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The estimation problem of the expected local fraction of free area function  for aW
partially observed dynamic germ-grain model is presented.  Properties of the

estimators are proved by martingale and product integral methods.  Confidence

bounds are provided.  Furthermore, an estimator of the hazard rate

αÐ>Ñ œ  .WÐ>ÑÎÐWÐ>Ñ.>Ñ is obtained by the kernel function method and

asymptotic properties of the estimator are proved and used to find confidence

intervals.  By a simulated illustrative example, the qualitative behavior of the

estimators is shown.
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1. Introduction

In this paper we study the estimation problem for the expected local fraction of free area

(LFFA) function of a partially observed  (DGGM) as defineddynamic germ-grain model

below.

 We start with a model and problem outline.  Suppose disks of random area are dropped at

random times on the plane  in such a way that their centers are random points of a convex‘#

Borel region .  The time-rate of the dropping-times process at time  is assumedC § >  !‘#

to be of the form , where  is a time-dependent parameter and  is the 2-- -Ð>Ñ † jÐ Ñ jÐ † ÑC

dimensional Lebesgue measure.

 For any ,  denotes the random set obtained as the union of the disks at time .  A>  ! Ð>Ñ >@
random set such as  is called a germ-grain model (see, for example, [14]).  Because of its@Ð>Ñ

1Work performed with partial support of 1999 Italian National Research Program “Processi stocastici

con struttura spaziale".
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evolution in time, we call the family  DGGM (see Figure 1, parts A1 and@ @œ Ö Ð>Ñà >  !×
A2).

 For a fixed convex Borel set , the LFFA process in  is the stochastic processB C B§
? ?œ Ö Ð>Ñà >  !× defined by

?Ð>ÑÀ œ ß >  !ßjÐ Ï Ð>ÑÑ
jÐ

B

B

@
  

where  is the set difference.B BÏ Ð>Ñ œ ∩ Ð>Ñ@ @ -

 Suppose an observer without control of the generation of the DGGM  is interested in@
evaluating the realization of the LFFA process .  If the falling times, areas, and center?
positions of all disks are known at any time, then  is (more or less easily) computable for?Ð>Ñ
any .>  !
 Now imagine that the region  is, unfortunately, obscured by a shadowing element so thatC

a survey of the positions of the fallen disks covering  is not possible.  In this case,  is noB ?
longer computable and thus, an estimation problem naturally arises for the expected LFFA

function ;  defined byW œ ÖWÐ>Ñ >  !×

WÐ>ÑÀ œ IÒ Ð>ÑÓ >  !ß? ,  

where  denotes expectation.I
 We prove (see Proposition 1) that

WÐ>Ñ œ / œ Ò"  .EÐ=ÑÓßEÐ>Ñ

=Ÿ>

#

where , , , ,  is the randomEÐ>Ñ œ Ð=Ñ.= Ð=Ñ.= Ð=Ñ œ ÐWÑ Ð=Ñ Ð=Ñ œ IÒZ Ð=ÑÓ Z Ð=Ñ' >

!α α α . - .

area of a disk dropped at time , and  denotes a product integral.  (For a survey of=  ! #
product integration, see [1, Sections II.6-II.8] or [9].)

 Proposition 1 suggests  may be estimated byWÐ>Ñ

WÐ>Ñ œ Ò"  .EÐ=ÑÓßs s#
=Ÿ>

where  denotes the unitary extended area (see (1) below) and is used to estimate .E Es

 We prove properties of the estimators  and  by extensive use of the martingale andE Ws s

product integral theories.  Properties of  are proved using properties of .W Es s

 Note that we suppose the observer is able to record the random areas and times of the

falling disks.  To use our method, these areas and times must be recorded by the observer as

necessary data.

 We provide the following example of an application of our method.

   (Bombing Problem)  Suppose a bombing activity is taking place on a regionExample:

C C§ ‘#.  Bombs of random destructive power are dropped at random times on .  Each

bomb will strike a random point in  and destroy a circular region with its center at the struckC

point and its area proportional to the bomb's destructive power.

 An observer would like to know the fraction of non-destroyed area for a Borel set B C§
that is the realization of .  He is able to record the landing times and the destructive power?
of each bomb.  Because of the presence of clouds obscuring , he  cannot observe the pointC

struck by each bomb.  So an estimate of  is required.W
 Note that for a fixed point ,! − F

WÐ>Ñ œ T Ò! Â Ð>ÑÓ >  !Þ@ , 



Free Area Estimation 289

(See the proof of Proposition 1.)  Thus, if  denotes the time at which the DGGM  hits theX! @
point  for the first time, then!

WÐ>Ñ œ T ÒX  >Ó >  !ß! ,  

where  may be interpreted as a survival function of the point .W !
 By analogy with standard results of survival analysis, we observe that

α @ @Ð>Ñ œ  œ TÒ! − Ð>  2Ñ ± ! Â Ð>ÑÓ >  !Þ
2 Ä !

  lim ,  " "
WÐ>Ñ .> 2

.WÐ>Ñ

So , a hazard rate function of the point , is worth estimating in its own right.α !

 In this paper, an estimator  of  is defined as a kernel-function smoothing of  and itsα αs Es

asymptotic properties are proved.

 An outline of the rest of the paper is as follows. In Section 2, the problem and

mathematical model are described in further detail.  In Section 3, the statistical problem is

described, the estimators  and  are defined, and their preliminary properties are proved.E Ws s

Section 4 contains the asymptotic results for  and .  In Section 5, the results of Section 4E Ws s

are used to find confidence intervals and bounds for  and .  Section 6 is devoted to theE W
estimation of .  Finally, in Section 7, results of numerical simulations are provided.α

2.  The Model, Notation and Preliminary Results

Let us assign

  a convex Borel set ;Ð3Ñ §C ‘#

  a Poisson process  on  with mean measure Ð33Ñ R œ ÖRÐ>ÑÀ >  !× Ð!ß ∞Ñ 7
given by

7ÐÐ=ß >ÓÑÀ œ jÐ Ñ † Ð?Ñ.? !  = Ÿ >ßC '    >
=

- ,   

where  is the Lebesgue measure on , and  is a continuous functionjÐ † Ñ ‘ -#

bounded below by 0;

Ð333Ñ \ ßá ß\ ßá a sequence  of i.i.d. random variables (r.v.'s) uniformly distributed" 8

on ;C

Ð3@Ñ ÖZ Ð=ÑÀ =  !× Ð!ß ∞Ñ a family  of independent -valued r.v.'s independent of the

\ R3's and the process .

 Let  be the sequence of the jump times of the Poisson process ÖX À 3   "× R3

X À œ Ö>  !ÀRÐ>Ñ œ 3×Þ3 inf

 An any random time , a closed disk  with random center  in  and random areaX H \3 3 3 C

Z À œ Z ÐX Ñ X œ > Z3 3 3 3
# is dropped on .  Note that conditional on , the random area  is‘

distributed as .Z Ð>Ñ
 For any , we denote by ,  the random closed set composed of>  ! Ð>Ñ œ Ð>ß Ñ −@ @ = = H
the union of the random disks dropped up to time ,>

@Ð>ÑÀ œ H Þ-
X Ÿ>

3
3
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Because of its evolution time, we call the family  a  DGGM.@ @œ Ö Ð>Ñà >  !×
 Formally, all random variables considered in this paper are defined on the same probability

space , .  The history of the process will be represented by a filtrationÐ ß T ÑH Z
Y Y Y 5œ Ö à >  !× >  !> >, where for any ,  is the -field generated by all the events which

have occurred up to time .  That is,>

Y 5 U ‘ U> 3 3 3
#À œ ÖX Ÿ =ß\ − Eß Z − F ± !  = Ÿ >ßE − Ð ÑßF − ÐÐ!ß ∞ÑÑ×ß

where  and  are the Borel  -fields on  and , respectively.U ‘ U 5 ‘Ð Ñ ÐÐ!ß ∞ÑÑ Ð!ß ∞Ñ# #

 We suppose that the following assumption holds for the distributions of the areas.

   For any ,  is an absolutely continuous random variable withAssumption A1: >  ! Z Ð>Ñ
density .  Furthermore,  exist such that0 Ð>ß BÑ !  2  5Z

=?::Ð0 Ð>ß BÑÑÀ œ ÖB − à 0 Ð>ß BÑ Á !× § Ð2ß 5ÑÞZ Z‘

As a function of ,  is -uniformly continuous, that is, for any ,  exists> 0 Ð>ß BÑ B  !  !Z % $
such that

± =  > ±  Ê ± 0 Ð=ß BÑ  0 Ð>ß BÑ ±  Þ
B − Ð2ß 5Ñ

$ %    sup Z Z

   From Assumption A1, it follows thatRemark 1:

TÐ2  Z Ð>Ñ  5Ñ œ " >  !ß, for any 

and that the moments

.Ð4Ñ 4Ð>ÑÀ œ IÒÐZ Ð>ÑÑ Ó 4   "ß,  

are all continuous functions in .  >
 From now on, we will suppose a convex Borel set  is fixed and we will  denote byB C§
W œ ÖWÐ>Ñà >  !× the expected LFFA function on , i.e,B

WÐ>ÑÀ œ I Þ’ “jÐ Ï Ð>ÑÑ
jÐ Ñ

B

B

@

Furthermore,  will denote the expected area of a disk dropped at time ,.Ð>ÑÀ œ IÒZ Ð>ÑÓ >  !
and

α . -Ð>ÑÀ œ Ð>Ñ Ð>ÑÞ

   In the sequel, we will study asymptotic properties of estimators for .Remark 2: C Ä ‘#

So, denoting by  the Euclidean norm, we may assume that² † ² #

B CŠ5 #
#À œ ÖB − À ² B  C ² Ÿ 5× § Þ
C −

‘ inf
B

Since, as observed in Remark 1, the areas of the disks are a.s. bounded, there are no edge

effects to consider if, as in our case, we are interested only in the region .B

 Proposition 1: B  The expected LFFA function in  is given by
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WÐ>Ñ œ / ß >   !EÐ>Ñ

where  denotes the deterministic function defined byE

EÐ>ÑÀ œ Ð=Ñ.=ß >  !Þ'    >
!

α

 Proof:  Note that, using Fubini's Theorem

WÐ>Ñ œ .TÐ Ñ œ MÒB Â Ð>ß ÑÓ.jÐBÑ.TÐ Ñ' ' '
H H

@ =jÐ Ï Ð>ß ÑÑ
jÐ Ñ jÐ Ñ

"B

B B
= @ = =

B

œ TÒB Â Ð>ÑÓ.jÐBÑ"
jÐ ÑB
'
B

@

where

MÒB Â EÓ œ ß
!ß B − E
"ß B Â Eœ

is an indicator function.  Given the uniformity of the disk centers,  does notT ÒB Â Ð>ÑÓ@
depend on , soB

WÐ>Ñ œ T Ò! Â Ð>ÑÓß@

for a fixed point .! − B

 If, at a time , a disk  drops on  with random center  uniformly distributed on>  ! HÐ>Ñ \‘#

C and random area  independent of , then it will cover the point 0 with probabilityZ Ð>Ñ \

:Ð>ÑÀ œ T Ò! − HÐ>ÑÓ œ T Ò\ − FÐ!ß Z Ð>ÑÎ ÑÓÈ 1

œ T\ − FÐ!ß @Î ÑÓ0 Ð@Ñ.@ œ @0 Ð@Ñ.@ œ Þ' 'È        5 5

2 2
Z Ð>Ñ Z Ð>Ñ

"
jÐ Ñ jÐ Ñ

Ð>Ñ1
C C

.

The process  counting, for any , the number of disks placed in theR œ ÖR Ð>ÑÀ >  !× >  !! !

time interval  and covering the point , is a -thinning of the Poisson process .Ð!ß >Ó ! : RÐ>Ñ
Given the continuity of  (see Remark 1),  is a Poisson process with mean measure .Ð>Ñ R 7! !

(see, for example [6]), given by

7 ÐÐ=ß >ÓÑÀ œ jÐ Ñ :Ð?Ñ Ð?Ñ.? œ EÐ>Ñ  EÐ=Ñ !  =  >Þ!

>

=

C '    - , 

It follows that

WÐ>Ñ œ T Ò! Â Ð>ÑÓ œ T ÒR Ð>Ñ œ !Ó œ / Þ@ !
EÐ>Ñ
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3. The Statistical Problem

In the statistical problem solved below, the time rate  and the distributions of the areas-
ÖZ Ð>Ñà >  !× are unknown.  The landing times and the area of each disk are the observable

data.  The centers of the dropped disks (that is, their positions in the plane) are uniformly

distributed on  but are not observableC

 Recall that we are looking for an estimator of the expected LFFA function .  AnW
immediate consequence of Proposition 1 is that

WÐ>Ñ œ / œ Ò"  .EÐ=ÑÓ >  !ßEÐ>Ñ

=Ÿ>

# , 

where  denotes the product integral.#
 Therefore, the natural estimator  of  isWÐ>Ñ WÐ>Ñs

WÐ>ÑÀ œ Ò"  .EÐ=ÑÓ >  !ßs s#
=Ÿ>

,  

where  is a suitable estimator of .E Es

 As an estimator of  we choose the  process  E E œ ÖEÐ>Ñà >  !×s sunitary extended area

defined by

EÐ>ÑÀ œ Z Ð=Ñ.RÐ=Ñ œ Z ÐX Ñ >  !ß Ð"Ñs " "
jÐ Ñ jÐ Ñ

>

! X Ÿ>
3C C

'       ,  
3

where  is the random area of a disk dropped at time .  Note that  is a stochastic jumpZ Ð=Ñ = Es

process adapted to  with random jumps (see Figure 1, A3).  In the sequel, we willÖ à >  !×Y>

first obtain results for  and use these results to prove properties of .E Ws s

   Proposition 2: The process , defined by` `E Eœ Ö Ð>Ñà >  !×

`EÐ>ÑÀ œ jÐÈ C CÑÐEÐ>Ñ  EÐ>ÑÑ œ Z Ð=Ñ.RÐ=Ñ  jÐ Ñ Ð=Ñ.= >  !ßs "
jÐ Ñ

> >

! !
È C

' 'È        

α , 

is a zero mean square integrable martingale with predictable variation given by

Ø ÙÐ>Ñ œ Ð=Ñ Ð=Ñ.= œ À @Ð>Ñß >  !Þ Ð#Ñ` . -E Ð#Ñ
>

!

'      

   By definition,  is -adapted.  Moreover, for any ,Proof: ` YE !  =  >

I EÐ>Ñ  EÐ=Ñ ± œ I Z Ð?Ñ.RÐ?Ñs s’ “ ” •º'Y Y= =
"

jÐ Ñ

>

=
C
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œ IÒIÒZ Ð?Ñ.RÐ?Ñ ± Ó ± ÓÞ"
jÐ Ñ

>

=
? =C

'    Y Y

The assumption of independence on , , and  implies that  isÖZ Ð=Ñà =  !× Ð\ Ñ R Z Ð?Ñ3

independent of  and .  Because the increment of a Poisson process  isY? .RÐ?Ñ .RÐ?Ñ
independent of , it follows thatY?

I EÐ>Ñ  EÐ=Ñ ± œ IÒIÒZ Ð?Ñ.RÐ?ÑÓ ± Ós s’ “ 'Y Y= =
"

jÐ Ñ

>

=
C

    

œ IÒZ Ð?ÑÓ Ð?Ñ.? œ EÐ>Ñ  EÐ=Ñß'    >
=

-

so that

IÒ Ð>Ñ ± Ó œ IÒ Ð>Ñ  Ð=Ñ ± Ó  Ð=Ñ œ Ð=Ñ` Y ` ` Y ` `E E E E E
= = .

Then  is a zero-mean martingale and is square integrable because   (see` .E Ð#ÑÐ=Ñ  ∞
Remark 1).

 Reasoning as above, we have the following equalities (a proof of the second equality can

be found in [1, p. 54])

.Ø ÙÐ>Ñ œ IÒ.Ð Ñ Ð>Ñ ± Ó œ IÒÐ. Ð>ÑÑ ± Ó` ` Y ` YE E # E #
> > 

œ IÒZ Ð>Ñ.RÐ>Ñ ± Ó  jÐ ÑÐ Ð>Ñ.>Ñ  # Ð>Ñ.>IÒZ Ð>Ñ.RÐ>Ñ ± Ó"
jÐ Ñ

# #
> >C

Y α α Y C

œ Ð>Ñ Ð>Ñ.>  jÐ Ð Ð>ÑÑ Ð.>Ñ Þ. - αÐ#Ñ # #C

Equation (2) follows by integration.

 In particular, we deduce that  is an unbiased estimator of , i.e., ,EÐ>Ñ EÐ>Ñ IÒEÐ>ÑÓ œ EÐ>Ñs s

and moreover, .  The deterministic function ,Z ÒEÐ>ÑÓ œ IÒÐE  EÐ>ÑÑ Ó œ @Ð>ÑÎjÐ Ñ @s s # C

defined in (2), may be estimated by  wherejÐ Ñ@sC

@Ð>ÑÀ œ Z Ð=Ñ.RÐ=Ñ œ Z ÐX Ñß >  !Þ Ð$Ñs " "
ÐjÐ ÑÑ ÐjÐ ÑÑ

>

!

# #

X Ÿ>
3C C# #

3

'      

This is confirmed by the following result.

 Proposition 3: C C  The process  is a zero-mean squarejÐ Ñ@  @ œ ÖjÐ Ñ@Ð>Ñ  @Ð>Ñà >  !×s s
integrable martingale with quadratic variation

ØjÐ Ñ@  @ÙÐ>Ñ œ Ð=Ñ Ð=Ñ.= >  !Þ Ð%ÑsC "
jÐ Ñ

>

!

Ð%Ñ
C
'    . - , 

   The proof is similar to the proof of Proposition 2 with  replaced by .Proof: Z Z #
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 As previously mentioned, for any , we estimate  by>  ! WÐ>Ñ

WÐ>Ñ œ Ò"  .EÐ=ÑÓ œ "  Þs s# # ’ “
=Ÿ> X Ÿ>

Z ÐX Ñ
jÐ Ñ

3

3

C

The second equality above holds because  is a step function.EÐ>Ñs

 The following result holds.

 Proposition 4:  The process , defined by` `W Wœ Ö Ð>ÑÀ >  !×

`WÐ>Ñ œ jÐÈ CÑ ÐWÐ>Ñ  WÐ>ÑÑ >  !ßs  ,  

is a zero-mean square integrable martingale, and, for any , its predictable variation is>  !
given by

Ø ÙÐ>Ñ œ ÐWÐ>ÑÑ Ð=Ñ Ð=Ñ.= >  !Þ` . -W # Ð#Ñ
>

!

WÐ= Ñs

WÐ=Ñ

#' Š ‹    


,  

   By using Duhamel's Equation (see (2.6.5) in [1]),Proof:

` `W EWÐ>Ñ WÐ= Ñs s

WÐ>Ñ WÐ=Ñ

>

!

Ð>Ñ œ jÐ ÑWÐ>Ñ  " œ  WÐ>Ñ . Ð=ÑÞÈ Š ‹ 'C
    



From Proposition 2, because

WÐ= Ñs

WÐ=Ñ WÐ=Ñ WÐX Ñ
" "



Ÿ Ÿ ,

we find that  is a zero-mean square integrable martingale with quadratic variation`W

Ø ÙÐ>Ñ œ ÐWÐ>ÑÑ .Ø ÙÐ=Ñ` `W # E
>

!

WÐ= Ñs

WÐ=Ñ

#' Š ‹    


œ ÐWÐ>ÑÑ Ð=Ñ Ð=Ñ.= >  !Þ# Ð#Ñ
>

!

WÐ= Ñs

WÐ=Ñ

#' Š ‹    


. - ,  

 It follows that  is an unbiased estimator of ,  i.e., , andWÐ>Ñ WÐ>Ñ IÒWÐ>ÑÓ œ WÐ>Ñs s

Z +<ÒWÐ>ÑÓ œ I ÐWÐ>Ñ  WÐ>ÑÑ œ I Ð=Ñ Ð=Ñ.= Þs s’ “ Š ‹– —'# Ð#ÑÐWÐ>ÑÑ WÐ= Ñ
jÐ Ñ WÐ=Ñ

>

!

s ## 

C
 

    

. -

Because of the continuity of , an estimator of the variance of  should be .W WÐ>Ñ ÐWÐ>ÑÑ @Ð>Ñs s s#
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   Using terminology of the General Theory of Stochastic Processes, it follows,Remark 3:

from Propositions 2 and 4, that  and  are, respectively, the compensators of  and .E W E Ws s

4.  Asymptotic Properties of the Estimators  and E Ws s

The objective in this section is to show that if the region  is large enough, then theC

computed estimators  and  have good properties.  For this reason, as is usual in spatialE Ws s

statistics, we fix the time interval for observations to be  and study asymptotic propertiesÒ!ß X Ó
of the estimators where limits in the region  expands to fill the space .C ‘#

 To do so, let us consider a convex averaging sequence , as defined in [6, p.Ö à 8   "×C8

332].  That is,

   is a convex Borel set,Ð3Ñ §C8
#‘

  , for ,Ð33Ñ § 8 œ "ß #ßáC C8 8"

  , , where sup ;  contains a ball of radius .Ð333Ñ <Ð Ñ Ä ∞ 8 Ä ∞ <ÐEÑÀ œ Ö<  ! E <×C8

 Note that , .jÐ Ñ Ä ∞ 8 Ä ∞C8

 From here on,  will denote the process of the landing times of disks on .  It isR8 8C

assumed that  is a Poisson process with mean measureR8

7 ÐÐ=ß >ÓÑÀ œ jÐ Ñ † Ð?Ñ.? !  = Ÿ >Þ8 8

>

=

C '    - ,  

Analogously, the following notations will be used in the sequel

E Ð>ÑÀ œ Z Ð=Ñ.R Ð=Ñ W Ð>ÑÀ œ Ò"  .E Ð=ÑÓß Ð&Ñs ss
8 8 8 8

"
jÐ Ñ

>

! =Ÿ>
C8
' #    

,  

` `E W
8 88 8 8 8Ð>ÑÀ œ jÐ ÑÐE Ð>Ñ  EÐ>ÑÑ Ð>ÑÀ œ jÐ ÑÐW Ð>Ñ  WÐ>ÑÑßs sÈ ÈC C, 

@ Ð>ÑÀ œ Z Ð=Ñ.R Ð=ÑÞs8 8
"

ÐjÐ ÑÑ

>

!

#
C8

#
'    

 The following uniform consistency and asymptotic normality results hold for the esti-

mators ,  and .E W jÐ Ñ@s s s8 8 8 8C

  (Uniform Consistency)Theorem 1:

      is a uniformly consistence estimator of  in , that is,Ð3Ñ E E Ò!ß X Ós
8

sup ,  
> − Ò!ß X Ó

± E Ð>Ñ  EÐ>Ñ ± Ä ! 8 Ä ∞ß Ð'Ñs T
8

   is a uniformly consistent estimator of  in , that is,Ð33Ñ W W Ò!ß X Ós
8

sup ,   
> − Ò!ß X Ó

± W Ð>Ñ  WÐ>Ñ ± Ä ! 8 Ä ∞ß (Ñs T
8

  is a uniformly consistent estimator of  in , that is,Ð333Ñ jÐ @ Ò!ß X ÓC8 8Ñ@s  
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sup
> − Ò!ß X Ó

± jÐC8 8Ñ@ Ð>Ñ  @Ð>Ñ ± Ä ! 8 Ä ∞Þ Ð)Ñs
T

,   

     By using Lenglart's inequality (see [1, Equation (2.5.18)]) and Proposition 2,Proof: Ð3Ñ
for any , we obtain% $ß  !

T ± E Ð>Ñ  EÐ>Ñ ±  Ÿ  T Ø ÙÐX Ñ 
> Ÿ X

s  sup– — ’ “Š ‹8
"

jÐ Ñ
+
8% ` $$

%# 8C

œ  T Ð=Ñ Ð=Ñ.=  Ä 8 Ä ∞Þ$ $
% %# #

8
  ,  – —'"

jÐ Ñ

X

!

Ð#Ñ
C

    

. - $

Equation (6) follows by letting .$ Ä !
   The result follows from  and the continuity result for product integration (see [1, p.Ð33Ñ Ð3Ñ
114]).

   By using Lenglart's inequality and Proposition 3,Ð333Ñ

T ± jÐ Ñ@ Ð>Ñ  @Ð>Ñ ±  Ÿ  TÒÐØjÐ Ñ@  @ÙÐX ÑÑ  Ó
> Ÿ >

s s  sup– —C C8 8 8 8% $$
%#

Ÿ  T Ð=Ñ Ð=Ñ.=  Ä 8 Ä ∞$ $
% %# #

8
  ,  .– —'"

jÐ Ñ

X

!

Ð%Ñ
C

    

. - $

Equation (8) follows by letting .$ Ä !
   (Asymptotic Normality)Theorem 2:

  The process  converges on the Skorokhod function space  to aÐ3Ñ HÐ!ß X Ñ`E
8

Gaussian martingale  with  and variance function  ` `Ð!Ñ œ ! @ œ Ö@Ð>ÑÀ >  !×
defined by Ð#Ñ

` `E
8 Ä 8 Ä ∞Þ Ð*Ñ
H

,  

Ð33Ñ HÐ!ß X Ñ  W † The process  converges on the Skorokhod function space  to ,` `W
8

where  is as in ` Ð3Ñ

` `W
8 Ä W † 8 Ä ∞Þ Ð"!Ñ
H

,  

 The proof of Theorem 2 requires the following Martingale Central Limit Theorem

(MCLT) (see [11]).

 MCLT:  Let  be a sequence of zero-mean square integrable martingales.  For any Ð Ñ 8`8

and , let  be a square integrable martingale containing all the jumps of % ` ` ! Ð Ñ8ß 8%

larger in absolute value than .  Finally, let  be a continuous, nondecreasing function on% @
Ò!ß X Ó @Ð!Ñ œ ! with .

 Suppose that
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  , , for all ,Ð3Ñ Ø ÙÐ>Ñ Ä @Ð>Ñ 8 Ä ∞ > − Ò!ß X Ó
T

`8

  , and , for all  and .Ð33Ñ Ø ÙÐ>Ñ Ä ! 8 Ä ∞ > − Ò!ß X Ó  !
T

` %8ß%

 Then there exists a continuous Gaussian martingale , with  for all ,` `Ø ÙÐ>Ñ œ @Ð>Ñ >
such that

` `8 Ä 8 Ä ∞
H

,  .

 If conditions  and  hold for , thenÐ3Ñ Ð33Ñ > œ X

` a8ÐX Ñ Ä Ð!ß @ÐX ÑÑ 8 Ä ∞Þ
H

, 

   We apply the MCLT.  According to Proposition 2, Proof of Theorem 2: Ø ÙÐ>Ñ œ @Ð>Ñ`E
8

and hence, condition  of the MCLT is trivially verified.  To prove , let us define for anyÐ3Ñ Ð33Ñ
>  !

` -E Ð8Ñ
8ß

"
jÐ Ñ

> >

! !
8ß 8 8ß% % %Ð>ÑÀ œ L Ð=Ñ.R Ð=Ñ  jÐ Ñ IÒL Ð=ÑÓ Ð=Ñ.=ßÈ C8

' 'È        

C

where .L Ð=ÑÀ œ Z Ð=ÑMÒZ Ð=Ñ  jÐ ÑÓ8ß 8% %È C

 Similarly, as in the proof of Proposition 2, it can be proved that  is a square integrable`E
8ß%

martingale, and that

Ø ÙÐ>Ñ œ IÒZ Ð=ÑMÒZ Ð=Ñ  jÐ ÑÓÓ Ð=Ñ.=Þ` % -E #
8ß

>

!
8%

' È    

C

Furthermore,  contains all the jumps of  larger in absolute value than .  From` ` %E E
8ß 8%

Remark 1, for  large enough, , and therefore condition  of the MCLT is8 Ø ÙÐ>Ñ œ ! Ð33Ñ`E
8ß%

also proved.

 Because of the asymptotic equivalence result for product integration,  follows from Ð33Ñ Ð3Ñ
(see [1, p. 111]).

5.  Confidence Intervals and Bounds for  and E W

From Theorems 1 and 2 in the previous section, for any ,> − Ò!ß X Ó

Š ‹ Š ‹" "
@ Ð>Ñ @ Ð>Ñs s

"Î# "Î#

8
W Ð>ÑWÐ>Ñs

W Ð>Ñs8 8

8

8
ÐE Ð>Ñ  EÐ>ÑÑs  and 

both asymptotically have a standard normal distribution as .8 Ä ∞
 Therefore, the asymptotic 100 % confidence intervals for  and  are,Ð"  Ñ EÐ>Ñ WÐ>Ñα
respectively,

’ “È ÈE Ð>Ñ  @ Ð>ÑD ßE Ð>Ñ  @ Ð>ÑD ßs ss s8 8 8 8Î# Î#α α
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and

’ “È ÈW Ð>Ñ  @ Ð>ÑW Ð>ÑD ß W Ð>Ñ  @ Ð>ÑW Ð>ÑD ßs s s ss s8 8 8 8 8 8Î# Î#α α

where  is the upper -quantile of the standard normal distribution.D Ð Î#ÑαÎ# α

 To find the confidence bounds for  and  consider the following convergence resultsE W
using the same notation and assumptions as in the previous sections.

 Theorem 3:

sup      sup
> Ÿ X

ÐE Ð>Ñ  EÐ>ÑÑ Ä ± [ ÐBÑ ± ß 8 Ä ∞ßs H

B − Ò!ß -Ó
¹ ¹ÈjÐ Ñ

"jÐ Ñ@ Ð>Ñs 8
!C

C
8

8 8

and

sup       sup
> Ÿ X

Ä ± [ ÐBÑ ± ß 8 Ä ∞ß
H

B − Ò!ß -Ó
¹ ¹ÈjÐ Ñ

"jÐ Ñ@ Ð>Ñs
W Ð>ÑWÐ>ÑÑs

W Ð>Ñs
!C

C
8

8 8

8

8

where  is a standard Brownian bridge and .[ -À œ @ÐX ÑÎÐ"  @ÐX ÑÑ!

   From Theorems 1 and 2,Proof:

ÈjÐ Ñ

"jÐ Ñ@ "jÐ Ñ@ "@s s8
[Ð@ÑC

C C
8

8 8 8 8

E
8   , ÐE  EÑ œ Ä 8 Ä ∞s H`

and

ÈjÐ Ñ

"jÐ Ñ@ "@s
W Ws

W Ð"jÐ Ñ@ Ñ†Ws ss

[Ð@ÑC

C C

8

8 8

8 8

8 8 8 8

W

   , œ Ä 8 Ä ∞
H`

where  denotes standard Brownian motion.[

 Therefore, we only have to observe that  and  have the same distribution.
[Ð@Ñ
"@ "@

! @[ ˆ ‰
 From Theorem 3, it follows that, for any , as ,C  ! 8 Ä ∞

T jÐ Ñ"  jÐ Ñ@ Ð>Ñ ÐE Ð>Ñ  E Ð>ÑÑ Ÿ C Ä T ± [ ÐBÑ ± Ÿ C
> Ÿ X

s s

B − Ò!ß -Ó
 sup         sup’ “ – —C C8 8 8 8 /B

!

and

T jÐ Ñ"  jÐ Ñ@ Ð>Ñ Ÿ C Ä T ± [ ÐBÑ ± Ÿ C
> Ÿ X

s
B − Ò!ß -Ó

 sup        sup .’ “ – —C C8 8 8
W Ð>ÑWÐ>ÑÑs

W Ð>Ñs
!8

8

Then, the asymptotic 100 % confidence bounds for  and  in  are, respectively,Ð"  Ñ E W Ò!ß X Óα

’ “E Ð>Ñ  / Ð-Ñ E Ð>Ñ  / Ð-Ñ > − Ò!ß X Óß Ð""Ñs s
8 8

"jÐ Ñ@ Ð>Ñ "jÐ Ñ@ Ð>Ñs s

jÐ Ñ jÐ ÑÎ# Î# , , 
C C

C C

8 8 8 8

8 8È Èα α
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’ “Š ‹ Š ‹W Ð>Ñ "  / Ð-Ñ W Ð>Ñ "  / Ð-Ñs s
8 8

"jÐ Ñ@ Ð>Ñ "jÐ Ñ@ Ð>Ñs s

jÐ Ñ jÐ ÑÎ# Î# , , 
C C

C C

8 8 8 8

8 8È Èα α

> − Ò!ß X Óß Ð" Ñ2

where  denotes the upper -quantile of the distribution of sup ./ Ð-Ñ Ð Î#Ñ ± [ ÐBÑ ±αÎ# B−Ò!ß-Ó
!α

6.  Estimation of α

As pointed out in the introduction, the estimation of  is important.  In thisα . -Ð>Ñ œ Ð>Ñ Ð>Ñ

section we obtain the estimator  of  by smoothing  with a kernel function  (seeα α ^sÐ>Ñ Ð>Ñ Es

(13)).  In the following,  is a function of bounded variation that vanishes outside ,^ Ò  "ß "Ó
such that

'   "
"

^Ð?Ñ.? œ "ß

and  is a sequence such that as Ð, Ñ œ Ð,ÐjÐ ÑÑÑ 8 Ä ∞8 8C

jÐ Ñ, Ä ∞ jÐ Ñ, Ä !ÞC C8 8
# $
8 8  and 

For example, we could take ., À œ ÐjÐ ÑÑ8 8
#Î&C

 From here on, the interval of estimation  will be fixed and  will be soÒ> ß > Ó § Ð!ß X Ñ 8" #

large that Ò>  , ß >  , Ó § Ò!ß X ÓÞ" 8 # 8

 We define, for any , the estimator  by> − Ò> ß > Ó Ð>Ñs" # 8α

α ^ ^s Ð>ÑÀ œ .E Ð=Ñ œ Z ÐX ÑÞ Ð"$Ñs
8 8 3

" >= "
, , jÐ Ñ, ,

X

! >, X Ÿ>,

>X

8 8 8 8 8
8 3 8

3' Š ‹ Š ‹   

C
            

Because of Proposition 2, for any , the process > − Ò> ß > Ó Ð>ß † Ñ œ Ö Ð>ß ?Ñà
 

" #
E E
8 8` `

? − Ò!ß X Ó×, defined by

` ^ `


Ð>ß ?ÑÀ œ . Ð=Ñ ? − Ò!ß X Óß Ð"%Ñ
E
8 8

" >=
, ,

?

!

E
8 8
' Š ‹    

, 

is a zero-mean square integrable martingale, and

Ø Ð>ß ?ÑÙ œ .Ø ÙÐ=Ñ

` ^ `

E
8 8

" >=
, ,

?

!

# E
#
8 8
' Š ‹    

œ .@Ð=Ñ ? − Ò!ß X ÓÞ" >=
, ,

?

!

#
#
8 8
' Š ‹   

^ , 
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It follows that

IÒ Ð>ÑÓ œ I  .EÐ=Ñ œ .EÐ=Ñßsα ^ ^8


Ð>ßX Ñ

jÐ Ñ
" >= " >=
, , , ,

X X

! !
– —' 'Š ‹ Š ‹`

E
8

8 8 8 8 8È C

       

so

α α ^ `s sÐ>Ñ  IÒ Ð>ÑÓ œ œ . Ð=ÑÞ8 8


Ð>ßX Ñ

jÐ Ñ jÐ Ñ,
" >=

X

!
,

E
8

`
E
8

8 8 8 8È ÈC C
' Š ‹    

Furthermore,

Z +<Ò Ð>ÑÓ œ IÒÐ Ð>Ñ  IÒ Ð>ÑÓÑ Ó œ œ .@Ð=ÑÞs s sα α α ^8 8 8
# #Ø Ð>ßX ÑÙ



jÐ Ñ jÐ Ñ, ,
" >=

X

!

`
E
8

8 8 8
#
8C C
' Š ‹    

 We define, for any > − Ò> ß > Ó" #

7 ^s sÐ>ÑÀ œ .@ Ð=ÑÞ#
8

" >=
, ,

X

!

#
8#

8 8
' Š ‹    

Because

7 α ^s s sÐ>Ñ  Z Ò Ð>ÑÓ œ .ÐjÐ Ñ@  @ÑÐ=Ñß#
8 8 8

" >=
jÐ Ñ, ,

X

!

#
C8 8

#
8

' Š ‹    

C

it follows from Proposition 3 that  is an unbiased estimator of , that is,7 αs sÐ>Ñ Z +<Ò Ð>ÑÓ#
8 8

IÒ Ð>ÑÓ œ Z +<Ò Ð>ÑÓs s7 α#
8 8 .

 The following result holds.

 Proposition 5:

  Ð3Ñ α αs Ò> ß > Ó8 " # is an asymptotically uniformly-unbiased estimator of  in , that is,

sup , 
> − Ò> ß > Ó

± IÒ Ð>ÑÓ  Ð>Ñ ± Ä ! 8 Ä ∞Þs
" #

8α α

   is an asymptotically uniformly-unbiased estimator in  ofÐ33Ñ jÐ Ñ, Ò> ß > ÓsC8 8 " #
#
87

the function  defined by7#

7 . - ^# Ð#Ñ #
"

"

Ð>ÑÀ œ Ð>Ñ Ð>Ñ Ð?Ñ.?ß'     

that is,

sup ,   
> − Ò> ß > Ó

± jÐ Ñ, IÒ Ð>ÑÓ  Ð>Ñ ± Ä ! 8 Ä ∞Þs
" #

8 8
#
8

#
C 7 7
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   Because  is bounded and  and  are uniformly continuous in  we onlyProof: ^ . - Ò!ß X Óß
have to observe that as ,8 Ä ∞

sup     sup
> − Ò> ß > Ó > − Ò> ß > Ó

± IÒ Ð>ÑÓ  Ð>Ñ ± Ÿ ± Ð?Ñ ± ± Ð>  , ?Ñ  Ð>Ñ ± .? Ä !ßs
" # " #

8 8

"

"

α α ^ α α'    

and

sup
> − Ò> ß > Ó

± jÐ Ñ, IÒ Ð>ÑÓ  Ð>Ñ ±s
" #

8 8
#
8

#C 7 7

Ÿ Ð 5 Ñ ± Ð?Ñ ± ± Ð>  , ?Ñ  Ð>Ñ ± .? Ä !Þ
> − Ò> ß > Ó

1 ^ - -# # #

" #

"

"
8    sup '     

 We are now ready to prove the following asymptotic results.

   (Uniform consistency)Theorem 4:

   is a uniformly consistent estimator of  in , that is,Ð3Ñ Ò> ß > Ósα α8 " #

sup ,  ,
> − Ò> ß > Ó

± Ð>Ñ  Ð>Ñ ± Ä ! 8 Ä ∞s
T

" #

8α α

  Ð33Ñ jÐ Ñ, Ð>ÑsC8 8
#
87  is a uniformly consistent estimator of  in , that is,7# " #Ð>Ñ Ò> ß > Ó

sup
> − Ò> ß > Ó

± jÐ Ñ, Ð>Ñ  Ð>Ñ ± Ä ! 8 Ä ∞Þs
T

" #

8 8
#
8

#C 7 7 , 

     Because of Proposition 5, we have to prove thatProof: Ð3Ñ

sup ,  
> − Ò> ß > Ó

± Ð>Ñ  IÒ Ð>ÑÓ ± Ä ! 8 Ä ∞Þs s
T

" #

8 8α α

Because  is of bounded variation, then for any ,^ > − Ò> ß > Ó" #

± Ð>Ñ  IÒ Ð>ÑÓ ± œ . Ð?Ñs sα α ^ `8 8
" >?

jÐ Ñ,

X

!
,

E
8» »' Š ‹È C8 8 8

    

Ÿ ± Ð?Ñ ±
? − Ò!ß X Ó

#²Z Ð Ñ²

jÐ Ñ,
E
8

^È C8 8
     sup ,`

where  denotes the variation of .² Z Ð Ñ ²^ ^
 Furthermore, by using Lenglart's inequality and , for any , we obtainÐ33Ñ ß  !% $
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T ± Ð?Ñ ±   Ÿ  T Ø ÙÐX Ñ  
? − Ò!ß X Ó

      sup   – — ’ “" "
jÐ Ñ,

E #
8 8jÐ Ñ,È C C8 8

# #
8 8

` % ` $$
%

œ  T Ð=Ñ Ð=Ñ.=   Ä 8 Ä ∞ß$ $
% %# # #

8 8
    ,  – —'"

jÐ Ñ,

X

!

Ð#Ñ
C

    

. - $

because .  By letting , we deduce thatjÐ Ñ, Ä ∞ Ä !C8
#
8 $

"
jÐ Ñ,

E
8È C8 8

     sup ,  ,
? − Ò!ß X Ó

± Ð?Ñ ± Ä ! 8 Ä ∞
T

`

and the result follows.

   Because of Proposition 5, we have to prove thatÐ33Ñ

sup ,  
> − Ò> ß > Ó

± jÐ Ñ, Ð>Ñ  jÐ Ñ, IÒ Ð>ÑÓ ± Ä ! 8 Ä ∞Þs s
T

" #

8 8 8 8
# #
8 8C C7 7

 Because the variation of  (and thus  is bounded, then for any^ ^#Ñ
> − Ò> ß > Ó" # ,

± jÐ Ñ, Ð>Ñ  jÐ Ñ, IÒ Ð>ÑÓ ± œ .ÐjÐ Ñ@  @ÑÐ?Ñs s sC C C8 8 8 8 8 8
# #
8 8

" >?
, ,

X

!

#7 7 ^» »' Š ‹
8 8

    

Ÿ ± jÐ Ñ@ Ð?Ñ  @Ð?Ñ ± Þ
? − Ò!ß X Ó

s
#²Z Ð Ñ²

, 8 8
^#

8
   sup C

Furthermore, by using Lenglart's inequality and (4), for any , we have% $ß  !

T ± jÐ Ñ@ Ð?Ñ  @Ð?Ñ ±   Ÿ  T ØjÐ Ñ@  @ÙÐ>Ñ  
? − Ò!ß X Ó

s s– — ’ “" "
, ,8 8 8 8
8

# #
8

    sup C C% $$
%

œ  T Ð=Ñ Ð=Ñ.=   Ä 8 Ä ∞ß$ $
% %# # #

8 8
   ,  – —'"

jÐ Ñ,

X

!

Ð%Ñ
C

    

. - $

because .  By letting , we deduce thatjÐ Ñ, Ä ∞ Ä !C8
#
8 $

"
, 8 8
8
      sup ,  
? − Ò!ß X Ó

± jÐ Ñ@ Ð?Ñ  @Ð?Ñ ± Ä ! 8 Ä ∞Þs
T

C

The proof is complete.
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    (Asymptotic Normality)  Theorem 5: Let  and suppose that  has a bounded> − Ò!ß X Ó α
derivative in a neighborhood of , that is, numbers  and  exist such that>  ! -  !%

sup
= − Ð>  ß >  Ñ

± Ð=Ñ ± Ÿ -Þ
% %

αw

Then

ÈjÐC8 8 8
#Ñ, Ð Ð>Ñ  Ð>ÑÑ Ä Ð!ß Ð>ÑÑ 8 Ä ∞s

H
α α a 7 ,  .

   Let  be fixed.  Note thatProof: > − Ò!ß X Ó

È ÈjÐ Ñ, Ð Ð>Ñ  IÒ Ð>ÑÓÑ œ , Ð>ß X Ñßs s


C8 8 8 8 8
E
8α α ` 

where  is the zero-mean square integrable martingale defined by (14).`


Ð>ß † Ñ
E
8

 From Proposition 5, as ,8 Ä ∞

Ø , Ð>ß X ÑÙ œ jÐ Ñ, Z Ò Ð>ÑÓ œ jÐ Ñ, IÒ Ð>ÑÓ Ä Ð>Ñß


s sÈ 8 8 8 8 8 8
E
8 8

# # ` α 7 7C C

and condition  of the MCLT is verified by   in .Ð3Ñ , Ð>ß † Ñ X
È 8

E
8`

 To prove condition , define for any ,Ð33Ñ ? − Ò!ß X Ó

` -


Ð>ß ?ÑÀ œ L Ð>ß =Ñ.R Ð=Ñ  jÐ Ñ IÒL Ð>ß =ÑÓ Ð=Ñ.=ß
E
8ß

"
jÐ Ñ

? ?

! !
8ß 8 8ß

Ð8Ñ
% % %È C8

 ' 'È        

C

where

L Ð>ß =ÑÀ œ M  Þ8ß
Z Ð=Ñ Z Ð=Ñ

,
>= >=
, ,jÐ Ñ,% È È8 8 88 8

^ ^ %Š ‹ ’ “Š ‹ 
C

 Similarly as in the proof of Proposition 2, it can be proved that  is a zero-mean`


Ð>ß † Ñ
E
8ß%

square integrable martingale, and that

Ø Ð>ß ?ÑÙ œ IÒÐL Ð>ß =ÑÑ Ó Ð=Ñ.=Þ

` -

E
8ß

?

!
8ß

#
% %'    

Furthermore,  contains all the jumps of   larger in absolute value` `
 

Ð>ß † Ñ , Ð>ß † Ñ
E E
8ß 88%

È
than .%

 From Remark 1, for  large enough, , and hence condition  of the8 Ø Ð>ß X ÑÙ œ ! Ð33Ñ

`

E
8ß%

MCLT is also verified.  It follows that

È ÈjÐ Ñ, Ð Ð>Ñ  IÒ Ð>ÑÓÑ œ , Ð>ß X Ñ Ä Ð!ß Ð>ÑÑ 8 Ä ∞Þs s
 H

C8 8 8 8 8
E
8

#α α ` a 7 , 

Furthermore, by hypothesis

È È 'jÐ Ñ, ± IÒ Ð>ÑÓ  Ð>Ñ ± Ÿ jÐ Ñ, - ± Ð?Ñ? ± .? Ä !ß 8 Ä ∞sC C8 8 8 8
$
8

"

"

α α ^
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because .  The proof is complete by observing thatjÐ Ñ, Ä !C8
$
8

È È ÈjÐ Ñ, Ð Ð>Ñ  Ð>ÑÑ œ jÐ Ñ, Ð Ð>Ñ  IÒ Ð>ÑÓÑ  jÐ , ÐIÒ Ð>ÑÓ  Ð>ÑÑÞs s s sC C C8 8 8 8 8 8 8 8 8 8 α α α α α α

 From Theorem 5 and Theorem 4, part  it follows that for any ,Ð33Ñ > − Ò> ß > Ó" #

α α
7

s Ð>Ñ Ð>Ñ
s Ð>Ñ

8

8
Ä Ð!ß "Ñ 8 Ä ∞Þ
H
a ,  

Thus, the asymptotic 100 % confidence interval for  isÐ"  Ñ Ð>Ñα α

Ò Ð>Ñ  Ð>ÑD ß Ð>Ñ  Ð>ÑD Óß Ð"&Ñs s s sα 7 α 78 8 8 8Î# Î#α α

where  is the upper -quantile of the standard normal distribution.D Ð Î#ÑαÎ# α

7.  Numerical Simulations

To show the evolution in time of the DGGM , we have simulated it in a time interval .@ Ò!ß &Ó
As an example, we have assumed that

Z Ð>ÑÀ œ ÐV Ð>Ñ  !Þ%Ñ Ð>ÑÀ œ > − Ò!ß &Óß1 -!
# "!

>"
sin  and ,  È

where  is a continuous random variable having uniform distribution on .V Ð!Þ"ß !Þ$Ñ!

 In Figure 1, parts A1 and A2, we have plotted the state of  at two different times.  In part@

A3 of Figure 1, the related realization of the unitary extended area process  is shown.Es

 To illustrate the qualitative asymptotic behavior of the estimators, we have also simulated

the DGGM on regions  of different Lebesgue measures.  We then computed the estimatorsC8

E Ð>Ñ W Ð>Ñ Ò!ß &Ós s
8 8 and  defined by (5).  The 95% confidence bounds on the time interval  have

also been computed following (11) and (12).  We have taken the value of / Ð-Ñ œ / Ð-Ñα !Þ!&

from the table in [13] after estimating the unknown  by-

-À œ ßs
@ ÐX Ñs

"@ ÐX Ñs
8

8

where .  In Figure 2, we have plotted the true function , the computed estimator X œ & E Es8

and the confidence bounds for .  In Figure 3, we have plotted the true function , theE W

estimator  and the related confidence bounds.Ws8

 With the simulated data, the estimator  has been obtained using (13).  The relatedαs Ð>Ñ8

confidence intervals have been calculated following (15).  The results obtained are plotted in

Figure 4.
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A1 and A2:  An example of realization of the dynamic 

germ-grain model  observed at two different times.@

A3:  Plot of the related realization of the unitary extended area Es

Figure 1 
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Figure 2:  Comparison between  (continuous line), its estimator ,E Es8

and the 95% confidence bounds for  and jÐ Ñ œ $! jÐ Ñ œ (!ÞC C8 8

Figure 3:  Comparison between  (continuous line), its estimator ,W Ws8

and the 95% confidence bounds for  and jÐ Ñ œ $! jÐ Ñ œ (!ÞC C8 8

Figure 4:  Comparison between  (continuous line), its estimator ,α αs8

and the 95% confidence bounds for 5  and 100jÐ Ñ œ ! jÐ Ñ œ !ÞC C8 8
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