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Abstract. We investigate the Fraunhofer diffraction of a Laguerre—Gaussian (LG) beam incident on a dynamic
superposed dual-triangular aperture. The evolution of the diffraction pattern from this aperture is analyzed exper-
imentally and theoretically. A special aperture, called the hex-star triangular aperture, demonstrates interesting
diffraction patterns. Further, the diffraction properties of integer, half-integer, and fractional orders of topological
charges at the Fraunhofer zone are studied by using the hex-star triangular aperture. This study can provide
additional information to enhance the understanding of the diffraction properties of the LG beam transmitted
through a complex aperture. © 2015 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.0E.54.12.123113]
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1 Introduction

Optical vortices have attracted considerable attention since
the seminal paper of phase singularities was published by Nye
and Berry." Optical vortices are applied in different research
fields such as quantum information communication,>* micro-
particle manipulation,*® light beam knots,”® and image
processing’'* among others.'*? An optical vortex has a spi-
ral phase of exp(im¢) and carries an orbital angular momen-
tum (OAM) of mh, where m is the topological charge (TC).

The diffraction properties that can be used to determine
the order of the TC of the vortex beam have recently attracted
considerable attention. Based on the properties of far-field
diffraction (Fraunhofer zone) of an aperture, many methods
to measure the TC of an optical vortex were proposed. Most
of these methods were based on counting the number of
diffracted fringes or spots.”**® Recently, Hickmann et al.
developed an equilateral-triangular aperture, which easily
measures the magnitude and sign of the TCs.**** This
method is suitable for measuring both cw and femtosecond
vortices because of the simplicity and reliability of the aper-
ture.” This method is also applicable for supercontinuum
vortices when spatial dispersion is compensated.?
Furthermore, this method can be used to determine the
TC of an electron vortex beam.”’

Triangular apertures have extended versatility because
they can observe the birth of a vortex at the Fraunhofer
zone. The birth of a vortex is observed in different conditions
when the fractional part of noninteger TCs is more® or less*
than those of half-integer TCs. Moreover, the triangular aper-
ture is used for shaping the spatial intensity profile of vortex
beams in a controlled manner.*® Deformed triangular aper-
tures, such as an annular triangular aperture®' and triangular
multipoint plate,*® effectively determine the order of TCs
and their signs. However, there is a little literature on the
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evolution of diffraction patterns from a dynamic complex
aperture, which is important for understanding the diffraction
properties of the vortex beam. In addition, the properties of
the Fraunhofer diffraction of deformed triangular apertures
should be further investigated to expand the application of
these apertures.

In order to visualize the diffraction properties of a
Laguerre-Gaussian (LG) beam transmitted through a com-
plex aperture, we studied the Fraunhofer diffraction of the
LG vortex beam incident on a dynamic superposed dual-
triangular aperture. First, a change in the diffraction pattern
of a certain LG beam with respect to the aperture deforma-
tion was studied. Then, a distinctive aperture, named a
hex-star triangular aperture, was constructed. By using
this particular aperture, the diffraction patterns of the LG
beam of the different orders (i.e., integer, half-integer,
and fractional number) of the TCs were studied in detail.
Furthermore, surprising phenomena were observed.

2 Theoretical Background

Initially, a changing superposed dual-triangular aperture,
which consists of two equilateral triangles with a common
center and inverse placement directions, was constructed.
The overlapped area was blocked. Figure 1 shows the sche-
matic of the aperture. The centers of the two triangles are
located at the origin of the coordinates on the xyy, plane.
The transmission function of the upper-triangular aperture
(t;) is given by

L [~4<x<00<y0 < (x+2) - V3]
and[OSx()S%,OSyoS(%_xO)"/g]’

0, elsewhere

t(x0,y0) =

D
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Fig. 1 Schematic of a changing superposed dual-triangular aperture.

where a is the side length of the triangle. The lower-triangu-
lar aperture (¢,) with the side length b, represented by a dot-
ted line in Fig. 1, can be obtained by flipping #; upside down
[denoted by flipud (...)]

t(x0. yo) = flipud[t, (xo. yo)]. 2
where the side length of 7, is denoted by b instead of a. Thus,

the changing superposed dual-triangular aperture is con-
structed, and its transmission function is given by

[11(x0, ¥0) U t2(x0, ¥0)][#1(x0, o) N t2(x0, Y0)]-
(3)

t(x0.Y0) =

In this case, a fixed value is assigned to a, whereas the
value of b is varied to obtain differently shaped apertures.

The LG beam is particularly interesting because it is
usually used to characterize the vortex beam that has optical
vortices and carries OAM. The LG beam has a helical wave
front with phase singularity at the center of the beam. The
electric field amplitude of the LG beam at the beam waist
is written in cylindrical coordinates (r, 6, z) as

LGﬁ,(r, 0,z=0=A- (2r2/w(2))”|/2 . L%‘(Zrz/w%)
-exp(—r?/w}) exp(ilf), 4)

where LLfl is the generalized Laguerre polynomial and wy is
the waist size of the beam. LG beams are described by / and
p indices representing the azimuthal and radial mode num-
bers, respectively. The azimuthal mode index / is an integer
that represents the order of the TC of a vortex beam. The
radial mode index p determines the number of bright
rings that surround the central dark spot p + 1.
Equation (4) can be simplified to

LGl(r,0,z=0) = (\/_r/wo) exp(—r?/w}) exp(il)
(5

for the LG beams with p =0 and A = 1.

In our study, we consider an incident beam to have an
exponential phase exp[i(I + €)0], where ¢ is a fraction within
the interval of O to 1. Thus, the incident beam of Eq. (5) is
rewritten as
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Fig. 2 Experimental schematic of recording the Fraunhofer diffraction
patterns. BE, beam expander; BS, beam splitter; M, mirror; L, lens; P1
and P2, polarizers; SF, spatial filter; SLM1 and SLM2, spatial light
modulators.

Ug(r.0,z=0) = (\/Er/w())‘m‘ exp(—r?/w}) exp(im0),

(6)

where m = [ + €, which represents the TC.

When a modified LG beam represented by Eq. (6) illumi-
nates the center of the dynamically superposed dual-triangu-
lar aperture perpendicular to the observation plane of the
Fraunhofer zone, the complex amplitude of the wave field
can be calculated by using the Fresnel-Kirchhoff integral

exp [212 (x*+y )]

// Ug (x0, o) (X0, ¥o)

X exp [—l Tz (xxo + y)’o)] dxodyy, (7

ik
U(x,y,z = o0) = M

where 4 is the wavelength of the incident beam and k is the
wave number. In this case, the transverse coordinates on
the aperture plane are (xg, yo) = (r, @) in either Cartesian or
cylindrical polar coordinates, and the modified LG beam
function is written as LG(x,y) = LG(r, 9).

3 Experimental Setup

The experimental setup is shown in Fig. 2. A helium—neon
laser with a wavelength of 632.8 nm and power of 2 mW is
used as the light source. After reflection by a mirror, the
Gaussian beam passed through a beam expander that allowed
us to obtain a collimated beam with a planar wavefront. Then
the collimated beam illuminated a reflective phase-only spa-
tial light modulator (SLM1).

(a) (b)

Fig. 3 Intensity images of the Laguerre-Gaussian (LG) beam
[(a) LGS and (b) LG3] generated by the SLM1.
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Fig. 4 Aperture structure changes with edge length of a lower-equilateral triangle when b is increased
from 0.2a to 2a in. increments of 0.2a. The change process of the aperture structure with respect to the
increase of b from 0.2ato 2ain. increments of 0.2a is demonstrated in Video 1. (Video 1, WMV, 494 KB)
[URL: http://dx.doi.org/10.1117/1.0E.54.12.123113.1].

200 pm

Fig. 5 Diffraction patterns at the Fraunhofer zone with different aperture structures (numerical simulation
results). Vertical direction: left panel, m = 2; middle panel, m = 3; and right panel, m = 4. Horizontal
direction: upper panel, b = 0; middle panel, b = 0.3a; and lower panel, b = 0.5a. The insets show
the aperture.
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Fig. 6 Experimental diffraction patterns at the Fraunhofer zone with different aperture structures. Vertical
direction: left panel, m = 2; middle panel, m = 3; and right panel, m = 4. Horizontal direction: upper
panel, b = 0; middle panel, b = 0.3a; and lower panel, b = 0.5a. The insets show the aperture.

The LG beam was obtained by using a spatial filter to
select the first-diffraction order beam from SLMI1. A second
spatial light modulator (SLM2) was used as the dynamic
superposed dual-triangular aperture that allowed us to flexibly
change the geometry of the aperture by using dedicated
LabVIEW software. Therefore, we were able to change the
size of the aperture to the size of the LG beam when changing
the index. A CCD camera (Basler acA1600-20 gm/gc, pixel
size: 4.4 ym X 4.4 um, resolution: 1626 x 1236 pixels) was
used to record and save the interference patterns on a com-
puter. The CCD camera was fixed on a motorized stage
driven by a stepping motor, which was used to locate the
Fourier plane.

Figures 3(a) and 3(b) show two of the experimental inten-
sity images of the LG beam [(a) LG} and (b) LG}]. Obviously,
as the TC of LG beam is increased, the radius of the LG beam
also increases. As the TCs increased from 1 to 10, the radii of
the LG beams increased from 0.3 to 2.5 mm, approximately.

4 Results and Discussions

The Fraunhofer diffraction patterns obtained as a result of
diffraction of the LG vortex beams incident on the dynamic
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superposed dual-triangular aperture were determined by
solving Eq. (7). The edge length of the lower-equilateral tri-
angle b was changed from 0 to 2a, where a was fixed as
3.0 mm. This procedure was performed to study the diffrac-
tion properties of different aperture structures. Figure 4
shows the aperture structure formed by increasing b from
0.2a to 2a. Meanwhile, the dynamic process of the aperture
modification is demonstrated in Video 1 with respect to the
increase of b from O to 2a in. increments of 0.01a. When
0 < b £0.5a, the aperture changed to an upper-equilateral-
triangular aperture with an obstacle in the center. When
0.5 < b < 2a, the aperture consisted of six equilateral trian-
gles, and when b > 2a, the aperture changed to a lower-
equilateral-triangular aperture with an obstacle in the center.

The diffraction properties of the LG beam varied when b
was increased in the given azimuthal indices. When b was 0
to 0.5a, the TC could be determined by using the equation
m = N — 1, where N is the number of spots on any edge of
the triangle in the diffraction patterns. Moreover, in cases
when the TC became its opposite number, the diffraction
triangular pattern was rotated 180 deg in comparison to
the previous one. These results were found to be consistent
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Fig. 7 Diffraction pattern change when b is increased from 0.6a to 1.5ain. increments of 0.1a (numerical
simulation results). The insets show the diffraction apertures. Videos 2—-4 demonstrate the detailed
change in the diffraction patterns of m = 3, 4, and 5 when b is increased from 0.6ato 1.5ain. increments
of 0.01a. (Videos 2—4, WMV, 444 KB; WMV, 606 KB; WMV, 759 KB) [URL: http://dx.doi.org/10.1117/1.
OE.54.12.123113.2]; [URL: http://dx.doi.org/10.1117/1.0E.54.12.123113.3]; [URL: http://dx.doi.org/

10.1117/1.0E.54.12.123113.4].

with the results of the previous study on diffraction using the
triangular aperture.”

Figures 5 and 6 show the theoretical and experimental
intensity distributions of the diffracted wave field when m =
2, 3, and 4 in different aperture conditions of b = 0,0.3a,
and 0.5a, respectively. We can see that the experimental
results are in good agreement with the theoretical results.
The triangle of the diffraction pattern was rotated 30 deg
with respect to the aperture (insets) because of the interfer-
ence of edge waves.” The intensity indicated by the bright
spots increased with the increase of the size of the lower
triangle. Compared with the theoretical results, the distribu-
tion of the bright spots in the experimental diffraction pat-
terns was uneven because of the asymmetric optical path.
However, the magnitude and sign of the TC could be mea-
sured by the rule mentioned above (m = N — 1).

m=3,b=0.6a m=3,b=0.7a

m=3,b=0.8a

These results indicated that the method of triangular aper-
ture diffraction is reliable for measuring the TC of the LG
beam. This method is useful to determine the TCs of LG
beam up to m = 7. It is very difficult to arrange the exper-
imental elements for higher-order TCs’ measurements.”
Compared to interferometric methods of measuring the TC
of the LG beams,*® this method eliminated the effect of
obstacles and parasitic interference. Simultaneously, the
experimental setup of this method is simple and the perfect
diffraction patterns are easily obtained.

The upper triangle was cut into three smaller upper trian-
gles, and the center was completely shadowed when b =
0.5a. When 0.5a < b < 1.5a, the aperture became a six-
triangular aperture, which consisted of three same-sized upper-
equilateral triangles and three same-sized lower-equilateral trian-
gles. These six triangles were connected by a shaded hexagon.

m=3,b=09a

m=3,b=1.4a

Fig. 8 Experimental diffraction patterns change when b is increased from 0.6a to 1.5a in. increments of

0.1a. The insets are the diffraction apertures.
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Fig. 9 Diffraction patterns of different integer topological charges (TCs) vortex beam at the Fraunhofer
zone for m from 1 to 10 (numerical simulation results). The inset shows the diffraction aperture when

b=1a.

m=1,b=1la

ﬂ% (S
02

Fig. 10 Experimental diffraction patterns of different integer TCs vortex beam at the Fraunhofer zone for
m from 1 to 10. The inset shows the diffraction aperture when b = 1a.

The diffraction patterns exhibited interesting changes
during this process. Figures 7 and 8 show the theoretical
and experimental changes in the diffraction patterns, respec-
tively, when b is increased from 0.6a to 1.5a in. increments
of 0.1a. The experimental results are in good agreement with
the theoretical results. Both results showed that the bright
spots of the triangle gradually formed a hexagon when b
was increased from 0.6a to 1.0a. The structures of the dif-
fraction patterns changed to another triangular distribution
when b was increased from 1.0a to 1.5a. However, the tri-
angular diffraction pattern rotated 60 deg clockwise com-
pared with the previous one. The physical insight is that,
in this case, the diffraction effect is determined from the dif-
fraction of three upper-equilateral triangles to the lower ones.

The diffraction pattern of an optical field from an aperture
was the result of the interference between edge waves. In this
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case, each diffraction pattern was formed by three sets of
interfering parallel lines because the sides of these six trian-
gles were either collinear or parallel. The detailed change
in the diffraction patterns of m =3, 4, and 5 when b is
increased from 0.6a to 1.5a in. increments of 0.01a is dem-
onstrated in Videos 2—4 (numerical simulation results).

The diffraction patterns had similar shapes and became
smaller when b was further increased (b > 1.5a) because
the aperture increased simultaneously with . The six trian-
gles of the aperture were similar-sized when b = 1a, and the
whole aperture looked like a hex star. In this case, diffraction
by the aperture demonstrated high symmetry. The diffraction
properties of the hex-star triangular aperture with different
TCs were studied in detail.

Figures 9 and 10 show the theoretical and experimental
diffraction patterns of different integer-order TCs at the
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200 pm

200 um

Fig. 11 Diffraction patterns of partial aperture of the hex-star triangular aperture when m =4and b = 1a
(numerical simulation results). The upper and lower panels illustrate the diffraction patterns at different
moments of the formation processes of the aperture. The large insets represent the formation process of
the aperture (numbers are in the order of appearance), and the small insets are the diffraction apertures.

m=4 b=la m=4b=la

Fig. 12 Experimental diffraction patterns of partial aperture of the hex-star triangular aperture when
m =4 and b = 1a under the same condition described in the caption of Fig. 11.

200 pm 200 pm

200 pm 200 pm 200 pm

Fig. 13 Diffraction patterns of half-integer TCs at the Fraunhofer plane (numerical simulation results).
The inset shows the diffraction aperture when b = 1a.
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Fig. 14 Experimental diffraction patterns of half-integer TCs at the Fraunhofer plane. The inset shows the

diffraction aperture when b = 1a.

Fraunhofer zone when m ranges from 1 to 10 and the LG
beam illuminates the hex-star-triangular aperture. We can
see that the diffraction patterns become more complex and
the diffraction effect becomes stronger when m is increased.
In this case, the diffraction patterns are related to the shape of
the aperture and incident beam. The radius of the doughnut
LG beam increased with the TC. Thus, the aperture became
relatively small, leading to a strong diffraction effect. The
interfered patterns became more complex when the number
of spots on the outside edge of the diffracted patterns was
increased by increasing m. Moreover, the symmetry of the
diffraction patterns of an odd TC value was higher than
that of an even TC value, which is possibly due to the
even number of small triangles in the hex-star aperture.
The diffraction patterns obtained by experiments gradually
deviated from the theoretical patterns when the TC increased,

m=31b=1a

200 jum 200 jim

m=36b=1a

g3

200 pm

m=33b=1a

which was due to the complex patterns resulting in signifi-
cant adjustments.

Each diffraction pattern was considered as interference
caused by the complex amplitudes of the diffraction field
of each small triangle of the hex-star aperture. The six trian-
gles of the hex-star aperture were placed one-by-one to cal-
culate the diffraction intensity. This process was performed
to study the formation process of the diffraction patterns
from the hex-star aperture. Figures 11 and 12 show the theo-
retical and experimental diffraction patterns from the partial
aperture at two different processes of the construction of the
aperture when m = 4 and b = la, respectively. It is clearly
shown that the experimental results are consistent with the
numerical simulation results. The diffraction patterns were
obviously different for different processes of the combina-
tion of the six triangles. Meanwhile, the symmetry axis of

m=34 b=1a m=35b=1a

m=39,b=1a m=4 b=1a

3

Fig. 15 Evolution of diffraction patterns of different fractional TCs vortex beam when m increases from
3.1 to 4 in. increments of 0.1 and b = 1a (numerical simulation results). Video 5 shows the change of
the TCs from 0 to 10 in. increments of 0.1. (Video 5, WMV, 1.03 MB) [URL: http://dx.doi.org/10.1117/1.0E

.54.12.123113.5].
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Fig. 16 Evolution of diffraction patterns of different fractional TCs vortex beam when m increases from
3.1 to 4 in. increments of 0.1 and b = 1a (experimental results).

the diffraction pattern was perpendicular to that of the partial
aperture.

The triangular spots in the diffraction pattern do not
appear when the center of a single aperture does not overlap
with the LG beam center, as shown in the first columns of
Figs. 11 and 12. However, if three triangles were arranged at
the center of the incident LG vortex beam, the diffraction
patterns were used to determine the TC by counting the num-
ber of external points of the triangular lattice (row 1, column
3 in Figs. 11 and 12).

Figures 11 and 12 show the formation process of the hex-
star diffraction, which deepens our understanding of the dif-
fraction properties of the LG beam. In order to observe the
diffraction patterns of noninteger vortex beams, the theoreti-
cal and experimental diffraction intensity distributions of
half-integer orders are illustrated in Figs. 13 and 14, respec-
tively. Comparing the diffraction patterns of the adjacent
integer TCs, we can see that the symmetry of the diffraction
patterns of half-integer TCs disappears and a vertical sym-
metry appears, as shown in Fig. 13. This phenomenon was
caused by the axial symmetry of the half-integer vortex
beam, which had a radial line of low intensity.‘%’35 Because
of the influence of the stray light, the symmetry of the
experimental diffraction patterns gradually disappeared.

Finally, the evolution of the diffraction patterns of
the other fractional TCs from the hex-star aperture was
investigated. Figures 15 and 16 show the theoretical and
experimental diffraction patterns, respectively, when m
was increased from 3 to 4 in. increments of 0.1. The dif-
fraction patterns also had bilateral symmetry, and only a
slight change between the adjacent patterns was observed.
Figures 15 shows the process of evolution of the diffraction
patterns from circular symmetry to axial symmetry and again
to circular symmetry, corresponding to the evolution of the
intensity distribution of the LG vortex beam. To visualize the
transformation, a movie (i.e., Video 5) is used to illustrate
the change in vortex charge from O to 10 in. increments
of 0.1 (numerical simulation results). However, Fig. 16
shows that the experimental results are found to be
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inconsistent with the theoretical results since the adjustment
becomes more significant for a fractional TCs vortex beam.

Moreover, only the LG§' vortex beam was investigated in
this study. Further studies should be conducted for radial
mode numbers p # 0. The spatial relationship between the
LG beam waist and aperture should be considered.*

5 Conclusion

In summary, a dynamic superposed dual-triangular aperture
was constructed, and its Fraunhofer diffraction evolution was
investigated in detail when an LG vortex beam was transmit-
ted through it. The diffraction properties of integer, half-inte-
ger, and fractional TCs at the Fraunhofer zone were studied
in detail by using the hex-star aperture. The experimental
results were found to be consistent with the numerical sim-
ulation results. Thus, our study contributes to understanding
the properties of the LG vortex beam. Further, interesting
images as a result of Fraunhofer diffraction of the vortex
beam having different TCs incident on the hex-star triangular
aperture were obtained. This method can be used in various
applications such as shaping the spatial intensity of an LG
vortex beam, laser shows, and optical tweezers.
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