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Fréchet differentiability of boundary integral operators in
inverse acoustic scattering

Roland Potthast

Institut fiir Numerische und Angewandte Mathematik der Universitit Gittingen, Lotzes-
trasse 1618, 37083 Gottingen, Federal Republic of Germany

Received [6 July 1993

Abstract. Using integral equation methods to solve the time-harmonic acoustic scattering
problem with Dirichlet boundary conditions, it is possible to reduce the solution of the scattering
problem to the solution of a boundary integral equation of the second kind. We show the
Fréchet differentiability of the boundary integral operators which occur. We then use this to
prove the Fréchet differentiability of the scattered field with respect to the boundary. Finally
we characterize the Fréchet derivative of the scattered field by a boundary value problem with
Dirichlet conditions, in an analogous way to that used by Firsch.

1. Introduction

In this paper we deal with the time-harmonic acoustic obstacle scattering problem with
Dirichlet boundary condition [3]. There exist different methods of solving this standard
problem of mathematical physics. Here we refer to the integral equation approach which
can be found in [3].

It is especially interesting in the framework of inverse problems to study the dependence
of the solutions to the scattering problems on the domain of the scatterer. Let I denote the
boundary of a suitable domain D < R®. The scattering operator R® maps the boundary I’
onto the solution

u* = RYI) (D

of the direct scattering problem for a fixed entire incident field #'. The inverse problem
consists of looking for a solution of (1) given u° on an exterior domain or the far field
u™ = Fu® of u®, respectively. In order to invert equation {1} we are interested in properties
of R*. R® is nonlinear and equation (1) is ill-posed, which makes it difficult to solve. In
this paper we prove the Fréchet differentiability of R® and describe two possibilities of
computing the derivative. In principle this allows the application of Newton-type methods
to the inversion of equation (1) [4.6,7].

Using boundary integral equation methods to solve the scattering problem, following
Colton and Kress, one can derive a representation of R® in terms of acoustic single- and
double-layer potentials and weakly singular boundary integral operators. We briefly recall
this method in section 2, We use section 3 to state some facts about the Fréchet derivative
of integral operators. In section 4 we prove the Fréchet differentiability with respect to
the domain and derive the explicit form of the Fréchet derivative of the integral operators
used in section 2 which are considered as operators in the space of continuous functions
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432 R Porthast

on I'. This Fréchet differentiability implies ‘T"-differentiability’ and the ‘domain derivative’
defined in [4, 6]. Using well-known properties of the Fréchet derivative it is then possible to
obtain the Fréchet differentiability of the scattering operator R®. In section 5 we characterize
the derivative of u® with respect to the boundary as a solution of a Dirichlet boundary value
praoblem.

Our method of establishing the Fréchet differentiability of the scattered field is new to
scattering theory. In principle, the method can be carried over to other boundary value
problems, for example to the time-harmonic acoustic scattering problem with Neumann
boundary conditions or to time-harmonic electromagnetic boundary value problems. For
the case of the Dirichlet scattering problem the differentiability has already been verified
by Kress (cf [3]) and by Kirsch [4] using variational methods. Also with the help of the
variational approach the characterization of the derivative was obtained by Kirsch [4].

2. The scattering map R° and the inverse scattering problem

For each normed space we denote by K the open ball with radius L and centre (. Let
D c K, c R? be a bounded domain with boundary 8D of class C2, B > K an open set
and k& € C with Imk > 0. A function w € C'(R® \ K1) satisfies the Sommerfeld radiation
condition if

% - (grad w)(x) — ikw(x) = o (1/]x]) x| = oo 2
holds uniformly on = {£ € R?, || = 1}. We denote by

1 eiklx—yl
Olx, y) = —
®) = 221

xn,yeR; x#y

the fundamental solution of the Helmholiz equation
Au+ Ky =0. (3)

©(, y) solves the Helmholtz equation in R® \ {y} and satisfies the Sommerfeld radiation
condition uniformly for y € Ky. We denote by v the exterior unit normal vector on the
surface 3D. For ¢ € C(8.D) the acoustic single-layer potential

w)= [ oG rwmas;) xR\ @
and the acoustic double-layer potential

- a®(x, y) 3
o(x) = f,, T e0has)  xeR\aD ®)

are solutions to the Helmboliz equation in R* \ 8D and satisfy the Sommerfeld radiation
condition. We now consider the Dirichlet obstacle scattering problem: For a given solution
u' € C'(B) to the Helmholtz equation, find a function «° € C*(R? \ D) N C(R® \ D),
which satisfies the Helmholtz equation ir R? \ D and the Sommerfeld radiation condition
with boundary values u' + 1* = 0 on 8D. Following Colton and Kress [3] we look for a
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solution to the Dirichlet obstacle scattering problem using a combined single- and double-
layer potential

u(x) = f {M—inw,y)}w(y)ds(y) x e R\ 2D ©
o | 3900

n e R, 5 # 0. Using the classical jump relations for the single- and double-layer potential
[2], the potential (6) can be seen to solve the Dirichlet scattering problem if the density
¢ € C(8D) is a solution to the boundary integral equation

(I+K —inS)p =—2u.. M

Here the operators

(o)) =2 fd o e0)dG)  xeD ®
and
ad
(K)(x) =2 f 00N ydsy)  xedD ©
ap ov(y)

are linear with weakly singular kernels, and therefore are compact operators C(3D) —
C(dD). Existence and boundedness of the inverse of the operator I + K — inS can be
obtained by Riesz—Fredholm theory for equations of the second kind with compact operators
[5]. We are interested in the values of the scattered field on a set M C R\ D. Therefore we
combine the potential (6) with the restriction to M that P : C(8D) > C(M). ¢ > 1’|y is
a linear bounded mapping. Using the restriction operator R : C(B) — C(3D), u' = #'[yp
we can write the solution of the Dirichlet scattering problem in the form -

w = —2P( + K —in5)"'Rul. (10

The inverse Dirichlet scattering problem consists in determining a domain D, which
satisfies (10) for a given number of incident fields i* with corresponding scattered fields u°.

In order to use Newron-type methods to solve this inverse scattering problem we have
to study the differentiability properties of the mapping 8D + u®. For this we first study
the differentiability properties of the operators which occur in equation (10), and then use
the chain and product rule to derive the differentiability of the mapping 3D +— u®.

First we have to transform the operators onto a fixed reference boundary. Similarly to
[4,6,8] we use the mapping ¢, : 8D — 8D, : x —> x +r(x) where r € C%(@D) is a twice
continuously differentiable vector field and 8.0, is defined by 3D, :={x +r(x),x € 3D).
For a sufficiently small > O depending on 3D, each 3D, with |[r{lc2py) < ! is again a
class-C2 boundary of a domain D,. We use Vi := {r € C2(3D), |[rllc2py < {}. We denote
by v,(x) the exterior unit normal vector on the boundary 8D, at the point x, := x + r(x);
we abbreviate 1y to v.

We denote the space of all bounded linear operators mapping a normed space X
into a normed space ¥ by B(X,Y). Now for each r € V; we transform functions
@ € C(3.D,) into functions ¢ € C(dD) using @(x) = @(x,). Analogously we transform
operators [ : C(3D,) — C(dD,) to operators I : C(3D) — C(3D). Since in this
way the space C(8.D} is isomorphic to C(8D,) and B(C(4D), C(dD)) is isomorphic to
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B(C(3D,), C(3D,)) we usually just write & = ¢ and T = I. We will study the Fréchet
differentiability of the mappings

§S: Vi = B(C(3D),C(8DY) r+ S[r]
K : Vi — B(C(8D), C(3D)) r> K[r]
R:V; — B(CY(B),C(8D)) r— R[r

P: Vi, — B(C(3D), C(M)) r e P[rl.

3. Some remarks on Fréchet differentiability of integral operators

For the well-known properties of the Fréchet derivative of a nonlinear mapping we refer to
[1]; here we just give a summary of our notation.

Let ¥ be a normed space, let X be a Banach space and let I/ C ¥ be an open set. A
mapping A : U — X is called Fréchet differentiable in ro € U, if there is a bounded linear
mapping dA/dr € B(Y, X), a neighbourhcod V of 0 in ¥ and a mapping A4; : V = X
such that

ACro+ B) =A(ro)+%‘f‘-(h)+al(h) YheV
r 11y
Ar () = o (k).

If A is Fréchet differentiable in U the derivative can be considered as a mapping
U — B X),r — 0A(r; }/9r. If this mapping is again Fréchet differentiable, we
speak of the second derivative of A. We have 32A4/3r> € B(Y, B(Y.X)) and we
use 32A(r; h)/8r% = 82A(r; h, h)/8r%. The chain rule and the product rule are valid
analogously to the finite-dimensional case. As a consequence of Taylor’s theorem for twice
continuously Fréchet differentiable functions we obtain:

Theorem I. Let Y be a normed space, let X be a Banach space and let I/ C ¥ be an open
set. Assume that f : I/ — X is a twice continuously differentiable function on U/ and let
the second derivative be bounded, i.c. there exists ¢ > O such that |82 f(r; )/9r%| € ¢ on
U.Ifr+theUforall ¢t €[0, 1] we have the equality

3
Ry = £+ 2 )+ il ) | (12)
with some function f) satisfying
2 f !
fif1(r, B < sup F(!'; HzN=. (13)
rell r
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Proof. An application of Taylor’s theorem [1] yields

fir+hm) = f(r)-i——(r h)-i-f (1 —r)—f(r—{—th n)dt. (14)

Since we have [[8%2£()/8r%| < c on U the statement of the theorem is a direct consequence
of the inequality

% sup
rel/

2
CeAe )“ na (15)
O

f (1 —r)—(r+th myde|| €

In order to show the Fréchet differentiability of (I + K —inS)~! we need the following
theorem.

Theorem 2. Let ¥ be a normed space, U C Y an open set and X a Banach algebra with
neutral element e. Let A : U — X be Fréchet differentiable in vo € U. Assume there is
a neighbourhood W of y; such that for all y € W the element A(y) is invertible in X and
the mapping ¥ > (A(¥))~! is continuous in yo. Then A~'(y) is Fréchet differentiable in
vg with Fréchet derivative

K} dA
a—(A")(yo: B) =47 (y) (—(J’u: h))A'1 (¥o)- (16)
r ar

Proof. Here we follow [3]: define

2(or k) == A~ (o + 1) — A (y0) + A-l(yo)i—f(yo; BA™ (o).

We have to show z(yp, #) = o ([[&|}). For this we multiply from the left and from the right
by A(yp), and use the continuous invertibility and Fréchet differentiability of A. We obtain
Alvo)z(yo; )A(¥) = o (||#|) and therefore the statement of the theorem. O

We want to show the Fréchet differentieibility of integral operators of the form
(Alrle)(x) :=_[G Fx, v, rye(y) dudy) xeG; rev. (17}
2

Here G, and G, are subsets of R?, 1 denotes a measure on Gz and V C Y is a subset of a
normed space Y. For fixed » € V and a suitable kernel the operator A is a bounded linear
operator C(G,) — C(G;). We consider A as a mapping V — B(C(G3), C(G1)). In the
next theorem we will show that, for suitable properties of the kernel f, the differentiation
of (17) can be reduced to the differentiation of the kernel f, and that the derivative of A is
given by the operator

- o
(ALr; Blo)(x) = fG a—{(x,y,r;h)qo(y)d;.a(y) xeGyreV; het. (18)

This includes the classical theorem concerning the differentiation of an integral depending
on a parameter.



436 R Potthast

We use the following notation. Let ¥;,{ = 1,...,n be normed spaces, [J; C ¥;. We
consider a function £ of n variables x{,...,%; of the form & : Uy x --- x U, - C,
{x1..... X)) = E(x1, oo Xa) BY £, x .. .z, WE denote the function

UJ;--HC Xj > E(X1, ey Xn)
for fixed x1, ..., Xj—1, X415 o0 Xne T By v s 2psnnr, 18 Fréchet differentiable, we denote
the Fréchet derivative by 9&/dx;. The derivative 3€/3x; can be considered as a function
a8
E Uy x--xU,xY; = C
dx;

Or as a mapping

E U x-ex Uy, = B(Y;, C).
9x;

Theorem 3. Let G|, G2 be subsets of R? , 1 a measure on G and V C ¥ an open convex
subset of a Banach space ¥. Define &g = {(x,¥), x = ¥, x € G1,¥ € Ga}. Take
rgp € Vand let f: ((G) x G2)\ Ag) x V — C be a continuous function with the following
properties:

o forallfixedx € G,y € Ga, x # y the function f;, : V — C is two times continuously
Fréchet differentiable;

o fir:Ga\{x} = Cand (3f/3r};pr : G2\ {x} = C are integrable for all x € Gy,
reV,hel;

e A[r] and A[rg, 4] given by (17) and (18) are elements of B(C(G3), C(Gy)) for all
reV,het;

e there is a Lebesgue-integrable function
g: (G xGI\Ag =R
with fG glx,du(yy<cforallx € G,. Forallx € G|, y € G2, x # y we have the

estimate (8% £/8r%)(x, y, r: b)| < g(x, y) uniformly forall r € V,h € ¥, ||&| <

Then considered as a mapping V — B(C(G3), C{G1)), r — A[r] the operator A is
Fréchet differentiable in ro and the derivative of A is given by (84/8r)(ro; k) = Alrg; k)
where A is given by (18).

Remark. The theorem covers the case G; =. G2 and weakly singular f as well as
G1 NGy = @ and continuens f . Therefore it can be applied to the operators S, K
and P.

Proof. For all sufficiently small 2 we have ro + 2 € V and the convexity of V vields
ro+th € V for all ¢ € [0, 1]. Then, as in theorem 1, the decomposition

a
f&x,y,ro+h) = f(x,y.ro) + -aé(x, y.ros Y+ filx, 3, ro, b} (19)
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holds, and we have

k] hel; (x,y) € (G x G\ Ag.

2f
-'é-;:z—-(.\f, ¥, £ )\

[.f](xs ¥y Fo, k)l "'~<~ Sup
reVv

Because of
*f
ﬁ(x,y,r: h)| < g(x,y) reV; B[ <1
we find
2
F(x-y,r;)}ég(x,y) reV.
Therefore we obtain integrability of f; and the inequality
2
[ 16 miem < [ s Sl ey )| T80
G2 Gy rel/ r

2
< ( fG 8, du(y)) 4.

We now know that all terms in equation (19) are integrable on G;, and can use the linearity
of the integral to obtain

(Alro+ hlg)(x) = f Fl6s 3 ro -+ B)p(y) i)

Ga

a
= [ ey oo du) + f a—f(x. I, ro; Yo () du(y)
(7} Gy 9F

+ f 1%, 32700 0 (3) du ()
G2

= (Alrol@)(x) + (Alre; Alo)(x) + (A1lro. Bl@)(x)
where the operator A; satisfies

|(41lro, K1) ()l < cllelleslili®.

Therefore A is Fréchet differentiable in rq considered as a mapping V — B(C(G2). C(G1))
with the derivative given by 9A4/0r = A. 0

4, Fréchet differentiability of boundary integral operators

As an application of theorem 3 we want to show the Fréchet differentiability of the operators
oceurring in section 2.

First we deal with § and K. Using the transformations described in section 2 the
operators can be brought into the form

h r — ¥r
(S0} (x) = f ml% =3 06y dsiy) 20)
aD [-xr_y:'l
7 r— ¥r h O
(K[rlp)(x) = fd D(vr(y),y,—m[ zlﬂx_yjlﬁl“r iilx_yle)}
’ x J(0)0() ds(y). 1)

where the functions ki, A7 and ks are analytic complex valued functions, and where J.(y)
denotes the Jacobian of the transformation ¢, in y € 8D.
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Theorem 4. The integral operators S and K are Fréchet differentiable in V, considered as
mappings

V; = B(C(3D), C(3D)).
The Fréchet derivative is obtained by differentiation of the kernels according to theorem 3.

We base the proof of the theorem on the following lemma:

Lemma 1. The kernels of the integral operators given by (20) and (21) are two times
continuously Fréchet differentiable as mappings Vi — C for all fixed x £ y, x,y € 8D.
The kernels and their first two derivatives are bounded on V) by

glx,»=C forallr e Vi; x,yedD (22)

lx — ¥l
with some constant C > 0.

Proof of theorem 4. We establish the assumptions made in theorem 3. Lemma 1 states
the Fréchet differentiability of the kernels of § and K and also gives estimates for their
singularity and those of their derivatives: there is a weakly singular majorante g and
therefore they are weakly singular. Now by standard arguments §, K and the operators

which are built by integration of the derivatives of the kernels are well defined bounded
linear operators C(8D) — C(8.D). Thus we apply theorem 3 to obtain theorem 4. a

Proof of lemma I.  'We verify the Fréchet differentiability of the kernels by four elementary
steps. We will use the letter ¢ to denote a generic constant.

Step 1. The mapping gy, : Vi — R* defined by

EeyP) =X, =y, =(x+rx) - Q@+riy)

is the sum of a constant and a linear mapping and therefore, for all fixed x,y € 8D, it is
Fréchet differentiable with derivative

a‘g%(r;h) = h(x) — h(y) h € CX(@D).

The derivative does not depend on r € V; and therefore it is continuous. Since for x # y we
have x, — y, £ 0 for all r € V}, using the chain rule, we obtain the Fréchet differentiability
of the mapping

Sl.x,y ¢ Vi—>R re= |x, — ¥l

for all r € ¥}, x # y and x, y € 3D. The Fréchet derivative is given by

2 1
S gy = — (6, —y), (B —h())) ke C2AD). (23)
or |2 — ¥l
We use the mean-value theorem for the differentiable vector fields r € V; on the manifold
3D to obtain the estimates
yilx — ¥ < lxr — 3l (24)

1% — Yel < 2% — ¥l (@5)
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uniformly on V;, where 3 and y, are constants depending on [ and 4D. Again with the
help of the mean-value theorem—this time applied to A—we derive from (24) and (25) the
inequalities

38”?

=22 ) < elbllepnix — ol Yr € V;: he CXOD) (26)

with some constant ¢. Proceeding as for g ., we obtain the Fréchet differentiability of the
mapping

Vi—=R > — 27
gaxy Vi el @7

the derivative

922.x, 1

SEE3 ) = (o) (6 = 30, B — ) (28)
and the estimate

082z, 1

—;r—y(?‘:h)‘ < Clxr—_“—y'r-lgllfi”czcau) (29

with some constant ¢. We also want to compute the second derivatives of the terms and
to give similar estimates. To do so we have to consider the first derivatives as mappings
V; — B(C%(8D), R). Using the same arguments as above we obiain

. -1
& g‘ =2 (ry h) = =D G — ¥, (Ax) ~ RO
1z = yrl
+ = l((h(x)—h(y))-(h(x)—h(y))} (30)

2%ga x. 1 381 x, 2
_a_r"i_’(.r; k) =n(n+1) o |"+'-’-( [: 2(r; k)

1 3 g[xy
—n i 31
lxp — y [t (ri k) G

and the estimates

a2
’ g‘”(r h)‘ clbliegpylx —¥  reVi heC*aD) (32)
and
3 g2xy 2 1 . 2
(?’ h) C"hllcz(aﬂ)m reVv; heC {aD). (33)
R r

The estimates show that the degree of the singularity in Jx — y] of the functions under
consideration does not increase when we differentiate. We also want to prove this for the
other components of the kernels.
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Step 2. Consider the term {(v.(x),x, — y;) and use local coordinates (u,v). With
x = x(uy, v) and ¥y = y{uz, vz) we have the estimate ¥ [(u;, v1) — (U2, 1) € [x —y| £
¥ l(uy, v1) — (2, va)| for x € U(y), where U7 (y) is a neighbourhood of y and 7 and 7
are constants [2]. In U(y) we can write

{We(X) Xr — ¥r)

1! By | r(y) By o
- 83.y(")([(3“2 * Butp ) * (31?2 + 3, )] et -0 r(y))}>
(34)

with

gs‘y(r) ram ‘(a_y + 3?’(}’)) s (3__}’+ 8?‘()’))"

iy dus dus dus

The function g3y is Fréchet differentiable in V; and there exist constants ¢; and ¢, with
O<c<gmy<cand 0 <cy € 9g3,y/0r € ey Vr € V. Therefore 1/g3, is also Fréchet
differentiable in V, and the derivative is bounded. Using the chain rule, clearly the other
terms of (34) are Fréchet differentiable. For the derivative

Flan,v) == 3-(((-33’- + w) x (a—y . 3“”)),:: Fr) - O —r(y))))cr; )

ar \\W 8us  Bus duy du,
(35)
we want to show that
| £, vn)| < LI, o) — (g, v2)2 (36)

uniformly forr € Vi and h € K; C C%(38D). The estimate (36) is a direct consequence of
Taylor’s theorem applied to the twice continuously differentiable function f : R — R, if we
are able to show that grad,, ., flu,=u.0,=v, = 0. This can be verified by a straightforward
but lengthy calculation. Now collecting all terms and using the product rule for the
differentiation of (34) we obtain the estimate

a
37 e () - G =y} )| < ellbl 2y b ~ y? (37)

for all r € V. For the second derivative we obtain the analogous result

a2
PRI (e h)l < clltlEagple — ¥ (38)
forall r e V.

Step 3. We obtain the differentiability of J.(y) using the representation

3 3 3 ?
AR E(y+r(y)) x a—uz(y-|—r(y))‘/ Pl ?u?’

which is valid locally. The derivatives of J. are uniformly bounded forr € V}, y € 8D.
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Step 4. The statement of lemma 1 can now be verified using the estimates of steps 1-3,
the chain and product rule. O

Corollary 1. The operator ({+K —inS)~’ is Fréchet differentiable considered as a mapping
V; - B(C(3D), C(3D)) and the Fréchet derivative is given by

I+ K —ins™! ) (K —1inS
( 197 _ U+ K —igs) 2E =Dk syt
ar ar
Proof. The statement follows by combining theorems 2 and 4. O

‘We transform the operator P onto the reference surface 8.0

(Plrig)(x) = ulr, ¢1(x)
= f [h[(lx—_y’-Q —in(v(y),x — ¥}
ap L 1x — el

. [hz(lx - ¥ L fa{lx — ¥ )
lx = »]? lx — ¥ |2

“L(y)ga(y) &Gy xeM.
(39)

and establish the following result.

Theoremn 5. The integral operator P : V; — B(C(8.D), C(M)) is Fréchet differentiable
and the derivative can be computed by differentiation of the kernel of P.

Analogously to the proof of theorem 4 we base the proof on the following [emma which
can be shown analogously to lemma 1. It is actually more simple since the kernels have no
singularities.

Lemma 2. The kernel of the operator P given by (39) is two times continuously Fréchet
differentiable as a mapping ¥V} — C for fixed x € M,y € 0D. The derivatives are
continuous on M x 3D x V; and bounded by a constant C € R.

Proof of theorem 5.  'We verify the assumptions of theorem 3. The differentiability of the
kernels and their continuity is stated in lemma 2. Therefore P and the operators which
are built by integration of the derivatives of the kernel are well defined bounded linear
operators C(8D) — C(M). Since u(9D) < oo the constant C is an integrable majorante
of the kernels and their derivatives. Now theorem 3 can be applied to obtain the statement
of thecrem 5. O

Now consider the operator R. We can write

(RIFID () = ui(xr) =u (x +r(x)) x €9dD.
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Theorem 6. The operator R : V; — B(C'(B), C(8D)) is Fréchet differentiable with
derivative

{z—f[ﬂ h]ui}(x) = (gradw)(%,) - h(x) ~ x€dD.

Proof. 'The proof is a simple application of the chain rule. a

Corollary 2. The nonplinear mapping RS : Vi = C(M), r > 13|y is Fréchet differentiable
and the derivative is given by

a(Rs P ,
(R _ —2—(I + K —inS)"' Ryt
or ar
K —1 .
+2PUI+ K — inS)—‘i(—;@(r + K —inS)~'Ral
r
—2P(I+ K — inS)_‘%ui. (40)

5. Characterization of the derivative of R*

The actual numerical evaluation of 8({R%)/8r using corollary 2 is rather lengthy. Therefore
we characterize the derivative of R® as the solution of a Dirichlet boundary value
probiem [4].

Theorem 7. 'The Fréchet derivative 3R*(r; £)/8r of R® is given by the solution to the
exterior Dirichlet problem for the domain D with boundary values

— (A(x), grad u(x,)} = — (2 (x), vr(x))sTu(x) x€dD (41)

where u = u' + u® is the solution of the scattering problem.

Proof. 'We show that 3 R5(r; h)/3r given by corollary 2 is the solution of the exterior
Dirichlet problem with boundary values given by (41). R (r; k)/3r solves the Helmholtz
equation in B3\ D, and satisfies the Sommerfeld radiation condition because differentiation
with tespect to x € R®\ D, and the Fréchet differentiation with respect to r may be
interchanged. We have to compute the boundary values of 8 R*(r; h)/or.

The strip

Do R?’, H -
o= {r e Jnin |x — ¥] < w0}
is bijectively mapped onto the set {(x, 1), x € 8D, —1p < T < 1y} by
xf=x+rx)Fv(x) -t

for fixed r € V; and for T < g, Tp sufficiently small. For brevity in this proof we will write
Sir1= S8, K[r1=K, P[r] =P and R[r]= R.
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Step 1. We compute the boundary values of P( + X —inS)"1(3R/8r), i.e. the last term
of (40). Since lim;—o(2P@)(x7) = (I + K —inS)¢)(x), x € 3D we obtain

lim (— 2P+ K - inS)—‘ﬁ(r; h)ui) (x7) = m(%(r; h)ui) (x)
=0 ar ar

= —(h(x), grad ' (x,)).

Step 2. 'We want to show that for the limiting value of the first two terms in (40} we have

ar .
lim { —2;(:‘; (I + K —inS) "  Rul(x)

t—0

1 9(K —155)
or

= — {h(x), grad {us}(xr)). (42)

+2(P( + K —inS)” (rim)I + K- inS)_IRui)(xf)}

Using the chain rule we derive

a
2 (2Pl HIOT) = 5 (PO B) = (A (), rad 2P} )

( av,(x)
{7

<r;h),grad{2pqo}(xf)). @3)
ar ¥

We now take ¢ 1= (I + K —inS)"'Ru! and use 1 = ~2P( + K —inS)™' Ru! to obtain
for the first term of (42)

(%{-2}9}&; (I + K — ir;S)']Rui)(xf)

| L=1]

{(=2Pe)(:D} (s 1)

r

Qo

dv,(x)
ar

— (h(x), grad{s’Hx ) — (f : (r; 1), grad{us}(xf))-

Since solutions &' to the Helmholtz equation are analytic, and since (I + K — in$)~! maps
Cl#(3D) into C*(3D), we have ¢ € CH*(3 D). Therefore the term

vy (x)
ar

— (h(x). grad{u’}x;)) — <T : (r; h} gl‘ad{us}(xf)>

has the limiting value —{A(x), grad, {u*}(x,)} for T — O {2]. We know lim.oQP(J +
K —inSy o) (x7) = @(x), x € 8D. To show (42) we still have to verify that

lim i{(—2)(1’ff—’)(Jff)}(!’; h)+ i(K —inS)(r; h)sﬁ(x)} =0. (44)
=0 | Or ar
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For the sake of simplicity we will establish this only for the theoretical potential case & = 0.
The case k 5 0 can be handled analogously. We split the potential P into two parts: the
double-layer potential P; and —in times the single-layer potential P,. First we show

N ' 3
!1_% { P [P} s ) + gS(r; Bp(x) = 0. (45)
We compute

d
AEERED} 1)
=2 f CeF = 3o, hix) = BO))

lxf — 3 P
—af { 2, (y)}cr 1)p(y) ds(3)
ap 1XF = ¥l

-I-T-Zf {27 — yr, @vr (x)/07)(r; )

Ix? — y-I?

J- (o) ds(y)

- (MNe(ds(y). (46)

The continuity of the first two terms of the right-hand side of (46) for  — 0 and their
limiting value

(Xr — ¥r, B(x)Y — A(V))
2
/,

[ — 33

F(¥e(y)ds(y)

2 f ! { ch)}cr Be(y) ds(3)

o |x — ¥l

= [(— %S(r; h))qo](x)

is a consequence of theorem 2.7 of [2). The third integral in (46) can be written in the form

(B”r(")( ", (grad f 1 J(y)ca(y)dscy))
D1 =¥l

x

) (47)

Since ¢ € C%*(3D) the term (47) is bounded for v > 0 as a consequerice of theorem 2.17
of [2]. We find
-
x

Iimz - 2(

=0

(grad f o Tt — J ey dSCy))

and hence we have proved (45).
Now we have to show

NE K
lim {5{(—2)(1:1@)()::)}@; )+ (E(r; h)r,o)(x)} =0. (48)

The case of the double-layer potential turns out to be more complicated. We use the
decomposition v,(x7} = @(x)w,(x7) + u,(x7), where v, denotes the double-layer potential
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on a0, with density ¢ given by (5). w, denotes the double-layer potential with constant
density 1 and #, is defined by

aq) 1‘, r
U (57) o= f 80 3 1) — @)1, (3) ds (). (49)
ap Gv ()
‘We obtain .
3 8
5{(—2)(1’140)(#)}(?": h) = (—Z)E{qo(x)wr(xf) +ur(xP)}
a T
= (-9 {u (D)
and

3 3
b—;{Kco}(r; n(x) = 25{sa(x)wr(xr) + ur(x:))

a
= za{ur (xr)}
since w,(x}) = 1if 7 > 0 and w,(x}) = 0.5 if T = 0 for all r € V;. We have to verify the
continuity of 3{u,(x7)}/3r for ¢ — 0. We compute

3 3
G0 = [ 0,00, 5 = ) )1 ()P0 — )] ds(3)
or ]xr - ¥ l

ar -
— ;= I a/9 T - :
f e () x5 = 3} 3) e — yr, B3r)(x7 — ¥ )i B))

Ix: -y’

X T (Pe(y) — @x)1ds(y)
1 d
+f (Ve () X7 — Yl 5 =M ey} — @(x)1ds(y)
ap [xT — ¥, |7 ar

(50
and
3
a—(x,f — v Wr;h) =h(x) — (51)
r
with
]
‘3—(# — ¥ )ik} <clxf — yl. (52)
;

Using the estimate (37) we obtain the continuity of 8{u.(x7)}/8r as a consequence of the
following lemma 3. 0

Lemma 3. For ¢ € C(3D) define

1
B0D = [ 0005 = Kb I HORO) — e 456

[r_l"l

(33)

and

h(xf) = f 57 o). xp = ye)r; h) 5 Me(n) — )] ds(y)

,,i

(54)

where the kernel K is continuously differentiable with respect to x, x # y, K5 is bounded
and we have |0K(x, ¥)/8x| € C/ix — y| for all x # y. Then &, and &, are continuous in
D%,
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Proof. Using

e ), 2 = ¥}l < Lixe — 3,2 (55)

[2] and (37), we observe that the integrals exist as improper integrals for T = 0 and represent
continuous functions on 9.D,. It suffices to show that

lin(u)ii;(xf) = i;(x) i=1,2

T=>

uniformly on 8D,. We carry out the proof for #;.
Define

Wrn(x, y) i= (), x — ¥} Kpnlx, yy——= /().

1
lx — ¥]
Using (55) for sufficiently small T we obtain
xF = 32 = Lty = yrl® 205 — yp, XF —x) + X — %,
= %{lxr - yrlz + [xf '_‘xrlz}-
Then with the decomposition
ve(Nx7 — 30 = vePI] — )+ 000 (xr — 37)
for all g < Q, by projecting onto the tangent plane, we obtain

el I A SN b 2de
o ria X Yr ¥ % A e - r A (92+|x;—x,|2)3/2

' —Clg+1)<C@+1) (56)

with S, 1= 8D N K,;(x) and some constant C depending on 30 and r. From the mean-
value theorem we see that

|2

[x] — x|
]lyr;k(x:: yr) - lL‘r;.&(x.v-- yr)]  C—F r3
| T yr[
for 2|xf — x,] < |x, — y,| and therefore
%7 — x|
f I\IJ,;;,(x,f, )= W (e, ¥e)lds(y) < Cs.’—3r- 57
D\S, ¢ : q

with some constants C; and Cs. Now we can combine (56) and (57) to obtain

lszlcx:)—alcxma{ sup o(3) — w(xr)l-:_%} (58)

ly—=xl<g
for some constant €. Given ¢ > O we can choose g > 0 such that

lo(y) — @(x)| < €/2C

for all y,x € 3D with {y — x{ < ¢ since ¢ is uniformly continuous on 8D. Then taking
8 < (€/2C)q°, we see that

latx?) — )| < e
for all |x] — x,] < & and the first part of the lemma is proved. The second part can

be proved imitating the preceding proof but using (8/8r){v, (¥}(xF — ¥ }}(r; k) instead of
V(] — ¥ O

Remark., We finally want to look at the statement of theorem 7 from a heuristic point
of view. The boundary values of the Fréchet derivative of the scattered field are the sum
of the two terms —{h(x), (grad u)(x,)} and —(h(x), (grad *)(x,)). The first term is the
boundary values of the Dirichlet problem with a given function —(&(x), (grad #)(x,)} on
the boundary. This term comes from the change of & when the incident field is varied. The
second term can be considered locally as the change of #® when the boundary is tranglated
in direction (x).
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