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FREE EXTREME POINTS OF FREE SPECTRAHEDROPS AND
GENERALIZED FREE SPECTRAHEDRA

ERIC EVERT

ABSTRACT. Matrix convexity generalizes convexity to the dimension free setting and has
connections to many mathematical and applied pursuits including operator theory, quantum
information, noncommutative optimization, and linear control systems. In the setting of
classical convex sets, extreme points are central objects which exhibit many important
properties. For example, the well-known Minkowski theorem shows that any element of a
closed bounded convex set can be expressed as a convex combination of extreme points.
Extreme points are also of great interest in the dimension free setting of matrix convex sets;
however, here the situation requires more nuance.

In the dimension free setting, there are many different types of extreme points. Of
particular importance are free extreme points, a highly restricted type of extreme point
that is closely connected to the dilation theoretic Arveson boundary. If free extreme points
span a matrix convex set through matrix convex combinations, then they satisfy a strong
notion of minimality in doing so. However, not all closed bounded matrix convex sets even
have free extreme points. Thus, a major goal is to determine which matrix convex sets are
spanned by their free extreme points.

Building on a recent work of J. W. Helton and the author which shows that free spectra-
hedra, i.e., dimension free solution sets to linear matrix inequalities, are spanned by their
free extreme points, we establish two additional classes of matrix convex sets which are
the matrix convex hull of their free extreme points. Namely, we show that closed bounded
free spectrahedrops, i.e, closed bounded projections of free spectrahedra, are the span of
their free extreme points. Furthermore, we show that if one considers linear operator in-
equalities that have compact operator defining tuples, then the resulting “generalized” free
spectrahedra are spanned by their free extreme points.
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1. INTRODUCTION

A linear matrix inequality (LMI) is an inequality of the form
La(x):=1—Axy —...Ayzy = 0

where the A, ..., A, are d x d symmetric matrices and the x4, ..., z, are real numbers. The
solution set of such an LMI, i.e., the set of x € RY such that La(z) > 0, is a convex set called
a spectrahedron. Spectrahedra have connections to many areas including convex analysis,
optimization, and linear systems control.

Linear matrix inequalities easily extend to the case where each X, is a n X n real sym-
metric matrix whose product with A; is the Kronecker product. That is,

LA(X) Z:[dn—A1®X1—"'—AQ®thO.

A free spectrahedron is the set of all g-tuples of symmetric matrices (of any size) such that
La(X) = 0. The term “free” here refers to both the fact that the linear matrix inequality
LA(X) > 0 is defined independent of the size of the matrices Xy, and the fact that the
corresponding free spectrahedron contains matrix tuples of all sizes n x n.

Free spectrahedra are prototypical examples of sets that exhibit a dimension-free type
of convexity. Namely, free spectrahedra are matriz converz, i.e., are closed under matriz
convex combinations where contraction matrices summing to the identity play the role of the
convex coefficients. An important feature of matrix convex combinations is that they allow
for combinations of matrix tuples of different sizes. This means that the geometry of any
individual level of a matrix convex set is connected to that of all other levels of the set.

Another important example of matrix convex sets are projections of free spectrahedra
[34]. Thanks to their association to linear matrix inequalities, these so called free spectra-
hedrops are more tractable than general matrix convex sets while also being more general
than free spectrahedra. Free spectrahedrops and free spectrahedra have for example found
use in optimization settings where one would like to determine if a given convex set is “LMI
representable”; i.e., if it is the projection of a spectrahedron [33]. In addition, free spec-
trahedrops and free spectrahedra come up in problems related to spectrahedral inclusion
[32, 12, 27, 54, 35] and in linear control engineering [36].

Mirroring the role of extreme points in classical convex sets, extreme points play a key
role in the understanding of matrix convex sets [24, 28, 45, 22, 14]. However, in the dimension
free setting of matrix convexity, there are many types of extreme point. A central goal in the
study of matrix convex sets is to determine the most restricted type of extreme point that
can recover any element of a given closed bounded matrix convex set through matrix convex
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combinations. That is, one searches for the strongest possible extension of the classical
Minkowski theorem to the dimension free setting.

Of particular note in this pursuit are matrix extreme points [53, 25, 26] and free extreme
points [39]. Matrix extreme points are known to span general closed bounded matrix convex
sets through matrix convex combinations [40, 31]; however, they are not necessarily a minimal
spanning set. Free extreme points, on the other hand, are more restricted than matrix
extreme points [24, 20]. Stated informally, a free extreme point of a matrix convex set
is an element that can only be expressed via trivial matrix convex combinations of other
elements. Free extreme points are of great interest due both to their close connection [24] to
the dilation theoretic Arveson boundary [3, 5] and to the fact that they necessarily form a
minimal spanning set if they do span. The short coming of free extreme points is that, when
restricting to finite dimensions, they can fail to span a given closed bounded matrix convex
set. In fact, there are closed bounded matrix convex sets which have no (finite dimensional)
free extreme points at all [21]. Thus an important question in the pursuit of a dimension
free Minkowski theorem is “which matrix convex sets are the matrix convex hull of their free

extreme points”.

Recently, [23] showed that in the case of bounded free spectrahedra, free extreme points
span. Furthermore, [23] showed that there is a tight dimension bound on the sum of sizes of
free extreme points needed to express an element of a bounded free spectrahedron as a matrix
convex combination of free extreme points. The main contribution of the present article is an
extension of this result to two additional classes of matrix convex sets. Namely we show that
closed bounded free spectrahedrops and closed bounded “generalized free spectrahedra”, i.e.,
closed bounded solution sets to linear operator inequalities with compact defining tuples, are
the matrix convex hull of their free extreme points. An informal statement of this result is
as follows.

Let K be a real closed bounded free spectrahedrop or a real closed bounded generalized free
spectrahedron and let X € K be a g-tuple of real symmetric n x n matrices. Then X is a
finite matriz convexr combination of free extreme points of K whose sum of sizes is bounded
byn(g+1).

The proof of this result follows the same approach used in [23] which itself was inspired
by works such as [1, 19, 13]. Namely, we show the existence of a special type of dilation
called a maximal 1-dilation. We then show that constructing finite sequence of at most ng
maximal 1-dilations of X results in a so called Arveson boundary point of K. Determining
the irreducible components of the resulting Arveson boundary point yields an expression of
X as a matrix convex combination of free extreme points of K. An additional key ingredient
which is need when K is a free spectrahedrop is [18, Theorem 3.2] which allows us to express
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a free spectrahedrop as an intersection of free spectrahedra in a particularly well-behaved
manner. A self contained version of this result which has been adapted to our setting is
presented as Theorem 2.1.

We point the reader to the upcoming Theorem 2.3 for a formal statement of our main
result. Also see Sections 2.2 and 2.3 for formal definitions of generalized free spectrahedra
and free spectrahedrops.

1.1. Related works. The study of extreme points of matrix convex sets goes back Arveson
who, (in the language of completely positive maps on operator systems) conjectured that if
one extends to infinite dimensional levels, then infinite dimensional free extreme points span
[3, 4]. This infinite dimensional question was studied by a number of authors [30, 1, 43, 19,
5, 39, 44] until it was finally settled in 2015 by Davidson and Kennedy [13].

Matrix convexity is also closely related to the rapidly growing area of free analysis
(7,49, 16, 51, 38,2, 6, 37]. Here the goal is to extend classical geometric and function theoretic
results to the noncommutative setting where one considers functions whose inputs are g-
tuples of matrices or operators. This study was largely pushed by Voiculescu’s introduction
of free probability which has since been used to great effect in random matrix theory [50, 42].
Other closely related topics include noncommutative optimization [17, 48, 10, 41, 52] and
quantum information and games [9, 8, 29, 15, 47].

1.2. Reader’s guide. Section 2 introduces our definitions and notation and gives a formal
statement of our main result, Theorem 2.3. Section 3 introduces the notion of a maximal
1-dilation for free spectrahedrops and shows that maximal 1-dilations in a bounded free
spectrahedrop reduce the dimension of the dilation subspace. Section 4 is the equivalent of
Section 3 in the case of generalized free spectrahedra. Section 5 discusses the relationship
between generalized free spectrahedra and free spectrahedrops and gives an example of a
generalized free spectrahedron that is not a free spectrahedrop.

2. DEFINITIONS, NOTATION, AND MAIN RESULTS

Throughout the article we let H denote a real Hilbert space. B(H) and SA(H) respec-
tively denote the sets of bounded operators on H and bounded self-adjoint operators on H.
Additionally let SA(H)9 denote the set of g-tuples of the form X = (Xj,...,X,) where
each X, is a bounded self-adjoint operator on H. Say tuples X,Y € SA(H)¢ are unitarily
equivalent if there exists a unitary U € B(H) such that

UXU = (U X,U,... . UX,U) = (Y1,...,Y,) =Y.
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A bounded operator B € B(H) is positive semidefinite if it is self-adjoint and for any
v € H, one has (Bv,v) > 0. In the case that B is a compact self-adjoint operator, this
is equivalent to all of B’s eigenvalues being nonnegative. Given two bounded self-adjoint
operators By, By € SA(H) let By = B, denote that By — By is positive semidefinite.

While general real Hilbert spaces do play a role in this article, our main interest is
matrix convex sets which are restricted to finite dimensions. Thus it is convenient so also have
notation for matrix spaces. We let M,,,«,(R)Y denote the set of g-tuples of mxn matrices with
real entries, and let M,,(R)? = M, «,(R)?. Additionally, SM,(R)? is the set of all g-tuples
of real self-adjoint (symmetric) n x n matrices. Additionally we set SM(R)¢ = U, SM, (R)9.
Given a subset K C SM(R)?, we let K(n) denote the set

K(n):= KN SM,(R).

That is K(n) is set of g-tuples of n x n matrices that are elements of K. The set K(n) is
called the nth level of K.

For clarity we emphasize that, although we restrict to real settings, we use the term self-
adjoint rather than symmetric to provide consistency in the terminology used for matrices
and operators. Similarly, to be consistent with this terminology choice, we use B* rather
than B” to denote the transpose of a matrix B.

2.1. Linear operator inequalities. Given a g-tuple
A=(A4,...,A) € SA(H)?
of self-adjoint operators on H, a monic linear pencil is a sum of the form
Ly(x) =1y — Az — Agg — - - - — Ay,
Given a tuple X € SM,(R)?, the evaluation of L4 at X is
Ly X)=Iy®L, —A X —A0X— - —A4,0X,

where ® denotes the Kronecker tensor product. Additionally, let A4(X) denote the homo-
geneous linear part of L4(X). That is,

AMX)=A X1 +4H0 X+ +A4,0X,,
The inequality
LA(X) = 07

is called a linear operator inequality. Moreover, if H is finite dimension, then the in-
equality L(X) = 0 is called a linear matrix inequality.
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2.2. Free spectrahedra. Given a g-tuple A € SA(H)? and a positive integer n define the
set Dy(n) C SM,(R)? by

Daln) == {X € SM,(R)? : L,(X) = 0}.

That is, Da(n) is the set of all g-tuples of n x n real symmetric matrices X such that the
evaluation L4 (X) is positive semidefinite. Additionally define the set D4 C SM(R)? to be
the union over all n of the the sets D(n). That is,

DA = U DA(H)

n=1

If H is finite dimensional, then D, is called a free spectrahedron and D4(n) is the
free spectrahedron D, at level n [24] . In this article we extend to considering the case
where H is infinite dimensional and A is a compact operator. In this case we call Dy a
generalized free spectrahedron and we call D4(n) a generalized free spectrahedron
at level n. That is, a generalized free spectrahedron D, is the solution set of the linear
operator inequality

La(X) =0

where A is a tuple of self-adjoint compact operators on H.

2.3. Free spectrahedrops. Central to this article are (coordinate) projections of free spec-
trahedra, i.e., free spectrahedrops. Given a finite dimensional Hilbert space ‘H and a g-tuple
A € SA(H)? and an h-tuple B € SA(H)" of self-adjoint operators on H, let L4 p)(z,y)
denote the monic linear pencil
Lapy(x,y) = Iy — Ayxy — - — Agzg — Biyy — - - — Bpry,.
Also let D4 p) denote the free spectrahedron
Dap = {(X,Y) € SM(R)" " : L4 p)(X,Y) = 0}.
Define the set proj, D p) by
proj, Dia,py = {X € SM(R)? : There exists Y € SM(R)" such that (X,Y) € D4 p)}.
The set proj, D(4,p) is a called a free spectrahedrop.

Let K be a free spectrahedrop or generalized free spectrahedron. Say K is bounded if
there is some real number C so that

g
CL,—Y X7=0
i=1
for all X = (X;,Xs,...,X,) € K(n) and all positive integers n. It is not difficult to show
that such a set K is bounded if and only if K (1) is bounded.
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In addition, we say K is closed if K (n) is closed for all n. We note that the generalized
free spectrahedra considered in this article are, by definition, closed in this sense. However,
free spectrahedrops are not necessarily closed, as the projection of an (unbounded) closed
set can fail to be closed.

2.4. Drescher, Netzer, and Thom vs Free spectrahedrops. Critical to the proof of
our main result for free spectrahedrops is a result of Drescher, Netzer, and Thom [18], which
affords us a clean membership test for elements of a free spectrahedrop. To present this
result, we introduce the following notation.

Given d-dimensional Hilbert space H and an h-tuple B € SA(H)" of self-adjoint opera-

tors on H, let B®" denote the direct sum of B with itself n times. Additionally, define the
sets Zg(n) and Zg(n,r) and Zg(n) by

Zp(n) = {W € B(H™,R"): W*(B®"YOW = 0,,}
Ip(n,r) = {W e BH"™ R"): W*B")W = 0,,, and WW = I,}
IB(TL) = Urgn IB(TL, ’l“).

We will frequently make use of the fact that, for fixed n and r, the set Zg(n,r) is compact.

Theorem 2.1 ([18, Theorem 3.2, Proposition 3.3]). Let A € SMy(R)? and B € SMy(R)"
such that proj, Dia gy is a closed bounded free spectrahedrop and X € SM,(R)?. Then we
have the following

(1) X € proj, Da,p)(n) if and only if for all W € Zp(n) one has
(2.1) W*W & I, — AW*(AEBM)W(X> = 0.

(2) X € proj, Dap)(n) if an only if for all W € Zp(n) one has
(2.2) LW*(A@M)W(X) = 0.
(3) If X € proj,Da,py(n), then for any m € N and any W € Ig(m), one has

Ly (yomayy(X) = 0.

Proof. The proof of Item (1) is essentially the same as that of [18, Theorem 3.2], with minor
modifications for the real setting. The proof of Item (2) follows from the same approach used
to prove [18, Proposition 3.3]. Finally, the proof of Item (3) quickly follows from Items (1)
and (2) together a straightforward argument using techniques that are routine in the study
of matrix convex sets. Since this theorem plays a key role in our upcoming proofs, and since
the setting and statement here is slightly different than in [18], a self-contained version of
the proof is given in the Appendix. [
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2.5. Matrix Convex Sets. Given a finite collection of g-tuples {X'}/_, with X* € SM,, (R)
for each i = 1,2,...,/, a matrix convex combination of {X"}f:1 is a sum of the form

l ¢
SN VEXW, o with Y WVi=1,
i=1 =1

where V; € M,,.«»,(R) and
VEX; = (VEXIVL VXAV, VXAV € M, (R)?

for all i = 1,2,...,¢. A key feature of matrix convex combinations is that the tuples X*
need not be the same size.

A set K C SM(R)Y is matrix convex if it is closed under matrix convex combinations
and the matrix convex hull of K, denoted co™*(K), is the set of all matrix convex combi-
nations of the elements of K. Equivalently, K is matrix convex if and only if K = co™(K).
It is straightforward to show that generalized free spectrahedra and free spectrahedrops are
matrix convex.

2.6. Free extreme points of matrix convex sets. As previously mentioned, matrix
convex sets have many different types of extreme points. In this article, we restrict our
attention to free extreme points. Given a set K C SM(R)Y, we say a point X € K(n) is a
free extreme point of K if whenever X is written as a matrix convex combination

‘ ‘
X =Y VX'V, with Y VVi=1I,
i=1 i=1
of points X* € K with V; # 0 for each 4, then for all i = 1,2,... ¢ either V; € M, (R) and
X is unitarily equivalent to X? or V; € M,,«,(R) where n; > n and there exists Z* € K
such that X @ Z° is unitarily equivalent to X*. Intuitively, a tuple X is a free extreme point
of K if it cannot be written as a nontrivial matrix convex combination of any collection of
elements of K. We let 9% K denote the set of all free extreme points of K.

2.7. Free extreme points, dilations, and the Arveson boundary. We next discuss
the connection between free extreme points and the dilation theoretic Arveson boundary.
To do this, we must first introduce the notion of an irreducible tuple of matrices.

Given a matrix M € M, (R), a subspace N C R" is a reducing subspace if both N
and N1 are invariant subspaces of M, A tuple X € SM,(R)? is irreducible (over R) if the
matrices X7, ..., X, have no common reducing subspaces in R"; a tuple is reducible (over
R) if it is not irreducible. For the remainder of the article, we drop the distinction “over
R” when referring to irreducible tuples. However, we warn the reader that a tuple may be
reducible over C even if it is irreducible over R. Thus irreducibility over R is not equivalent
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to other well-known definitions of irreducibility which are instead equivalent to irreducibility
over C.

2.7.1. Dilations. Let K C SM(R)? be a matrix convex set and let X € K(n). If there exists
a positive integer £ € N and g-tuples 8 € M,,.,(R)? and v € SM;(R)? such that

X B Xl 51 Xg 59
Yy — — K
<ﬁ* 7) <<5T 71)’ ’(5;; w)) <

then we say Y is an /-dilation of X. The tuple Y is a trivial dilation of X if § = 0.
A key connection between matrix convex combinations and dilations is the following. If Y
is a dilation of X and V* = (In O) , then X = V*YV with V*V = I,. That is, if Y is a
dilation of X, then X can be expressed as a matrix convex combination of Y. We note that

this matrix convex combination is non-trivial if the dilation itself is non-trivial.

Given a matrix convex set K and an element X € K, we define the dilation subspace
of K at X, denoted ®x(K), to be

D x(K) = span ({5 € M, x1(R)Y : there exists a v € RY s.t. <;(* 5) € K})

See Lemma 3.1 and Lemma 4.4 for further discussion of the dilation subspace.

In the case that K is a free spectrahedron, the definition of the dilation subspace given
here is equivalent to the definition given in [23], though the presentation is different, see [23,
Lemma 2.1]. We present the definition in this form so that we can use single definition for
both free spectrahedrops and generalized free spectrahedra.

2.7.2. Arveson extreme points. A tuple X € K is an Arveson extreme point of K if K
does not contain a nontrivial dilation of X. More precisely, X € K is an Arveson extreme
point of K if and only if, if

X
(2.3) ) ) K(n+10)
CA
for some tuples f € M, x,(R)? and v € SM,;(R)?, then 8 = 0. Equivalently, X is an Arveson

extreme point of K if and only if dim®x(K) = 0. If Y is an Arveson extreme point of K
and Y is an (¢-)dilation of X € K, then we will say Y is an Arveson (¢-)dilation of X.

The following theorem gives the connection between free and Arveson extreme points.

Theorem 2.2 ([24, Theorem 1.1 (3)]). Let K be a matriz convex set. Then X is a free
extreme point of K if and only if X is an Arveson extreme point of K and is irreducible.
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This theorem has the consequence that the irreducible components of an Arveson ex-
treme point are all free extreme points. This means that expressing an element X of a matrix
convex set as a matrix convex combination of free extreme points can be accomplished by
finding an Arveson dilation of X.

2.8. Main result. We are now in position to give a formal statement of our main result.

Theorem 2.3. Let K C SM(R)? be a closed bounded free spectrahedrop or a closed bounded
generalized free spectrahedron. Given a tuple X € K(n), there exists an integer k satisfying

(2.4) kE<dm®x(K) <ng

and a k-dilation Y € K(n + k) of X such thatY is an Arveson extreme point of K.

As an consequence, X can be written as a matriz convexr combination
k k
X = E VX'V, s.t. E VVi=1
i=1 1=1

of free extreme points X' € K(n;) of K where 33 n; <n+k <n(g+1). Thus, K is the
matrix convex hull of its free extreme points.

Proof. The proof of the first part of Theorem 2.3 quickly follows from Theorems 3.7 and
4.6. In particular, let X € K, and set ¢ = dim® y(K). Assume that X is not an Arveson
extreme point of K, i.e., that £ > 0. Also note that ¢ < ng since ® x(K) is a subspace of
M, 51 (R)9.

Using Theorem 3.7 when K is a bounded free spectrahedrop and Theorem 4.6 when K
is a bounded generalized free spectrahedron shows that there exists an integer £ < ¢ and a
collection of tuples {Y*}*_, C K such that the following hold:

(1) Y°=X.

(2) For each i = 1,...,k — 1, the tuple Y*! is a 1-dilation of Y and
dim @yi+1(K) < dim @Yl(K)

(3) Y* satisfies dim Dy« (K) = 0.

It follows from Lemmas 3.1 (3) and 4.4 (3) that Y is an Arveson extreme point of K. Thus
Y* € K(n+ k) is an Arveson k-dilation of X.

The proof of the second part of the theorem quickly follows the first part together with
routine dilation theoretic arguments. In particular, one can use the same argument as is
used to prove the corresponding statement in [23, Theorem 1.3]. [
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Theorem 2.3 has important implications for another open question in the study of free
spectrahedrops. Namely, is there a necessary and sufficient condition for a matrix convex
set K to be a closed bounded free spectrahedrop? From [34, Theorem 4.11], if K C SM(R)Y
is a closed bounded free spectraherop, then the polar dual of K is also a closed bounded
free spectrahedrop. Here the polar dual of K, denoted K° is defined by

K°={A € SM(R)?: Lx(A) = 0 for all X € K}.

Corollary 2.4. If K is a closed bounded free spectrahedrop, then both K and K° are the

matriz convexr hull of their free extreme points.
Proof. Immediate from Theorem 2.3 together with [34, Theorem 4.11]. ]

In the upcoming Theorem 5.1 and Proposition 5.2 we give an example of a closed
bounded matrix convex set K such that K is the matrix convex hull of its free extreme
points while K° is not. This illustrates that Corollary 2.4 provides nontrivial restrictions
that a matrix convex set K must satisfy to be a closed bounded free spectrahedrop.

2.8.1. Free extreme points over the complexes. One can naturally extend the sets Dy and
proj, D(a,p) to include tuples of complex self-adjoint matrices. Theorem 2.3 can be extended
to this setting using the same approach as in [23] provided that A and B themselves are
tuples of real matrices. Note that the dimension bound given in equation 2.4 changes from
dim D x(K) to 2dim D x(K) in this complex setting. Considering this extension introduces
additional notational burden as the fact that the result holds over the reals is important in
the proof over the complexes. Since the proof of this extension is identical to the proof in
[23], we have omitted details so as to simplify exposition.

We warn the reader that the situation can, however, be markedly different if A and B
have complex-valued entries. In fact, [44] gives an example of a tuple of complex self-adjoint
matrices A such that if D, is allowed to contain complex self-adjoint matrices, then D, is
a closed bounded complex free spectrahedron which is not the matrix convex hull of its free
extreme points.

3. ARVESON EXTREME POINTS AND FREE SPECTRAHEDROPS

This section introduces maximal 1-dilations for free spectrahedrops and presents Theo-
rem 3.7 which shows that maximal 1-dilations in a free spectrahedrop reduce the dimension
of the dilation subspace. Since we only consider finite dimensional spaces H when working
with free spectrahedrops, throughout the section we set H = R

We begin by establishing an alternative definition of the dilation subspace for free spec-
trahedrops. Let A € SMy(R)? and B € SMy(R)" such that proj, D4 p) is a closed bounded
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free spectrahedrop. Given a tuple X € proj, D p), define the subspace Rx(proj, Da,p)) €
M,,»1(R)9 by

(3.1)

ﬁX(proij(A,B)) = mWEZB(n—i-l){ﬁ e Mnxl(R)g : ker LW*(Aeanﬂ)W(X) C ker AW*(AeanJrl)W(ﬂ*)}.

Note that Rx(proj, D(a,p)) is indeed a subspace of M, (R)? since the set
(32) {B c Mnxl(R)g . ker LW*(A@"+1)W(X> - ker AW*(A@"+1)W(5*)}
is a subspace of M, «;(R)Y for each fixed W € Zg(n + 1).

The following lemma shows that Rx(proj, D4, p)) is equal to the dilation subspace of

proj, Da,p) at X and explains the connection between Rx(proj, D4 p)) and dilations of X.

Lemma 3.1. Let proj, D4 p) be a closed bounded free spectrahedrop and let X € proj, Dia py(n).
(1) If B € Mpx1(R)Y and

X
Y = (5* 5) € proj, Dea,p)(n + 1)

is a 1-dilation of X, then § € Rx(proj, Dia,n))-
(2) Let 8 € Mui(R)9. Then B € Rx(proj,Dia,p)) if and only if there is a tuple v €
proj, Da,p)(1) and a real number ¢, > 0 such that

X vc )
. 2 € proj, Deap)(n + 1).
By

In particular, one may take v =0 € RY.
(8) One has

’DX(projID(A,B)) = ﬁX(proij(A,B)).

As a consequence, X is an Arveson extreme point of proj, D p) if and only if
dim Kx (proj, Da,p)) = 0.

Proof. Ttem (1) follows from considering the Schur complement of Lyy«aent1yy(Y) for a

dilation
X
Y=|". b € proj, Deapy(n + 1)
[CA

of X. Indeed, multiplying Lyy-(aent1yw(Y) by permutation matrices, sometimes called
canonical shuffles, see [46, Chapter 8], shows

(3.3)  Lw=sryw(Y) =0 if and only if (LW*(A®"+1)W(X) AW*(A®"+1)W(5)) = 0.

Aw-(aenityw (8%)  Lw=aontyw (7
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Taking the appropriate Schur complement then shows that Lyy«aent1y(Y') = 0 if and only
if

(3 4) LW*(AeanH)W(”y) t O,

. and LW*(AEB'/H»I)W(X) — AW*(A®n+1)W(5)LW*(A®”+1)W(V)TAW*(AEBWA)W(ﬁ*) t O,

where t denotes the Moore-Penrose pseudoinverse. It follows that if Lyy-(aent1yw(Y) = 0,
then

ker LW*(AeanH)W(X) C ker AW*(A@"“)W(ﬁ*)'

Using Theorem 2.1 (2) shows that Y € proj, D4 p)(n + 1) if and only if Ly« aeninyw (Y) =
0 for all W € Zg(n + 1). Combining this with the above, we conclude that if ¥ &
proj, Da,p)(n + 1), then

ker Lyy«aontyw (X) C ker Ay« aent1yw (8%)

for all W € ITp(n+1).

We now prove Item (2). We first show that for each fixed W € Zg(n + 1) there exists
some constant ¢y > 0 such that

X ¢
(3.5) Lw*(A®n+1)W <Cwﬁ* Vgﬁ> = 0.

Note that Lyy«aent1yw (0) = I, so similar to before using the Schur complement shows the
above inequality holds if and only if

(36) LW*(AEDnJrl)W(X) - C%/VAW*(A®"+1)W(5)AW*(A®"+1)W(5*) t 0

If B € Rx(proj, Da,p)) then

ker LW*(AeanH)W(X) - ker AW*(Aean+1)W(ﬁ)AW*(AeanH)W(ﬁ*),

so picking cyy > 0 small enough so that ||ci,A4(B8)A4(8%)||2 is less than the smallest nonzero
eigenvalue of Lyy«(aent1yw (X)(X) guarantees that inequality (3.6) holds, hence inequality
(3.5) holds.

Now for each W € Zg(n + 1), set

Cw = sup cw
cyww €ER
X cwp
s.t. L * n b O
W (ASn+)W/ <Cwﬁ* 0 ) =
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Note that our previous argument shows that ¢y > 0 for all W € Zg(n + 1). Additionally,
again considering the Schur complement shows that for each fixed W one has

X
LW*(AEDnJrl)W (aﬁ* a05> = 0
for all o € [0, éw].
Now set

WeIg(n+l)

X
Lyy«aent1yw <ﬁ* g) =0

for all W € Zg(n + 1), in which case the result follows. On the other hand, if ¢ < oo, then
since Zg(n + 1,7) is compact for each r < n and since Zg(n + 1) = U,<p1Zp(n + 1,7), a

If ¢ = 0o, then we have that

straightforward argument shows that there is some W’ € Zg(n + 1) such that
¢ = Cy hence ¢ > 0.

Since 0 < ¢ < &y for all W € Zp(n + 1) we conclude that

X ¢
Ly (aen+1yw (55* f) =0
for all W € Zp(n + 1). Using Theorem 2.1 then shows that
X cp
€ proj, D ,
as claimed. The reverse direction is a consequence of Item (1).

Item (3) follows from Items (1) and (2). |

Remark 3.2. As in [23], the ability to take v =0 € RY in Lemma 3.1 (2) helps simplify the
NC LDL* calculations used in the upcoming proof of Theorem 3.7.

We will soon define maximal 1-dilations for a given element of a free spectrahedrop.
Before doing so, we give two lemmas which together imply this upcoming notion is well-
defined.

Lemma 3.3. Let A € SMy(R)? and B € SMy(R)" and assume proj, Dia p) is a closed
bounded free spectrahedrop. Given a tuples X € proj, D py(n) and B € M, (R)?, the
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optimization problem

Q= sup «
a€R,yERI
X ap
(3.7) s.t. Ly=aentiyw (O&ﬁ* y ) =0
forall W eZp(n+1)
achieves its mazximum.
Proof. Straightforward from the assumption that proj, D 4,p) is compact. [

Before presenting our next lemma, we introduce some notation. Given a matrix convex

set K and tuples X € SM,(R)? and 5 € M, 1(R)?, define

(38) FX’Q(K) = {’}/ e RY: <2i f) c K} .

Lemma 3.4. Let K be a closed bounded matriz convex set. Fiz X € SM,(R)Y and B €
M1 (R)9. Then the set I'x g(K) is a closed bounded convex set.

Proof. If I'x 3(K) is empty, then the result trivially holds. When I'x 3(K) is nonempty, the
fact that I'x g(K) is closed and bounded is immediate from the fact that K is closed and
bounded.

We now show that I'x g(K) is convex. To this end, let {v1,...,%} C I'xs(K) and
let {c1,...,c;} be nonnegative constants such that S ¢ = 1. For each i = 1...,k set
Vi = /Cil41. Then we have

k k
X 3 X p
| = g % | Vi and g ViV =1
(5* Zf:l CWZ) i—1 (5* 72) i=1

From the definition of I'x g(K), the above is a matrix convex combination of elements of K.
Since K is matrix convex, it follows that

X B
<5* Zf:l CNZ) €5

from which we obtain Zle ¢y € Txp(K). That is, I'x g is convex. |
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3.1. Maximal 1-dilations in free spectrahedrops. We now present our definition of
maximal 1-dilations for elements of free spectradrops. We mention that our definition is a
generalization of the definition of maximal 1-dilations given in [23]. The definition used in
[23] was itself inspired by works such as [19], [5], and [13].

Definition 3.5. Given a closed bounded free spectrahedrop proj, D gy and a tuple X €
proj, Da,p)(n), say the dilation

. X B
Y = . ? - projxD(A,B)(n + 1)
gy

is « maximal 1-dilation of X if 3 € M,,1(R)? is nonzero and the following two conditions

hold:
(1) The real number 1 satisfies

1= max «
acR,yeRY
x A
s.t. Lw*(A®n+1)W - of >0
af* vy

forall W eZp(n+1)

(2) 4 is an extreme point of the closed bounded conver set Iy 5(proj, D(a,p))-

Proposition 3.6. Let proj, D p) be a closed bounded free spectrahedrop and let X €
proj, Deapy(n). If X is not an Arveson extreme point of proj,Dia gy, then there exists
a

Y e proj, Da,p)(n + 1)

such that Y is a mazimal 1-dilation of X.

Proof. The existence of maximal 1-dilations follows from Lemma 3.1 together with Lem-
mas 3.3 and 3.4. In particular, Lemma 3.1 shows that if X is not Arveson extreme, then
there exists some nonzero 8 € Kx(proj,Dia,p)). Furthermore, Lemmas 3.1 and 3.3 to-
gether show that if one takes & to as defined in equation (3.7) and sets B = af, then
A is nonzero and Condition 4.5 (1) is satisfied. Combining this with Lemma 3.4 then
shows that then I'y 5(proj, D(a 5)) is a closed bounded convex set. Furthermore, Lemma
3.1 shows that FX,B(pl"ijD(A,B)) is nonempty. Thus, if one takes 4 to be an extreme point
of I'y 5(proj, D(a,5)) then Condition 4.5 (2) is satisfied. It follows that

. X B
y=|~°

is a maximal 1-dilation of X. ]
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Our next theorem shows that maximal 1-dilations of an element of a bounded free
spectrahedrop reduce the dimension of the dilation subspace.

Theorem 3.7. Let A € SMy(R)? and B € SMy(R)" such that proj, D p) is a closed
bounded real free spectrahedrop and let X € proj,Dia py(n). Assume X is not an Arveson
extreme point of proj, D py. Then there exists a mazimal 1-dilation Y e proj, Dia,p)(n+1)
of X. Furthermore, any such Y satisfies

dim ®y (proj, Da,p)) < dim D x(proj, D))
Proof. Before proceeding, we mention that the proof of this result follows the same flow as
the proof of [23, Theorem 2.4]. Modifications are made to handle the fact that the kernel

containment appearing in equation (3.2) must hold for all W € Zg(n + 1) for a tuple 5 to
be an element of Rx(proj,Dia,p))-

The existence of a maximal 1-dilation of X is proved in Proposition 3.6. Now, let

. X B
y — | %

be a maximal 1-dilation of X. Using Lemma 3.1 (3), it is sufficient to show that
dim Ry (proj, D(a,p)) < dim Kx (proj, Dia,p))-

First consider the subspace

g

Qig/(proij(A,B)) = {n € M,x1(R)? : 0 €RIsit. <77> € Ry(proij(A,B))} )

In other words &y (proj,Da,p)) is the projection ¢ of Ry (proj,D(a,p)) defined by

€y (proj, Dia,p)) = t(Ry (proj, Da,p))) where ¢ (Z) =1

for n € M, x1(R)? and o € RY. We will show

dim &y (proj, Dea,p)) < dim Rx(proj, Dia,n))-
If n € € (proj, D(a,p)), then there exists a tuple ¢ € RY such that

<T]* 5) € ﬁy(pl‘ijD(AB)).

From Lemma 3.1 (2), it follows that there is a real number ¢ > 0 so that setting o = c&
gives

en

Eh o
en® o 0

P
2 @

€ pl"ij D(A,B)-

Q
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Since proj, D4 p) is matrix convex it follows that

~

X 1
10 0| b e 0 X e ,

g* A 0 0] = . € proj, Da,p),
0 01 01 en* 0

o
en® o 0

so Lemma 3.1 (1) shows n € Rx(proj, D4, p)). In particular this shows

(39) (’Ey(projxD(A,B)) g ﬁX(projxD(AB)),
hence
(3.10) dim &y (proj, D(a,p)) < dim Rx (proj, Dia,p))-

Now, assume towards a contradiction that
dim Ry (proj, D(a,p)) > dim Rx (proj, D(a,p))-

We next show that this implies that there is a real number ¢ and a tuple o € RY so that

X B b
(311) LW*(A®d("+2))W ﬁj ’A}/ g t 0 for all W € IB(n + 2)
cB* o 0

and such that either ¢ # 0 or o # 0. To see this, observe that equation (3.9) implies that if
dim &y, (proj, D(a,p)) = dim Kx (proj, D(a,p)), then we must have

€y (proj, Da,p)) = Rx(proj, D(a,p))-

In this case, using Lemma 3.1 (2) together with Theorem 2.1 (2) shows that there is a nonzero
¢ € R and some (possibly zero) o € RY such that inequality (3.11) holds. On the other hand,
if dim &y (proj, D(a,p)) < dim Kx(proj, Da,p)), then there must exist tuples n € M, (R)?
and o', 0? € RY such that o! # o2 and so

) 0 )
(3.12) (771> ’ (;72> € Ry (proj, D)) hence ( L 2) € Ry (proj, D(a,p))-

o o —0

In this case, setting ¢ = a(o! — 0?) for an appropriately chosen constant o € R and again
using using Lemma 3.1 (2) together with Theorem 2.1 (2) shows that there is a (possibly
zero) real number ¢ and a nonzero tuple o such that inequality (3.11) holds. Thus we have
proved our claim that there is either a nonzero ¢ € R or a nonzero ¢ € RY such that inequality
(3.11) holds.

We now use inequality (3.11) together with the NC LDL*-decomposition to show that Y
cannot be a maximal 1—dilation of X, a contradiction to our definition of V. Applying the
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NC LDL*-decomposition (up to canonical shuffles) shows that, for each fixed W € Zg(n+2),
inequality (3.11) holds if and only if LW*( A®d("+2))W(X ) = 0 and the Schur complements

(3.13) Ly — EQw = 0
and

LW* (Aead(n+2))w ('AV) - QW

S (A (asacnyur(@) = Q) (1 = 2Qu) (A (oatrion (@) = Q) = 0
where

(3.15) Qw = Ay (avacsn i (B) Ly (asatos i (X) Ay oacnsaryy (B):

It follows that

(3.16) Ly (agaos2)w(7) = @w = 0

and

(317) ker[ Ly (gsacsa ) (1) — Qw] € ker[Ayy (ysasa)w (0) = cQuwl.

Inequalities (3.16) and (3.17) imply that for each fixed W € Zg(n+2) there exists a real
number ay > 0 such that 0 < a < ayy implies

(3'18) Lw* (A®d(n+2))w(’?) —Qw t «a <AW*(A€Bd(n+2))W(U) - CQW) = 0.

Our next goal is to show that there is some real number & > 0 which is independent of
W € Ip(n + 2) such that equation (3.18) holds for all 0 < a < & and all W € Zg(n + 2).
We note that the proof of this fact is similar to the proof of Lemma 3.1 (2), however, we
include the details for the sake of completeness.

For each fixed W, set ay to be the largest real number such that equation (3.18) holds
for this fixed W and for all 0 < o < ay. Additionally define

3.19 ¥ = min inf a
( ) @ TST}+2 WGIIB(TL—I—ZT) W
A routine compactness argument shows that for each fixed r € {1,2,...,n+2} there is some

W, € Zz(n+ 2,7) such that

Qi = inf a
Wr WeZg(n+2,r) W
From this we can conclude that there is some some 7 € {1,2,...,n+ 2} such that & = Q.-

Recall from the previous part of the proof that a3, > 0. We conclude that if one sets & as
in equation (3.19), then one indeed has that & > 0 and that that equation (3.18) holds for
all0 < a < &and all W € Zp(n + 2).
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After simplifying equation (3.18), it follows from the above that
(3.20) Ly (azac )y (¥ & G0) = (14 cd)Qw = 0

for all W € Ip(n + 2). Furthermore, since X € proj, D4, p), using Theorem 2.1 (3) shows
Ly« (aon+2yw (X) = 0 for all W € Zp(n + 2). Combining this with equation (3.20) and
another application of the Schur compliment shows that

X V1Ecap
(321) LW* A@d(’!LJr?) w = A A ~
( ) V1itcap® AYEao

Note that we can naturally identify Ig(n + 1) with a subset of Ig(n + 2), since if W €
Zp(n+1,r), then [W* 0,yn4]* € Zp(n + 2). It follows that

X V1ZEcaB
(322) LW* A®d(n+1) \ W =5 A~
( ) vV1itecaf* A+ao

It follows from Theorem 2.1 that

( X VI Ecap

) =0 for all W eZIg(n+2).

) =0 for all W eZg(n+1).

A € 1. D 1).
VIE cap* Haa> proj, Diap(n +1)

Recalling that Y was chosen to be a maximal 1-dilation of X, we must have
Vitea<l1
It follows that ca = 0. Moreover, since & > 0, we must have ¢ = 0. From this we find
¥+ ao € I'y 5(proj, Da.p))-

From our construction we have that if ¢ = 0, then o # 0, so since @ > 0, the above implies
that 4 is not an extreme point of the closed bounded convex set I'y 5(proj, D(a,5)). However,
this is a contradiction to Y being a maximal 1-dilation of X, since, from the definition of a
maximal 1-dilation, 4 is an extreme point of I'y 5(proj, D(a,p)). Thus, the assumption that

dim Ry (proj, D(a,py) = dim Rx (proj, Da,p))-
leads to a contradiction. We conclude that

dim Ry (proj, D(a,p)) < dim Kx (proj, Dia,p))-
Using Lemma 3.1 (3) then shows that

dim ®y (proj, Da,py) < dim D x(proj, D))

That is, maximal 1-dilations reduce the dimension of the dilation subspace, as claimed. ™
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4. ARVESON EXTREME POINTS AND GENERALIZED FREE SPECTRAHEDRA

We now handle the case of generalized free spectrahedra. In this section, H is a real
(infinite dimensional) Hilbert space and A € SA(H)? is a tuple of compact self-adjoint
operators on H. A simple observation is that with these assumptions, if X € D4 then
LA(X) has a smallest nonzero eigenvalue. Using this fact allows for us to define maximal
1-dilations for generalized free spectrahedra and to show that these maximal 1-dilations in
generalized free spectrahedra reduce the dimension of the dilation subspace. Though the
argument in this setting is again similar to arguments used in [23] (and in this article in
Section 3), details are given for the sake of completeness.

Lemma 4.1. Let A be a g-tuple of bounded self-adjoint compact operators on H and let
X € SM,(R)? be a g-tuple of self-adjoint n x n matrices. Then

A X) =40 X1+ - +4,0X,

18 a compact operator self-adjoint on H @ R™

Proof. Straightforward. [

Lemma 4.2. Let Q € B(H) be a compact self-adjoint operator. Then I — Q) has a smallest

nonzero eigenvalue.

Proof. Since @) is compact and self-adjoint, ) is diagonalizable and only can have zero as a
limit point of its spectrum. It follows that

LA(X) =1 — AA(X)
is diagonalizable and can only have one as a limit point of its spectrum. Therefore, I — @)

has a smallest nonzero eigenvalue. [

Corollary 4.3. Let A be a g-tuple of compact self-adjoint operators on H such that Dy is
a generalized free spectrahedron and let X € SM,(R)9 be any g-tuple of self-adjoint n X n
matrices. Then La(X) has a smallest nonzero eigenvalue.

As an immediate consequence La(X)T is a bounded self-adjoint operator on H ® R™.

4.1. The dilation subspace of generalized free spectrahedra. Similar to as was done
for free spectrahedrops, we now describe an alternative characterization of the dilation sub-
space for generalized free spectrahedra. To this end, define the subspace Kx(D4) by

Rx(Da) ={8 € Mpx1(R)?| ker La(X) Cker As(8%)}.

Lemma 4.4. Let Dy be a generalized free spectrahedron and let X € Dy(n).



22 E. EVERT

(1) If B € M1 (R)? and
V= (X* ﬁ) € Da(n+1)
5"y

is a 1-dilation of X, then 5 € Rx(Da).
(2) Let B € Myx1(R)9. Then B € Rx(Da) if and only if there is a tuple v € D4(1) real

number c, > 0 such that
X &P e putnt ),
&B

In particular, one may take v =0 € RY.
(8) One has
Dx(Da) = Bx(Da).

As a consequence, X is an Arveson extreme point of Dy if and only if
Proof. Corollary 4.3 shows that L4 ()" is a well-defined bounded operator on H. From this
point, the proof if Item (1) is essentially identical to the proof of Lemma 3.1 (1).
We now prove Item (2). Note that L4(0) = I3, so using the Schur complement shows
X cf
Yo = €D 1
° <65* 0 ) aln+1)

if and only if
(4.1) La(X) = cAa(B)Aa(57) = 0.

Using Corollary 4.3 shows that L4(X) has a smallest nonzero eigenvalue, so we may pick
¢ small enough so that |[c2AA(B)AA(B*)||2 is less than the smallest nonzero eigenvalue of
LA(X). Furthermore, € 8x(D4) implies ker La(X) C ker A4(5)Aa(8*). Thus this choice
of ¢ then guarantees that inequality (4.1) holds, hence Yy € Da(n+1). The reverse direction
is a consequence of Item (1).

Item (3) follows from Items (1) and (2). |

4.2. Maximal 1-dilations for generalized free spectrahedra. We now present our no-
tion of maximal 1-dilations for generalized free spectrahedra.

Definition 4.5. Given a bounded generalized free spectrahedron Dy and a tuple X € Da(n),

Y = ({ ?) € Dua(n+1)
gr g

say the dilation
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is « maximal 1-dilation of X if 3 € M,,1(R)9 is nonzero and the following two conditions
hold:

(1) The real number 1 satisfies

1= max Q
acR,yeRY
X
st. Lo X ) =0
af* v

(2) 4 is an extreme point of the closed bounded convex set Iy 5(Da) where I'y 5(Da) is
as defined in equation (3.8).

We now show that maximal 1-dilations in generalized free spectrahedra reduce the di-
mension of the dilation subspace.

Theorem 4.6. Let A € B(H)? be a g-tuple of compact self-adjoint operators on ‘H such that
D, is a bounded real free spectrahedron and let X € Da(n). Assume X is not an Arveson
extreme point of Da. Then there exists a nontrivial maximal 1-dilation Y e Da(n+1) of
X. Furthermore, any such Y satisfies

dnn@f,(DA) < dnn@X(DA)

Proof. The existence of maximal 1-dilations in a bounded generalized free spectrahedron
follows from a routine compactness argument together with Lemma 3.4.

Now, let ¥ be a maximal 1-dilation of X. Using Lemma 4.4 (3), it is sufficient to show
dim Ry (Dy4) < dim Ry (Da).
Assume towards a contradiction that
dim Ry (D) > dim Rx(Da).

Following the same argument as was given at the beginning of the proof of Theorem 3.7
shows that there exists a real number ¢ and a tuple ¢ € RY so that

X B ef
(4.2) La|l B 4 ol =0
CB* o 0

and such that either ¢ # 0 or o # 0.

Now, applying the NC LDL*-decomposition (up to canonical shuffles) shows that in-
equality (4.2) holds if and only if L4(X) > 0 and the Schur complements

(4.3) Iy — Q=0
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and

(4.4) La(3) = Q = (Aa(0) = Q) (I = Q) (Aa(o) — Q) = 0
where

(4.5) Q = Aa(B7)La(X) A4(B).

It follows that

(4.6) La(7)—Q=0

and

(4.7) ker[La(7) — Q] C ker[Aa(o) — cQ].

Recall from Corollary 4.3 and Lemma 4.1 that L4 (X)" is a bounded self-adjoint operator

~ ~

and A4(5) and A4(5*) are compact operators. It follows that @ is a compact self-adjoint
operator. Therefore

La(y) —Q = Iy — (Aa(¥) + Q)

is the identity minus a compact self-adjoint operator and by Lemma 4.2 has a smallest
nonzero eigenvalue. Therefore, picking & > 0 so that &||A4(c) — cQ|| is smaller than the
smallest nonzero eigenvalue of L (%) — @ and using inequalities (4.6) and (4.7) guarantees

La(¥)—Q £ a(Aao) — Q) = 0.
It follows from the above that
La(Atao)—(1+ca)Q
— Li(3+a0) - (AA(\/l F caf*)La(X) Au(vVIE c&B)> > 0.
Since L4(X) = 0, equation (4.8) implies
. X V1Eca
NVIEcahf* 4+ao
Recalling that Y is a maximal 1-dilation of X, we must have

V1teca <1

It follows that ca = 0. Since & > 0, it follows that ¢ = 0. From our construction, this in

(4.8)

(4.9) = 0.

turn implies that o # 0. But then equation (4.9) implies that
Y+ ao e FX,B(DA>7

which contradicts the fact that 4 is an extreme point of the convex set I'y 5(D4). We
conclude that
dlmﬁ}}(DA) < dlmﬁx(DA),
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from which we can use Lemma 4.4 (3) to conclude that
Dy (Da) <Dx(Da),

as claimed. ]

5. FREE SPECTRAHEDROPS VERSUS GENERALIZED FREE SPECTRAHEDRA

We now discuss a class of generalized free spectrahedra that are not free spectrahedrops.
The class arises by considering the polar duals of the matrix convex sets introduced in [21]
which have no free extreme points. Following the notation in [21], let A € SA(H)? and for
each n € N define the set K4(n) € SM,(R)? by

(5.1)  Ka(n) ={Y € SM,(R)?|Y = V*(Iz ® X)V for some isometry V : R" — GH}.
We then define K4 C SM(R)¢ by
(52) Ky = UnKA(n).

We call K4 the noncommutative convex hull of X. The set K4 is closely related to the
matrix range of A, see [45] for further discussion. For a g-tuple A € SA(H)Y, say 0 is in
the finite interior of K, if there exist an integer d € N and a nonzero vector v € (H)?
such that.

v (I ® A)v =0 € RY.

Theorem 5.1. Let A € SA(H)? be a tuple of compact operators such that Da is a bounded
generalized free spectrahedron. Additionally assume that A has no finite dimensional reducing
subspaces and that 0 is in the finite interior of K. Then D4 is not a free spectrahedrop.

Proof. Using [21] shows that K4 is a closed bounded matrix convex set that has no free
extreme points. It then follows from Theorem 2.3 that K4 cannot be a free spectrahedrop.
On the other hand, combining the discussion in [45, Example 4.6] with [12, Proposition 3.1]
shows that K = D4. Furthermore, using [34, Lemma 4.2] (also see [12, Lemma 3.2]) shows
that since 0 € K4, we have that (K9)° = K4, hence Dy = K,4. To complete the proof note
that if D4 was a closed bounded free spectrahedrop, then [34, Theorem 4.11] would imply
that DS = K4 is also a closed bounded free spectrahedrop. We have already shown that K4
is not a free spectrahedrop, so it follows that D, cannot be a free spectraherop. [

As it turns out, the precise examples of tuples A such that A has no finite dimensional
reducing subspaces and K4 contains 0 in the finite interior considered in [21, Proposition 4.1]
do not have the property that D4 is bounded. It is possible however to lightly modify these
example to make them appropriate for our current use. Similar to [21, Proposition 4.1}, set
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H = (*(N) and set Hy = (*({1,2}). Additionally, given a weight vector w = (wy, wy,...) €
R> define the weighted forward shift S, : H — H by

Sw’U = (0, w1V, Wo, Vg, . . )
for all v € H.

Proposition 5.2. Let A; = diag(A1, A\a,...) where the \; are nonzero real numbers con-
verging to O with distinct norms and where that Ay > 0 and that Ay < 0. Also let S, be a
weighted shift where the weight vector w € R* is chosen so w; # 0 for all i and such that
Sw 1S compact. Set

Ay = Sy + S5

Then (A, As) is a tuple of compact operators on H which has no finite dimensional reducing
subspaces such that K4 contains 0 in its finite interior and such that D, is bounded.

Proof. The proof that A has no finite dimensional reducing subspaces is identical to proof
appearing in [21, Proposition 5.1]. We next show that D, is bounded. To this end, consider
the inclusion map ¢ : Hy — H. By identifying H, with R? we have

() 9)

Since A\; > 0 and Ay < 0 and w; # 0, no linear combination of t*A;r and (t*Ase can be
positive semidefinite, from which it follows that D, 4, is bounded. It is straightforward to
check that

Dy C Dyxa,
so we conclude that D4 is bounded.

It remains to show that 0 is in the finite interior of K 4. Set

(VR Lo (o0
v = 0 aln Vg = \/}\71

Then one can verify that

vy (P Ay + 03 (A vy = v (L Agt)vy 4+ 03 (L5 Age)vy = 0.

w = (i?) € (H)?,

then w* (I, ® A)w = 0 € R?. That is 0 is in the finite interior of K 4.

It follows that if one sets



FREE SPECTRAHEDROPS AND GENERALIZED FREE SPECTRAHEDRA 27

5.1. Thoughts on “generalized” free spectrahedrops. To end the article, we briefly
discuss the case of generalized free spectrahedrops. From our results, it is natural to wonder
if it is necessary to consider finite dimensional defining tuples when working with free spec-
trahedrops. That is, suppose H is an infinite dimensional real Hilbert space and A € SA(H)¢
and B € SA(H)" are tuples of compact self-adjoint operators on H such that proj, D(a,p) is
a closed bounded “generalized” free spectrahedrop. One may wonder if proj, D4, p) is the

matrix convex hull of its free extreme points.

As it stands, it is unclear how to extend our approach to this setting. A key issue is that
in the proof of [18, Theorem 3.2, given an element of X € proj, D4 py(n) one considers a
map
g
W = tr(W)L, = Y (A, W)X;
i=1
defined on B(H). Of course, such a map is not defined for general operators in B(#), which
leads to difficulties.

Aside from this, we mention that other problems do appear to arise when one makes
the jump from free spectrahedrops to generalized free spectrahedrops. For example, [34,
Theorem 4.11] shows that if H is finite dimensional and proj, D4 p) is a closed bounded free
spectrahedrop, then proj, D4 p) is the projection of a bounded free spectrahedron. That is,
one can assume that D 4 p) is bounded if proj, D4 p) is closed and bounded. The proof of
this result constructs a bounded free spectrahedron K such that proj, D p) is a projection
of K. However, the number of variables in K depends on the dimension of H. Thus, if
one attempts to naively extend this proof to generalized free spectrahedrops, one would

encounter dimension free sets in infinitely many variables.

Working with dimension free sets in infinitely many variables causes a number of chal-
lenges. For example, this would cause the approach of successive maximal 1-dilations to fail.
A critical aspect of this approach is that the dimension of the dilation subspace is bounded
above by ng, hence is finite.
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6. APPENDIX

The appendix gives a self-contained proof of Theorem 2.1, our version of [18, Theorem
3.2].

Proof. We first prove Item (1). Suppose X € proj,D,p) and W € Zg(n). Then there
exists some Y € SM,(R)? such that

Ton — AaA(X) —Ap(Y) = 0
from which it follows that
Ipznz — A pena(X) — Agena(Y) = 0.
Left multiplying by W* & I,, and right multiplying by W & I,, shows that (2.1) holds.

The proof of the converse closely follows the proof of [18, Theorem 3.2]. We first note
that using [34, Theorem 4.11], since proj, D4 p) is closed and bounded and contains 0, we
can assume that D4 py is bounded. Now, set

S :=span{By,..., By} and Y =8+

Since D4, p) is bounded, the vector space S is an indefinite subspace of SMy(R). That is,
S does not contain a positive semidefinite element. Furthermore, following the discussion in
[18], we can without loss of generality assume that tr(B;) = 0 for all i = 1,..., h, that the
By, ..., By, are orthonormal, and that A; € S* foreachi=1,...,g.

With this set up, we have that I; € V and that V is closed under taking adjoints since
each element of § is a real symmetric matrix. Thus V is an operator system contained in
My(R). Given an element X € proj, D4 py(n), consider the following linear map ¢ : V —
M, (R) defined by

g
S(W) = tr(W)L, = Y (A, W)X,
i=1
We will show that ¢ is n-positive on V.
To this end, let (W;;);; € M,(V) be positive semidefinite. Since (W} ;);; has rank at
most nd, there is a collection of vectors {wy}2¢, C R™ such that

Partition each wy as

Wr =

W,k
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with respect to the decomposition R™ = R™ @ R?. Then for each i,j = 1,...,n we have

nd
I/Vz'j = Zwi,szk eV Q RdXd.

k=1
We then have that
nd * *
o(Wij) = k=1 tr(wi,kwj,k)[n - ZZ:1<A€> wi7kwj,k>Xé>
— Zil tr(wi,kw;k)fn - >0 tr(wj,szkAg)Xz)

= Zil tr(w;‘ikwi,k)]m — Zgzl tI‘(’kaAg’wj,k)Xg

= S ((wwin) I, — Zizl(wf,kAewj,k)Xé)
From this we obtain

d(Wig)ig) = S, (WJWk @1 =3 WEAW, ® XZ)

where Wy, is the matrix d x n with wy, ..., w, as its columns for each k = 1,...,nd and
where W is the block matrix
Wi
W=1 :
Wha

Now observe that that foreach 7,7 =1...,nand ¢ =1,..., htheij entry of W*B;B"dW =
nd WiBW is given by

nd nd nd
<Z W,ngW) = w;Baw;; = tr (Z ngi,jw;j) = (Wij, B)) =0
k=1 ij k=1 k=1

where the last equality follows from the fact that W;; is in V = (span{Bjy,..., By})*. We
conclude that W*B®"W = 0, i.e. that W € Z5(n). It follows from our assumptions that

A((Wij)ig) = WW & Ly = Ay (penayy (X) = 0,

hence ¢ is n-positive.

Having shown that ¢ is an n-positive map from V — M, (R) we may use [46, Theorem
6.1] to conclude that ¢ is completely positive. We may then use Arveson’s extension theorem,
see again [46], to conclude that ¢ has a completely positive extension 1 : My(R) — M, (R).
Note that [46] works over the complexes; see [32] for a discussion of these results over the
reals. Also note that it is straightforward to check that these results hold over the reals using
Choi’s characterization of completely positive maps [11, Theorem 2].
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Now, for any matrix U € My(R) we have

<U i .)éw.

J=1

Q

h
=tr(U) = > (A, U)X, =Y (U,

=

,_.

7j=1
Here the last inequality follows from the facts that U —S_r_ (U, B;) By € V and that tr(B;) =
0 and (A, B;) =0 for all j, (.

Let E;; € My(R) be the matrix with 1 in the (4, j)-entry and zeros elsewhere. Then the
Choi matrix E = ((Ejx)jx) € Ma(My(R)) is positive semidefinite and thus

h

0=<¢(F) = ( Z Ay E; )Xo — Z(Ei,jaBzW(—Bf))

g 1 27.]

=1 — Au(X) — Z B @ (—By).
=1
We conclude that
(X1,..., Xg,0(=B),...,1(=By)) € Dia,p),
hence X € proj, Da,p). This completes the proof of Item (1).

We now prove Item (2). The forward direction of the proof uses the same argument as
the forward direction of Item (1). To prove the reverse direction, we use the same strategy
as in [18, Proposition 3.3]. To this end, assume that equation (2.2) holds for all W € Zg(n).
We will show that this implies that equation (2.1) holds for all W € Zg(n).

Let W € Zg(n) and let r be the rank of W*W € M, (R). Then there is an invertible
matrix U € M, (R) such that

UWWU = (IT 0) =P
0 0

Define

and V = WU.. Then we have
VH(B¥YY = U (W*BW)UL =0
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and
VYV =0 UWWUL=1"P. = 1I,.
That is V' € Zg(n, ), hence
Lv*(Aésnd)v(X) = 0.
We next show that WUP = WU. To prove this, let + € R" and set 1 = Px and
T9 = x—x1. Then we have WUPx = WUxy = WUx —WUzs. Hence it is sufficient to show

that WUz, = 0. To see this, first observe that since P = P?, we have Px = P?r = Pu;.
Next observe that

WUz, WUzxy) = (UW*WUzxs, x9) = (P, x2) = (Px — Pxy,29) = 0.
We conclude that WUz, = 0, hence WU P = WU as claimed. Using this and the observation
that P = w* gives
= <L® In)LV*(AEB"d)V(X)(L@ In)*
= 0.
Moreover, since U is invertible, we obtain
Thus we have shown that our assumptions imply that equation (2.1) holds for all W € Zg(n).
Using Item (1), we conclude that X € proj, D4 py as claimed.

It remains to prove Item (3). If m < n, then the result follows immediately from Item
(2) as one can naturally embed Zg(m) in Zg(n) when m < n. Now assume m > n. If
X € proj, D(a,p)(n), then since 0 € proj, D4, p) and since proj, D4 p) is matrix convex, we
have X ® 0,,—y, € proj, D4, p). Using Item (2) then shows that for any W € Zg(m) we have
Ly« (aemyw (X @ 0) = 0. By applying the canonical shuffle we obtain

Ly~ (aemyw (X) AW*(W”)W(O)) _ <LW*(A@m)W(X) 0 ) -

Ly« qeomyw (X ©0) =
wcasmw (X &0) <AW*(A€B’")W(0) Lyz+(azmyw (0) 0 D

We conclude Lyy+(aemyw (X) = 0, as claimed. [ ]
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