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Free-Convection Mass Transfer
~with a Supporting Electrolyte

Jan Robert Selman and John Newman .
Inorganic Materials Research Division,.

Lawrence Radiation Laboratory, -and

Department of Chemical Engineering,

University of California, Berkeley

September, 1970

Abstract

Free convection and ionic migration effects are reviewed.

Electrolytic free convection is treated theoretically for'CuSO4 - H2504

g solutionsfand.for K3Fe(CN)6 - K4Fe(CN)6 solutions without added
_electrolyté and with.additions of KOH or NaOH. The effect of ionic

migration on limiting currents is investigated. The presence of

sdpporting electrolyte lowers ‘the electric field, as in stagnant or

_forced convective systems. In addition, the concentration distribu-

tions of added electrolytes affect the-density distribution, hence the

velocity profile in free convection and, indirectly, the value of the

" calculated limiting currents.

Key words: ionic migration, limiting current, vertical

electrode, current distribution



Introduction
.'Mass tranéfer to a vertical surface ih free convection énd
the effécf vaionic migration on limiting currents have both been
studied eitensivé1y. Here eiéétrblytic.sys;ems are. treated where both

_factors enter simultaneously.

-Free convection

Flﬁid:floﬁ along a vertical wall as a result of a density
gradieqt shows.a boundary-layer structure; Théipfessure in horizontal
planes isiunifprm and constant and equal to the hydrpsta:ic-pressure,'
The cqn?ection is caused by the difference in dénSity along horizontal
planes. By means of a similarity transformafion, the fluid-mechanical
vand mas$+transfef equaiions can be reduced to ordinary differentiai

equation‘s,l’2 which are relatively much easier to solve than partial

differential equations. The quantities of practicalvinterest foIlOwing _

from the solution of these equations are the mass transfer to

the'wali.and the shear stress at the Wali.v For a constant density

vdiffeiehce Ap between the vertical surface and the.Bplk solution, these -~

results can be expressed in dimensionless form as

s

ﬁ%

and |

T /igho = B secany Y @

'_'Nuv=-Cb(ScGr_)1/4 S (1),\_,,:
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where Nu is the average Nusselt number (defined for our systems in
equation 32), To'is the shear stress at the wall avéraged over the length
L, and g is the magnitude of the graVitational acceleration. Sc is the

Schmidt number, Gr is the Grashof number
Gr = gApL™/p, v , , (3)

and Cb and B_ are dimensionless coefficients which depend on the Schmidt

b
number. Values of Cy and B, for free convection in a binary fluid at a
‘vertical surface are givén‘in table 1.

The problem of isothermal mass transfer in a binary_flﬁid
is identical, mathematically, to that of heat transfer in a pure fluid,
in which case the Prandtl‘numbei replaces the Schmidt number as a
paramefef'in the analysis.

| For free convection to'a'vertical surface with a constant
density difference Ap, the local rate of mass tfanéfer is inversely

1/4

proportional to x_ 1/4

, and the local shear_stress‘is,proportidnal to x7' °,
where x is the vertical distance along the surface measured from the

beginning of the boundary layer.



Table 1. Coefficients expressing the rate of mass transfer and the shear °
stress for free convection at a vertical plate from a binary fluid with a
uniform density difference Ap between the vertical surface and the bulk
solution ‘(from references 1, 3, and 4). S

Se . .C B Sc o : B

| .. b D - b , b v
0.003  0.1816 -  .0.2707 | 1 0.5347 0.7265
0.01  0.2421 '0.3528 | 10 . 0.6200 0.8434
0.03 ‘ ‘; 0.3049 . 0.4419 100 0.6532 | | 0.9005
- 0.72 ©  0.5165 ©0.7045 1 1000 0.6649 0.9225
0.733  0.5176 0.7057 o x_0}670327- 0.932835

Morgan and Warher5 have shown how.fo tféat this free-
cbnvectiqﬁ problem invthé‘limif of an infinite vaiue of the Schmidt
number. - This limit is of interest in the pfeseht'éontext siﬁce for
eiectrolytic solutions‘the Schmidt number is oﬁ the order of 1000. For
’high Schmidt nﬁmbers, fﬁe véloéify profile extends to much greater
disfancgs from tﬁe'SUrfaCé than the.region of éohcéntration vériations,
that is, the hydrodyhamié bbuhdary layef is much thicker<thah the
diffuéion layer, and é singulér;berturbation‘treatment is appropriate.
Within the diffusion layer it is'permissibié to neglect the inerfial
terms‘in the equétion of'motion, and outside the diffusion layer the
cdncéntration is uniform and equal to thg bulk vaiue; It tufns out that
i; is po§sib1e to detefmine the-velocityvand concentration distribufidns
withinvthe diffusion_layer without carrying out .the treatment of the
Velocify ﬁrofile'outside the diffusion layer. | |

In this manngr, Le Fevre4 determined tﬁe limiting values
of Cb and.Bb as given in table 1. The singular-perturbatibn expansions

were carried out by Kuik_en6 to obtain three terms in the expansions of



Cb and Bb fér large Schmidt numbers. A similar perturbation treatment
was given by Roy.7 Acrivos8 has shown that this tréatment can be applied,
in the-limit of infinite Schmidt number, to other geometries besides |
the vefficai surface. Then, for two-dimensional - geometries, the average
Nusselt number is expressed as
| L 13/4
Nu = ¢, (se6r)t/t -lL-/ (sin €)'/ 3ax , W
0

where € is the angle between the normal to the surface and the vertical.
For the axisymmetric case, see reference 8 or 23.

Tﬁe limit of small Schmidt numbers was treated by Le FeVre,4
and the problem was carried to a higher—order term by K_uiken.9

We confine ourselves to the analysis of laminar free con-
vection. The transition to turbulence is discussed. in connection with
the present results for the ferricyanide-ferrocyanide syétem with

supporting electrolyte. ' ' 1

The effect g£ ionic migration

.The flux of an ionic species contains a contribution due
to migfation in the electric field as well as thosé due to diffusion '
and convecfion. Frequently in mass—transfer'studies,_é supporting or
inertvelectrolyté is added to the solution in order to reduce this
contribution of migration. In this case, the concentration of the
reactant obeys the equation of convective diffusion, applicable in

nonelectrolytic mass transfer. This should make the results directly



compérable'to those of>éxpefiments in heat transfer and nonelectrolytic
mass transfér. -In tﬁe case of mass ﬁfansfer from a solution containing
a singléﬂéiectrolyté,'the concentratibn»again obéys the equation of
convéctive diffusion,lo but with the diffusion coefficient of the
electrolxte‘réther'than the réaCtént. |

With intermediatevamounts_of suppofting eleétrolyte, it is
necessary to solve a mbreﬁéomplicated set of equatiohs. 'Eucken'11 has
carried tﬁié ouf‘for three univalent ions'in the, somewhat artificial,
Nernst Sfaénant diffusion layer. Heyrovsk)/'12 rejected this analysis
because it did not agree with poiarographic'expérimenté for the discharge
~of hydrogén‘ions from>HCi—KC1 solutions and introduced an approximate
correétionffor migration iﬁVolving the:tfansferencé number of the
reactant. .

»NeWmanlS-SOIVe&‘the releﬁant equations numerically for a
variety-of electrolyticvéyStems in fhe folldwing cases: steady mass
‘transfer to a‘rotating digk at large Schmidt)nﬁmbefs; unstéady mass
transfei to a growing drop (polarography); unéteady mass trénsfer into
a ;tagnant,'semi—infinite‘flﬁid; and steady mass transfer in a stagnant,
_ Nernst diffusioh layer of finite thickﬁess. Okada, Yoshizawa, Hine,
and Asada;4 also solved numerically the.probleﬁ for a growing mercury
dropf- NeWman15 sﬁowed that the case of steady migration through 1aminaf
diffusibn layers generaliy,.at high Schmidt numbers, is matheﬁatically
identiﬁéi’to that,éf migration to the rotéting disk, solved earlier.13

.'_'Newman's reSultsls.showed good agreement with the polérographic
experiﬁents on HC1¥kC1 solutions (see élso refefence 16), thereby removing
HeyroVskf‘s.pbjectidns to thé methods of analysis based on the equations

of electrolytic mass transfer.



Attempts to obtain an approximate solution to the problem
of migrgtion'are also necéssarily more réstricted{ Gordon, Newman, and
Tobiasl7'treéted the rotating disk electrode by assuming a consfant
potentialfgradieﬁt in the diffusion_iéyer. The,rigorous solution by

18,19,20 " . en if the velocity

analytic means is hardly tractable,
correspondé_to'a simple hydrodynamic‘situation;'

Hsueh and Newman21 treated the CuSO4-HZSQ4>system with no
dissociation of the bisulfate ion'and with partial dissociation accord-
ing to itg'dissociation constant, The earlier treatment1$ of thié
system had‘éssumed complete dissociétion of bisuifate ions; This
W.source21,alsovgiVes'the effect of migration for a sfagnant Nernst
diffusion layer with ions of arbitrary valence.

The migration effect is most simply expressed as the ratio
IL/ID of the limiting current to the limiting "diffusion current,"
corresponding to the absence of migration, that is, with an excess of
suppqrtingiglectrolyte. The ratio'IL/ID can be expressed as a function

of the composition, characterized by the ratio of supporting electrolyte

to total electrolyte.

Free convection in electrolytic systems

The addition of supporting electrolyte to a solution does
not make thé free-convection prOblehndirectly comparable to that of
heat tréﬁsfer and _noneiéctrol}tic mass transfer in a binary fluid
beéause;”while it ‘does reduce the effect of ionic’migration, the:con-
céntration variation of the Supporting_electrolyte affects the denéity
Variation to roughly the same extent as the reaétant and thus influences

the Véiocity profile. Nevertheless, it has frequently been assumed



thét the:mass—tfénsfef rate is.adeQuately ékpreSsed by equation 1.
Ibl22 haé fgviéhed the experimental work on thié problem and the
applicabiiity of equation 1. (See also reference 23.)

| | The 'évaiuatioﬁ of Ap in the Grashof number (see equation
3) has focﬁsed afténtioh 6nvthe estimation of the cbncentration of the
supporting eiecfrolytevaf'the eleqfrode surface, a‘quantity‘which is
6f sécondary interest in forced convection. The method traditionally
vﬁsed'f6r fhis estimation waé Ofiginally déveloped_by Wilke, Eisenberg,

and"TobigSZ4 for CuSO,-H solutions. The papers of Wagner,25 Ibl

4 2774

ﬁ and~Braun,26 and"Asada; Hiné, Yoshizawa, and Okad327 are relevant in

SO

'this regard. Recently, Rav0028 hés challenged the method of Wilke,
Eiseﬁﬁéfg, and Tobias on the basis of a bisUlfate model appiied”td
_the'staénaht Nernst diffusion layér.' (Seé also reference 21.)
Brenhefzg succeéded‘in quickly freezing the solution sur-
rounding a hollow cathode and cutting slices offvthe frozen mass in
'order to analyze ﬁhem. By measufing the refractive index profile,
.Hsueh_aﬁd‘Newman21 have thained values of the sulfuric acid concentra-
tion at the electréde'for unsfeady diffusion into avstagnant medium.
Not all experiments in freé convection have involved a
Suppo}ting_electrolyte and a &eftical electrode. Ibl and Miiller30
have_QSed aqueous -solutions of copper sulfate. Schﬁt231 investigéted

experimentally free-convection mass transfer to spheres and horizontal

cylinders. (See also reference 23.)



Analysis

The set of equations which determine free convection as a

result of concentration variations in electrolytic solutions near a

vertical electrode are the'following:

the equation of continuity

avx avy
ax Jy =0 ?
the eqUatibn of motion
SV, Prpg
Vs + g, =0
oy P

ac. .9¢. .97 c. 4
V —Yr 4 v —2=1D 'l+zuF-a——C-a}2-
X 90X y dy i 2 "iti ooy \'i oy ’

and the electroneutrality equation’

Z_Zici =0

i

~

Equation 6 is the boundary-layer form of the.x-COmpoﬁent of

(5)

(6)

7y

(8)

the equation

of motion, and equation 7 is the boundary-layer form of the mass-transfer

equation. Here y is the normal distance from the electrode.

The inertial

terms have been omitted from equétion'6. This is a valid approximation

within the diffusion layer at high Schmidt numbers, aS discussed ip the

introduction.
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The dénsity is supposed to be the only’yariable physical
pfoperty'of.the system, and is represented here by a linear expression

in terms of the solute concentrations:
(P-p)/ P =05 (c5-¢5) €))
i '
where ai i5 a (constant) "densification coefficient."” The mobility
is assumed to be related to the diffusion coefficient by the Nernst-
Einstein relation
D, = RTu, . - (10)

.~ The boundary conditions for the velocity are

Ve =Yy 5,0 at y = 0 , o (11)
v /3y =0 aty =, (12)
Vx =0atx=20 . | (13).

The boundary condition at y = ® cerresponds
to the matching condition for the inner region (the diffusion layer)
in the first term of the singular-perturbation expansion for large
Schmidt numbers.5 The inner region can be solved without treating the
outer region. |
A general expression for the electrode reaction is
2

. f. -
ZsiMi < ne , (14)

i



Y

"‘ll' .

where S; is the stoichiometric coefficient of species i and Mi is a
symbol for the chemical formula of species i. The current density is.

thus proportional to the flux of a reacting species at the electrode:
Sily = -nFNiy at y = 0 . (15)

Since the current density is not known in advance, we express the

boundary condition on the species fluxes as

. ' S, ac
i 09 _ i R o¢ -
Dl ay + ziuchl -57 = —-SR (DRW + ZRURFCR 5‘}';) at y = 0 s (16)

the convective contribution to the fluxes being zero at the solid
electrode. Species R is a reactant called the "limiting reactant,"

whose concentration is taken to be constant at the electrode surface:
aty =0 . ‘ (17)
At the limiting current, which is of interest here, the concentration

of the limiting reactant is zero at the electrode, cbrrespondihg»to the

maximum possible rate of mass transfer. Far from the electrode and at

the beginning of the boundary layer, the concentrations have their

bulk values:

fl
8"

c. =c, aty " s o - (18)

c.=c. atx=0 . (19)
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- We now introduce the similarity transformation’

o
1]

'3gaR(cRm-.cR0) e
‘ - (20)
4VDRX I T

FIEN

[SgaR (cRm-cRO)]lM

AW, £ (21) | ?

where ¥ is the stream function defined so that the' equation of continuity

5 is satisfied identically:

» v, T -3¢ . - (22)

v
X y
With tﬁe dimensionless variables
) F ‘i (23)
p = o [0 ()], 6= ——m— o, ,
RT o i cRoo CRO :
‘ e‘quatioﬁs_S to 10 become
' . ‘ S
frero= + Z&-l (ei-ejoo) , . | o : (24)
i R ) :
(Di/DR)[e'i' +z,(0,¢ )] o+ fa; =0 s . (25)
Zziei , : (26)
i

where the primes denote differentiation with respect to £. In equation

24, the 'plus sign applies if po is less than p , and ‘vice versa.
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The boundéry'conditions 11 to 13 and 16 to 19 become

' 4 - ',
ei + Ziei¢' - (SiDR/SRDi) (eR + ZR6R¢') s
' (27)
= f1 = = ‘ =
f=f"=0 |, GR eRO at g 0
and |
fﬁ =0, 6, =6, atf=o . (28)

The densification coefficients in equation 9 are not unique
for ionic species since the solution must be electrically neutral. The
value of.aivcanvarbitrarily be set equal to zero for one ionic species.
As‘a consequence of this arbitrariness, numerical values of £ and f are

not physically significant, and any results should rather be expressed in

terms of the dimensionless distance n and the dimensionless stream

function F(n) defined according to

1/4 | |
- 3gip _ :
n = Y[}VDRpw%] (29)
and ' 1/4 v v
4 3gA ' ' ,

The density difference Ap is not known at the outset; consequently the

‘calculations must be carried out in terms of & and f.

The principal results of interest are the mass-transfer rate

-or limiting current density and the shear stress at the wall. These are

expressed by eqﬁafions 1 and 2 with the cOefficieﬁts Cb and Bb
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replaced'by_c and ‘B.  Here the Schmidt number is’

Sc = woR : ,A - (31)

‘and the average Nusselt number is

(32)

’ Of.interest also are the_concentrafions of the nonreacting ions at the

electrode,'e, These are necessery‘to calculate the density difference

io’
Ap used in the correlatlon of the current density and the shear stress.

’Metnod‘of Caiculation »
Equation3324bto 26'forn-a sef of coupled nonlinear“differen—

t1a1 equatlons w1th boundary condltlons at zero and 1nf1n1ty Theee'
equatlons can be 11nearlzed about a trlal solutlon producing a series of
coupled, 11near d1fferent1a1 equatlons. In f1n1te_d1fference form these
give:coupied, tridiagonal matrices which can be solved readily on a high-
‘speed digital computer'.32 The nonlinear problem is then solved by itera-
tion3 For the principal results 150 mesh points were used;_ A mesh width
on tneoi"scaie of 0.0611 was used for the CuSO HZSO4 system and a .,
mesh width of 0.08 was used in the ferricyanide-ferrocyanide systems.

o Ionic diffusion coefficients arevcalculated from 1limiting
Iionic mobilities at infinife dilutiOn.33’34 The denéification coefficients
. for the varlous systems are given 'in table 2. 'The ba51s for these values

can be found in reference 35. The CuSO HZSO4 system will be con51dered
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both with complete and with no dissociation of bisulfate ions. For the
ferrocyanide-ferricyanide redox system, the OH .ions or the Na' ions may

be absent in certain cases treated here.

Table 2. Values of the densification coefficients>> used in the

calculations.
species : oH
(L/mole)
. + :
H . 0.02989
50, 0
cu'’ : 0.13974
+
H | 0.059789
HSO, | 0
cu'”’ 0.19955 -
o~ | ~0.04529
Na”* ©-0.00673
Fe(CN)g' 10.22591
Kt : 0
3 -
Fe (CN); 0.16727

As a preliminary check on the accuracy of the numerical method,
calculétions were carried out for a binary fluid at Sc = 1, 10, 100, 1000,
and Q'and'for metal deposition from a binary electrolytic solution in the
limit of large Schmidt number. Compafison of these results with those in
table 1 leads to the éonclusion that our method is generally accurate to
four significaﬁt figures. For metal deposition from a binary electrolytic

solution, one can show that



and

where Sés is bésed

D
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/4

| 33
- (D/Dg) _
= Cb(Scsl

-t

e
Oy /D) " By(se)

on the diffusion coefficient of the salt

) D+D_(z+‘z_)

zD -2 D
+ + - -

and tRAis_the transference number of the reacting cation..

50,

CPSO4 - H2

Results -

(33)

(34)

G5

The effect of the supporting electrolyte, sulfuric acid, can

be expresséd in the ratios C/Cb and B/Bb, permitting a comparison with

the behavior of a binary fluid. Thesé’ratios depend on thé relative

amount of sulfuric acid, expressed as

[+

c ;
H,80,

T =

;_'co L
FCcuso,

COO ’
H,S0, .

-

‘One is also interested in the concentration of supporting electrolyte at

the eiectrode, in particular in order to calculate Ap, entering into the

Grashof number. This is expressed on the graphs as

[s] o0

Ac c -C,
HyS0,  H,80,H,S0,
c ) o0
Cus0,  ccuso

4

(37)
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In view of the low value of the dissociation constant of
bisulfate ions, the calculations wéie carried out for no dissociation of
bisulfate ions as well as for complete’dissociatioﬁ to sulfate and
hydrogen’ions. To obtain an ideé of the behavidr’when partial dissociation
is considered, one should consult reference 21.v

Results are shown in figure 1 for B/Bb for complete dissocia-
tion of bisulfate ions and the ratio C/Cb for both no dissociation and
complete'dissociétion of bisulfate ions. Dashed lines show the correspohd—
ing values of iL/fD for a rotating disk.21
As1r approaches unity, one would éxpect C/Cb and B/Bb to
: approa;h'unity if the appeérénte'of Ap.in the Grashof_number were sufficient
- to correlate the effect of the supporting electrolyte. The contrary behavior
emphasizes the fact that these ratios express not only the effect of ionic
migration but also the effect of the density profile not being similar to
24

that for a binary fluid. Where Wilke, Eiseﬁberg, and Tobias's correlation

works with C = C thisvméy indicate that the errors in assuming C = Cb and

b,
in estimating the diffusion coefficients compensate for the error in their
method of estimating Ap.

To be specific, the diffuson layer thickness is greater for

stO4 than for CuSO4 on account of the larger value of the diffusion coef-

ficient of hydrogen ions. Thus, the density difference in the outer part
of the diffusion layer is positive while it-is'negative near the electrode.
Consequently, the value of Ap does not, by itself, give.sufficient informa-
tion about the density profile. In fact, with added'HZSO4, the velocity

profile shows a maximum within the diffusion layer. This is shown for
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1 T
| ——Free convection |
2.0} —————1I,/Ip for disk —

- Bisulfate

'II.O S ~—_

B/Bp |
0.8 | | |l L |

O 02 04 06 08 10

XBL708-3732

Figure 1. Coefficients fbr shear stress (complete dissociafion only) "
 and mass transfer in the CuSO4 - HpSO4 system. Dashed curves -
- show for comparison the values of Ij/Ip for the rotating disk.
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excess sulfuric acid in figure 2. The profile for a binary fluid is
labeled CuSO4.* Since these phenomena occur in a more drastic fashion in
the redox systems,\we shall postpone their further discussion.

- . The ratio.B‘/Bb varies little ;ince it does not involve the
dominant effect of ionic migration found in the limiting currents
_egpreséed in C/Cb. Values of B/Bb for the bisulfate system are in the
same raﬁge as those for complete dissociation. They extrapolate to
0.8342 at r = 1.

| The refractive index.profile is shown in figure 3 for complete
vdi530ciation of bisulfate ions. A slight maximum occurs when sulfuric
acid is present, due again to the lafger diffusibn—layei thickness of
sulfuric acid. These can be compared with figures 7-12 and 7-14 in
Hsueh's dissertation.36 The basis for the refractive index caiéulation
can be found in reference 35.

| After the actual velocity brofiles have been calculated, one

could separate the effect of ionic migration on C/Cb from that due to

the dissimilar density profiles. Thus

I .
_I.I.‘. = (3/4)3/4 C fexpi— ﬁdn‘ dn . (38)
D 0 o}
Here, the "diffusion current" ID corresponds to the .mass transfer by

diffusion and convection with the actual velocity profile. Then IL/ID

/I does not coincide with the

approaches unity at r = 1. For r = 0, IL D

value of C/Cb given by equation 33 unless Ds = DR’ However, this

* - R
Actually, the profile for a binary fluid would involve DS instead of D
in the definitions 29 and 30 of n and F.

R

i
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S L B A
L P Vot ci-ai SRR |
();fg';* e ' <0, |
S ,CuSOg4 t+excess HoSO4
5 complete dissoc. =
| - = _ Cu-SO4+e_xcess H2S04 ,“»
o no dissoc.. |
~ 0.4 | | .
w
.c — 7
- =
. 1
of- | N
l L | ] l ] L l I
0 | 4 . -~ 8

XBL708- 373!
Figure 2. Velocity profiles for binary salf solution (CuSO4) and for @

- CuS0O4 with excess HpSO, (r = 0.99998) completely dissociated
- and undissociated.
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Figure 3. Refractive index (relative to bulk) in CuSO,4 - HyO (0.02 M
bulk, 0.01 M cathode) and in CuSO, - H2804 - HZO (excess
H2804, 0.01 M CuSO4q bulk).
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separatioh'ﬁas little pfactical utility sincé_thé‘fwo effects cannot be
séparatéd éﬁperimentally. .Fof a system where the‘diffuéion coefficients
of the;$§lutes are roughly the same, one cqﬁld éétiméte the value of IL/ID
from calculations for other hydrodyﬁémicvsifuatibhsls_and tﬁen assume
that.this is equal'to.thevvalue of C/Cbrfor free convection with little
error. But if detailed calculatiomns. for freevéénvection'are carried out,
one might as well report values.of C/Cb, which aCcountyfof’bOth effects.
The Wide range of predictioné for the H2504 concentration at
the electrode for the sulfate and bisulfate models and for various
hydrodynamic situations is shown in figure 4. Alsé shown are some values
obtained by the method ovaiIke, Eisenberg,_aﬁd fobias.24 Ravoofs pre-

28

dictions are based on the bisulfate model for a stagnant Nernst

diffusion layer'bf finite thickness. The value 0.71 is deduced from

the results of one of Brenner's experiments.29 Hsueh and Newman21

obtained four values in the range from 0.50 to 0.57 and one value of 0.75.

Kol'e(CN) . - K, Fe(CN)

' The .redox reaction
| -, -, 4- | o
Fe(CN);" + e 2 Fe(ON), (39)

is popular in mass-transfer studies and has been used in free convection,
although it is not common. The densification in this system is much
weaker than in copper sulfate solutions since the excess of product ion

largely compensates for the deficit of the reactant.

{w

Y
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Figure 4. Excess sulfuric acid at the electrode divided by the bulk
copper concentration.
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~ Results for the unsupported ferricyanide-ferrocyanide system
are shown in figure 5. Values of I,/1, calculated for the rotating disk!®
are also shown. The abscissa is the concentration ratio r, for the anodic
reaction'and'rc for the cathodic reaction:
o
r.=1-r = SITO o (40)

c a L o -
. c - +C .
ferro “ferri

.The prodﬁct'concentratibn at the électrbdeiwinuéfthaﬁ‘in'the bulk; divided
by the buik}réactant ébncentratibn, is denoted ;Acp/AcR. The éffect of
ionic migration onvlimiting Currents is»félatiﬁély sﬁall in this system,
as obséfved éarlier,13 7.s'i"nce the pfoduéf ibn-wi11 a1;ays5prevent,the
eiécfric field from becoming infiﬁite at the electrode.

v ‘~By varying the densification coeffiéienté'and diffusion éoéf—
ficients of the ions, we één study fhe'importancé'qf fhesé factors. The
relativé‘unimportance of free convectibn'intéracting with migration is
evidencéd by the fact that it makes 1ittle differenceIfor'C/Cb or the
product concentrations if we assign equal dénsificétion coefficients to
the reaqting and product ions, although the.sign'Of.fhe density~differénce

po - p,, reverses and consequently the flow reverses from upward to down-

ward, or vice versa. This emphasizes the fact that the density differences

driving‘thé convection in this system are very small. The cohsequences
of this will be seen below when we consider the effect of adding KOH or

NaOH as a supporting electrolyte.

-
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Figure 5. Product ion concentration at the electrode and the coefficient
for the limiting current in the unsupported ferricyanide-
ferrocyanide system.
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Supported ferricyanide-ferrOEyanide

. We consider'ﬁext solutions of K3Fe(CNj6-énd K4Fe(CN)6 with
KOH or NeQH-addedvas a supborting electrdiyte;' The.iaﬁter, although
leading‘td'a fiye—ion system with consequeht cqmplicatione inibhysieal—
prbperty:estimatioﬁ,>has‘Been used as frequentiy as the former in
reported investigations.s?’ssﬁ

~In. the- results,vthe concentration of supportlng electrolyte

is expressed in the ratio
ra 2 . N (38

Figuree'6 to 8 give the reSults for these systems‘fofiequal Bulk coﬁcentra-
tions of ferrlcyanlde and ferrocyanlde (r = ré =’0.5). Addieional'results
for r = 0. 5 and various values of T, or |
r, are given in table'3.‘ On figure 6\Va1uee Of IL/ID'for the rotatiﬁg
disk Wlth KOH support1ng electrolytels?are ﬁlettedvforvcoméérison. |
Flgure 6 shows a consplcuous deviation of the values of C/C
from the Qalues of IL/ID for the rotating disk, and figure 7 shows a much
greater'veriatioﬂ ef B/Bgvthan was obeerved forrthe CuSO4 H2804 syetem.
In eonfraSt thebconcentration ratios shown in figure 8 are essentially
1ndependent of the hydrodynamlc situation, almost c01nc1d1ng with results
for the rotating dlsk (Wthh are not shown)
Figures 6 and 7 reflect the strong diseimilafity of the density -
pidfiie in'the supported solutions  compared to'that in a binary solution.

A dramatic consequenee of this is shown in the!veIOEity profiles in
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Figure 6. ‘Coefficient for mass-transfer rate in the supported ferricyanide-
ferrocyanide systems, for equal bulk concentrations of K%Fe(CN),
K 6
and K4Fe(CN)6.
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~ Figure 7. Coefficient for the shear stress in the supported ferricyanide-
: - ferrocyanide systems, for equal bulk concentrations of K Fe(CN)6
and K,Fe(CN) . : 3
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Figure 8. Surface concentrations in the supported ferricyanide-ferrocyanide
systems, for equal bulk concentrations of K3Fe(CN)6 and K4Fe(CN)6.
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figure 9.  There'is a velocity maximum which becomes more brpnounced as
KOH is added, and the magnitude of the velocities becomes smaller. The:
profile fdf.r = 0.95 yiélds a ébnverged bﬁt'physically_unreasonable
solution, gince theVVelocityvfar from ﬁhe electrode has reversed sign.
Reasonab;e solutibns were not obtained in thevcathqdic case for r greater
than.0.85 for KOH, and'0.7$:for NQOH, supporting electroiyte. The situa-
tion is_different only in dégree‘from*the one encountered in'thevcase of
_Suppbrtéd CuSO4; Normali;ed‘dénéity profiles”for the two cases are
compéred,in figuré 10. The féfricyanide-ferrocyanide System hasva weaker
densification than CuSO4, énd consequently the addition of suppbrting
eléétrolyte can havé'relatively a much greater éffect onvthe density '
profile, as we see in figure 10. The'yeiocify far from the electrode (at

the outer limit of the diffusion iayer) can be expressed as

p PP, . '
fr(©) = - [ ——Fx&& . (42)

o PoPRCR

Conseqﬁéntly, in order for there to be a flow reversal, the first moment
"~ of the hofmalized density profile in figure 10 must be negative.

| The boundary-layer model clearly breéks down when reversed
flow pccﬁrs. “But even before this happens, the veiocity profile may bave
become unstable. It is known from the theory of hydrodynamic stability39’40
that boundary layers with an.inflection point in fhé_velocity»profile are
inheréntly'lesg stable with respect to low perturbatiqh frequencies. It

follows that if transition to turbulence takes placé in supported solu-

_ tions, where the supporting ion has a larger diffusion coefficient, it
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Figure 9. Velocity profiles for various values of r for cathodic reduction
of ferricyanide ions with KOH supporting electrolyte (rC = 0.5).
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Figure 10. Normalized density proflles for binary salt solutlon (CuSO ),
o for CuSO4 with excess H,S (r = 0.99998), anad for equlmolar
ferricyanide-ferrocyanlﬁe with excess KOH (cathodic reaction,
c Jc , = 0.95). :
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Table 3. Results for the supported ferricyanide-ferrocyanide systems with

0.0003

0.25

0.75

0.9996

0.0004

r = 0.5.

e

0.8809
0.8931
0.9117
0.9286

0.9386

0.8629
0.8717
0.8841
0.9029
0.9199
0.9293

0.9353

c/C

1.0361
1.0294
1.0188

0.9985

Cathodic reduction of ferricyanide

Ac Ac
B/Bb _ Acferro ACOH |
ferri ferri
KOH supporting electrolyte

0.9236 0.9278 -0.2731
0.9218 0.9306 -0.2792
0.9189 0.9352 -0.28S80
0.9165 0.9394 -0.2981
0,9159 0.9419 -0.3032

NaOH supporting electrolyte
0.9123 0.9235 -0.2756
0.9111 0.9255 .—0.2799
0.9092 0.9284 -0.2861
0.9063 0.9330 -0.2961
0.9036 0.9372 -0.3054
6.9021 0.9397 -0.3107
0.9011 0.9412 -0.3142

Anodic oxidation of ferrocyanide

Aé Ac _
B/ _ ferri OH
By Yy Ac
ferro "~ ferro
KOH supporting electrolyte

0.9236 1.0583 0.3353
0.9241 1.0601 0.3321
0.9250 1.0630 0.3271
0.9265 1.0682 0.3184

Ac
Na

C,. .
ferri

0.1971
0.1990
0.2017
0.2059
0.2097
0.2119

0.2133

Ac .
Na

c
ferro
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Table 3. _(Continued) v
' KOH supporting electrolytel

0.75 ©0.9779  0.9280 11.0737 0.2090 = -
0.9 . 0.9638 . 0.9289 " 1.0773 0.5030 -
0 0.9997 . 0.9538 0.9296 1.0797 © 0.2988 B

" NaOH supporting ‘electrolyte

0.0004 ;*,1.0286 049102 1.0606  0.5435 - -0.22602
0.1 {”, 1.0218 0.9108  1.0625 0. 2400 . -0.2248
0.25 - 1.01l0 0.9117 '1.0654 10.2350 ©-0.2230
0.5 . 0.9915 1 0.9133 1.0706  0.3260 -0.2197
0.75 '“A, 0.9697 S04 1.0762 0.:164  -0.2160
0.90 - ' ;; 0.9554 -~ 0.9160 - 1.0798  0.3103 -0,2137
0.9997‘: ©0.9453  0.9167  1.0822  0.:061 -0.2121

may take piacé at'lowér Grashpf numbers'than-for free;éoﬁveétion in heat
;ransfér of;in binary solutions. This concldsibh shohld'be'opén'tﬁ .
expéfimehtai verificatioh.2  -

Unfortunately, the'experiméntal evidénée éﬁ fransition in free
convectibh is rather confusing. Only in héat—transfér experiments with
air (with a Prandtl number of Q.7) has the transition regioﬁ been'défined
by measuringvvelécity and‘temperature fluctuations.- In air;,the lower

“limit of transition is, by agreement of'sevefal ekperiﬁénte¥3,41’42
Gr > 2 XU1Q9" An ﬁpper.limit of transition is Gr < 1010, above which fully
turbu1¢ﬁ¢ ﬁéat transfer occurs.

) ﬁ'In heat-transfer éxperiﬁents4s_witﬁ'water and with liquids of

Prandtl numbers on the order of 100, the transition criterion was put at
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10

Pr Gr = 4 x 107", Wilke, Tobias and Eisenberg46 report eXperiments on

~dissodution of organic acids in water, where laminar mass-transfer relations

still hold at Sc Gr = 2 x 10%0. wWagner,*> in salt dissolution experiments,

observed that the flow was still laminar'at Sc Gr = 5 x 1011.

Fouad and Ibl38 place the transition in acidified CuSO4
solutions, observed opticaily, between 2 x 1011 < Sc Gr < 4 x 10'°. They
suggest that there is a separate dependence on Sc. Wilke, Eisenberg and
Tobias24 correlate laminar free convection in acidified CuSO4 solutions
up to Sc Gr =5 x 1011. Fouad and Gouda44 report transition in ferricyanide
reduction with excess NaOH at Sc Gr = 4.6 x_lOll. |

One can hardly infer‘that destabilizatibn had taken place in
the supported solutions. However,: in such solutidns the density has to be
estimated_(usually by the method of Wilke, Eisenberg and Tobiasz4), which
can lead to appreciable errors. | |

Since the inertial terms in the equation of motion were neglected
in this analysis, it follows that a theoretical treatment of instability in
electrolytic free convection could also simplify the unsteady equation of
motion, retaining only viscous and buoyancy terms. The result would be
analogous in form to the so-called viscous solutions in forced flow
instability,40 e*cept for the unknown effect of coupling to the diffusion
equation. No solutions are évailable for -high-Pr free-convection instability.
Gebhart47 reports the absence in low-Prnfree-éonvection instability of a
critical layer, corresponding in forced flow to the velocity profile
inflection, where the disturbance velocity equals the steady velocity.

One might conclude, therefore, that the velocity profile inflection

obtained in this work does not necessarily indicate instability.
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At ény raté, the appearénce of velocity profiie§YWhich-eXhibit
maxima within the'diffusion layer can lead to valﬁes.bf C/vaand B/Bb'cén-
sidérably differént from unity S0 thét equations:I éhd"2'do ndt adequately
repre§eﬁpvthe prediétions of thesé céléulations>f6r'solutioh$ with a support-
ing éleﬁfrélyteihaving a'high diffusién.coéfficiént. 'fhis is because the
density difference Ap does nof, by itself, giVelsufficieﬁt inforﬁation

e

about the density profile,

Discussion and'Conclusidné
This investigatién cdncerns'tﬁe contribution which migration
in the électric'field makes to thelimitingcurient_density in freé
éonvectibn. The effect of migfation itself (equation 38 is feferred'td

here) is very similar to that calculated fOrJcher hydrodYnamic situations.

ﬁbwevér,:tﬁe effect df migratién alSQ leads to a nonuniform concentration
of the sufporting electrolyte, aﬂd here, in contrast to forced convection,
this can change considerably the velocity profile and also affect the limiting
éﬁrrent. Because this éffectvcan be paftly*correlated by using the overall
densityvdifferénce Ap in the Grashof nuﬁber, we have reported here the con-
céntration of supporting eiectrolyte at the electrode.

| Frequently used supporting electrolytés; acids‘énd bases, have
higher diffusion coefficients than the reaéting species. 'This means fhat =
the diffusion layer for the supporting electrolyte extends farther from

the electrode than that for the reactants. This leads to a vélocity maximum
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within the. diffusion layer if the density difference due to the supporting
electrolyte opposes that due to the reacting species, as was the case here.

The analysis applies to lafge Schmidt numbers. In this limit,
the preseht results can be applied to other geométries by using the trans-

formation of Acrivos. This means that Cb in equation 4 is replaced by C.
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Nomenclature
B coefficient for shear stress
Bb - coefficient for shear stress in a binary fluid
c; concentration of species i (mole/cms)
C coefficient for mass transfer
Cb cQéfficient for'mass transfer in a binary fluid
Di diffusion coefficient of species i (cmz/sec)_
DS diffusion coefficient for a binary electrolyt¢ (cmz/sec)
f dimensionless stream function
F Faraday's constant (96,487 C/equiv)
F dimensionless stream fdnction
g maghitude of the gravitational acceleration (cm/secz)
Gr Grashof number
i normal component of the current density (A/cmz)
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1imifing‘diffuéion current

limitiﬁg current ' ' N
height of thé_Vertigal electrode (cm)
éymboi_for thevchémical formula of species i

number of electrons transferred in the electrode reaction

~ normal component of the flux of species i -

avéfage Nussélt humBef

ratio of suppoftingfeieétfdlyfe to total électrolyte
raiio% of fgfricyanidé ané ferrocyanide concentrations
universal gas constaht (joulé/mole-deg K)
stoichiohetrié éoefficiént of species i

Schmi&t number |

tfénsferencé numbef of speciés i

absolute tempefatufe'(dég_k)

mdbility of 5pé¢ies-i (éﬁzémolé/joulé-éec)]'

veidcity bompdnent parailel to the eleétrode:(cm/Sec)

veldcity component perpendicular to the electrode (cm/sec)

distance along the electrode measured from the beginning of the_

‘boundary layer (cm)

normal distance from the electrode (cm)

- valence or charge number of species i

densification coefficient of species i (%/mole)
ahgle'between the normal to the surface and the vertical.
similarity variable representing dimensionless distance

similarity variable representing dimensionless distance
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dimensionless concentration

kineﬁatic viscosity (cmz/sec)

fluid density (g/cms)

100 - 0,

shear stress averaged over the electrode (dyne/cmz)
dimensionless potential

electrostatic potential (volt)

stream function (cmz/sec)

subscripts and superscripts

(o}

at the electrode surface
in the bulk solution

limiting reactant
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