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FRECHET SUBDIFFERENTIAL CALCULUS AND OPTIMALITY
CONDITIONS IN NONDIFFERENTIABLE PROGRAMMING !

B. S. MORDUKHOVICH 2, N. M. NAM 3, N. D. YEN ¢
Dedicated to Diethard Pallaschke in honor of his 65th birthday

We develop various (exact) calculus rules for Fréchet lower and upper subgradients of extended-real-
valued functions in general Banach spaces. Then we apply this calculus to derive new necessary
optimality conditions for some remarkable classes of problems in constrained optimization inciuding
minimization problems for difference-type functions under geometric and operator constraints as
well as subdifferential optimality conditions for the so-called weak sharp minima.

Keywords: Variational analysis and constrained optimization; Fréchet normals, subgradients, and
coderivatives; Subdifferential calculus; Necessary optimality conditions; Difference-type functions;
Geometric and operator constraints; Weak sharp minima
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1 Introduction

This paper.is devoted to the study of generalized differentiation and its applicaticns to the
first-order necessary optimality conditions for constrained optimization problems in infinite-
dimensional spaces. Let ¢: X — IR := [—oc,00] be an extended-real-valued function on
a Banach space X. One of the most simple derivative-like objects, the so-called Fréchet
subdifferential of ¢ at a domain point £ with |{Z)] < oo, is defined by

~

Bp(z) = {:c € Xx”

limipf @(z) - Sﬁl(li)_—ﬁ(ﬁ:*,z — ) > 0}_ )

When “liminf” is replaced by “lim” and the inequality “> 0” is replaced by the equality
“= (" in (1.1), we have the classical definition of the Fréchet derivative/gradient of ¢ at Z;
that is where the name of “Fréchet subgradients” comes from.

It follows directly from definition (1.1) of Fréchet subgradients z* € 599(9‘:) that the
following generalized Fermat rule holds:

de do(z) (1.2)
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whenever 7 is a local minimizer for ¢: X — R. Considering now the general construained
minimization problem in a Banach space:

minimize {x) subject to z€ Q C X, (1.3)
- we equivalently reduce it to the unconstrained problem:
minimize @(x}+8(z;), =z € X, (1.4)

involving the indicator function §(-;<2) of the set  that equals 0 if z € §2 and oo otherwise.
Applying Fermat’s rule (1.2), we get '

0 € 8[p + ()] (@),

whenever & is a local solution to the constrained problem (1.3). To proceed further in
constrained optimization and obtain valuable optimality conditions in terms of the initial
data, we need to have satisfactory calculus rules for Fréchet subgradients, which is generally
not the case. In particular, the desirable sum rule

Bp1 + 2)(5) C By (3) + Bipa(7) . (1.5)

does not hold even in the simplest nonsmooth settings, e.g., for the functions ¢;(x) = |z|
and @y(z) = —|z| on the real line. On the other hand, Fréchet subgradients satisfy the so-
called “fuzzy calculus” under natural conditions involving a broad class of Banach (namely
Asplund, particularly reflexive) spaces; see the recent books by Borwein and Zhu [1] and
Mordukhovich [4] with the references therein, However, such fuzzy calculus rules, which
allow us to approximately represent Fréchet subgradients of sums and other compositions
at points of interest via Fréchet subgradients of separate functions at points neerby, are
not very useful for a number of applications including necessary optimality conditions in
constrained optimization. “Exact” calculus rules dealing only with points of interest (e.g.,
with minimizers) are essentially more desirable for the majority of applications. Unfortu-
nately, such an exact calculus is not available for Fréchet subgradients in reasonably general
settings, which significantly restricts the scope of their applications. -

The primary goal of this paper is to develop ezact calculus rules for Fréchet subgradients
and related constructions in arbitrary Banach spaces. Surprisingly, it can be done for a
variety of calculus rules under certain assumptions mostly related to the nonemptiness of the
Fréchet subdifferential or its upper (superdifferential} counterpart for some of the functions
involved in compositions. The new calculus results obtained in this paper particularly
include chain, difference, product, and quotient rules in a rather surprising generality.

The main tool of our analysis is a smooth variational description of Fréchet subgradients
in general Banach spaces; see the next section. This description allows us to establish,
instead of the sum rule (1.5) that is not true, the following striking difference rule

S —p@c | Be@ -] cdee) - deala), (1.6)
z*€Bp2(7)



provided that 8io(Z) # 0. Due to the stationary principle (1.2), the difference rule (1.6)
immediately implies that R .

0pa(Z) C 0 () _ (1.7)
at a local minimum point Z for the difference ¢ = ¢ — Y2 of general extended-real-valued
- functions in Banach spaces. For the case of convex functions y;, their difference ¢ — s is
called a DC-function (i.e., the difference of convex functions), and the necessary optimality
condition (1.7) was first established probably by Hiriart-Urruty. [3]. By now the class of
DC-functions has become an attractive object useful in many aspects of optimization theory
and applications. The reader can find more information on such functions and related topics
in, e.g., Pallaschke and Urbarisky [6], Penot [7], and the references therein. Note that the
latter paper contains necessary and sufficient conditions of type (1.7) and their second-order
developments in-both convex and nonconvex settings.

The difference rule and its consequence (1.7) happen to be useful to derive efficient
necessary conditions for sharp minimizers in the sense of Polyak [9] and in some other
settings. Further results for minimizing of difference functions subject to general geometric
“and operator/functional constraints are obtained in this paper by combining calculus rules
for Fréchet subgradients with a more developed-calculus of basic/limiting subgradients by
Mordukhovich [4] in the framework of Asplund spaces.

The rest of the paper is organized as follows. In Section 2 we present basic definitions
and preliminaries, which are widely used in the sequel. Section 3 contains new calculus rules
for Fréchet subgradients of extended-real-valued functions and the corresponding coderiva-
tives of set-valued mappings. Section 4 is devoted to applications of these results and also
calculus rules for limiting subgradients to deriving necessary optimality conditions in vari-
ous nonsmooth problems of constrained difference programming, i.e., optimization problems
whose cost functions are given as a difference of some nonsmooth functions.

Our notation is basically standard; see the books by Rockafellar and Wets [11] and by
Mordukhovich [4). All the spaces are supposed to be Banach unless otherwise stated.

2 Basic Definitions and Preliminaries

Given an extended-real-valued function ¢: X — IR, the Fréchet subdifferential, i.e., the
collection of Fréchet subgradients of ¢ at £ € dom¢, was defined in (1.1). Sometimes this
construction is called “regular subdifferential” as in Rockafellar and Wets [11]. Furthermore,
(1.1) agrees with the Crandall-Lions subdifferential of ¢ at Z from the theory of viscosity
solutions to nonlinear partial differential equations.

A characteristic feature of Fréchet subgradients is the following smooth variational de-
scription held in any Banach space; see {4, Theorem 1.88(i}}.

Proposition 2.1 (smooth variational description of Fréchet subgradients). Let
@w: X — IR be finite at . Then z* € 5(,9(3'5) if and only if there are a neighborhood U of
Z and a function s: U — IR, which is Fréchet differentiable at T with the derivative Vs(T)
and such that

5(2) = p(Z), Vs(&)=1z", and s(z) <z} forall zeU.



On the other words, every Fréchet subgradient of an arbitrary function ¢ at T can be
equivalently described via the classical Fréchet derivative of another function s such that
can find more involved smooth variational descriptions of IFréchet subgradients of functions
defined on “smooth” Banach spaces (i.e., those admitting an equivalent smooth renorm or
bump function), but they are not used in this paper.

Along with Fréchet subgradients (which are sometimes called lower subgradients, while
usually *lower” is taken for granted), we need to employ in what follows an upper counter-
part of (1.1) called the Fréchet upper subdifferential (sometimes “Fréchet superdifferential”)
of ¢p: X — IR at & with |¢(Z)| < oo and defined by :

5% () = —B(~p)(3). 2.1)

It is easy to observe from the definitions that if the sets 82(Z) and 8+ (%) are nonempty
simultaneously, then ¢ is Fréchet differentiable at Z with

5 o(z) = Bp(z) = {Ve(3)}.

Due to the symmetry in (2.1), properties of (lower} Fréchet subgradients automatically
imply those for the upper counterpart; so it is sufficient to consider only the lower version.
Let us emphasize, however, that in some situations we need to use both constructions
(1.1) and (2.1), although for different functions involved in calculus rules and optimality
conditions—this is one of the strongest points made in this paper!

Another useful (while elementary) property of Fréchet subgradients is the following sum
rule for two functions on a Banach space when one of these functions is Fréchet differentiable
at the point in question; see, e.g., [4, Proposition 1.107(i)].

Proposition 2.2 (sum rule with a differentiable function). Let p;: X — R be finite
at %, and let p2: X — IR be Fréchet differentiable at T. Then

B(p1 + 2)() = By (3) + Vepa(2).

As mentioned, a desirable sum rule of the inclusion (not even talking about equal-
ity) type (1.5) does not hold for Fréchet subgradients of sums involving both nonsmooth
functions. Such a desirable/full caleulus is available for the so-called basic (or limiting) sub-
gradients, which can be viewed as a sequential robust reqularization of Fréchet subgradients
and its e-enlargements. A comprehensive theory and applications of the latter subgradient
and associated normal and coderivative constructions are developed in the books by Mor-
dukhovich (4, 5|, which are widely used in what follows. We also refer the reader to the
book by Rockafellar and Wets {11] for related developments in finite-dimensional spaces.

To describe limiting subgradients for extended-real-valued functions on Banach spaces,
we first need to recall an appropriate e-enlargement of the Fréchet subdifferential known as
the e-subdifferential (or the collection of e-subgradients) of ¢: X — IR at Z with jp(Z)| < 0.
It is defined by

it £08) = () = ("2 = 3
o R

c’icp(;ﬁ) = {m* € X"

—e}, e>0, (2.2)



where gotp(a’s) := 8y(Z). Then the basic/limiting subdifferential of ¢ at Z is defined by

do(Z) := Lim sup B.p(z), S (2.3)
;Ei?:i
el
where “Limsup” stands for the sequential Peinlevé-Kuratowski upper/outer limit of a set-
valued mapping F': X x [0,00) = X* given by F(z,¢) := 5590(&?) with respect to the norm
topology of X and weak* topology of X*, and where z - Z means that ¢ — Z with
p(z) — ¢(T); see [4]. Note that, by [4, Theorem 2.34], we can equivalently put ¢ = 0 in
(2.3) if @ is lower semicontinuous (l.s.c.} around & and if the space X is Asplund, i.e., any
of its separable subspaces has a separable dual; the reader can find more information on
Asplund space in [4] and/or in the book by Phelps (§]. . '
It follows from (2.3) that Bp(Z) C 8p(Z). A function ¢: X — IR is called lower regular
at & with |p(Z)| < oo if

0 () = Do (®). (2-4)

Besides the classical cases of convex functions and those strictly differentiable at Z (in
particular, smooth functions), the latter class includes substantially broader collections of
functions encountered in variational analysis and optimization; see [4, 11]. If ¢ is lower
regular at Z and locally Lipschitzian around this point, then 5(,0(:1‘3) # () provided that X is
Asplund. This is due to p(Z) # 0 under the above conditions; see [4, Corollary 2.25].
Given a set ! C X and a point T € £, we define the Fréchet normal cone (or prenormal
cone) N(Z; Q) and the basic/limiting normal cone N(Z; ) to Q at Z by, respectively, -

N(zQ) = 85(z;Q) and N(;Q) = 88(z; Q) ~(2.5)

via the corresponding subdifferential of the indicator function. A set  is called normally
reqular at T € Q if N(Z; Q) = N (%; ). Besides convex sets and those with smooth bound-
aries, this class includes also various sets that exhibit locally convex-like and other “nice”
behavior; see [4, 11}. For some applications in this paper, we need the construction

- 0%p(z) = {a” € X7 (2",0) € N((2,0(2));epi )} (2.6)

of the singular subdifferential of p: X — TR at # with |p(Z)| < oo defined via the limiting
normal cone (2.5) to the epigraph

epiy = {(a:, p) € X x R| p = p(z)}.

Note that 8%@(Z) = {0} if ¢ is locally Lipschitzian around Z; see [4, Corollary 1.81].
Given a single-valued mapping f: X — Y between Banach spaces with the graph

goh f 1= {(z,y) € X x Y|y = f(=)},

and a point (%, f(%)) € gph f, we need the following two coderivative constructions -
D*#@)(y") = {z" € X*| (=", —y") € N((&, F(@));eph )}, (27)
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D' f@) (") = {z" € X*| (=", —y") € N((z, f(2));8ph )} (2.8)

called, respectively, the Fréchet coderivative and the limiting coderivative of f at Z. Note
that the coderivative (2.8) is called “normal coderivative” and is denoted by D% in [4] to
distinguish it from the other limiting coderivatives considered in [4]. Here we do not need to
consider any other limiting coderivative but (2.8) and also to use coderivative constructions
for set-valued mappings comprehénsively studied in [4]. Observe that

D' 1@ ") = {VI@E)y'} and resp. D*f(z)(y") = {V(5)'y"}
if f is Fréchet differentiable and strictly differentiable at &, respectively, where V f(Z) stands
for the corresponding derivative of a single-valued mapping.

Finally in this section, ‘we recall two notions of the so-called “normal compactness”
for sets and functions, respectively, used in the paper. Both properties are automatically
fulfilled in finite dimensions; they concern relationships between weak* and strong conver-
gences to 0 in dual spaces and hold for “reasonably good” sets and functions. Since they
are employed in this paper only in the Asplund space setting, we present their simplified
definitions equivalent in Asplund spaces to the general ones given in [4].

A set Q is sequentially normally compact (SNC) at z if for any sequénces Ty, 2 7 and
xt € N(zy:§) one has '

[ %5 0] = [llz — 0] as &k — oo,

where x;, 2,  stands for zp — T with 2, € Q, and where w* signifies the weal™ topology
of X*. The SNC condition is automatic when {) satisfies the so-called “compactly epi-
Lipschitzian” property in the sense of Borwein and Strojwas, particularly when it is convex
and finite-codimensional with nonempty relative interior; see I1, 4] for more details.

A function @: X — IR is sequentially normally epi-compact (SNEC) at a point Z with
le(Z)| < oo if its epigraph is SNC at (Z, ¢(Z)), which is equivalent (for 1.s.c. functions on
Asplund spaces) to : '

[z 5 0] = ||z}l — 0 as k— oo

for any sequences (zx, ), Ap) € X x X* x {0, 0o} with zy 2 Z, M | 0,and x} € Akgw(wk);
see [4, Corollary 2.39]. This property always holds for locally Lipschitzian functions and
their appropriate extensions.

3 Calculus of Fréchet Subgradients and Coderivatives

In this section we collect new ezact calculus rules for Fréchet subgradients of extended-real-
valued functions on arbitrary Banach spaces. We also present some related calculus results
for the coderivative associated with the Fréchet subdifferential.

Our first theorem provides a principal difference rule for (lower) Fréchet subgradients,
which can be equivalently formulated as a sum rule for lower subgradients with the usage of
upper subgradients of one the functions involved. As mentioned, the proof of this result is
based on the smooth variational description of Fréchet subgradients for extended-real-valued
functions in the general Banach space setting; see Proposition 2.1.



Theorem 3.1 (difference and sum rules for Fréchet subgradients). Let ¢;: X — R
be finile al T for i =1,2. The following assertions hold:
(i) Assume that Op2(Z) # 0. Then

dp—e@c [\ Bn@-21cdn@-de@. (1)
€82 ()

(if) Assume that 81 (Z) # 0. Then

Borte)@C () [3"+30a(3)] €5 0r(3) + Bpa(3).

zeFtrp(E)

Proof. To prove (3.1}, fix any u* € 8(p1 — ©3)(%) and z* € 5902(53). Using the smooth
variational description of Proposition 2.1 for the Fréchet subgradient z* € 8ypq(Z); we
find a real-valued function s{-} defined in a ne1ghborhood U of Z such that s(-) is Fréchet
differentiable at # satisfying the relations

8(Z) = (&), Vs(F)=2z% and s(z) < ¢a(z) for z €U (3.2)

Picking any e > 0 and applying definition (1.1) to the Fréchet subgradient u* € 5((;31 -
@2)(E), we find > 0 such that

("2 — 2) < 01(z) — () — (01(Z) — 0a(T)) + |z — 2|
< ou(Z) — s(z) — (01(Z) — 5(2)) +ellz — 2|,

whenever lz — &l <'#. Using now (3.2) and Proposition 2.2, we get
u* € 8(p1 — 5)(2) = 81 (7) — V(&) = D1 (8) — 27,

which justifies the difference rule (3.1).
- To prove the sum rule in (i), it suffices to denote ¥(z) := —p1(z) and to apply the
difference rule (3.1) to the representation 1 + o = g — . ' FAY

By Proposition 2.2 the inclusions in (i) and (i) of Theorem 3.1 become equalities if one
of the functions is Fréchet differentiable at % Equalities hold in other (fully nonsmooth)
cases as well. For example, one can check that for

p1(x) == |2| and @a(z) = +/|z|, zER,

we have 9, (0) = {—1,1], p2(0) = R, and 8(1 — 3)(0) = IR, ie, the equality holds in
(3.1). Observe also that the assumption on d@2(Z) # @ is essential for the fulfillment of
(3.1). Example: ¢1(2) := |z| and @a(x) := —|x| with' Z = 0.

Let us present two consequences of Theorem 3.1. The first one concerns the so-called DC-
functions, i.e., differences of convex functions, whose importance has been well recognized
in optimization theory and applications; see, e.g., [3, 6, 7). We keep the notation & for
the subdifferential of convex analysis with which both Fréchet and limiting subdifferentials
agree in the case of convex functions.



Corollary 3.2 (subgradients of DC-functions). Let @ := @1 — 2 be a DC-function,
where o 15 continuous at . Then

dp(@) =Blpr—p)@ c [ [0p(@) - 2.

z*Edpa(E)

Proof. It is well known from convex analysis that the subdifferential of every convex
function is nonempty at a point of continuity; see, e.g., [8, Proposition 1.11]. FAY

Observe that the continuity requirement on s in Corollary 3.2 can be relaxed to the
significantly weaker one z € ri (domse) if X = IR™. This follows from the classical subdif-
ferentiability result of finite-dimensional convex analysis; see [10, Theorem 23.4).

The second corollary of Theorem 3.1 gives a new and useful difference rule for the
limiting subgradients (2.3) in the the framework of Asplund spaces.

Corollary 3.3 (difference rule for limiting subgradients). Let X be Asplund, let oy
be l.s.c. around T, and let vy be continuous of & and such that 5902(.’1.‘) is nonempty end
uniformly bounded around this point; all the assumptions on @2 are automatic when w2 is
convez and continuous around ¥. Then

Bip1 — @2)(T) C 01 (&) — Da(Z). (3.3)

Proof. Pick any z* € d(p1 — v2)(Z) and, by the representation of basic/limiting subgra-
dients of 1.s.c. functions on Asplund spaces from [4, Theorem 2.34], find sequences =, — &

and 2} %5 2° satisfying o1 (zx) — 2(zk) — 1(Z) — @a(7) and
zt € By — a)(wy) forall ke IV :={1,2,...}. O (34)
Applying Theorem 3.1(i) in (3.4), we select sequences «}, € ggai(wk) as i = 1,2 such that
x} = ], — x5, for all ke IN. (3.5)

Since the sets 5(,92(117) are uniformly bounded in the dual space to an 'Asplund space, we
assume without loss of generality that the sequence {3, } weak™ converges to some zj € X*.
The continuity of e gives (k) — wa(Z), and hence w1(zx) — @1(Z) as k — oo by the
above choice of {z}. By definition of the limiting subdifferential, this immediately implies
that 3 € Bpq(Z).

Furthermore, it follows from (3.5) that the sequence {z},} weak* converges to some
a3 € X*, which must belong to d¢1(Z) by the discussions above, Passing to the limit in
(3.5), we conclude that z* € 8p1(Z) — p2(Z) and complete the proof. A

Remark 3.4 (difference rule for proximal subgradients). Similar considerations al-
low us to establish analogs of Theorem 3.1 and related results presented below for the
so-called prozimal subgradients of : X — IR defined on Banach spaces by: z* € Opp(Z) if
only if there are positive numbers ¢ and 7 such that

(z*, & — Z) < p(z) — p(Z) + ollz — #||* whenever ||z —z| < n.



The proximal counterpart of the difference rule (3.1) is formulated as:

Oplor—0)@) C [ [8per(®) — 2] C Bppr(5) ~ Oppa()
z*Edpps(T)

provided that Opws(Z) # 0.

Given a single-valued mapping f: X — Y between Banach spaces, we consider its
scalarizetion defined by

W MHz) =" flz)), zeX,
for any y* € Y*. The next proposition gives a useful relationship between the Fréchet
coderivative {2.7) of Lipschitzian mappings and Fréchet subgradients of their scalarization.

Proposition 3.5 (scalarization formula). Let f be Lipschilz continuous around Z.
Then one has the equality

B*#@)y") = 8", N3) for all y* € Y™,

Proof. Pick any z* & g(y*, (&) and employ definition (1.1} of Fréchet subgradients.
Given ¢ > 0, find 5 > 0 such that

(z",2 — &) < (", f(2)) — (", /(@) +ellz — || whenever ||z —Z{ <n.
Furthermore, for all z € X we obviously have
(=", 2 — &) — (", f(z) = (@) S elle — || < ellz — 2] + |If(z) — @)D,

which implies (z*,—y*) € N((Z, f(Z)); gph f) and hence z* € D*f(Z)(y*).

To justify the opposite inclusion in the proposition, we assume that f is locally Lips-
chitzian around Z with modulus £ > 0. Taking arbitrary z* € D* f(Z)(y*) and € > 0, we
find 1 > 0 such that

(a2 —2) — (y", f(z) — F(@) L e(llz — 2| + |1f () = F@) < (£ + Vel - 2|
whenever ||z — Z|| <. Thus one has for such = that
" =) = " @ — @72 - &) 2 ~(€+ Dellz - 2,
which yields z* € 8(y*, f)(&) and ends the proof of the scalarization formula. _ A

Combining now the results of Theorem 3.1 and Proposition 3.5, we arrive at the differ-
ence rule for Fréchet coderivatives of Lipschitzian mappings between Banach spaces.

Corollary 3.6 (difference rule for Fréchet coderivatives). Lei fi: X — V¥, i=1,2,
be Lipschitz continuous around £. Then

a-p@w e () [DA@W) -2 foral y Y (36)
' zeD* f2(2)(*)

provided that D* fo(E)(y*) # 0. Purthermore, inclusion (3.6) holds as equality if fa is Fréchet
differentiable at . '



Proof. Since 5(y*, fa)(&) = ﬁ* fa(Z)(y*) # 0 by the scalarization formula, we have from
Theorem 3.1 and Proposition 3.5 that

Dh-p@w) =8 n-nEc N 0@ -]
s eB(y* f2)(ENy*)
= N [DAEG) -2
o eD* f2(2)y™) ,
which implies (3.6). The equality in (3.6) when f; is Fréchet differentiable at Z follows
immediately from Propositions 2.2 and 3.5. A

Next we establish an eract chain rule for Fréchet subgradients of generalized composi-
tions given by

(w0 @) = plz, f(z)) (3.7)

that involve extended-real-valued functions p: X xY — IR and single-valued mappings
f: X — Y between arbitrary Banach spaces. Note that the following theorem and its
consequences express Fréchet (lower) subgradients of compositions via Fréchet upper sub-
gradients of the outer function ¢ as in (3.7). The proof of this theorem is based, similarly
to Theorem 3.1, on the smooth variational description of Fréchet subgradients from Propo-
sition 2.1.

Theorem 3.7 (chain rule with generalized compositions). Given (3.7), suppose that
f is Lipschitz continuous around T and @ is finite ot (Z,7), where § := f(Z). Furthermore,
we assume that 8T (Z,7) # 0. Then

blpen@c ) [+ HE)] (3.8)
(@ y*)eB+ o(@.9)
If in addition ¢ is Fréchet differentiable at (Z,7), then

By o £)(@) =a* + By, )(@) with (2*,y") = Ve(3,7). (3.9)

Proof. Take arbitrary subgradients u* € 8(p o £)(Z) and (z*,y*) € 8+o(Z,7). Since

-~

(—-z*, —y*) € O(—)(%,7) by definition (2.1), we employ Proposition 2.1 and find a function
s: U — IR, which is Fréchet differentiable at (Z,§) satisfying

0(3,9) =s(Z.9), Vs(&7)=("y"), olzy) <s(z,y) foral (z,y) €V, (3.10)

where U is a neighborhood of (Z,%) in X x Y. Now employing definition (1.1) for the
Fréchet subgradient u* € (¢ o f)(Z) and then its smooth variational description in (3.10),
for any ¢ > 0 find 1 > 0 such that

(W' z - Z) < plz, ()} — (2, £(2) +eflz - 2|
< s(x, f(z)) — s(Z, f(T)) +ellz — 2|
= (g2 - 2) + (", f(2) — /(@) + ol|lz — || + | /(=) - F(@) +ellz — 2|
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for all [z — Z|| < ». This implies
(W' =22 - &) — ", f(z) - (@) < olllz — 2| + | f{z) — F@) +ellz — 2]
whenever ||z — Z|| < n. Hence |

e — e —8)— 4 f(@) ~ 1))
R T el + (@) - f@N

Since £ > is arbitrary, we arrive at the inclusion
(u* — 2", —y*) € N{(z, £(5));gph f),
which yields, by definition (2.7) and Proposition 3.5, that
v~ o € D' @) = By, £)(@),

Le., u* € z* + O{y*, f}(Z). This justifies the inclusion chain rule (3.8).
Let us prove the equality chain rule (3.9) provided that ¢ is Fréchet differentiable at
(Z,7). Observe that (3.9) readily implies the inclusion

Bl o f)(E) C = + B(y*, 1)(@).

Thus it remains to justify the opposite inclusion in (3.9). We proceed as follows: suppose
that w* ¢ 8(w o f)(#) and then show that u* ¢ z* + 8(y*, f)(Z), which is equivalent to

<& whenever € > 0.

u* ¢ ot + D' f(Z)(y") (3.11)
by the scalarization formula of Proposition 3.5. Since u* ¢ 8(p o F)E), we have

limint £ )@) —(po @) — (w2 -2)

a3 = — 2|

< 0.

This means that there are £ > 0 and a sequence z; — I such that z; # Z for all k-and that

plzx, flzx)) = o2, f(2) — (W2 — ) _
bz — 2| -

z. | (3.12)
Putting yx := f(zx), we conclude from (3.12) that

(u*, zx — T) 2 p(zr, ) — ©(Z, ) +Elzs ~ Z||
= (Vo(Z, 7, (zx — Z, 96 — §)) + o([lz — Z[] + |lyx — @I + Ellzx — Z]
= (" zk — T) + ", v — T) +o(llzx — 2| + llyx — Zl) + Ellzx — Z[|-

Taking into account that
ok — 21 > (1/0)llye — 5] for large ke IV
by the Lipschitz continuity of f around Z with modulus £, we get
= _ E _ E _ " _
(' —a% o = 2) — (" g = B) 2 5 hee — 2l + llye — gl + olllzk — 20+ llye — 71)

2> &(llex — 2| + llve — g + olllz — 2] + llan — ),
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where £ := min {€/2,€/(2¢)}. This implies

(w—z%z—2)— "y —§)

limsup _ . >z
(=) 2 (5.9) = — 2|l + lly — #ll
which shows that (u* — 2, —y*) ¢ N((Z,7); gph f) and thus justifies (3.9). A

When ¢ = ¢(y) in (3.7), we immediately get from Theorem 3.7 the following chain rule
for usual compositions (p o f)}{z) 1= o(f(z)).

Corollary 3.8 (chain rules with usual compositions). Let f: X — Y be Lipschitz
continuous around %, and let w: Y — IR be finite at i := f(T). Then

BpoN@c [ W, N@ (3.13)
y b+ p(g)
if Gt (g) # 0. Moreover, (3.13) holds as equality when  is Fréchet differentiable at §.
Based on the major calculus results of Theorems 3.1 and 3.7, we derive now some other

useful calculus rules for Fréchet subgradients in arbitrary Banach spaces. The next theorem
gives a general product rule involving Lipschitzian functions.

Theorem 3.9 (product rule for Fi_‘échei: subgradients). Let the functions @;: X —
R, i = 1,2, be Lipschitz continuous around Z. Assume that 8{ — ©1(Z)ps)(T) # 0. Then
one has the product rule inclusion

8(p1 - 2)(3) C N [6(ip2(2)01) (F) — 2], (3.14)

2*€B(—p1(Z)p2) (%)

which holds as eguality provided that wy is Fréchet differentiable ot T.
Proof. Define f: X — IR? and v: IR? — IR by setting

f{z) = (p1(z), w2(z)) and P(yi,y2) =91 v

Then @1y = o f, and we use the chain rule from Corollary 3.8, which is more convenient to
write via the coderivative by taking into account the scalarization formula of Proposition 3.5:

81 - 2)(2) = D*F(&)(VU(f(3)) = D’ f(2) (2(5), 1 (2)). (3.15)

Since f(z) = fi(z} - fa(z) with fi(z) := (p1(x),0) and fa(z) := (0, —p2(z)), we derive
from the difference rule of Corollary 3.6 that

D* f(&)(u1, ua) € N [BAhE) () - 7). (3.16)

w*eD* fa(2) (rer 12)

Since gph f1 = gph1 x {0}, we conclude from the elementary product formula for Fréchet
normals that '

N((f; fi(Z));eph f1) = ﬁ((ﬁ, ¢1(Z));gphs) x R

12



and similarly for fs. Therefore

D* 1@ (2(8), 01(3)) = D*01(2) (102(8)) = O(pa@)) (2),
D* f2()(2(2), 1(2)) = D*( - p2(B){91(2)) = 9( — 01(2)2) (),
and thus the inclusion (3.14) follows from (3.15) and (3.16).
The equality in (3.14) under the Fréchet differentiability of o at Z follows from the

equality in (3.16) under the equivalent Fréchet differentiability of f at this point due to
the equality case of Corollary 3.6. _ FAY

Before proceeding with the quotient rule for Fréchet subgradients, let us present a simple
reciprocal rule, which always holds as equality being thus of independent interest.

Proposition 3.10 (reciprocal rule for Fréchet subgradients). Let ¢: X — R be
locally Lipschitzian eround T with @(Z) # 0. Then

501/ (21  D=2)E) |

O(l/p)(E) = ——===. ' , 3.17
(1)@ = Zotaye .17

. Proof. Putting 4(z) := 1/z for all © # 0, we have 1/p = 1 o ¢. Thus Corollary 3.8 and

Proposition 3.5 ensure the equalities

B5(1/¢) (@) = 8(y 0 p)(&) = HVH(p(2)), p) (@) = D*0(@) (V((Z)).
Since Vi(p(Z)) = —1/[(p(2))?], we have

B*(@) (V(0(@)) = Bro@)( - F(i‘))—z) =8( - (Tp(—l-)ﬁw) (@) = ((p('li))zé“(—so)(i),
which justifies the recip;‘oéal rule (3._1.7'). o A

Next we derive the quotient rule for Fréchet subgradients of locally Lipschitzian functions
on arbitrary Banach spaces.

Theorem 3.11 (quotient rule for Fréchet subgradients). Letp;: X - R, i=1,2,
be Lipschitz continuous around & with py(Z) # 0. Assume that d(p1 (Z)p2)(Z) # 0. Then
one has the inclusion . .

dee)@c

z*€8(ip1 (2 002)(5)

[6(p2(2)p1) (E) — ]
{pa(E))? '

(3.18)

which holds as equality if 2 is Fréchet differentioble at Z.

Proof. We obviously have the composite representation ¢;/p2 = 9 o f with f: X — R?
and ¥: IR?* — IR defined by

F(@) = (p1(®), pa(z)) and Py, 1) = u1 /1.

Classical calculus gives us the equality

L 1 (@)
Vi(f(z)) = (m(f)’ ((,02(57))2> '
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Observe that f = fi — fo with fi(z) := (¢1(z),0) and fa(z) := (0, —p2(z)). The assump-
tions made ensure, by the scalarization formula of Proposition 3.5, that

A* 1 _ (Pl(_) 1 _ 2 ,
D f2(¢2(5;)’ (pal@ ))2) (@) 8(p1(2)¢2)(2) # 0 and

05 ey o) = ()

Employing therefore the difference rule from Corollary 3.6 and then the chain rule from
Corollary 3.8, we get

8(p1/2)(E) C N [g(gpz(w))(m) o ]

T*E Wa(lpl {(B)w2)(z)

_ pa(Z)p1)(F) — z*
- N [ (2(2))? } ’

2*€8{i1 (B)2) (2)

where the inclusion holds as equality if g is Fréchet differentiable at Z. This completes the
proof of the theorem. , : . A

Note that the reciprocal rule of Proposition 3.10 is generally independent from the
quotient rule of Theorem 3.11, since (3.18) is proved to hold as equality if ¢y is Fréchet
differentiable at Z, while there is no such a restriction in the reciprocal rule (3.17}.

To conclude this section, we derive a useful rule for evaluating Fréchet subgradients of
the minimum function

(Agi)(z) == min {@i(z)| i = 1, ,n} with ;: X = 1R and n>2
important in many applications. Denote I{z) := {J € {1,...n}| p;(z) = (A@:i)(z)}.

Proposition 3.12 (Fréchet subgradients of minimum functions). We always hove
the inclusion

drned@ c [ Bos@)
jelz)
Proof. Take z* € 5(/\907;)(5:) and for any £ > 0 find 5 > 0 such that
("2 — 8) < (Api) (@) — (Api)(Z) + ez - Z|

whenever ||z — Z|| < 1. For such z and for any j € I(Z) we have

{(x",z — &) £ {z", 2 - %) < (Ap@i)(z) — (M) (Z) + ez — T
= (A@s)(z) — (Z) + ellz - Z||
< iz} — w(Z) +ellz - 3,

which justifies z* € Bcpj( ) and completes the proof of the theorem. A
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4 Necessary Conditions in Nondiﬂ'erentiable Difference Pro-
gramining

In this section we apply the calculus results for Fréchet subgradients established in the pre-
vious section and also known calculus rules for basic subgradients to derive new necessary
optimality conditions for some classes of problems in nondifferentiable programming. The
main attention is paid to problems of the so-called difference programming, i.e., to opti-
mization problems whose cost functions are given in the difference form; see the discussions
and references in Section 1.

Let us first present simple conditions for unconstrained problems of minimizing difference
functions ¢ = @1 — 2 on arbitrary Banach spaces. - '

Proposition 4.1 (necessary conditions for minimizing difference functions). Lei
Z be o local minimizer of the difference function ¢ = @1 — a, where both v;: X — R are
finite at T. Then one has the inclusion

B2 (Z) C By (7). (4.1)
If in addition o is lower regular at &, then
Bpa() C D1 (3). (4.2)

Proof. Inclusion (4.1) immediately follows from the difference rule of Theorem 3.1 by the
Fermat stationary principle (1.1). The second one (4.2) follows from (4.1) due to the lower
regularity definition (2.4} and the inclusion 81 (Z) C 1 (E). A

Note that inclusion (4.2) does not hold as a necessary optimality condition with no
lower regularity assumption. Indeed, minimizing the difference ¢; — @3 with ¢1(z) =1 and
©2(z) = —|z|, we have T = 0 as its global minimizer. In the case 81 (0) = By1(0) = {0},
B (0} = 0, and By2(0) = {~1,1}. Thus (4.1) holds, while (4.2) is not satisfied.

Simple necessary optimality conditions of Proposition 4.1 have useful consequences for
the study of the so-called “weak sharp minima,” for which necessary optimality condi-
tions were previously obtained via Clarke generalized gradients under restrictive regularity
assumptions; see, e.g., Burke and Ferris [2] with the references therein. Now we can sig-
nificantly improve previously known results. Given a proper function ¢: X — IR and a
nonempty subset { C X of a Banach space, recall that 5 C 2 is a set of weak sharp minima
for i relative to 2 C. X with modulus a > 0 if

| w(z) > oy} + adist(z;5) forall z€Q and ye 5,
where dist(z; S} stands for the distance function of the set 5.

Corollary 4.2 (necessary conditions for unconstrained weak sharp minima), Let
S be the set of weak sharp minima for the function ¢ relative to the whole space X with
modulus oo, Then for every T € S we have

aB* NN(zZ; 8) C Hp(z), - (4.3)
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where B* C X* stands for the unit dual ball. If in addition § is normelly regular at %, then
aB* N N(%; S} ¢ Op(T). (4.4)
Proof. By definition we have
w(z) 2 vy} + adist(z; S) forall z€ X and y € S.

Thus every y & S is an optimal solution to the unconstrained problem of minimizing the
difference function 1(z) := p(z) — adist(z; S). Employing Theorem 4.1, we get

a ddist(y; §) € Bp(y). - (4.5)
It is well known (see, e.g., [4, Corollary 1.96]} that

Adist(z; 8) = N(z; 8) N B*.
Substituting it into (4.5), we arrive at (4.3). Inclusion (4.4) in the regulé,rity case follows
from (4.2) in Proposition 4.1 and the fact that the normal regularity of a set agrees with
the lower regularity of its distance function at any in-set point; see {4, Corollary 1.98]. A

Next we consider some constrained problems of nondifferentiable difference program-
ming. To derive necessary conditions for constrained problems, we mainly combine the
unconstrained results with more developed calculus rules available for basic/limiting nor-
mals and subgradients.

Let us start with difference problems under general geometric constraints given by

minimize o(z) subject to = € Q, (4.6)

where the cost function ¢ is represented as ¢ = 1 — o. For convenience we say that p is
Fréchet decomposableon Q at T € Q if '

B + 8(- ) (@) C Bp(z) + N(Z; Q).

It happens, ¢.g., when o is Fréchet differentiable at & € £, while {1 is an arbitrary nonempty
subset of a Banach space. In the first parts of the following theorem and its corollary we
impose the decomposition assumption in the general setting of Banach spaces, while the
second parts are justified without this assumption via limiting normals and subgradients in
the framework of Asplund spaces.

Theorem 4.3 (necessary conditions for difference problems with geometric con-
straints). Let % be a local solution of problem (4.6} in a Banach space X, where @ is
represented as 1 — pg with w;: X — R finite at T. The following assertions hold:

(1) Assume that @1 is Fréchet decomposable on §). Then one has

Bipa(7) € Bp1(3) + N(3:9). (4.7)
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(if) Suppose that X is Asplund, that ¢y is l.s.c. around Z, and that Q is locally closed
around this point. Assume in addition that either @1 is SNEC at T or Q is SNC at Z, and
that the qualification condition

8°01(2) 0 (~ N(5;0) = {0}. - (48)

is satisfied; all the assumptions on @1 hold automatically when @y is Lipschitz continuous
around T. Then one has

 8pa(®) C D1 (@) + N (3 ﬂ) . (4.9

Proof. The problem (4.6) under consideration can obviously be reformulated in the un-
constrained difference form: '

minimize {oq(z) + 8(2; Q)] — pa(z) subject to = € €. (4.10)
By Proposition 4.1 we have

Bip2(Z) C Blp1 + 6(; )(@)

for a given local minimizer Z to (4.6). This directly implies the necessary condition (4.7)
provided that ¢, is decomposable on 2.
To justify (4.9), observe that

Bl + 5(: D)(@) C B + 53 Q@) C den (@) + N(& ),

where the latter inclusion holds due to the sum rule for basic subgradients from [4, Theo-
rem 3.36] under the assumptions made in (ii). If ¢, is locally Lipschitzian around &, then
it is SNEC by [4, Corollary 1.69] and the qualification condition (4.8) is satisfied due to
8°1(Z) = {0} by [4, Corollary 1.81]. This ends the proof of the theorem. A

As a useful corollary of Theorem 4.3, we get the following necessary conditions for weak
“sharp minima under general geometric constraints.

Corollary 4.4 (necessary conditions for weak sharp minima under geometric
constraints). Let S be the set of weak sharp minima for ¢: X — IR relative to Q C X
with modulus o > 0. Then one has:

(i) Given & € S, assume that ¢ is Fréchet decomposable on Q. Then

aB* N N(z;8) C Jp(z) + N(z; ).

(ii) Assume that X is Asplund, that @ is Ls.c. around T, and that Q is locally closed
around this point. Then

alB* NN (Z;8) € dp(T) + N(E; Q)
provided that the gqualification condition
8%p(z) N (- N(z; Q) = {0}
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holds and that either ¢ is SNEC at T or 2 is SNC af this point; all the assumptions on @
are gutomatic if @ is locally Lipschitzion around T. Furthermore, we have

alB* N N{&;5) C dp(T) + N(z; Q)
if in addition S is normally regular al .

Proof. This follows from Theorem 4.3 by reducing weak sharp minima to constrained
minimization of difference functions; cf. the proof of Corollary 4.2. JAN

Finally in this section, we consider constrained problems of difference programming,
where constraints are given in some general operator form via single-valued mappings be-
tween infinite-dimensional spaces. They particularly include problems with standard func-
tional constraints defined by equalities and inequalities with (generally nonsmooth) real-
valued functions. Note that the problems under consideration may also include geometric
constraints as in Theorem 4.3, while the results obtained therein and in what follows are
generally independent for common classes of constrained problems.

The class of difference programming problems with operator constraints considered be-
low is given by:

minimize ¢;(z) — wa(z) subject to z € fH(O)NQ, (4.11)
where f: X - Y, Q C X, © CY, and the inverse image/preimage of @ under f is
F1(O) = {z € X| f(z) € ©}.

Note that the classical case of operator constraints corresponds to the case of © = {0} in
(4.11) with a mapping/operator f having infinite-dimensional values.

We present two independent theorems concerning necessary optimality conditions for
problems (4.11). The first one requires the existence of a surjective derivative of f at the
point in question, while involves general spaces in model (4.11). The second theorem deals
with mappings between Asplund spaces with no differentiability assumptions on f.

Theorem 4.5 (necessary conditions for difference programming with surjective
operator constraints). Let & be a local solution to problem (4.11) in the Banach space
setting, where 9;: X — IR, i = 1,2, are finite at T, and where f: X — Y is Fréchet
differentiable o T with the surjective derivative V f(Z). The following assertions hold:

(i) Assume that @) is Fréchet differentioble at Z, that Q = X, and that either f is
strictly differentiable ot T or dimY < co. Then '

Bp2() C Vi1(2) + VF(E)*N(f(2);0). : (4.12)

(ii) Assume that X is Asplund, thet vy is L.s.c. around &, that ) and © are locelly closed
around T and f(T), respectively, and that f is strictly differentiable af . Furthermore, we
suppose the the qualification condition

{ 2] € 8%¢1(3), o} € N(&Q), zj€ V@) N(f(E)0), (4.13)

ri+ah+3y=0]=> 2{=zj=a}=0
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is satisfied and that either both @ and © are SNC ot T and f(Z), respectively, or one of
these sefs has the SNC property while ¢y is SNEC at %; the lalter assumption on @y is
automatic when vy is locally Lipschitzian around T in which case the qualification condition
(4.13) reduces to

VHE)'N((E):0)N (- V@) = (0} @)
Then one has the inclusion .
Bpa(Z) C 01 (7) + VF(E N(£(2);0) + N(% Q). (4.15)

Proof. To justify (i), we employ assertion (i) of Theorem 4.3 with the geometric constraint
given by = € f~1(®). Using then the calculus rule for computing Fréchet normals to inverse
images from {4, Corollary 1.15], we get

Rz £-10)) = V@) N (50)

under the assumptions made in (i). Thus (4.12) follows from (4.7) in this setting.
To justify (ii) with @ # X, we assume that X is Asplund (¥ may be an arbitrary Banach
~space) and use further calculus for basic normals and for the sequential normal compactness
property available in the Asplund space framework. In this case the geometric constraint in
(4.6) is written in the intersection form: z € f~1(@) N . By assertion (ii) of Theorem 4.3
one has the necessary optimality condition in (4.11) given by

Bipa(Z) C Bp1(Z) + N(Z; F7H(O) N Q)
when the qualification condition
8 ()N [ - N(Z; F1(©)n Q)] = {0}

is satisfied and when either ) is SNEC at Z or f~1(©)N$ is SNC at this point. Employing
the intersection rule from [4, Corollary 3.5, we get

Nz f71(©)NQ) € N(z; f71(©)) + N(z: Q)
provided the local closedness of f~1(©) and Q around %, the qualification condition
N(@ f7 (@) n (- N(z:Q)) = {0}, - (416)

and that either f=1(8) or £ is SNC at Z. Moreover, the intersection f~1(©) N is SNC

at Z if both of these sets are SNC at this point under the fulfillment of the qualification

condition (4.16); see {4, Corollary 3.81]. '
Furthermore, by [4, Theorem 1.17] we have the equality representation of basic normals

N(z; f71(9)) = Vf(@)'N(f(2);©) (4.17)

t0 inverse images of arbitrary sets in Banach spaces under strictly differentiable mappings
with surjective derivatives. Observe also that the SNC property of f~1(©) at Z is equivalent,
under the surjectivity of V f(Z), to the SNC property of © at f(Z); see [4, Theorem 1.22].
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Combining the above calculus results, we arrive at the necessary optimality condition
(4.15) under the assumptions made in (ii). If ¢ is Lipschitz continuous around &, then
it is SNEC at this point with 8%¢1(Z) = {0} due to the facts mentioned in the proof of
Theorem 4.3(i1). Thus the qualification condition (4.13) reduces to (4.14) in this case, which
- completes the proof of the theorem. A

The last result of this paper establishes a general necessary optimality condition for
problem (4.11) with operator and geometric constraints without any differentiability (and
even more-surjective derivative) assumptions on f. This is done in the setting when both
spaces X and Y are Asplund allowing us to employ comprehensive generalized differential
and SNC calculi from [4, Chapter 3]. In what follow we use the basic/limiting coderivative
(2.8) as a propér extension of the adjoint derivative Vf(Z)*y* for nonsmooth operators.
Note the composite notation

D*f(@)o A= {D*§(@)")| v* € A}.

Theorem 4.6 (necessary conditions for difference programming with nondiffer-
entiable operator constraints). Let Z be a local solution to problem (4.11), where both
spaces X and Y are Asplund, where p1: X — R is Ls.c. around & while ¢2: X — R is
finite ot this point, where f: X — Y is Lipschitz continuous around &, and where Q and ©
is locally closed at Z and f(Z), respectively. Then one has

Bp2(&) C By (@) + D* £(2) o N(f(2); ) + N(z: )
provided the fulfillment of the quaelification condilions

[z} € 0%p1(Z), z3€ N(ZQ), 3 € D*f(z)o N(f(2);0),
w’{+m§+:c§=0] = zj=zx5 =125 =0,

N(f(z);©) nker D*(z) = {0}, | (4.18)

and that either both Q and © are SNC at T and f(Z), respectively, or one of these sets has
the SNC property while 1 is SNEC at Z.

Proof. It follows the same pattern as the above proof of Theorem 4.5(ii) with the replace-
ment of the equality (4.17) by the inclusion

N(z; f71(8)) ¢ D*f(3) o N(f(2); ©),

which holds under the fulfillment of the qualification condition (4.18); see {4, Corollary 3.9].
Furthermore, [4, Theorem 3.84] ensures the SNC property of the inverse image f~1(©) at
Z provided that f is locally Lipschitzian around Z, © is SNC at f{Z), and the qualification
condition (4.18) holds. This completes the proof of the theorem. A

Remark 4.7 (necessary conditions for difference programming with equilibrium
constraints). Employing generalized differential and SNC caleculi developed in [4, Chap-
ter 3], we can derive necessary optimality conditions for problems of difference programming
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with other types of constraints similarly to optimization problems with standard cost func-
tions considered by Mordukhovich [5, Chapter §]. In particular, we can 1ncorpora.te more
general operator constrained of the type

g€ F1(0) = {z € X| F(z)n© # 0}

described by set-valued mappings F: X = Y. More interesting, the so-called equilibrium
constraints given by solution maps to “generalized equations”

S(z)={yeY|0eg(zy)+Qz,y)} with : X >Y and Q: X 3Y

can be taken into account. The latter includes parametric sets of solutions to variational
and hemivariational inequalities, complementarity problems, KKT systems, etc.; see [5] for
more details, references, and applications.
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