V%?XE’ and E is 2w-translation congruent to a subset F' of [0, 2m].
Proof. For (2) = (1), write f(t) = 0(t)| f(¢)| such that € is a unimodular measurable

function. Let K = E U ([0,27]\F). Then K is 2n-translation congruent to [0, 27].
Thus

. 1
T"0(t) — t)y:neZ
{T00) 7o=xx (1) }
is an orthonormal basis for L?(K).

Let P be the orthogonal projection from L?(K) to L?(E). Then

jﬁxm)) —c jﬂxm).

Therefore {emtﬁ(t)\/%xE(t) :€ Z} is a normalized tight frame for L?(E).

P(emte(t) mtﬁ(t)
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For (1) = (2), we first show that E is 27r-translation congruent to a subset F' of
[0, 27].

Suppose that F is not 2w-translation congruent to any subset of [0,27]. Then
there exist a subset F' of E and some integer k € Z with the property that F' N
(F + 2km) is empty, F 4+ 2kr C E and f is bounded on F' U (F + 2km). Write
G = FU (F + 2kr). Then xqf € L*(E). Thus

xaf? =) <xcf?.émf>emf
neEL
and

Ixa 2117 = | <xaf? em™f >

nez

Let g = > ez < xaf?, €™ f > ™ defined on [0,27] and extend it to R by
2m-periodical property. Then

xa(Of(t) = g(t)f(t), ae teR.
This implies that xgf = ¢ a.e. on E. Therefore f(t 4+ 2m) = f(s) on F. Let
h = XF — XFi2kr- Then h € L?(E) and h # 0 and
<h, €™M f >=<xp(t), fMF(E) > = < xpioka(t), €™ >=0,

which contradicts the fact that {e’*'f : n € Z} is a normalized tight frame for
L?*(E). So we conclude that F is 27-translation congruent to some subset F' of
[0, 27].

Now we show that |f| = \/%XE- Let Q = FU([0,27]\F) and ¢ = \/%XQ. Then
2 is 27-translation congruent to [0, 27]. Thus

{T™) :n e Z}
is an orthormal basis for L?(Q2). Therefore, by Proposition 3.1, there is a partial
isometry V € Cy({T"|12(0) : n € Z}) such that f = V4 and VL?(Q) = L*(E).
Let A be the von Neumann algebra generated by {T”|Lz(9) : n€Z}. Then A is
abelian with a cyclic vector 1. Thus
Co({T™| 2y : n€Z}) = A = A=L®(Q).

So we can write V' = M), for some function h € L*>°(2), where Mg = hg for all
g € L*(Q). Since MM} = M2 is a projection and MyM;L?*(Q) = L*(E), we
have that |h|*> = xg. Write h(t) = 6(t)x(t) for some unimodular function . Then

we have
f&) =Vy(t) = h(t)y(t) = —=0(t)xe ().

Hence |f| = J%?XE as required. [
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Theorem 5.4. Let E be a measurable subset of R. Then E is a frame set if and
only if E is both 2m-translation congruent to a subset F of [0,27] and 2-dilation

congruent to [—2m, 7| U [, 27].

Proof. Suppose that E is 2n-translation congruent to a subset F' of [0, 27] and 2-
dilation congruent to [—2m, 7] U [m, 27]. Then, by Lemma 5.3, \/%XE is a complete
normalized tight frame vector for {1™|.2(g) : n € Z}. The condition that £ is 2-
dilation congruent to [—2m, 7] U [, 27] implies that L?(E) is a complete wandering
subspace for {15" : n € Z}. Thus \/%XE is a complete normalized tight frame

vector for Up 4. So E is a frame set.

Conversely, suppose that E is a frame set and let ¢ = \/% xg- Then
UnQZQnE - R

Then there exists a measurable subset K of E such that K is 2-dilation congruent
to F:= [-2m, —7| U [m, 27]. In fact, let E,, = EN2"F, n € Z. For any set A C R,
write A = U,cz2"A. Let
Ko=Ey, Ki=E\K,, K_=E_\(KUK))
K2 == EQ\(KO U Kl U K~_1), ... etc.

Then K = U,z K, will satisfy our requirement. We claim that K = E' (modulo a
null set). Let Kt ={z € K:2 >0} and K~ ={z € K :2 <0}. Then

1 1
/ —dt = / —dt = In2 (a)
K+t [m,27] t

1 1
/ “dt = / dt = In2 (b)
-t [—27m,—m] 13

However, from Theorem 5.3.1 in [Dau2], we know that

[ ©

and

t T o

and

J

|t] T o

—0Q

Combining (a), (b) with (c), (d), we have

WEN\E) =0, p(E-\K~) =0,
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where p is Lebesgue measure. Hence K = KT UK~ = ETUE~ = E. So E is
2-dilation congruent to a subset of [—2m, —7] U [r, 211]. Therefore {T"¢) : n € Z}
generates L2(E). This implies that ¢ is a complete frame vector for {17 L2(E)

n € Z}. So, by Lemma 5.3, E is 2w-translation congruent to a subset of [0, 27]. O

5.2 Super-wavelets
In this section we discuss super-wavelets and the disjointness of frame wavelets.

Definition 5.5. Suppose that m1, ...,n, are normalized tight frame wavelets. We
will call the n-tuple (n1, ...,mn) a super-wavelet of length n if {D*T'n, & ... @
D*Tln,, : k,1 € Z} is an orthonormal basis for L*(R) @ ... ® L3(R). If E and F

are frame sets, then E and F are called strongly disjoint if {]_A)"“'TZX/%XE t ke
Z} and {Dkfl\/%xp : k,l € Z} are strongly disjoint. We call (E,F) a strong

complementary pair if (f_l(\/%xE), f_l(ﬁxlr)) is a super-wavelet.

As we mentioned in the last remark of Chapter 2, the concept of super-wavelet
might have applications in signal processing, data compression and image analysis.
The prefix ”super-” is used because they are orthonormal basis generators for a
"super-space” of L?(R), namely the direct sum of finitely many copies of L?(R).
We first prove the existence of super-wavelets of any length. These can be viewed
as vector valued wavelets of a special type. We need the following Lemma which is

a special case of Theorem 1 in [DLS].

Lemma 5.6. Let E and F' be bounded measurable sets in R such that E contains
a neighborhood of 0, and F has nonempty interior and is bounded away from 6.
Then there is a measurable set G C R, which is 2-dilation congruent to F' and

2w -translation congruent to E.

For n > 2, let
1 1 1 1 1 1
El - [_71_7 _iﬂ_) U [577_777_)7 E2 [_571_7 _Eﬂ-> [Zﬂ-v iﬂ-)?
1 1 1 1
En 1= [_ 2n—27r’ —2n_17T) U [Qn—lﬂ-’ 2n_27r)'

Then, by Theorem 5.4, F; is a frame set for ¢ =1,2,...,n — 1. Let

1 1

E=l-55m 537

and F' = [—m, —%77) U [%77, 7). Then, from Lemma 5.6, there exists a measurable set

G such that G is 2-dilation congruent to F' and 27-translation congruent to E, and
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hence G is a frame set. We claim that (11, ..., 7,) is a super-wavelet for U D where
N = \/%XEi fori=1, .., n—1landn, = ﬁxg. Since < DT, Tjwi >=( for
all j,l € Zand alln # 0 (i =1, ..., n). We only need to check the orthonormality of
{T'yy @ ...® T, : k,1 € Z}. In fact, the orthonormality follows from the following

equality immediately,

<T@ . @ T, 1 @ o B hy >= Y <oy, by >

}1@ *Xz, (s %+/€XGM

1 il
— ’LSd'
277/_,r y

Forn = oo, we let By, = Ej_1 = [—2%277, —zk%lrr) U [le SE=T T, 3re s ) for all k,
and let ¥, = \/%XE;Q- Then, the similar argument shows that (¢, ¥, ... ) is a

super-wavelet. Thus we have

Proposition 5.7. For any n (n can be 0c), there is a super-wavelet of length n.

Example C. Let E = [—7,—i7) U [37, 7). The argument before Proposition 5.7

gives us the existence of the strong complement frame set of E. Now we construct
a concrete one. Consider a set of type [a, ) U [2m, a + 27). This set is a 2-
dilation generator of a partitionn [0, 00) if }(a+27) = 2a. So we get a = 2*. Thus

(22, Z)U[2m, 187) is a 2-dilation generator of a partitionn of [0, co). Symmetrically,

[—18%, —2m)U[—Z, —2F) is a 2-dilation generator of a partitionn of (—oco, 0]. Write
1671' us 27
A= —om), B=[-~, -
[ 7 7T) [ 27 7 )7
2w 167
O=l7 gy O=bm =)
and let L=AUBUCUD. Then
QHJmUBUCuw—mﬂ:}gjg

and
4 21 2 4w

=T U=, o).
7 J 7 ) [ 7 Y 7 )
Thus L is a frame set which is a strong complement of E. Similarily one can verify

_ 2
that for a = g5,

1 1
~AUB -D=[-
JAUBUCU S [

[—(2nm 4+ a), —2nm) U [—g, —a) U |a, g) U [2nm, 2nm + a)

is also a strong complementary frame set of F.

Let E be a frame set. Then F is 2r-translation congruent to a subset, denoted
by 7(E), of [0, 2m).



72

Proposition 5.8. Let E and F' be frame sets. Then

(i) E and F are strongly disjoint if and only if 7(E) N 7(F) has measure zero.

(i) (E,F) is a strong complementary pair if and only if both 7(E) U 7(F) =
[0, 27) and T(E) N 7(F) has measure zero.

(1ii) {lA?”Tm(\/%XE) :n,m € Z} and {ﬁ”Tm(\/%XF) :n,m € Z} are unitarily
equivalent if and only if T(E) = 7(F).

Proof. We write ¢ = \/%XEa n= \/%XF and G =7(E)N71(F).
(i) Assume that E and F are strongly disjoint. Then for any function f € L?(R),
by Corollary 2.10,
> < f,DFThp > DFTly = 0.
k1

Let E4 C E and Fy} C F such that F; ~, G and F} ~,; G. Then
™ < g, DV > DV =0
k.l

Hence

> <xm,DFTp >< D*T'y, xp >=0.
k.l

Note that, by Theorem 5.4, < XEl,f)’“T% >=0and < ﬁkif’ln, Xr, >= 0 when
k # 0. Thus

0="> <xm, DT >< D*T'y, xp, >

k,l

=Y <xm, T'W><T', xp, >

!

3 I
= — e"®ds - e "ds

27Tzl: E. jal

:Z/eilsds_/e—ilsds

—Ja G
—Z|/ elsds|?.

l G

Hence G has measure zero.

Conversely assume that G has measure zero. Then E U F is 27-translation
congruent to 7(E)U7(F'), which is a subset of [0, 27). This also implies that ENF
has measure zero. Let f € L?(E) and g € L?(F). Then, by Theorem 5.4, we have

<fa®g, DTy @ DFTnp>=0



if k#0. Let h € L>(E U F) be defined by

h(s) =

{f(s), sel
g(s), se F

Then, by Lemma 5.3,

IRI2 =" <h, T'W+n) >~

leZ

However

N 1 )
[<h @) > P = ol [ h(s)e " ds]
T JEUF

1 . .
= ]/ f(s)e”sds+/ g(s)e "ds|?
27T E F
=|<fog TWoln>|

Thus we have

Ifegl’ =) |<feog TWeln>|
lEZ
=Y | <feg D& D'y > |2
k,IEZ
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Now let g, f € L?(R) be arbitrary. Since E and F are frame sets, we have de-
composition f = @pezfyn and g = Bnezgn with f, € D"L2(E) and g, € D"L2(F)

for all n. Thus

1S & gll? = IF11* + llgl?

=D Ifall®+ > llgall®

nezZ nez

= (Ifall* + llgnl1?)
nezZ

= (D | < fo®gn, DT & DTy > |?)
n€Z kL

= > | < fu® g, DFTHp @ DTy > |2,
k,l€Z

On the other hand, we have
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Y I <feg DTy DTy > |2
k,l€Z

=3 (Y. < fu, DT >+ < g, DFT'y > )

k,l€Z n€eZ neZ
= > | < fr D' > + < g, DTy >
k,l€Z

Thus
IfogllP= > |<fog, DT D'y >
k,l€Z

for all f,g € L*(R). Therefore E and F are strongly disjoint.

(ii) Suppose that (E, F') is a strong complementary pair. Then, by (i), 7(E) N
7(F) has measure zero. Since {D*T'p® D*T'n : k,l € Z} is an orthonormal basis,
|| @ || = 1. This implies that

zw:/EdH/Fds:/T(E)dH/T(F) ds = p(r(E) Ur(F)).

Hence 7(E) U7(F) = [0, 27), as required.

Conversely if {7(E), 7(F)} is a partitionn of [0, 27), then ||1) & n|| = 1. Thus
||DET @ DFTy|| = 1 for all k, 1 € Z. However, by (i), {D*T @ D*Tly : k.1 € Z}
is a normalized tight frame. Thus it is an orthonormal basis. So (E, F) is a strong

complementary pair.

(iii) First assume that {lA)”Tm(\/%XE) :n,m € Z} and {ZA)”T’”(\/%XF) :
n,m € Z} are unitarily equivalent. Then there is a unitary operator W € B(L?(R))
such that

I 1 . 1
WD"T" (—= = D"T"(—=

for all n,m € Z. In particular, we have

. 1 . 1
W™ (——xp) = T™(——
(G=xe) = T (=xe)
for all n,m € Z. Hence {Tm(\/%xp;) : m € Z} and {Tm(\/%xp) : m € Z} are

unitarily equivalent. Note that {Tm(\/%XE)}mGZ and {Tm(\/%XT(E))}mGZ are
unitarily equivalent, and so are {Tm(\/%)(p)}mez and {Tm(\/%XT(F)}meZ- Thus
{Tm(\/%xf(bﬂ)) : m € Z} and {Tm(\/%XT(F)) : m € Z} are unitarily equivalent.
By Corollary 3.10, we have that 7(F) = 7(F).
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Now suppose that 7(E) = 7(F). Then

\/%XE): m e Z} and {Tm(\/lgrxp): m € Z}

are unitarily equivalent. Let

{7

W : L*(E) — L?(F)

be the unitary opeartor inducing the unitary equivalence. Since D"L?(E) L
D™L?(E) and D"L?(F) L. D™L?(F) when n # m, we can extend W to a uni-

tary operator in B(L2 (R)), which induces a unitary equivalence between
{ﬁ T (——xE) €7} d {ﬁ T (—=xrF) €7}
n,m an n,m .
o X o X

O

Proposition 5.8 can be extended to the n-tuple frame sets (Ey, FEa, ..., E,)
case in an obvious way. It is known that (cf [HKLS]) each two-interval wavelet set
has the form:

[2a — 47, a — 27| U [a, 2a],

where 0 < a < 2m. These are special two-interval frame sets. The other two-interval

frame sets can be characterized as following:

Proposition 5.9. Suppose that E is a two-interval set which is not a wavelet set.
Then

(i) E is a frame set if and only if it has the form [—2a, —a] U [b, 2b] with the
property that a, b > 0 and a +b < 7.

(ii) If F is another two-interval frame set, then E and F' are unitarily equivalent
if and only if E = F.

Proof. (i) Suppose that E is a two-interval frame set. Then, by Theorem 5.4, there
exist a, b > 0 such that F = [-2a, —a] U [b, 2b]. Because F is not a wavelet set,
we have a + b < 2w. We first claim that a, b < w. Assume, to the contrary, that
a > m. Then —2m € [-2m, —a] C [-2a, —a] and [-27, —a] + 27 = [0,27 — a].
Since b < 27 —a, we get [b, w|N[b, 27 — a] has non-zero measure, which contradicts
the assumption that F is 27-translation congruent to [—m, 7|. Hence a < 7 and
similarily b < . Now we show that a + b < 7w. Assume that 7 > a > 7/2. Note
that [—2a, —7|+27 = [2(7 —a), 7], b < 7 and [—2a, —a]U[b, 2b] is 27-translation
congruent to a subset of [—7, 7]. We have 2b < 2(7 — a). Hence a + b < legr.
Similarly a + b < 7 when b > 7/2.



76

Conversely, suppose that a + b < . Then either a < 7/2 or b < /2. So we
can assume that a < 7/2. This implies that [—2a, —a] C [—7,0] If b < 7/2. Then,
by Theorem 5.4, [—2a, —a] U [b, 2b] is frame set, as required. If b > 7/2, then
(m, 2b] — 27| = [-m, —(2m — b)] does not intersect with (—2a, —a] since a +b < 7.
Hence F is 2w-translation congruent to a subset of [—m,7]. And so E is a frame

set.

(ii) Suppose that F' = [-2¢, —c] U [d, 2d] is a two-interval frame set such that
F and F are 2m-translation congruent.

If both @ > 7/2 and ¢ > /2, then [—7, —a] = [-m, —c|. Hence a = ¢. Note
that a + b =c+d. we get b = d. Then other cases are similar. [

Example D. By Lemma 5.6, there is a frame set E which is 2r-translation con-
gruent to [—, 37). We claim that there is no frame set F' such that (E, F) is a
strong complementary pair. In fact assume, to the contrary, that there is a frame
set F' with the property that (E, F') is a strong complementary pair. Then, by
Proposition 5.8, 7(F) = [§, m). Let I}, = F'N [0, oo) and F_ = F N (—o0, 0].
Then F is 2-dilation congruent [F, 7). Thus

1 1
/ —dzr = / —dz = In2.
F, xr z X

Since I is 27-translation congruent to a proper subset of [F,7), we must have
Fy C [§,00). Let G = Fy Nn[§,7) and K = Fy N[r,00). Then K is 27-
translation congruent to a proper subset, say L , of [§, 7)\G since, otherewise,
F is 27-translation congruent to [J,7), which contradicts the assumption that I

has positive measure. Hence
1 1 1
/ dx:/ d:r:—i—/ —dz
Fy X G KT
1 1
< / —dx + / —dx
G L

1
</ —dzr = In2
F, T

Therefore F' can not be a frame set. We do not know whether there is a normalized

tight frame function n such that (\/% XE, 1) is a super-wavelet. Thus we ask:

Problem B: Let n; be a complete frame vector for Up r which is not a wavelet.

Is there a super-wavelet (71,72, ...n,) for some n ? for allmn >2 7

However from Proposition 3.12, we have
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Proposition 5.10. Let f be a normalized tight frame wavelet such that for all
j.l,n,m € Z, D"T'f and D™T f are orthogonal when n # m. Then there exits a
function g € L*(R) so that

{D"T™f@® D"T™g: n,m € L}
18 an orthonormal set.

If we let f = \/% x g for some frame set E. Then the condition in Proposition
5.10 is always satisfied. In this case we can choose g = \/% x r for some measurable
set F. In fact, by Theorem 5.4, F is 27-translation congruent to a subset G of
[-27, —m) U [m, 27). Let F = ([-2m, —m) U [m, 2m))\G. Then F will satisfy our

requirement. In view of Problem B and Proposition 5.10, we ask

Problem C: Suppose that {D"T™f : n,m € Z} is a normalized tight frame for
Up rf] (f #0). Is there a normalized tight frame wavelet g such that {D"T™f :
n,m € Z} and {D"T™g : n,m € Z} are unitarily equivalent? In other words, is
there a unitary transformation W from the Hilbert space [Up . f] onto the Hilbert
space L?(R) such that WD"T™f = D"T™W f for all n,m € Z7?

From Proposition 2.19, the sum of a finite number of strongly disjoint nor-
malized tight frame wavelets is a complete tight frame vector. For example, let

4
tight frame vector with frame bound 2. the set E is not a frame set according to

E = [-m,—1m) U [im, m). Then\/%—ﬂxg is the Fourier transform of a complete

our definition because the frame bound is not 1. This shows that sets exist whose
normalized characteristic functions are Fourier transforms of complete tight frame

vectors with frame bounds different than 1. This raises a number of problems.

Problem D: Characterize all the measurable sets E for which {ﬁ”Tm\/%x E
n,m € Z} is a frame for L2(R). (Let us call these general frame sets. If the frame is
tight call the set a general tight frame set. According to our Definition 5.2, when the
frame is a normalized tight frame we call the set simply a frame set. We feel that
these are the most important ones. Theorem 5.4 is a characterization of these. A

characterization of the general frame sets along these lines seems elusive, however.)

Two subproblems are the following:

Problem D;: Characterize all general tight frame sets.

Problem D,: Characterize all numbers A, B for which there exists a general

frame set with frame bounds A and B.
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5.3 A Characterization of Super-wavelets

In [HW], E. Hernadez and G. Weiss characterized all the normalized tight frame

wavelets in terms of two simple equations.

Theorem 5.11. (Theorem 1.6, [HW]) A function v € L*(R) is a normalized tight

frame wavelet if and only if

. 1
Z 11(275)]2 = 7 for ae. seR

JEZL

and
o

D(278))(20 (s 4 2mm)) =0 for ae. sER, m € 2Z+ 1.
=0

J

In order to characterize all the super-wavelets, we need the following lemma.

Lemma 5.12. Let ¥, o, . .., ¥m € L?(R). Then
(DT @& D" Thepy & ... & D" T4y, : n,l € Z}

is an orthonormal set if and only if

- 1
ZZ i (s + 2km)|* = oo e s eR
T

keZ i=1

and

DD (27 (s + 2km))hi(s + 2km) =0, ae sER, j>1.
keZ 1=1

Proof. For simplicity we only check the m = 2 case. Since

< lel @lem Y1 Dapa > = / eils\l/fl(s)‘st + / eils‘¢2(3)|2ds

27
/ ZZSZ |,¢)1 S—{—2]{17T)|2+|7/}2(8+2kﬂ-)’ )

kEZ

it follows that {T%; @ T'4py : 1 € Z} is an orthonormal set if and only if

1
S (a(s + 26 + ool + 260 = o, ae sER
kEZ

If we note that 7' D" = D"T?"! when n > 0, it is easy to see that the orthogo-
nality between ﬁ”lel <) ﬁ”lel and ﬁjfk¢1 &) ﬁjfkwl for j > n and k,l € Z,
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can be reduced to the orthogonality between Di TEp, & Di T*py and 1 & 1y for
j>0and k€Z. Let j >0 and k € Z. Then

<y © Wy, DITHYy @ DITH Yy >=< D7Itpy @ D7Iehy, THepy @ TFepy >

Z/ijz/)l(s)wl(st)eiksds—k/2j/21b2¢2(2j5)6ik8d5
R R

27 2
=27 / Z( Z Y (27 (s 4 207 )by, (5 + 217) ) e o ds.
0 lez m=1
Thus the orthogonality of between DIT* ), & DIT*1p; and 11 & by for j > 0 and

k € 7Z is equivalent to the condition

2
DD (2 (s + 2km))m(s + 2km) =0, ae sER, j>1.
keZ m=1

Thus the lemma follows. O

Theorem 5.13. Let 1, . .., ¥y € E*(R). Then (¥, . .., ¥y) is a super-
wavelet if and only if the following equations hold

(1) Zjez|1/;i(2js)]2 = %, for ae.seR, i=1, ..., m,

(2) 2 i(208)i(20 (s +2km)) =0 forae. sER, k€2Z+1, i=1, ..., m,

(3) Ykez >y Wz(s + 2km)|? = %, a.e. s € R,
(4) EkeZ 2111 7&1’(2]'(3 + Qkﬂ))m =0, ae.seR, j>1

Proof. The necessity follows from Theorem 5.11 and Lemma 5.12. Suppose that
(1) = — — (4) hold. Then, by Theorem 5.11 and Lemma 5.12, we get that

{D"DY%W, ® D"T'po @ ... ® D" T4, : n,l € Z}

is an orthonormal set, and for each i, {D"T'; : k,l € Z} is a normalized tight
frame for L?(R). Thus, by Proposition 2.5, we have that

span{D" D"y ® D"T"py @ ... ® DT, = n,l € Z}

is dense in L?(R) @ ... ® L?(R). Hence (1, . . . ,%y,) is a super-wavelet, as
required. [J

5.4 Some Frazier-Jawerth Frames

M. Frazier and B. Jawerth studied (cf. [FJ]) the following frame wavelets:
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Let 1) € L%(R) be such that supp(t)) is contained in {s € R : 1 <|s| <2} and

Z [h(275)|2 = % for all s #0.

JEZ
Then the second equation in Theorem 5.11 is automatically satisfied. Thus v is a
normalized tight frame wavelet. We call this type of frame wavelets the Frazier-
Jawerth type frame wavelets.

We can use Theorem 5.13 to construct super-wavelets of length n (n > 3)starting

from a Frazier-Jawerth frame wavelet. Fix a Frazier-Jawerth type frame wavelet
1. We define 95 € L*(R) by

b)) sel-1,-3]U[1)
ba(s) = 5(5)1&1(;) se[-2,-1)U(1,2]
0 elsewhere
where |3(s)| =1 and ) i
= - LI
P1(s)1(2s)

whenever )y ()i (2s) # 0.
For every s # 0. Let k € Z such that 2¥s € [-1, =] U [%,1]. Then

Z [2(275)[% = [1ha(2%5)]? + 2 (28 s) 2

jez

(ML) + [B(25 T s)e (25) )
(21 [P + |1 (2%9) 2

ASS

<,

-

Since supp(ips) is also contained in {s € R : 3 <|s| < 2}, we get from Theorem
5.11 that 9 is a Frazier-Jawerth type frame wavelet. We claim that ¢, and 9
are strongly disjoint frame wavelets. This can be deduced from the following more

general result:

Proposition 5.14. Let ¢ be a fized Frazier-Jawerth type frame wavelet. Then
for each m > 3, there exist a,...by, € L*(R) such that (Y1, . . ., ) is a

super-wavelet. Moreover o can be chosen as a Frazier-Jawerth type frame wavelet.

Proof. Let 15 be defined as above. Then it is a Frazier-Jawerth type frame wavelet.
Let

1 1 1 1 1 1 1 1

Es = (_§> _Z] U [Zv 5)7 ey B = (_Qm—Z’ _Qm—l] U [Qm_l, 2m—2)'
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Then, by Theorem 5.4, E3, ..., E,_1 are frame sets. By Lemma 5.6, there is
measurable set, say E,,, which is 2-dilation congruent to [-2, —1) U [1, 2) and
2m-translation conguent to the complement of {s: i < [s| <2} in [—, 7. So,
again by Theorem 5.4, F,, is also a frame set. Now let zﬁj = \/% XE,; for 3 <j <m.
We claim that (11, ..., 1) is a super-wavelet. For simplicity, we only check the
case m = 3. Since 1); is frame wavelet for each j, it sufficies to check the equations
(3) and (4) in Theorem 5.13.

Let s # 0 be arbitary and let G = {s: 1 <|s| < 2}. Note that Upez(G + 2k)
and Ugez(E3+2km) are disjoint sets, and their union is R\ {0}. First suppose that
s =t+2lr for some | € Z and some t € G. Then s+ 2km ¢ E3 for all k € Z. Hence

3 2
SO bils +2km)2 =D 0> " fdbi(s + 2km)|?

keZ i=1 keZ i=1
— [hy (¢ + 20m) % + [¢bo (¢ + 21m)[?

[1(8 + 20m) > + | (2(¢ + 20m)) %, <[t +20r <1

1
2
. 1
|1 (t + 2107))% + |¢1(§(t + 2im)) %, 1< |t+ 2] <2
1
2

When s + 2l € E5 for some | € Z, then s + 2kw ¢ G for all k € Z. Hence

3
DO (s +2km)P = ds(s + 2km)?

keZ i=1 keZ

A 1
= (s +2m) = .

Thus (3) in Theorem 5.13 holds.

To check (4), since E3 is a frame set we always have
> 4bs(27(s + 2km))efs(s + 2km) =0, a.e. sER, j > 1.
kEZ
Thus it suffices to check
2 .
Z Z¢i(2j(s + 2km))i(s +2km) =0, ae. s€R, j > 1.
kezZ i=1

Let s € R. If either S € Upez(Es + 2km) or s + 2im € {s: 1 < |s| < 2} for some
[ € Z, then
i (27 (s + 2km))hi(s + 2km) = 0

for all j > 1 and all k£ € Z. Hence (4) holds in this case.
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If s+ 2im € {s: 5 <|s| <1} for some (unique) [ € Z, then

1
2

2 —
> (20 (s + 2km))ihi(s + 2kr)

keZ i=1

P1(2(s 4 20m))i (s + 2Im) 4 P (2(s + 20m))a(s + 217)
V1(2(s 4 2m))ih1 (s + 20m) + B(s + 2m) (s 4 21 )iy (2(s + 217))
0

by the definition of 3(s). The proof is complete. [

Note that if 1/;1 is continuous, then 1&2 constructed above is not continuous. How-
ever we can find another normalized tight frame wavelet n which has the required
regularity. Define 71 € L?(R) such that supp(rj1) is contained in {s: § <|s| < 3}
and

S ln@s)F =1 520,

JEL
Then 7 is a normalized tight frame wavelet. Let ¢y be as in Proposition 5.14 and
define 72 in a similar way. Using Lemma 5.6, we can find a frame set £ which is
2m-translation congruent to [—m, 7]\ {s: § < |s| < 2}. Let g = \/%XE- Then,
by a similar argument as in the proof of Proposition 5.14, {11, ¥2, n1, 12, ¥3}
is a super-wavelet of length 5. Hence ¢, and 7, are strongly disjoint normalized
tight frame wavelets. We can choose ¥ and 7o with any required regularity. For

instance, let v be a C* or C* function such that

0, s>1
I/(S):{

1, s <0

Then define 1, and 7; by

1 .
e[S u(2)s| - 1)),  1/2<|s| <1
2 2
hi(s) = 1 2, T 1 1<|s| <2
me cos2u(|s| )]s < [s| <
0, otherwise
and
——esin[Su(8s| — 1], 1/8<[s| <1/4
V2r 2 -
)= e eos Tyl ~ 1), 1/4< s <172
V2r 2 -

0, otherwise
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It is not hard to check that 11 and n; are normalized tight frame wavelets with the

same regularity as v.

For some of the Frazier-Jawerth frame wavelets, they can be extended to a length-
2 super-wavelets. For instance, let 7j(s) = \/%X[_Q’_HU[LQ](S). Then Lemma 5.6
implies that n can be extended to a length-2 super-wavelet. We ask the following

question which is a subproblem of Problem B.

Problem B;: Can we extend every Frazier-Jawerth frame wavelet to a length-2

super-wavelet?

The following proposition characterizes all the unitary equivalent classes for the
Frazier-Jawerth frame wavelets. A function f on R is called 2-dilation periodic if
f(2s) = f(s) for a.e. s€R.

Proposition 5.15. Let y1 and 1o be Frazier-Jawerth frame wavelets. Then 1y and
o are unitarily equivalent if and only if 1&2(3) = a(s)@@l (s) for some unimodular

2-dilation periodic function .

Proof. Note that 11 and 1o are unitarily equivalent if and only if
< DTy, T90y > = < DTy, T4y >

foralll,5 € Z and all n > 0.
If o is a unimodule 2-dilation periodic function, then M, is a unitary operator
in the commutant of {D, T'}. Thus

< ﬁnTliﬁg, leﬁg > =< MaD"Tl?Z)l, Male/A}l >
=< Dnquvzl) leﬁl >,

which implies that ¢; and 1o are unitarily equivalent.

Conversely, suppose that i1 and 9 are unitarily equivalent. Then from
< T%h ?/31 > =< Tltzjz’ 7/32 >
for all [ € Z, we have

/ ¢ ([ () — [a(s)?)ds = 0, 1€ Z.
1<|s|<2

Hence [y (s)| = [th2(s)| for a.e. s € R. Similarly from
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for all [ € Z, we get

Define a(s) on {s: 3 <|s| <1} by

a(25)/un(25),  hr(25) £0
a(s)/tn(s),  d1(25) =0

Then extend a to R\ {0} by 2-dilation periodic property. Clearly when s €

(-1, =3 U3, D), a(s) = a(s)Pr(s). Let s € (=2, —1] U [1, 2) and assume

that 1 (s) # 0. Then, since |11 (s)| = |¢)2(s)|, we have

Il
—
<
[\
—

»
~—
~
<
=
—

»
~—
~—
<
=
—~

»
~—

$2(s)

|

Q

—~ —~
N »
N~—
<

=

—

V)

SN—

I
Q

Hence we have 1y (s) = a(s)i(s) for all s. O

5.5 MRA Super-wavelets

An importamt concept in wavelet theory is multiresolution analysis which is
used to derive wavelets. We recal that A multiresolution analysis (MRA) for L*(R)
consists of a sequence {V; : j € Z} of closed subspaces of L?(R) satisfying

(1) Vi CVjy1, €2,

(2) NyezV; = {0}, TjezV = L*(R),

(3) feVjitandonlyif Df € V41, j € Z,
(4) there exists ¢ € Vj such that {T*¢ : k € Z} is an orthonormal basis for V5.

The function ¢ in (4) is called a scaling function for the multiresolution analysis.
It is well known (cf. [HW]) that if ¢ is a scaling function for an MRA, then there

is a 2m-periodic measurable function m such that

~

$(2€) = m(€)d(¢)

for a.e. £ € R. The function m is called the low-pass filter for ¢, and is uniquely
determined by ¢. It is known that the function ¢ given by

£) (%)

| =

9(6) = FmlE + mdy
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is a wavelet, and moreover, it is known that every function of the form

9(6) = e £ k(s)m(5€ + md(56) (++)

where k is any measurable unimodular 27-periodic function, is a wavelet. These
are all contained in the difference space Wy = V; &V}, and moreover, every wavelet
contained in W has the form (xx). By definition, a wavelet which has this form for
some some MRA is called an MRA wavelet.

Let ¢ be a wavelet (resp. normalized tight frame wavelet). Let W, be the
subspace generated by {D/T!): | € Z} and let

Vi = @< Vi

Then {V; : j € Z} satisfies (1) — — — (3). If (4) is satisfied, then 1 is an MRA
wavelet. If ¢ is a normalized tight frame wavelet and if there is a function ¢ in Vg
such that {T'¢ : | € Z} is a normalized tight frame for Vj, then we call » an MRA
frame wavelet.

Let ¢1, ¢2 € L?(R) and let V be the closed subspace generated by {7 & T, :
[ € Z}. The following result tells us that there is no MRA super-wavelet in the

usual sense.

Proposition 5.16. Suppose that Vi C (D®D)Vy and that {T' )1 T, : 1 € Z} is
an orthonormal basis for Vo. Then Ujez(D? @ D?)Vy is not dense in L*(R) & L*(R).

Proof. Since ¢1(%) @ ¢o(%) is in Vy and {T"¢y @ T'ps : | € Z} is an orthonormal
basis for Vj, there is sequence {ay} of complex numbers such that Y-, o, |ax|? < 0o

and

o1 ( @¢2 Zoék (T*¢1(s) ® T*¢pa(s)).

kEZ

Taking Fourier transforms, we obtain

$1(25) = m(s) (s)

and
$2(25) = m(s)da(s),

where m(s) = Y, ., e’ is a 27r-periodic function.

The orthonormality of {T'); @ Tl4py : 1 € Z} also implies that

. . 1
> (1 (s + 2km)[* + |do(s + 2km)|?) = 5o 4 sER.
kEZ
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This condition together with the relation between m and (51 (1 =1,2) implies that
Im(s)]? +|m(s+m)> =1, ae. s€ER.

In particular we have |m(s)| < 1. Hence |¢;(277s)| (i = 1,2) is non-decreasing for

almost every s € R as j — oo. Let
6i(5) = lim; oo $:(2775)| (i =1,2).

Assume, to the contrary, that Ujcz(D? @& D7)V is dense in L?(R) & L?(R). we

will prove that g;(s) a.e. s € R (i = 1,2). The techiques we used here can

_ 1
=
be found in the proofs of Theorem 1.7 (page 48) and Theorem 5.2 (page 382) in
[HW]. Let P; be the orthogonal projection from L?(R) ® L?(R) onto (D7 @ D7)V,
Then P; — I(j — oo) in the strong operator topology. Let f = x(_1,1] ®0. We

have ||f]|> =2 and ||P; f]| — ||f]]- On the other hand we have

IPifII? =11 < Pif, DIT"¢1 @ DIT"¢y > DIT ¢y & DIT o[

keZ
=Y 1<) DT & DIT Gy > |
kEZ
= Z| < X[-1,1]s DIT*gy >
kEZ
=Y [ 2 @a T s
keZ R

, 27 1 .
=2r-27) “Eag)?.
™ =~ ’ /;2_3_ ¢1(§) \/ﬂe g‘

Note that {\/%e”“5 : k € Z} is an orthonormal basis for L?([—7,7]) and that
[-277, 279] C [-7, 7] when j large enough. Thus
. 2_‘7 ~
e B GIES

—9—J

1
= 27r/ 161(2775)|2ds — 2.
-1

Hence

2 2

1t . 1
[ 1dieinpas - 5
1

which implies that

I 1
5 [ ks — 5

-1 271'.
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Thus g1(s) = —+=, a.e. s € R since g;(s) < \/%, a.e. s € R. Similarly, go2(s) =

Vo’ P
\/#27, a.e. s € R.
From
b1(s) = d1(277 s)w]_,m(2"s)
and

(5) = G2(277 5)m)_ym(2"s)
for all j € N, we obtain |¢1(s)| = ¢2(s)|, a.e. s € R. Therefore

ST 16105 + 2km)? = 3 Ials + 2km)? = -

keZ keZ

This implies that {T*\/2¢; : k € Z} is an orthonormal set. Let Vg 1 be the closed
subspace generated by this set and let V; 1 = D7V 1. Then our assumption implies
that V1 C Vj411 and U,V ; is dense in L?(R). Thus the above argument also
implies that

~ ; 1
lZmJ_)OO‘\/i¢1(2_jS)| = \/j, a.e. sER
™

which contradicts the following equality
liquoolgbl(Q_js)\ =——, ae. seR.

Therefore Ujcz(D? @ D7)V, is not dense in L?*(R) & L*(R). O

In view of the above proposition we call a super-wavelet (71, ..., nx) an MRA
super-wavelet if every n;(i = 1,...,k) is an MRA frame wavelet. For example, let E

and L be as in Example C and let
E*=Ux,277E, L°= U2,277L.

Then E* = [-7, 0)U (0, §) and

B 8T 4w 2m 2m T A4 8w
L° = [—7a —W)U[—7a —§)U[—77 O)U[077)U[§7 7)U[7Ta 7)

It is easy to check that L®is 2w-translation congruent to the set

o A7 T 2 2T T 4r om
[—m, —7)U[—77 —§)U[—7> O)U[077)U[§) 7)U[7a ),

which is a subset of [—m, 7. For a frame set G, an elementary computation shows

that F _1(\/%9@) is an MRA frame if and only if G* is 27-congruent to a subset
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of [-m, w]. Thus both .7-"_1(\/%—#)(,9) and f_l(\/%—ﬂXL) are MRA frame wavelets.

Therefore
1 1

f_l
is an MRA super-wavelets.
It is known (cf. [HW]) that a wavelet ¢ is an MRA wavelet if and only if

SOS G5+ 2m)E = o=, ae s €R.

o’
j=11€z

So we ask the following problems
Problem E: Characterize all the MRA super-wavelets.

In particular we ask:
Problem E;: Suppose that (71, ..., 1) is a super-wavelet and suppose that
one of the n;’s is an MRA frame wavelet. Does this imply that (71, ..., n) is an
MRA super-wavelet?

5.6 Interpolation Theory

Von Neumann algebras play an important role in the operator-theoretic approach
to wavelet theory in [DL]. If ¢ is an orthonormal wavelet then the local commutant
Cy(D,T) contains many von Neumann algebras as subsets which yield families of
wavelets. This led to a new aspect of wavelet analysis — operator theoretic interpo-

lation theory, which will be discussed below.

Let 0, ¢ be wavelets and let V$ be the unique unitary operator in Cy(D,T)
such that ng =n. If F is a family of wavelets such that V;Z (n € F) normalizes
{D, T} and

Group{V: n € F} C Cy(D,T),

then the von Neumann algebra M generated by {D,T}" and {V,] : n € F} is
contained in the local commutant Cy,(D,T’). In this case, for every unitary operator
U in this von Neumann algebra, the wavelet U1 is interpolated from (1, F) and we
say that (i, F) admits operator-interpolation. The most interesting and relatively
well-investigated case in [DL] is that when Group{V, : n € F} is a finite cyclic

group and when 1), n are s-elementary wavelets.

Given wavelet sets E and F. Let 0 : E — F be the 1-1, onto map implementing

the 2m-translation congruence. Since E and F both generate partitionns of R



89

under dilation by power of 2, we can extend ¢ to a 1-1 map of R onto R by defining
0(0) =0 and
o(s)=2"(27"s)

for s € 2"E,n € Z. We adopt the notation % from [DL] for this and call it the
interpolation map for the ordered pair (E, F). This is a measure-preserving map

and induces a unitary operator UL by
(UL F)(s) = foF(s))
for all f € L3(R). It was proved in [DL] that
It was proved by Q. Gu (Interpolation groups of wavelet sets, preprint) that for
any finite group G, there exists a family £ of wavelet sets such that
(UL E,Fe&)

forms a group which is isomorphic to G and admits operator-interpolation. In this
case the von Nemann algebra generated by this group and {D, T}’ is finite. Thus
Corollary 3.7 applies to this case.

Let U = Ug and o = O'g. Assume that U has order k£ and
(U": n=0,1, .. k—1}

forms an interpolation family, i.e. U™ € Cy, (15, T) for all n, where ¢ = \/% xe- Then

each element in the von Neumann algebra generated by {ﬁ, T}’ has an expression

k—1
> My, U,
n=0

where h,, € L*°(R) with the property that h,(2s) = h,(s), a.e. s € R. There
exists an *-isomorphism 6 from M to the k x k function matrix algebra such that
O(XF_ My, U™) = M with

where h;;(s) = h
k =2, then

a(i,j) (@7 (s)) and a(i,j) = (j — i) modulo k. So, for instance, if

ho(S) hl S) hz 8)
M(s) = | ha(c7"(s)) ho(o™} '
hi(o7%(s)) h
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Lemma 5.17. Let n € L?(R) such that ) € L>=(R) and the support of 7 is con-
tained in the union of {(cE)"(E) : n = 0,1, ..., k — 1}. Then there exists an
operator A € M such that 1) = Ay, where ¢ = xg.

Proof. Write 0 = o0& and U = UL. By Proposition 2.4 in [GHLL], we know that

o™ (FE) is wavelet set for all n. We define h,, on
K, :=c"(E)\(EU..Uc" }(E))

to be 1 and zero on ¢"(E)\K,. Since ¢"(FE) is a wavelet set, we can extend h,,

uniquely to R by the relation h,,(2s) = hy,(s). Let

k
A=) M, U"

n=0

Then A € M and Ay = 7 by the construction of h,,. [

Proposition 5.18. Suppose that U, M, n, A and h, be as above. Then the
following are equivalent.

(i) n is a frame wavelet.

(ii) {D"T™n : n,m € Z} is a Riesz basis for L*(R).

(11i) The matriz function M(s) satisfies the condition
al < M(s)M(s)* <bl
for some constants a,b > 0.

Proof. The equivalence of (i) and (i) follows from Corollary 3.7 since M is finite
and A € M. The equivalence of (i) and (¢i¢) follows from Corollary 3.6 and the

fact that 6 from M to the k x k function matrix algebra is an *-isomorphism. [

We remark that if £ and F' are two frame set such that they are 2m-translation
congruent. Then, like the wavelet sets case, we can similarly define o and UL.
The unitary operator UL is the unique operator in Cys (15, T) such that UL xg =
xr. Therefore the interpolation theory also works for frame sets. The following

observation might be useful in constructing super-wavelets.

Proposition 5.19. Suppose that (E1, Fy) is an interpolation pair of frame sets.
If both (E, E2) and (Fy, Fy) are strong complementary pairs of frame sets, then
(n, ¥) is a super-wavelet for any normalized tight frame wavelets n and ¢ with the

~

property that supp(n) C E1 U Ey and supp(v) C Fy U Fh.

Proof. By the argument in the proof of Lemma 5.17, there exist unitary operators
U and V such that n = U\/%XE& and @) = V\/%Xpl. Hence the proposition
follows. [
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Even though we know that for any wavelet ¢ the local commutant Cy(D,T')
contains many von Neumann algebras, it is still open whether it can contain a von
Neumann algebra which is not finite. (See [La] Problem C. A von Neumann algebra
is called finite if it does not contain any proper isometry, that is an isometry which
is not unitary). This is an interesting problem from an operator-algebraic point of
view. As an application of the results in section 2 and 3, we conclude this section by
giving an example to illustrate that for certain ¢, Cy(D,T) contains an isometry
V', which is not a unitary, for which V* € Cy (D, T'). It is unknown, in fact, whether

this example is actually a solution to [La] Problem C.

Example E. Let £ = [-27, —7] U [7,27] and F' = [-m, -5 U [§,7]. Then E is a

wavelet set and F' is frame set by Theorem 5.4. Let 1/3 = \/#2794 g and n = X/%X P
We define V' by

V=Y <fD'T™j>D"T™), feL’R).

n,me”Z

Then V is an isometry. Also, by the proof of Proposition 2.1, V* € C’w(f?,f’)

Moreover we have:

Proposition 5.20. The operators V*,VV*, V¥ are contained in C¢(ﬁ,f) for all
k e N.

We will prove this in three lemmas.

Lemma 5.21. The inclusions

VPLA2mE) C L*2™™E) and (V¥)"L*(2™E) C L*(2™ "E)
hold for all m € Z and all n > 0.
Proof. Note that supp(D*T"7) € 25=1E. Then for any f € L?(2™E), we have

<Vf,DFT) > = < f,DFT'V*4) >
=< f,D"T'p > = 0

when k — 1 # m. Thus VL?(2mE) C L?(2™T'E) and hence V"L?(2™E) C
L2(2m*"E) for all n > 0.

For the second inclusion, without loss of generality, we take f = ﬁmflw. Then
V*f = D™T'V*) = D™T' C L*(2"'E).

So the inclusion follows. O
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Since V* € Clﬁ(f), T) and {D} contains Cﬁ(f), T)), we have that p(V,V*) € {D}
for all polynomials p(z,w). Thus to show that some particular p(V, V*) is contained
in C’iﬁ(f?, T), it suffices to show that p(V, V*)T) = Tlp(V,V*)¢ for all I € Z. In the
proof of the following lemmas we will frequently use the relation: 7" D™ = D"T2""

for all n,m € Z, where T is defined by

(Tf)(t) = f(t — )
for all f € L?(R).
Lemma 5.22. The operator V¥ is contained in o (ﬁ,T) for all k € N.

Proof. By Lemma 2.20, we have
(I): = < VT, D7) > = < T, D"T77) >
0, n#1
| <7, DT>, n=1
and
(I1): = < T'V4p, D"T94) >
0, n#1
B < TIVQZJ,]_A)TM/AJ > n=1
When n =1, we get

(II) = <V, DT 2Hip > = <), DT >
= < Tl),DT77 > = (I).

Hence we have T" V@Z =VT l@[} as required.
Assume that V* € O (D, T). We will show that V*+! ¢ C’w(ﬁ,f)

Again by Lemma 2.20, we have

0, n#k—+1

< VEEITW) DT > = g
< V2Pl DVPIG s, m=k+1

and
0, n#k+1

< TWHkHL), DT >= . o
v < TWHEHL) DT >, n=k+1
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When n = k + 1, using the assumption V* € Clﬁ(f), T), we get

< TleJrl,&,f)kJrlTj,lZ} S szﬁ, V*ﬁk+1Tf2k+1l+j1; >
- < Vklﬁ f)k—Hj—v—Qk*lH—jV*& >
= < Tk, DTV >
= < VFTY), V*DFITIY) >
— < VkJrlqu[]’ DkJrlqu& S

Hence we have T'V* 1) = VA7) as required. O
Lemma 5.23. The operator VV* is contained in C’w(DJA’)

Proof. . By Lemma 2.20, we have
<VV*Th), DMTIe) >=< T'VV*), D"T7¢ >=0
for all n # 0. If n = 0, then

<VVATW), Th) > = < VT, VT4 >
= < T'W*i, TIV* >]
=<V, T977W* ) >
=< V', VTl >
= < VV*), TV W) >
= <T'WVV*), TI) > .

Hence VV*T% = TIVV*zﬂ, as required. [

Problem F: In the above notation, is p(V,V*) contained in C (D, T) for all
polynomials in 2 variables p(z, w)? Equivalently, is the von Neumann algebra w* (V)
generated by V' contained in Cy (D, T) ? Note that w*(V) is the closure of the set
of all polynomials p(V, V*) in the weak operator topology, and is not finite because

V' is a proper isometry. So a positive answer would answer Problem C in [La].
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Chapter 6

Frame Representations for Groups

Let G be a group. A representation (7, G, H) of G is called a frame representation
if m(G) has a complete normalized tight frame vector. Two complete normalized
tight frame vectors n, £ € H for n(G) are said to be equivalent if the frames
{m(g)n}tgeg and {m(g)€}4cg are unitarily equivalent, or equivalently, if there is a
unitary operator U € 7(G)’ such that Un = . We will use [n], to denote the equiv-
alent class of complete normalized tight frame vectors represented by 7. We say
that the frame vector classes [1]x, . .., [k]x are strongly disjoint if {7(g)n }4eg, -
.., {m(9)nk } geg are strongly disjoint. It is clear that this definition is independent
of the choices of 71, . . . , M. In most cases there are many inequivalent classes
of normalized tight frame vectors for one frame representation. The main purpose
of this chapter is to study the strongly disjoint classes and their relations with the
representations. We also prove that all the complete normalized tight frame vectors
for a frame representation can be parameterized by a fixed normalized tight frame
vector and the set of all unitary operators in the von Neumann algebra generated

by the range of the representation.

6.1 Basics

We recall from ([KR]) that two representations (7,G, H) and (0,G, K) are said

to be equivalent if there is a unitary operator U : H — K such that

We should keep in mind the following simple observation:

Proposition 6.1. Let (w1, G, Hy1) and (72, G, Ha) be two frame representations.
Suppose that n1 and ny are complete normalized tight frame vectors for w1 and mo,
respectively, such that {m1(g)m : g € G} and {ma(g)n2 : g € G} are unitarily
equivalent as frames with index set G.. Then m and mo are unitarily equivalent

representations.

Proof. Assume that there is a unitary transform W : H;y — Hs such that

Wri(g)m = m2(g)n2, g€G.
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Then for any g, h € G, we have

Wri(g)mi(h)nm = Wri(gh)m
= ma(gh)n2 = ma(g)ma(h)n2
= mo(g)Wri(h)n1.

Since {m1(h)n1 : h € G} generates Hy, we have
Wri(g)x = m2(g)Wx

for all x € Hy. So m; and 7y are unitarily equivalent representations of G. [

Let K = [2(G), and let \ be the left regular representation of G. Let M be
the von Neumann algebra generated by {A(g) : ¢ € G}. If P € M, then the
subrepresentation Ap is defined by Ap(g) = A(g)P for all g € G. By Theorem 3.8

or Theorem 3.8', we have

Proposition 6.2. FEvery frame representation of G is unitarily equivalent to a

subrepresentation of the left reqular representation.

We also recall that two orthonormal projections P;, P in a von Neumann algebra
R are called equivalent , denoted by P; ~ P, if there is a partial isometry V € R
such that VV* = P, and V*V = P,. If P; is equivalent to a subprojection of Ps,
we write P, < P». A projection P in a von Neumann algebra R is called finite if

there is no proper subprojection of P equivalent to P.

For convenience, we use H(™ to denote the Hilbert space H ® H @ ... ® H (n
copies of H) and we use 7™ to denote the n-direct sum representation of 7. A
frame representation (w, H) of G is said to have frame-multiplicity n if n is the
supremum of all the natural numbers k with the property that there exist frame

vectors n;(i = 1,2, ..., k) such that

{r(@m:9€G}, ..., Am(g)nk:9€ G}

are strongly disjoint. We will show ( Proposition 6.6) that the frame multiplicity
is always finite. Thus a frame representation (7, G, H) has frame-multiplicity n if
and only if n is the largest number such that the representation (7("), H(™) of G
has a complete normalized tight frame vector. Hence the frame multiplicity is the
maximal number of strongly disjoint frame vector classses. Therefore the frame
multiplicity for a frame representation 7 is great than or equal to the cardinal

number of the set of all equivalence classes of frame vectors for 7. In general these
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two numbers are not equal (see the remark after Proposition 6.9). It is obvious
that frame multiplicity and the cardinal number of the inequivalent frame vector

classes are invariant under unitary equivalence.

Proposition 3.13 characterizes all the frame representations that have only one

equivalent class of normalized tight frame vectors, which can be restated as follows:

Theorem 6.3. A frame representation (w, G, H) has a unique unitary equivalence
class of frame vectors if and only if w is unitarily equivalent to a subrepresentation

Ap of A such that P is in the center of M.

6.2 Frame Multiplicity

To prove that the frame multiplicity is always finite for frame representations,

we need the following:

Lemma 6.4. Let (7,G, H) be a frame representation. Then (7™ G H™) has a
complete normalized tight frame vector if and only if there exist self-adjoint projec-
tions P;(i =1,...,n) in M’ such that P; ~ P and P;K | P;K when i # j.

Proof. Note that if (7("),G, H™) has a complete normalized tight frame vector,
then so does (7(™) G, H(™)) for all m < n. Thus we only need to consider the n = 2
case. Assume that 11,12 € H such that {n(g)m : g € G} and {n(g)n2 : g € G} are
strongly disjoint. Define V; and V5 by

Viz =) <x,7(g)ni > Xq
g

when x € H and V;x = 0 when x € K © H, where X, is the characteristic function
at point g. Then, by the proof of Proposition 2.16, V1 K 1 VoK. From Proposition
3.1 (i), V5 and V5 are partial isometries in M’. Let P, = V;V;*. Then P, ~ P, as

required.

Conversely, suppose that V; € M’ (i = 1,2) are partial isometries in M’ such
that V*V; = P, ViK L VoK. Let n; = V;*x., where e is the identity of G. Then,
by Proposition 3.1 (i) and Proposition 2.16, {7(g)m : g € G} and {n(g)n2: g € G}
are strongly disjoint. [

The proof of Lemma 6.4 also implies that

Corollary 6.5. Let p and q be two projections in M’, and let m, and m, be the

subrepresentations of A restricted to p and q, respectively. Suppose that 7, and n,
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are complete normalized frame vectors for m, and m,, respectively. Then

{mp(g)np: g€ G} and  {my(g)ny: g € G}

are strongly disjoint if and only if there exist partial isometries Vp and Vy in M’
with the property that VyXe = 1y, VyXe = ng, ran(V,") L ran(V;), V,V,' = p and
ViV =q.

Proposition 6.6. Let (m,G, H) be a frame representation. Then the frame multi-

plicity of w is finite. In particular the representation
(7T(<>0)7 g, H(OO))

does not have any complete normalized tight frame vector.

Proof. Let 1 = x. be the characteristic function of {e}. Then 1 is a faithful trace

vector for M’ in the sense that
< ABY,¢ > = < BAY, ¢y >

for all operators A, B € M’ and if < Si,v > = 0 and S > 0 with S € M/, then
S =0. Let t =< P, > = ||P|]* > 0.

Assume, to the contrary, that the frame-multiplicity of 7 is infinity. Then for
any natural number k, (W(k), G, H (k)) has a complete normalized tight frame vector.
Thus, from Lemma 6.4, we can find projections {P;}¥_, in M’ with orthogonal

ranges such that P; ~ P for all i. Let

k
Q- Y
Then @ < I and hence < Qy,¢ > < |[[¢||* = 1. Since P; ~ P, we have
t =< P,y >=<Py,y>

for all . Thus

k
1 ><Qu,¥>= ) <Py¢>= kt,

which leads to a contradiction if we let k — co. 0O
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Corollary 6.7. Letw, G, H, P and M be as in Lemma 6.4. Then (x(™,G, H™)
has a complete normalized tight frame vector if and only if there exist self-adjoint
projections P;(i = 2,...,n) in M’ such that P; ~ P and P,K 1 P;K when i # j,

where we write P = P;.

Proof. Let {E,}qca be an orthogonal family of projections in M’ such that P €
{E4}aca and which is maximal with respect to the property that E, ~ P for all
a € A. Suppose that 7 has frame multiplicity n, then, by Proposition 6.6 and
Lemma 6.4, there is an orthogonal family {F}}?_; of projections in M’ maximal
with respect to the property that F ~ P for k =1,2,...,n. So, by Theorem 6.3.11
in [KR], A has cardinal number n. Thus we complete the proof. O

Let M be as in Lemma 6.4. For any projection P € M’. We write mp = A|p.
Let ¢ = x. and let tr(A) =< A,y > for every A € M’. So tr(-) is a trace for M’.

Corollary 6.8.

(1) If (rp,G, PH) has frame multiplicity one, then so does wg for any projection
Q € M’ with the property P < Q.

(ii) Suppose that M is a factor von Neumann algebra. Then mp has frame

multiplicity one if and only if tr(P) > 1.

Proof. (i) Let @ € M’ such that P < Q. Note that if P ~ R for some projection
in M’, then mp and wg are unitarily equivalent. So we can assume that P < Q.
Suppose that mg does not have frame multiplicity one. Then, by Corollary 6.7, we
can find a projection R < (I — @) such that R ~ Q. Thus, there is a subprojection
Ry of R such that Ry ~ P. Also note that Ry < Q+ < P*. Hence, by Lemma 6.4,
mp can not have frame multiplicity one, which leads to a contradiction. Therefore

mq must have frame multiplicity one.

(ii) First assume that tr(P) < 3. Since M is a factor, we have that either
P < P+ or P+ < P. If there is a proper projection R of P such that R ~ P,
then 1 > tr(P+ + R) = tr(P+) +tr(R) = 2tr(P+) > 1. Thus tr(P — R) = 0, which
implies that P = R, which is a contradiction. So P < P+, and thus, by Lemma

6.4, mp has frame multiplicity at least 2.

Conversely, assume that mp has frame multiplicity at least 2. Then, by Corollary

6.7, there is a subprojection R of P+ such that R ~ P. Thus
2tr(P) =tr(P)+tr(R) =tr(P+ R) < 1.

So tr(P)<1/2. O
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Proposition 6.9. Suppose that (7,G, H) is a frame representation and P € M N
M. Then w has frame-multiplicity one

Proof. Assume that 7 is not of frame-multiplicity one. Then (72, H®)) has a
complete normalized tight frame vector (n; @n2). By Proposition 3.13, there exists
a unitary operator V € w(G)’ such that Vi = ny. Let U =V @ I. Then U is a
unitary operator in M’ and thus U(m @ n2) is a complete normalized tight frame

for 7(2). However

(7@ U @) :ge€G}={xlg)n@rgn:: g €g},
which is clearly not a complete normalized tight frame for H?). Hence (m,G, H)

has frame-multiplicity one. [

We note that by Corollary 6.8 (ii), the converse of Proposition 6.9 is not true.
Therefore there exists frame multiplicity one representation which has inequivalent

frame vectors.

Corollary 6.10. If G is an abelian group, then every frame representation has

frame-multiplicity one.

Proposition 6.11. Suppose that (7, G, H) is a frame representation with a com-
plete normalized tight frame vector n. If n is a trace vector for w*(mw(G)), then w

has frame multiplicity one.

Proof. Assume that 7 has frame multiplicity greater than one. Then there is a
complete normalized tight frame vector ¢ such that {m(g)n : g € G} and {7 (g)¢
g € G} are strongly disjoint. Thus, by Corollary 2.10, for any = € H,

> <z, w(g)€>n(gn = 0.

g€eg
In particular we have

Y <, w(9)s ><w(g)n, w(h)n>= 0
geg

for all h € G. Since 7 is a trace vector for w*(m(G)), we have

w(g)n, w(h)n > = <m(h™")n, (g~ ")n >,

which implies that

<m(h™m, Y <n, m(g)§ >m(g)n >
geg

=Y <n, w(g)s ><a(h ), (g~ >
geg

Z <n, m(9)¢ >< w(g)n, m(h)n >=0

geg
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for all h € G. Hence

= <& (g m>wlg'n

geg

=> <n, 7@€ >n(g~ M =0,

g€eg
which is a contradiction. So m must have frame multiplicity one. [

Corollary 6.12. Suppose that (w, G, H) is a frame representation with frame
multi[plicity greater than one. Then for any complete normalized tight frame vector

n, it is a trace vector for w(G)" but not a trace vector for w*(mw(G)).

Remark 6.13. The converse of this Proposition 6.11 is false. For example, let
m, P and M be as in (ii) of Corollary 6.8. Since M is a factor and tr(P) > 3,
there is a subprojection @ < P such that Q ~ P+. Thus, by Lemma 6.4, the
frame representation (Ap.,G) has frame multiplicity greater than one. Therefore,
from Proposition, PLy, is not a trace vector for w*(Aprer»(G)). Note that y is
a trace vector for w*(A\(G). If Py, is a trace vector for w*(Ap(G)), then for any

A, B € w*(A(G)), we have

< ABPLX@) PLXe > =< ABX@ Xe > — < ABPXm PXe >
=< BAxe, Xe > — < BAPx., Px. >
=< BAPJ_Xev PJ_Xe >,

which contradicts the fact that P x. is not a trace vector for w* (X, (G)).

6.3 Parameterizations of Frame Vectors

Given a frame representation (w, H) for a group G with a complete normalized
tight frame vector 7. As pointed out in Proposition 3.13 that in general not every
complete normalized tight frame vector can be obtained by applying a unitary
operator in m(G)’ to . However we will prove in Theorem 6.17 that the set all of
complete normalized tight frame vectors for 7(G) is equal to the set {Un: U €
U(w*(7w(G)))}, where U(S) denotes the set of all unitary operators in S. Thus we
have

U((G)")n € U(w"(w(G)))n-

When realizing 7 as a subrepresentation Ap of the left regular representation A for
some projection P in A\(G)’, then, from Proposition 3.13, the equality holds if and

only if P is in the center of the von Neumann algebra w*(A(G)).
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Lemma 6.14. Let w be a subrepresentation of the left reqular representation \ of
a group G. Then for every complete normalized tight frame n for ©(G), there is a
vector & € 12(G) with the property that n + £ is a complete wandering vector for
AG).

Proof. Let m = Ap for some projection in \(G)’

and let ¢ = x.. Suppose that
7 is complete normalized tight frame vector for w(G). Then, by Proposition 3.1,
there is a partial isometry V' € A(G)" such that V¢ = n and VV* = P. Write
V*V. .= Q. Then P ~ . Since P and @ are finite projections, we have that
P+ ~ Q% (cf [KR]). Let W be the partial isometry in A(G)’ such that WW* = P+
and W*W = Q+. Write U = V +W. Then U is a unitary operator in A(G)’, and so

Ut is a complete wandering vector for A\(G) (cf [DL], Proposition 1.3). Note that
UQ = (V+W)Q = VQ = VV*V

and
PV = VV*V.

PV = P(V+W)

Thus UQ = PU, and therefore
PUY = UQy = VQy = VV*Vy = Pnp = n.

Let ¢ = PLU. Then £ will satisfy our requirement. O

Corollary 6.15. Let (m, H) be a frame representation of G and let mq be a sub-
representation of w. Then a vector n € QH is a complete normalized tight frame
vector for mq(G) if and only if n = Q& for some complete normalized tight frame
vector & of w(G).

Proof. By Theorem 3. 8, we can assume that 7 = Ap for some projection P € A(G)’
and @ € A(G)". From Lemma 6.14, there is a complete wandering vector ¢ for A\(G)
such that n = Q¢. Let £ = P¢. Then £ is a complete normalized tight frame vector
for 7(G) and Q€ = 7.

Lemma 6.16. Let R be a von Neumann algebra on a Hilbert space H and let
P € R’ be a projection. Suppose that U € R|py is a unitary operator. Then there
is a unitary operator W € R such that U = W|pg.

Proof. Let S € R|py be a self-adjoint operator such that U = e*. Then there
is a operator A € R such that Alpy = S. Let B = 1(A + A*). Note that
A*|pg = S* = S. Tt follows that B|py = S. Let W = ¢!P. Then W € R is unitary
and Wlpy =U. O
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Theorem 6.17. Let (7, G, H) be a frame representation with a complete nor-
malized tight frame vector n. Then the set of all complete normalized tight frame
vectors for w(G) equals U(w*(w(G)))n.

Proof. By Theorem 3.6, we assume that m = Ap for some projection P € A\(G)" and
n = P, where 1) = x.. For convenience, write R = w*(7(G)) and M = w*(A(G)).

Let J : 1?(G) — 1?(G) be defined by
JAY = A%

for all A € M. Then it is well-known (cf [KR]) that o : A — JAJ is conjugate
linear isomorphism from M onto M’. It is also obvious that J? = I and Jy = ).
Let B=JAJ € M’ for A € M. Then
JBY = J(JAJW = Ay = JA*Y
= JA*JYy = B*.

Thus JBvy = B*y for all B € M’.

Let us first assume that V' € U(R) is a unitary operator. Then, by Lemma 6.16,
there is a unitary operator W € M such that V = W/|g. Since Wy = JW*y) =
JW*Jp = a(W*)y and since o(W*) is a unitary operator in M’, we have that
W1 is a complete wandering vector for A(G). Note that

Un=Wn=WPy=PWi.

Thus Un is complete normalized tight frame vector for 7(G).

Conversely, suppose that £ is a complete normalized tight frame vector for 7(G).
Then, by Lemma 6.11, there is a vector x in the range of P+ such that £ + z is a
complete wandering vector for A(G). Thus there is a unitary operator U € M’ such
that & = PUv. Let A= PJU*JP. Then A € R is a unitary operator and

An = APy = PJU*JPy = PJU*JY
= PJU"Y = PUy = €.

Thus € € U(R)n, as required. [

6.4 Disjoint Group Representations

Suppose that (m1,G, Hy) and (72, G, Hy) are frame representations with normal-

ized tight frame vectors 7 and &, respectively. If {m1(g)n}geg and {ma€}seg are
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unitarily equivalent, then by Proposition 6.1, this equivalence induces the usual
equivalence relation for the representations. It is possible that there exist normal-
ized tight frame vectors 1y, & for (71, G, H1) and 1, & for (ma, G, Hs), respectively,
such that {mi(g)n1}4eg and {ma(g)n2}geg are strongly disjoint, but {mi(g)&1 }eeg
and {m2(g)&2}gecg are unitarily equivalent ( and hence are not strongly disjoint).
For instance, let G be a group such that the corresponding left regular represen-
tation von Neumann algebra M is a factor. Choose a projection P € M’ such
that P ~ PL. Let m; = A|p and m = A|pL. Also let 1 = Py, and 1o = Ptxe.
Then, clearly {m1(g)m }geg and {m2(g)n2}4eg are strongly disjoint normalized tight
frames. Let V € M’ be the partial isometry such that VV* = P+ and V*V = P.
Let £ = Vxe = VPxe. Then ¢ is a normalized tight frame vector for {m3(g) : g € G}.
But V induces a unitary equivalence between {m1(g)n }4eg and {m2(g)&}geq-

We recall from ([KR]) that two representations (7,G, H) and (0,G, K) are said
to be disjoint if no subrepresentation of 7 is equivalent to a subrepresentation of
0. Also recall that for a projection P in a von Neumann algebra R acting on a
Hilbert space K, the central carrier Cp is the projection from K onto [RP(K)],
where [-] denotes the norm closure. We conclude this chapter with the following
characterizations for disjoint group representations in terms of disjointness of frame

vectors.

Theorem 6.18. Let P,Q € M’ be projections and let

Tig—=AgP 09— AM9)Q
be the corresponding subrepresentations of . Then the following are equivalent:
(i) m and o are disjoint,
(ii) for any complete normalized tight frame vectors n and & for {m(g) : g € G}
and {o(g) : g € G}, respectively, {m(g9)n}qeg and {o(9)&}geg are strongly disjoint,

(iii) for any complete normalized tight frame vectors n and & for {m(g) : g € G}
and {o(g) : g € G}, respectively, {m(g)n}qeg and {o(g9)&}4eg are disjoint,

(iv) for any complete normalized tight frame vectors n and & for {n(g) : g € G}
and {o(g) : g € G}, respectively, {m(g9)n}qeg and {o(9)€}gecg are weakly disjoint.

Proof. We only need to prove (iv) = (i) = (ii). For (iv) = (i), suppose that 7
and o are not disjoint. Then, by Theorem 10.3.3 and Proposition 6.1.8 in [KR],
there exist nonzero subprojections £ < P and F < @ in M’ such that £ ~ F,
where M = w*(A(G)). Let V : EH — FH be the partial isometry inducing the
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equivalence of F and F. Let n = Px.. Then 7 is a complete normalized tight frame
vector for {m(g) : g € G}. Since V Ex. is a complete normalized tight frame vector
for Ap(G), it follows, by Corollary 6.15, that there is a complete normalized tight
frame vector & for o(G) such that VEy,. = F¢. Note that

En(g)n=m(9)En = 7(g9)Exe

and
Fo(g)§ =a(9)F§ =0(9)VEn = o(g)VEXe.

Thus {E7(g)n}geg and {Fo(g){}geg are unitarily equivalent frames, which con-
tradicts (iv). Hence (iv) = ().

For (i) = (i7), let n and & be complete normalized tight frame vectors for {m(g) :
g € G} and {o(g) : g € G}, respectively. Define V and U by

Vo= Z <z, m(g)n > X4
9

and

Uy=>_ <y,0(9)¢> Xq,
g

where x € PH, y € QH and Y, is the characteristic function at point g. Let I
and F' be the projections onto ran(V) and ran(U), respectively. Then E ~ P
and F' ~ @ in M’. By the proof of Lemma 6.4, {m(g)n}scc and {o(g){}4eg are
strongly disjoint if and only if £ 1 F. Suppose that E is not orthogonal to F.
Then CgCr # 0. Thus CpCq # 0 since Cp = Cg and Cr = Cg. By Theorem
10.3.3 (iii), 7 and o are not disjoint. Therefore () = (i7). O

In the case that G is an abelian group, we know from Proposition 3.18 that
there is only one unitary equivalence class of normalized tight frame vectors. Thus

Theorem 6.18 implies the following:

Corollary 6.19. Let G be an abelian group, and let m and o be two frame rep-
resentations with normalized tight frame vectors n and &, respectively. Then the

following are equivalent:

(i) {r(g)n}ge and {o(g)¢}geq are stromgly disjoint,
(i6) {x(g)n}geg and {0(9)€}yeq are disjoint,

(1it) {m(g)n}tgeg and {o(g)&}geq are weakly disjoint.
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Chapter 7

Concluding Remarks

7.1. Spectral families of frames:

As in Example A, if (©, p) is a measurable space and {f,,} is an orthonormal
basis for L?(, 11), then for each measurable subset E of Q, { Pr f,} is a normalized
tight frame for L?(E), where Pg is the projection from L?(, ) onto L?(E). We
have pointed out in Corollary 3.10 that every normalized tight frame induced by a
unitary and a frame vector is unitarily equivalent to {e’*|g} for some measurable
subset E of T. This is generic for arbitrary normalized tight frames, and in fact for
commutative normalized tight frame families.

We recall that a family of normalized tight normalized tight frames is said to be
commutative if the family of the projections for the ranges of their frame transforms

is commutative. We have the following Spectral Theorem.

Theorem 7.1. Suppose that {{zin}necy : i € I} is a commutative family of nor-
malized tight frames. Then there exists a locally compact space €, a Borel measure
won Q, a fived orthonormal basis {fn }ney for L*>(Q, 1), and a family {E; : i € 1}
of Borel subsets of Q such that for each i € I, {xin}tney is (separately) unitarily

equivalent to the normalized tight frame {Pg, fn}neg-

Proof. Let 6; be the frame transform for {x;,},cy and let @; be the orthogonal
projection from /2(J) onto the range of #;. Then {Q; : i € Z} is commutative family
of projections. Suppose that M is the maximal von Neumann algebra containing
{Q;}. Then it is well known that there exists a locally compact space 2 and a Borel
measure g on € such that there is a unitary transform W: 12(J) — L2(2, ) with
the property that WMW* = {My; : f € L>(Q, u), where My is the multiplication
operator multiplied by f. In particular WQ;W* is a projection in {M; : f €
L>(€Q, u). Therefore there is a measurable subset F; of Q2 such that WQ;W* = Pg,.

Let {e, } be the standard orthonormal basis for /2(J). Then each normalized tight
frame {x;, }ney is unitarily equivalent (by the frame transform) to {Q;e,}, which
in turns is unitarily equivalent to { Pg, f,, }, where { f,,} = {We,} is an orthonormal

basis. Thus {ziy, }ney is unitarily equivalent to {Pg, f,}, as required. O

We note that although every normalized tight frame in the commutative family
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is unitarily equivalent to some {Pgf,}, the unitary operators implementing the

equivalence can be different from each other. So we pose the following problem:

Problem G: Is there an abstract characterization of those commutative families,
as in Theorem 7.1, for which all the unitary equivalences, as above, can be imple-

mented by a single unitary operator.

7.2. A Joint Project with Pete Casazza

We comment on a subsequent project that was motivated to a large extent by
Remark 1.8 in the present manuscript. In Chapter 1 we pointed out that any frame
can be dilated to a Riesz basis for some larger Hilbert space. This result can be
extended considerably. Given a frame {z,} and one of its alternate duals {y,}
on a Hilbert space H, a natural question is: Can we dilate {z,,} to a Riesz basis
{zn} for some Hibert space K O H such that z,, = Pz, and y,, = P(z}) for all n,
where P is the projection from K onto H and {z}} is the unique (canonical) dual
of the Riesz basis {z,}7 By using the properties of disjoint frames we can prove
this is true and in fact in a joint work with Casazza, which will appear elsewhere,
we have proven this result even for an appropriate notion of Banach space frames.
Moreover, it turns out that a sequence {x,},ey in an infinite dimensional Hilbert
space H can fail to be a frame for H in the (Hilbertian) sense of definition (1) in
Chapter 1, and yet there may be a Banach space M which is not a Hilbert space
and a sequence {y, }ney in M such that the inner direct sum {z,, ®y, : n € J} is a
bounded unconditional basis for the direct sum Banach space H @ M. (Since all the
direct sum norms on H @ M are equivalent it does not matter which one we take.)
Such sequence is then a non-Hilbertian frame, in the sense of Remark 1.8, for the
Hilbert space H. It turns out that many of the generalized frames for the Hilbert
space L%(R™) investigated in [FGWW], in particular, are actually non-Hilbertian
frames in this sense: It can be proven that they are inner direct summands of
bounded unconditional bases. There are also connections of our ”direct summand
of bases” interpretation of frames with the established theory in the literature of
Banach frames and atomic decompositions (c.f. [CH]). Because this is a separate

project we will not go into any details on this in the present article.

7.3. A Matrix Completion Characterization of Frames

Suppose that H, := C" is a finite dimensional Hilbert space with standard
orthonormal basis {e1, . . . ,e,}, where e; is the column vector which has i-th

coordinate vector 1 and other coordinates 0. If [ > n and if {x1, . .. 21} C H,,
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then Theorem 1.7 implies that {z;}._; is a frame for H,, if and only if the n x [
matrix whose column vectors are x1, ., . ,x; constitutes the first n rows of an
I x | nonsingular matrix. Moreover, {z;}!_; is a normalized tight frame if and
only if the nonsingular matrix can be taken to be unitary. This is true because
an [ X [ matrix is nonsingular if and only if its column vectors form a basis, and
is unitary if and only if the basis is an orthonormal basis. Viewed like this, the
question of whether a given [-tuple of vectors is a frame is really a matrix-completion
problem of a particularly elementary nature. In fact, it is clear that this matricial
characterization of frames is valid for infinite dimensional Hilbert space as well,
and perhaps adds some addtional perspective to the methods and results in this

manuscript.

7.4 Some Acknowledgements

(a) After this manuscript was nearly completely written it was pointed out to us
by P. Casazza that James R. Holub also made the observation in [Ho] that a general
frame sequence indexed by N is isomorphic to {Pe, }, where {e,} is the standard
orthonormal basis for [?(N) and P is some projection in B(I*(N)). However, he
used it in [Ho] for completely different purposes than we have used it in this paper.
In particular, our notions of complementary frame and alternate duals seem to be
new in our paper and was not observed in [Ho], and the fact (Corollary 2.7) that the
similarity classes (unitary equivalence classes) of frames (normalized tight frames)
indexed by J is in 1 — 1 correspondence with the set of orthogonal projections in
B(12(J)) seems to be new.

(b) In September 1997, after this manuscript was complete, we learned in conver-
sations with Ingrid Daubechies and Michael Lacey at the Wabash Mini-Conference
that some other researchers have observed the dilation point of view for frames we
independently observed and utilized in Chapter 1, and we thank both of them for
providing us with this information. This is not at all surprising especially in view
of the simplicity of the concept. These ideas have apparently not yet surfaced in
the literature-at least we were unaware of them. In particular, we learned that
there is a certain degree of overlap between some parts of Chapters 1, 2 and 5 in
the present manuscript and some parts of the thesis work of a current student of
Daubechies, Radu Balan, who has independently worked with the notions of ”dis-
jointness” or ” orthogonality” of frames concerning potential application properties
of frame wavelet n-tuples, and in fact apparently along the same lines we outlined

in our Remark 2.27. Except for these items, we know of no overlap between other



108

aspects of the work we present in this manuscript and the work of other researchers
in frame theory. We would not be surprised to hear of more instances. However,
many of the types of problems we have addressed are quite different from those

usually addressed by applications-oriented researchers.
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