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1. INTRODUCTION

*

An involution * of a semigroup S is a unary operation = — x* satisfying

(1) (zy)" = "2,

() (=) = 2.

The algebra (S, -,*) is a semigroup with involution or an involutorial semigroup. If
in addition

3) zz*z =12z
holds then * is a regular involution and the algebra is called a regular *-semigroup.
The study of such algebras was suggested by Nordahl and Scheiblich {13] and then
conducted by several authors, for instance by Adair [1], Auinger [2, 3], Gerhard and
Petrich [5, 6], Nambooripad and Pastijn [12], Petrich [16], Poldk [18], Pondéli¢ek
{19], Scheiblich [21] and Szendrei {23, 24].

For a class € of regular semigroups let €* denote the class of all regular *-
semigroups (5, -, ) whose underlying semigroups (S, .) are contained in . The mem-
bers of €™ will be termed €-+-semigroups (such as completely simple *-semigroups,
orthodor x-semigroups etc.). If € is an e-variety (see Hall [7, 8]), that is, if € is
closed under taking direct products, regular subsemigroups and homomorphic im-
ages then € forms a variety of algebras of type (2,1). The relatively free objects
have been described for several varieties of regular *-semigroups (see [2, 3, 5, 6, 18,
20, 21, 23, 24]).

A regular semigroup S is locally inverse if for each idempotent e in S, the local
submonoid eSe is an inverse semigroup. Locally inverse semigroups have been studied
by several authors (see, for instance Pastijn [14, 15] and Nambooripad [11]). 1t is
well known that this class—denoted by .Z & —is closed under taking direct products,
regular subsemigroups and homomorphicimages. Hence the class of all locally inverse
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x-semigroups £ #* is a variety. The purpose of the present paper is to describe the
free objects in £ .#*. The main result will be an analogue of Scheiblich’s well-known
description of the free inverse semigroup [20]. Roughly speaking, the completely
simple *-semigroups (that is, “*-local groups”) play the role for the free locally inverse
*-sernigroups that groups play for the free inverse semigroups. In fact we shall obtain
canonical forms for the elements of the free object F.Z #*(X), similar to Schein’s
ones for the inverse case (see [22]). Furthermore, we shall describe F.Z.#*(X) as a
certain subsemigroup of a semidirect product of a semilattice by a free completely
simple *-semigroup. This will be done in section 4. In section 2 we shall present some
preliminaries, in section 3 some information on free completely simple *-semigroups
will be given. Finally we shall obtain some further properties of the relatively free
objects F.%.#*(X) in section 5. A

2. PRELIMINARIES

For definitions and results concerning semigroups the reader is referred to the
books of Howie [9] and Petrich [17] (inverse semigroups).

Let X be any non-empty set, X* = {z* | z € X} be a disjoint copy of X such
that z +— z* is a bijection between X and X*. Throughout the paper the set XU X*
will be denoted by I. The mapping *: I — I then denotes the bijection ¢ — z*,
z*+—z, z € X. Let F*(X) be the free semigroup on I which is equipped with the
unary operation

R SRR ST MU

We obtain an involutorial semigroup. In fact, F*(X) is the free involutorial semi-
group on X. By F*(X)! we denote the free involutorial monoid, its identity—the
empty word—will be denoted by 1. Now assume that X = {z < 2/ < ...} is well
ordered with the least element z. Let I be ordered by 2z < 2* < 2/ < (/)" < ...
Then I is also well ordered. For each pair (z,7) € I x I with z < i < j let p;; be an
element not contained in I and such that p;; # px; whenever (i,j) # (k,1). Let P
denote the set of all these elements. As above, let P* = {p* | p € P} be a disjoint
copy of P, p — p* being a bijection and *: PUP* — PUP"* being extended as above.
Throughout the paper let M = P U P*. Also assume that M N[ = @. Finally we
make the convention that for i > j > z, p;; = pj; and p,; = pi; = pii = 1 (denoting
the empty word) for all i € [.

In the following we shall introduce three different manipulations of words in F*(X)
respectively F*(X U P)!, two kinds of reductions and one expansion. These op-
erations will be used essentially throughout the paper. First we need some ter-
minology. Let z,...z, € F*(Z) for any non-empty set Z and ¥ € N. Then
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OkT1...Tn = T1-. - Tmin{nk}r T1-- - Tnrk = Tnomin{nk}+1---Tn, & = 01, A=A
Each grw is an initial segment whereas each wl is a terminal segment. The length
n of the word w = z; ...z, will be denoted by |w|.

The two mentioned reductions are the following; the first one is the usual reduction
of words in the free group.

Definition 1. The mappingr : F*(XUP)! — F*(XUP)! is defined by r1 =1,
ry =y for all y € UM where 1 denotes the empty word. Let n > 1 and suppose
that razy ...z, = y1 ...y (k> 0); then

Y- Yk-1 if 241 = i,

YTy ... TnTpyl = .
{yl...yk:cﬂH if zn41 # Ui

Here y, ...yo stands for the empty word.

Definition 2. The mappings : F*(X) — F*(X)isdefined by sz = z,szy = zy
forallz,yel. Let n>2andszy...2, =y;...Yx. Then

YL Ykt if Yoot = Yp = Tny1,

Y1 Ye—2Tntr M Yot = Y, Yb-2 = Z1 41, k-3 # Yoo,
ST ... ZpnZpy1 =

Yi---Ye-3 fye—1 = Yk, Ye—2 = Tpy1, Ye—3 = Yr_2,

Y1 YeTntt otherwise.

Roughly speaking, rw is obtained by deleting successively each occurrence of some
z*z whereas s w is obtained by successively replacing each occurrence of some zz*z
by = and zyy*z* by zz* (z,y € I). We call r w the reduced form of w and sw the
weakly reduced form of w. The operations zz* — 1 applied for obtaining rw are
reductions whereas the operations zz*z — z, zyy*z* — zz* are weak reduclions.
Further, applying r respectively s to subsets A of F*(X U P)! or F*(X) means that
r respectively s will be applied to each element of A. 1t is well-known that the
reduced words r F*(X U P)! are canonical forms for the free group on X U P. If we
consider elements of the free group on X U P, inversion sometimes will be denoted
by ~! rather than by * and then the words are assumed to be in reduced form. As
we shall see in the next section, the weakly reduced words s w play the role for the
free completely simple *-semigroups that reduced words rw play for the free groups.
The third operation on words is the following expansion.

Definition 3. The mapping e, : F*(X) — F*(X U P)! is defined by e, z = =
forallz € [ ande,zy...2, = T1Pr3e,T2- - Pos_ za2n for all z, ...z, € F*(X),
n> 1.
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Here the index z indicates “normalisation with respect to 2”, that is, p,; = p;, =
pii = 1 for all i € I. As the reductions s and r, e, will be applied to a set A by
applying it to each element of A.

The following lemma will be used several times without making special mention
of. It can be proved easily by induction.

Lemma 2.1. Letw = z; ...z, € F*(X) and b be an initial segment of sw. Then
there is an initial segment gy w of w such that s gpw = b.

The semigroups in this paper will be regular x-semigroups (except specially in-
dicated). Hence also “subsemigroups”, “homomorphisms”, “congruences” etc. are
considered to respect multiplication and involution without further making mention
of. Similarly, all varieties under study are varieties of algebras of type (2,1). Given
such a variety ¥, the free object in 7 on the set X will be dencted by F¥/(X).

3. COMPLETELY SIMPLE *-SEMIGROUPS

In this section we provide some information on the free completely simple
x-semigroup F€.9*(X). The first lemma has been proved by Petrich [16, Theo-
rem 3.4].

Lemma 3.1. Let J # 0, G be a group and Q = (¢ij) be a J x J-matrix with
entries in G such that q,-_jl = g¢ji and q;; = 1 for all i,j € J. Then the Rees matrix
semigroup S = #(J,G,J;Q), endowed with the usual multiplication and with the
involution

. . P

(4,9,9)" = (4,977,9)
is a completely simple x-semigroup. Conversely, every completely simple *-semigroup
can be so constructed.

The following result is from the same paper ([16, Theorem 4.1]).

Lemma 3.2. A regular x-semigroup S is completely simple if and only if S satisfies
the identity zz* = zyy*z".

The free completely simple #-semigroup has been studied by Gerhard and Petrich
[6] who obtained a Rees matrix representation of F€.5*(X) similar to the model of
the free completely sitnple semigroup due to Clifford and Rasin (see [4]). Recently, L.
Polak provided a model of FF€.7*(X) by means of canonical forms. In the following,
o¢s+ denotes the fully invariant congruence on F*(X') corresponding to the variety
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€. of all completely simple *-semigroups. The result of Gerhard and Petrich [6,
Theorem 7.3] states the following.

Theorem 3.3. Let X, ] = XUX", P be as in section 2 and let G denote the free
group on X U P. Then the Rees matrix semigroup S = #(1,G, I; P), endowed with
the usual multiplication and with the involution of Lemma 3.1 is the free completely
simple *-semigroup, freely generated by the set {(z,z,z*) |z € X}.

Theorem 3.3 can be also interpreted in the following way (see also [6, section 8]).
Let G =r F*(X U P)! be the set of all reduced words in F*(X U P)!, endowed the
involution of F*(X U P)! and the multiplication w ® v = r(wv) (in fact, r F*(X U
P)! is the free group on X U P). Then the mapping ¢: F*(X) — #(I,G,I; P),
defined by wy = (pw,re, w,(wA)*) is the canonical homomorphism of F*(X) onto
A(I,G,1; P) = FE€*(X) which induces the fully invariant congruence gg - .

On the other hand, L. Polak [18] showed that weak reduction as it is defined in
section 2 provides canonical forms for the elements of F€.%*(X) (this result has
been announced at the Conference on Semigroups in Oberwolfach, July 1991). It
can be formulated as follows.

Theorem 3.4. Lets F*(X) = {sw | w € F*(X)} be the set of all weakly reduced
words endowed with the multiplication w ® v = s(wv) and with the involution of
F*(X). Then the mappings : F*(X) — s F*(X), w — s w is an epimorphism which
induces the fully invariant congruence g¢ - . In particular, weak reduction provides
canonical forms of the elements of F€.7*(X).

Let o denote the equivalence relation on F*(X) defined by v o v < su =sv. By
Lemma 3.2 and Theorem 3.3 it follows immediately that & C g5+ . The result of L.
Polak states that in fact 0 = pg.s.. For completeness we shall give an independent
proof of this result in the following. Denote by ¢: F*(X) — #(I,G,I; P) the
canonical homomorphism wep = (pw,re, w, (wWA)*).

Lemma 3.5. Let w = z,...zn, € F*(X) be a word such that ps;s,,, = 1 for all
k, 1 <k <nandwp=(z1,1,z,); then sw = z,z7}.

Proof. Let w be as above. Immediately we have z, = z] since z; = (wlA)*.
We show the following. If w # z 2] then w is not weakly reduced. We may assume
that w does not contain a subword of the form zz*z = z, £ € I. Suppose first that
zy ¢ {z,2"}. The assumptions on w imply that it is a word of the following form

w = zy[z]]zwoz uy[ul)zw z* .. upfup)zwez* [21]2]
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where each w; is a word in the variables z and/or z* or the empty word, u; ¢ {z,2"}
and the brackets [] indicate that the respective element may or may not occur. If for
some %, u} in the brackets [ ] actually occurs then w can be weakly reduced. Also, if
some w; contains z as well as 2* then zw;z* and thus also w can be weakly reduced.
Hence we may assume that w is of the following form

w =z [x]]zz02" w221 2" . . upzz2* (2] 2]
where each z; is a power of either z or z* or is the empty word. We know that
l =re, w=rw=r(z[z]]2ou121 .. . urzx[z1]2])
and thus also
(%) r([z})zour1z1 ... upzi[z1]) = 1.

Let ug = [x}], that is, up = z] if z] actually occurs in the brackets and uo = 1
otherwise. Similarly let ui4q = [z;]. By relation (x) it follows that there is some i
such that z; = | and u} = ujy;. Then w contains a subword of the form wu;z2"u].
Hence if w contains some u; (1 < 7 < k) then w can be weakly reduced. We therefore
may assume that w has the form

w = z1[z}]2202"[21]2].

Again using rw = re, w = 1 we obtain zp = 1 and either each or none of the
elements in brackets [ ] occurs. In any case, w can be weakly reduced to z;z}. If
zy € {z,2*} then, as above, we may assume that w is of the form

w = w2 ugful] .. uk[uf]rwee].
Now we apply the same procedure as for the previous case. a

Corollary 3.6. Let w = z1...2, =s(z1...2,) € s F*(X) be a weakly reduced
word. If pryryy, = 1 forallk, 1 <k <nand wp = (z1,1,z1) then w = z,z7.

Lemmma 3.7. If w = z; ...z, € F*(X) is weakly reduced and wp = (z,,1,z1)
then w = zz].

Proof. Againitisclear that z, = z]. If pysr,,, = 1 for all k then the assertion
is proved by Corollary 3.6. Now suppose that there is some k such that pysz,,, # 1.
Let prysiyy = Pr. Since r(zi1p1®2 ... Lno1Pn—12n) = 1 there are k < I such that 1 #
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Pk =P}, Pkt1 = ... =pi—1 = L and v(zpp1pes1Zk42 - pro121) = 0(Tpgr .. 2) = 1
Since prrevy, = Pk = Pp = p;,‘z.+1 = priyiz; We observe that 23 = ziyy, that is,
Tk = T(yy, and xg4y = 7. Since pgy1 = ... =pi-1 = L and r(zpqr ... 7)) = 1 we
have (zi41...21)¢ = (Tk41, 1,2]) = (€41, 1, Tk 41). Since w is weakly reduced, the
subword 44 ...2; is also weakly reduced so that by Corollary 3.6, zxy1...21 =
Tk41T5q (and thus { = k+2). But then w contains a subword ¢z 4127 7} which
contradicts the assumption that w is weakly reduced. Therefore, pz:s,,, # 1 cannot
be true for any k and thus the assertion follows by Corollary 3.6. a

Now we are able to obtain the following result.

Corollary 3.8. If u = su = zy...2, and v = sv = y; ...y € s F*(X) are
weakly reduced words such that up = vy then u = v.

Proof. First, up = (gu,re, u,(ur)*) and vp = (gv,re, v,(vA)*) so that
Ty =y, 2, = Y and re, u = r(L1prir,To.. . Tn) = C(Y1Pyry,Y2. . Ym) = re; v,
Put w = uwv* = z,...z,y;, ...y7. Notice that py.y. = 1 since z; = y;,. Hence
(e; u)(e; v*) = e, w. Using e, v* = (e, v)*,

re, w = r{(e; u)(e, v*)] = r[(e; u)(e; v)*] =r[(re; u)(re, v)’} =1

and thus wy = (z1, 1, 11) = (21,1, 2,). By Lemina 3.7 it follows that sw = s(uv*) =
z1z]. The weak reduction of uv* to z,z] necessarily starts with a subword containing
a terminal segment of u and an initial segment of v*. The first step of weak reduction
therefore is one of the following possibilities:

(1) zn—2Zn_12nY}, — Tn-2y;, where z,_1 =z}, and z,_2 = yp,

(2) TaYm¥m-1Ym—2 — TnYm_2 Where y5,_; = yn and 2p = ym_2,

(3) Tu1Za¥ Y1 — Tn-1Yp_1 Where 2,1 = ym—1 (and z, = yn),

(4) Zn-1Zayp, = Yp = En-1 (= 27),

(5) TnYmYm—1 = Tn = Yoy (= Ym).
Cases (1) and (2) cannot occur since z, = ¥y, would imply wd; = z,z)z, or
vAz = (03*)* = Ym¥UYm. In case (3) we immediately observe that z,_1 = y—;.
In case (4), after the first weak reduction, we get the word z1...z,1y} ... ¥}.
The next weak reduction is of the form either [z, _3]zn_ozn_1y}_| — [Tn_3]y},_, OF
Tn—1Ym-1Ym-2(Ym-a] = Zn-1[¥hn_3] OF &n_2Zn 1Y _1¥h_2 = Tn_2yfh_o. (Brack-
ets [ ] indicate that the respective element may or may not be involved.) In the
first case, z,_o = z_, = z, which is impossible since z, ...z, is weakly reduced.
In the second case, either c,_1y}_ ¥ _2 = Tn-1Z)i_1Tn-1 OF Y2 = Y5 _; and
Tn-1 = Ym-3. In any case, y), = z,_y = &, implies that y} y5 _, ...y} is not
weakly reduced, a contradiction. Therefore only the third case is possible and we
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infer that £,_1 = ym-1. In case (5), we get £,_1 = ym_1 in an analogous way. The
assertion now follows by induction on min{|u|, [v]}. a

Remark. In the definition of the weakly reduced word s w we started the weak
reductions on the left hand side of the word w and moved successively to the right
in order to avoid ambiguity. Corollary 3.8 now in particular implies that the weak
reductions zz*r — &, zyy"z* — zz* may be executed in any order to obtain sw.
We shall use this fact in the sequel without making mention of.

4. FREE LOCALLY INVERSE #-SEMIGROUPS

In this section we first obtain two identities each of which defines the variety .Z.#*
of all locally inverse *-semigroups (within the variety of all regular *-semigroups).
Then we show that each element of F.Z .#*(X) can be written as a product of certain
commuting idempotents and a weakly reduced word. Furthermore, we shall show
that this rewriting process provides canonical forms for the elements of F.¢ #*(X).
This will be done by showipg that FZ.#*(X) can be realized as a subsemigroup of a
certain semidirect product of a semilattice by the free completely simple x-semigroup

Fe7(X).

Theorem 4.1. Let S be a regular x-semigroup. Then S is locally inverse if and
only if S satisfies either

4) zyy*zrzzz*x* = zzz*c zyyc*
or

(4') (zyz*)(zyz™ )" (zyz”)* (zyz*) = (zyz*)* (zyz* )(zyz*)(zyz")".

Proof. Lete € E(S); then e 2 ee” and therefore eSe and ee* See® = eSe* are
isomorphic as semigroups (via the mapping z — ze*). The semigroup eSe* is invari-
ant under the involution so that eSe* is a regular *-semigroup. The identity (4) im-
plies that eSe* satisfies the identity yy*zz* = zz"yy* whereas (4') implies that eSe*
satisfies the identity zz*z*z = z*zzz*. In any case, eSe® is an inverse semigroup
(see [17, Chap. Xl1I]). Consequently eSe is an inverse semigroup. Conversely, let S
be a locally inverse *-semigroup. Then zSz™ = zz*Szz” is a regular *-semigroup
which in addition is an inverse semigroup. Hence on zz*Szz*, u ~— u® is the unique
inverse operation. The elements zyy*z* = (zy)(zy)* and z22°z* = (z2)(z2)" are
idempotents in zz*Szz* and therefore commute. In particular, the identity (4) holds
in S. Similarly, the elements (zyz*)(zyz*)* and (zyz*)*(zyz*) are idempotents in
zz*Szz* and thus commute. This iinplies the identity (4'). O

530



Recall that s(z; ...z,) denotes the weakly reduced word of z;...z,. For w,v €
F*(X) the identity w = v holds in S € Z.#~ if and only if wf = vf for each
homomorphism f: F*(X) — S. The identity w = v holds in Z.#* if it holds in
each member of Z.#*. Similarly as for the inverse case (see [17, Chap. VIII]) we
have the following rewriting process for locally inverse *-semigroups. (The proof is a
natural analogue of the corresponding proof in [17, p. 360]). Here equality = stands
for equality in a locally inverse *-semigroup S, that is, equality in Z.#*.

Theorem 4.2. Let S be a locally inverse *-semigroup and zy,...,z, € S. Then
n-1
Ty...Ln = H[s(z'l coezg)s(zy .z s(zy L zn)
i=1

Proof. Notice that all idempotents s(xy...zg)s(z1...2x)" commute since
they belong to the local inverse submonoid 2, Sz} of S. The argument is by induction
on n. For n = 1 the assertion is trivial. Let v = z;...2,-7 and sv = y; ... ys.
If s(v)z, # s(vz,) then either sv = y;...yr—sz yryr (that is, ye—1 = y; and
Yk—2 = Z,) OF SU = Yy ... Ye—_2ZnZ;, (that is, yr_y = z, and y = z,). For the
former case we have

s(v)s(v)* s(vzn) = (1. v w1 -« Uk )" W1 - - - Uk-alzhzn]
=y -y W) 0 - Yk-3Tn T
= (- Ye-3zn iy ) (Wi vk Tn Vi s - Y1) (U1 - - Yk—3T52n)
= (Y- Uk-3) (@R kU T TR Talhog - Y1 Y1 - - Yk~3TpTn)
=Y. Ye-3)(@htnYig - ViU Ye—3TnTn (T YR YLTn)
= (U1 Ye-32)(@nbioz - V1)W1 - Ye—320 ) (Y Yk Tn)
= (Y1 Yr-3Z5)YrYeTn = (SV)zn.

The notation [z}, z,] means that 2z, actually occurs if yy_3 # z,, and is omitted if
Yr_3 = T,. For the latter case we have

(sv)(sv)* s(vey,) = s(v)s(v)* Y1 - .- Yk—_2Tn
=s(v)s(v) 'y ... Yp-2TnTy 2y

= s(v) s(v)" s(v)z, = s(v)z,.
Finally, if s(v)z, = s(vz,) then trivially s(v)s(v)* s(vz,) = s(v)z,. Now let n > 1
and suppose that the assertion of the Theorem be true for all n’ < n. That is,

n—-2
(%) T1...Zpo1 = H[s(z:l coexi)s(xy.oxg)')s(z .. 2no).
i=1
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By the above argument,
S(Il .. .1‘"_1)1,'" = S(.’L‘] .. .l‘n_])S(l'] .. 'xn—l)‘ S(I‘l .. .1‘"_11‘").

Multiplying (*) by z,, on the right then implies the assertion. ]

Theorem 4.2 provides strong candidates for canonical forms of the elements of
F2.#*(X). One could expect that for two given words z1...2n, 11 ...ym € F*(X),
the identity z; ...z, = ¥1 .. .Ym holds in F.Z#*(X} if and only if

(1) {s(zr...zi)|l1<i<n}={s(y1...y5) |1 <j<m},

(2) s(x1...20) =8(y1 -- - Ym)-
By Theorem 4.2, (1) and (2) are sufficient in order that z; ...z, = y; ...y, holds
in Z.#*. However, the converse is not true.

Example. The identity zy = zyy*y holds in Z#*. Also s(zy) = s(zyy*y).
But {s(z),s(zy)} = {x, 2y} # {z,zy,zyy"} = {s(2), s(zy), s(zyy"), s(zyy* y)}.

In the set of weakly reduced initial segments in (1) one has to take into account
the element s(z,...z;) as well as s(z;...z;z]) for each i. For w = z,...2, let
sw= {s(x)...z;),s(z1...2iz}) | 1 <7< n}. In the following we shall prove that
the identity z1...2, = y1...ym holds in ZF™ if and only if

(1) 8(x1...2n) =8(y1-- - Ym)

(2) s(z1...20)=5(Y1-..Ym)-
Notice that the product in Theorem 4.2 will not be influenced if the first part is
multiplied by all elements of the form s(x; ... z;27)s(zy ... z;z])* since

s(zy...x;)s(zr...2;)" =s(xy...z;2])s(zy ... zi2])"

(= denoting equality in .Z.#*) and all such idempotents commute. Next we obtain
some auxiliary definitions and results. The purpose is to reconstruct a weakly reduced
element ...z, € s F*(X) from re,(z;...z,). By Corollary 3.8 this will not
be completely possible since z; ...z, = s{z1...z,) is determined by z;, x, and
re,(zj...x,). However, we shall try to obtain as much information as possible.
The idea is the following. Let re (x;...z,) = q;...qx where ¢ € TUM. If
¢; € M, that is, qi = pye» for some u,v € I then ¢; will be replaced by u*uvv*. If
¢i = ¢ € I then z will be left unchanged. However, if 2y occurs in re,(z;...xz,)
and z* # z #£ y, ¥ # y then zy has to be replaced by zzz*y rather than by zy since

there is no element from M between z and y. Formally we proceed as follows.
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Definition 4. Let q;...qt e v F*(XUP) andz € 1. Forl=0,1, .., klet
wy = wi(z,q1...qx) € F*(X) be defined by induction. First, wo = zz*. Suppose
that w; € F*(X) is already defined for some [ > 0. Let

Wiqi41 if (i1 € I and) wid = q144,

w22 iy if giy1 € I and wiA # qpy
Wi = wyu* uvv® if @131 = pusy and wA = v,

wyzz™ uruvv® if 141 = pu+v and WA # w.

Notice that for the latter two cases, u* # v and u* # z # v since py~y # 1. In the
following statements let w; = wi(z,q1...qx).

*

Lemma 4.3. If w3 = z*yy"* for some y € I then w; = w, and z = y* = z*.

Proof. If w; contains more than two letters then I > 0. If w;A3 = 2*yy* then
the first case in the definition of w; applies: w; = w1 q; where ¢ # 1 and qf = wj_1 A,
If { = 1 then this necessarily implies wo = qi¢f. Thus £ = ¢;. Then q¢jq1 =
2*yy* implies y* = & = 2*. U | > 1 then, since ¢;_; # q, wi—y = wi_u uvv"
or wi_; = wi.2zz*u*uvyv* and then w; = wi_uuvv*q or wy = wi_g2z*u UV q.
Both alternatives are in contradiction to the assumption on w;Az so that I > 1 is
impossible. ]

Lemma 4.4. If wiAy = zz* then either l = 0 and z =z orl =1 and z* = .
Further, wjdyq # tt*tt* for any t € 1.

Proof. Ifl=0then woAy = z2” ifand only if z = . Suppose that w Ay = 22*.
Then w, = wpz™ and wy = 2*2. Hence z* = z. Let [ > 1 and suppose that
wiAg = z2*. Then wy = wj_1z*, ¢ = 2* and w;_1 A = z. But then ¢;_, = z which
is in contradiction to ¢; = 2* since ¢;...q is reduced. Hence wiAy # z2* whenever

I > 1. The assertion on w;\4 Is easy to see. ]

Lemma 4.5. The word w; does not contain a subword of the form st*ts* fors # t
nor a subword of the form stt*tt*s* for any s,t € I.

Proof. WWe consider the case st*ts*, s # t, first. For I = 0,1 the assertion
can be checked easily. Let [ > 1 and assume that the assertion be true for all
' <l If wp = we-1q then w1 A = ¢ and so the induction hypothesis on w;_;
implies the assertion. If w; = wj_;22%¢; then the assertion follows by wi_1 A # ¢f,
wi—1Ag # z%ss* (Lemma 4.3) and the induction hypothesis on w;_;. Similarly the
assertion follows if w; = wi_y2z*u*vvv*. If wi = wi_u*uvv* then w1 A = u # v*
and the assertion follows in this case, too.
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Now consider the word stt*tt*s* for some s,t € I. Again the assertion can be
checked directly if I = 0,1. Let { > 1 and assume that the assertion be true
for all ! < . If w; = wi_1qy, then widg # stt*tt*s* by Lemma 4.4 and thus by
the hypothesis of induction on w;_; the assertion follows. If w; = w;_;z2*¢; then
(wi—122*q1)Ae # stt*tt*s* since wi—1A2 # zz* by Lemma 4.4 and (wi_12)A¢ #
stt™tt*s* since wi_1Aq # t*t*. Also, (wi—122*)Xe = stt*tt*s* implies wi_1 Ay =
zz*2zz* which is impossible. Again by hypotliesis on w;_; the assertion follows. Now
consider the case w; = wi—ju*uvv*, that is, ¢ = py+, and wj_; A = u. Similarly
as above, (wi—1u*)Ag, (Wi—ju*u)Xg, (Wi—1u*uvv*)Ag # stt*tt*s*. If (w—1u*uv)de =
stt*tt* s* then w1 A3 = v*u*u. It is impossible that w;_; = wi_qu, that is, w;_o Ay =
v*u* and q;-; = u for then ¢;_9 = u*, a contradiction. Hence w;_; = wj_qvv*u*u
or wi_1 = w—zz*vvTu*y, that is, ¢j_1 = pyyu+. But this implies ¢;—; = ¢; which
is also impossible. Again the assertion follows by hypothesis on w;_;. The case

w; = wy—1z22*u*uvv™ can be treated in an analogous way. O

Remark. Lemma 4.5 in fact assures that sw; can be obtained by using solely
weak reductions of the form zz*z — z, z € I.

Corollary 4.6. (sw;)As #2*yy" foranyy € I.

Proof. Thisis trivial if I = 0 and can be checked directly if I = 1. Let [ > 1.
If wy = wi—1q then wi_; = wi_u™uvv* or w1 = wi_z2z*u*uvv* and ¢ = v. The
last three letters in the word obtained by the weak reduction wyAs = vv*v — v
are u*uv. By Lemma 4.5 (and the above remark), the element v in u*uv cannot
be eliminated by further weak reductions. Since u™ # v the assertion follows. If
w; = wi—1zz*q we consider two cases. Case (i) ¢ = z. Then wiAy = szz*z for
some s £ z". Now wiAz = z2*z will be weakly reduced to 2z, but using Lemma 4.5
again, the element s cannot be removed by any further weak reduction. Case (ii)
qi # z. Then w;A2 = 2z*q; and again the letter z* cannot be eliminated by further
weak reduction. Finally, if w; = wi_ju*uvv* or wy = wi_yzz"u*uvv* then in both
cases z" # u and since u # v*, again by Lemma 4.5 and the remark thereafter, u
cannot be removed by weak reduction. (]

Corollary 4.7. If (sw;)Az = 2z* then I =0 and z = 2.

Proof. By Lemma 4.5 (and the remark thereafter), (sw;)A2 = zz* implies
wiAy = 2z*. Hence by Lemma 4.4, { =0 and z = z or [ = 1. But in the latter case
wy = 2*22* and then sw; = 2*. a

Lemma 4.8. re, wi(z,q1...qx) =¢q1...q1 andre; wo = 1.
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Proof. The argument is by induction on I. If { = 0 then this is trivial. Let
{ > 0 and suppose the assertion be true for all / < I. For the respective cases of
Definition 4 we have

wi—1q, (e: wi—1)@,
wi—122%q, (e:wi_1)z2"q,
wy = . and e, w; = . .
wi-u uvy”, (e; wi—1)u* upyyvv*,
wi_12z* utuvr* (e w1 )22 U Upyep V™.
From this it follows easily that re, wy = ¢, ... @ ifre; w1 = q1...q1-1. O

Definition 5. Let z; ...z, € F*(X) be aword, let ¢1 ...qx = re,(zy...zn) =
r(zlpx;z,zz ...zp) and let w; be as in Definition 4. Put

w(zy,re;(z;...z,)) =s(we(zr,q1..-qx))-
Corollary 4.9. Let z; ...z, € F*(X); then

re, w(zy,re.(z;...z,)) =re,(z...2,).

Proof. Iffora,be F*(X), sa =sb then by Theorem 3.3, re,a =re, b. Let
re;(zy...z5) =4q1...qr. Using Lemma 4.8, we obtain

re; w(zy,re;(ry...z,)) = re,(swi(zy,re;(z...z,)))

re, wp(z;,re,(z,...z,))

gi-..qe =reyr;...z,).

We are able to formulate the following important result.

Theorem 4.10. Let ...z, = s(z,...z,) € 8 F*(X) be a weakly reduced word.
Let w = w(zy,re.(zy...2,)). Then

w iffwd = z,,
WL, Tp iff wh = 2% # z,,
Iy Ly = N R -
wzz ifwA # 2" =z,
wzz'zhx, HFwA # 2" £ zp, WA £ 2,,.

Proof. Denote these four different cases by (1)-(4). Notice that (1)-(4) are
pairwise disjoint and each possible case is covered by one of these. In case (1), w is
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clearly weakly reduced. If in case (2) wz} z, could be weakly reduced then |w| > 3
and w3z = £,zz" which is a contradiction to Corollary 4.7. Hence wz},z, is weakly
reduced. The respective elements of cases (3) and (4) are weakly reduced by Corollary
4.6. Now consider the canonical mapping ¢: F*(X) — F€(X) = #(1,G, [; P)
given by a — ap = (ea,re;a,(ar)*). Letting a € {w,wz)z,, wzz*, wzz*z}z,}
denote any one of the respective cases (1)—(4) then (z;...z,)p = ap. Since z; ...z,

as well as a is weakly reduced, by Corollary 3.8 we have x; ...z, = a. a

Immediately we have the following result.

Corollary 4.11. Letzy ...z, =s(z;...z,) € s F*(X) be a weakly reduced word
and let w = w(xy,re,(zy...2,)). fen_y # 2 thenw=1x,...2,.

By Theorem 4.2 we know that for a,b € F*(X), a g s bif(Sa,sa) = (5b,sb). In
the following we shall prove the converse. For this purpose we construct a locally in-
verse *-semigroup in which the identity a = b holds if and only if (§'a,sa) = (§b,s8).
As in section 2 let G = F¥(X U P) be the free group on X U P. In the follow-

ing, inverses in this group will be indicated by ~!

rather than by *. In particular,
Prry = p;xl. for any z,y € I and we assume that multiplication automatically results
in reduced words. Let Y = F.%((7) be the free semilattice generated by G. That is,
Y consists of all finite non-empty subsets of (G, endowed with the binary operation
of set theoretical union. For A€ Y, g € G let gA = {ga|a € A}. According to this
definition, the group G acts on the semilattice Y as a group of automorphisms. Now

let S=1xY x G x I, endowed with the multiplication
(iv A1 gyj)(ky Ba ’l‘l 1) = (1) AU gp]ka .qukha l)

and involution )
(i,A,9,5)" = (,97 " A, 971,4).

By [12, Example 1.7], S is a locally inverse #-semigroup. In fact, S is a perfect rect-
angular band of E-unitary inverse semigroups (see {14]). Let x: F*(X) — S be the
unique extension of the mapping z — (z, {1,z},z,z*), £ € X, to a homomorphism.
Let 2 ...z, € F*(X). Using induction, it can be easily seen that

"
(171 .. ‘xn)X = (11, {l,:l,'], Li1Prizas -y T1Priz T2 - ~1Tn},lll7z;x;932 <o Ty, .’L‘”)‘
Since the elements Z1Priz, T2 ... are in the group G and

_ -1
l‘lpx;IQ.l'g . .prz_]xk = :L'lp,,;rzxg .. .pz;_l,;kl‘k.l'k y
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the homomorphism y provides the following information on a given word a =
zy...zy € F*(2):

(1) =i,

(2) {re:(z1...zix}),re (2 ...2;) |1 <i<n},

(3) re.(zy...z,),

(4) z,.

By Theorem 3.3 and Corollary 3.8 it follows that sa is uniquely determined by
the triple (z;,re; a,z}). Theorem 4.10 shows how sa can be reconstructed from

the data z,,re, a and z,,. Further, by Theorem 3.3, the canonical homomorphism
p: F*(X) - FE€*(X) = #(I,G,I;P) is given by a — (pa,re,a,(a))*). In

particular, re, a = re, a’ whenever a ggs- a'.

Consequently, (2) in fact is the
following set

{re,s(z1...ziz})re,s(zy...z;) |1 i< n}.

For each i let s; = s(z;...z;) and t; = s(zy ...z;z}). Then either s;Az2 # (s;A)*(s; A)
or t;da # (L:A)*(6; ). Let w; = w(zy,re;s;) and v; = w(z;,re,t;) according
to Definition 5. Hence by Corollary 4.11, either u; = s; or v; = ;. Also, since
s(s(ay ...ar)ap41) = s(ay . ..arars1), a@j € I, we have

t; = S(Si(t,'/\)) = S(si(Si/\)*)

and
$; = S(l,’(si/\)) = S(l,‘(t,‘/\)*).
In particular,

{si,t:} C {ui, s(ui(uiA)*), vi, s(vi(viA)™)}

for each 7 and thus
sa C {uj, v, s(ui(w;A)"), s(vi(vid)*) | 1 <1< n}.

Now take any s(zy...2;) = & y2 ... yrx; and consider the word w = w(z;,re, s;) =
w(zy,re, z1yz...yrz;). We apply Theorem 4.10. If wA = z; then w = s; =
s(xy...x;) and s(w(wA)*) = s(s(xr...z;)z]) = s(zy...zx}). If wh # z; then
either s(z;...x;) = wafx; or s(zy...z;) = wzz*z}z;. In any case, by Lemma 2.1,
w = s(x(...x;) for some suitable | < ¢ and thus w € §a. Further, s(w(wX)*) =
s(wry) = s(zy...z27) € Sa. Similarly it can be shown that w, s(w(w))*) € §a for
w = w(zy,re; t;) for each i. Consequently,

Sa = {us, v, s(u(0:A)"), s(us(wiN)) | 1< i < n).



In fact, the set §a is uniquely determined by the element z; and the set
re,Sa={re,tre,s; |1 <i<n}

Summ.arizing the results we have the following. Let o« s+ denote the fully invariant
congruence on F*(X) corresponding to .Z.#* and let ps be the least inverse con-
gruence on F*(X U P)!, that is, the fully invariant congruence corresponding to the
variety £ of all inverse semigroups.

Theorem 4.12. Let a = zy...2n, b = y1...ym € F*(X) be two words. Then
the following assertions are equivalent:

(1) aggs b,

(2) (8a,sa) = (sb,sb),

(3) ca=0b,e;apse,b al=0bA,

(4) (ea,re;sa,re;a,(ar)*) = (ob,re,sbre,b,(bA)*).
Furthermore, the mapping x: F*(X) — S =1 xY x G x I, defined by

ay = (g(l, re, éa,rez a, (a/\)')

is a homomorphism which induces ps #+. In particular, the (x-)subsemigroup of S
which is generated by the set {(z,{l,z},z,2*) | £ € X} is a model of the free
locally inverse x-semigroup on X. The mapping v¥: (¢a,re;sa,re; a,(al)*) —
(0a,re; a,(aX)*) is the canonical homomorphism of F £ #*(X) onto F€.%*(X).

Proof. By Theorem 4.2 we have (2) = (1). Since x: F*(X) — S is a homo-
morphism and S € £ .#* we have (1) = (4). Since, as shown above, (§a,sa) can be
uniquely reconstructed from (ga,re,$a,re; a,(a))*) the implication (4) = (2) fol-
lows. Using the fact that re, = re; s it follows from the well-known description of 3 »
(see [17, Chap. VIII] and [20]) that e, a §» €, b < (re,Sa,re, a) = (re,8b,re, b),
showing the equivalence of (4) and (3). Since (1) & (4), the homomorphism x:
F*(X) — S induces the congruence g s+ on F*(X). Consequently F.2.#*(X) =
F*(X)x CS=1xY xGx I and F*(X)x is precisely the (x-)subsemigroup of S
which is generated by the set {(z, {1,z},z,z*) | £ € X}. Finally, » = xt’ where ¢:
F*(X) - F€5(X) = #(I,G, I, P) is the canonical homomrophism. This implies
the assertion on . O

Since s(xy...z;)s(zy...2;)" ogse s(z1...ziz})s(zy...2;z])" by Theorem 4.2
we are motivated to define a canonical form of z,...z,09 5. as follows. For i =
1,...,n—1put

{si =s(z;...2;) if s(z1...2i)As # 2}z,
r,=

ti =s(zy...z;z}) if s(zy...2i)A2 = 2]z

538



Then r;r! 95+ sis 0z s+ Lit] and ([]rir})s(21...20) 029 21 ... 2, so that the
element ([]rirf)s(z1...zs) can be interpreted as a canonical form of z,...x, in
F% #*(X). The product will be taken over the set {r; | 1 < i < n} rather than

{i |1 < i < n} since several of the elements r; may coincide. All idempotents r;r}
comimute.

5. SOME PROPERTIES OF THE RELATIVELY FREE OBJECT F.Z.9*(X)

Concerning the description of F.Z.#*(X) as the subsemigroup of the semidirect
product I x Y x G x I which is generated by the set {(z,{l,z},z,2%) | z € X}
(Theorem 4.12), the following question arises. Given (i,A4,¢,j) € I xY x G x I is
(i, A, g,7) contained in F*(X)x = FZ.#*(X) or not? According to Theorem 3.3
and 4.12, for each (i,9,j) € I x GG x I there is some A € Y such that (i,A,9,j) €
FZ #*(X). Hence the question may be formulated as follows. Given 4 € Y,
(i,9,7) € I x G x I; is it true or not that (i, A,g,j) € FZ.#*(X)? For given i € I,
gd=q1...qr € G (in reduced form) let w(i,g) = s(wi(i,g)) where wi(i,¢) is as in
Definition 4.

Definition 6. Let i,5 € [, g € G. The element w(i, g, j) will be defined by

w(i, g) if w(i,g)A =J7,
w(i,g,j) = wli,g)ij" if w(i, g)A # j* and either z = j or w(i,g)A = 27,
w(i, g)z2"jj" if w(i,g)A # j* # 2% and w(i, g)A # z*.

By Theorem 4.10, w(i,g,j) is the uniquely determined (weakly reduced) word
w € s F*(X) such that we = (ow,re; w,(wA)*) = (i,9,7). Recall that for a given
word @ = ...z, € F*(X), 8a = {s(zy...x;),8(zy...z2f) | 1 < ¢ < n}. By
Theorem 4.12 we have that (i, A,9,7) € F*(X)x = FZ£*(X) if and only if there
is some a = &1 ...z, € F*{X) such that

(1) pa =1,

(2) re;sa= A,
(3) re;a=yg,
(4) (ad)* = .

We formulate the following criterion.

Theorem 5.1. Let (i,A,9,j) €I xY x G x 1. Then (i,A,g,7) € F*(X)x if and
only if

(l) re, §w(iyguj) g Ay
(2) re,sw(i,h) C A forall h € A.
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Proof. Suppose that (i,A,9,5) € F*(X)x. Then there is a = z,...2, €
F*(X) such that

(i,A,9,5) =ax =(oa,re,s8a,rve, a,(ad)").

Since ap = (ga,re, a,(ar)*) = (i,9,7) we have sa = w(i, g, j). Let b be an initial
segment of w(i, g, j). Then there is an initial segment a’ of @ such that sa’ = b =sb
(Lemma 2.1). Then also

s(a’(a’A)") = s((sa’)((s@’)A)") = s(b(bA)") = s((s b)((s 6)A7)).

Consequently, sw(7,¢,7) C §a and thus re, Sw(i,g,j} C re,s8a = A showing (1).
(2) will be shown by a similar argument. Let h € A. Then h € re,$a. That
is, h = re,;s{z;...¢;) or h = re;s(z;...7;x7) for some | < n. Suppose that
h =re.s(xy...z;). By Theorem 4.10, w(i, h) is an initial segment of s{x,...x;)
(or coincides with s(zy...2;)). Each initial segment & = sb of w(i, h) is of the
form b = s(z; ...zp) € Sa for some I’ < [ (Lemina 2.1). Furthermore, s{(b{(bA)*) =
s(zy...zpz}y) € $a. In particular, §w(i,h) C sa. If h =re,s(x;...2iz]) then a
similar argument applies. In any case we have thus shown the direct part. To prove
the converse suppose that (1) and (2) hold for a given (i,4,9,j) € I x Y x G x I.
Consider the element

a= H [w(i, hw(i, h) w(i, g, ).

heA

Notice that all idempotents w(i, h)w(i, h)* commute. It is clear that pa = pw(i, h) =
iforeach h € A, ek = w(i,g,j) = j* andre,a =re;sa =re; w(i,g,j) = g. Let
the elements of A be indexed in some way: A = {hy,..., h,}. Taking into account
that pw(?, y) = i = pw(i, g,j) for all by € A we have the following

. * * % . * * ok .
a=(iay ... Qun, @y, -0 ) (e @y, -y ET) ey L ag

where w(i, hy) = ian . ..an,, and w(i, g,j) = ia; ...a;. Consider any initial segment
b of a. Then sb is one of the following:

. . .
sbe {ian...aw,, tay ... an,ajy,, ia; .. .ar}

where 0 < ky <oy and 0 <1 < k (here by =0 means sb=iorsb =14 andl =0
tneans s b = i). Consequently, s(b(bA*)) is one of the following:

s(b(bA)*) € {ian ... au,af,, iy .. aw,, ta; ... @]}
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(provided the same convention on k; and I). In any case we have sb, s(b(bA)*) €
8 w(i, hy) for some by € S or sb, s(b(bA)*) € Sw(s, g, j). By conditions (1) and (2) it
follows that re, §a C A. On the other hand, for h; € A we have

. . . . Ry .
Siay) ... Q1m, A py, - QL Q@ =101 Qi = w(i, ) € sa.

By Lemma 4.8 also re, w(i,ly) = Iy and thus h; = re, w(i,h;) € re,8a. The
element h; € A is arbitrarily chosen so that A C re,$a and thus A = re, sa.
Summarizing the converse part we have shown that

(i,A,9,7) = (pa,re,$a,re, a,(ar)") € F*(X)x = FZI"(X).

a

The next results concern idempotents and the natural partial order in F*(X)x =
F£ 75 (X).

Lemma 5.2. Let (i,A,9,7) € I xY xGx 1. Then (i, A,g,7)? = (i, A, g,j) ifand
only if g = pij.

Proof. Wehave (i,A4,9,5)(i,A,¢9,7) = (1, AUgp;iA, gpjig, j). Hence (i, A, g, )
is idempotent if and only if ¢ = gp;ig and AU gp;;A = A. The first condition is
equivalent to g = pj_i1 and thus g = p;;. Conversely, if ¢ = p;; then immediately
(i,A,9,j)) e E(Ix Y x GxI). O

Corollary 5.3. Let w = ...z, € F*(X). Then w gg 4+ w? (that is, w is an
idempotent in F % 7*(X)) if and only if either sw = z,zjxhz, OFr SW = 2127 =
ThTn.

Proof. We have w pe g« w? if and only if wy is an idempotent in F*(X)x.
That is, wyx = (7, 4, pij, j) by Lemma 5.3. The element s w is uniquely determined
by the parameters ¢, p;;, j, namely s w = w(¢, p;;, j). By Definition 6,

Gy [T W=
W HLPHI)= Y oo oo .
Y 1y if i # 5.

Since i = p(sw) = pw = z; and j = ((sw)A)* = (wA)* we observe that sw =

TiriTnx, OF Sw = r1r] = z,hx,. Conversely, if sw = 212}z z, then wy =
(21, A, pzior, 27,) and wx is idempotent. Similarly, if sw = zy2] = 2}z, then
wyx = (z1,A,1,21) = (z},, A, 1, z,) which is idempotent. O

The natural partial order on a regular semigroup has been introduced by Nam-
booripad [11]. A list of equivalent definitions is given by Mitsch [10].
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Definition 7. Let S be a regular semigroup, a,b € S. Then ¢ < b if and only if
there are idempotents e, f € E(S) such that a = eb = bf.

Lemma 5.4. Let S be a regular *-semigroup. Then *: z — z* Is an order
automorphism of (S, ).

Proof. Leta b, thatis,a =eb="bf forsomee, f € E(S). Then a* = b*e* =
frb*. Since e*, f* € E(S), a* < b*. Since * is self-inverse the assertion follows. D

For locally inverse *-semigroups we give a further characterization of < which is
a natural anologon of the well known definition of € for the inverse case. In [11]
Nambooripad has shown that a regular semigroup is locally inverse if and only if €
is compatible with the multiplication.

Proposition 5.5. Let S be a locally inverse *-semigroup. Then a < b if and only
ifa=aa"b= ba"a.

Proof. If a € b then ¢* < b by Lemma 5.4. Compatibility of < implies
a < aa*h, a < ba*a, a* € a%ab*, a* < b*aa*,a*a € b*b and aa* < bb*. Now
a* < a*ab* implies a*b < a*ab*b = a’a. Hence aa*b < aa*a so that a = aa*b.
Similarly, a* € b*aa* implies ba* € bb™aa* = aa*. Hence ba a £ a so that @ = ba*a.
The converse is obvious. ]

Remark. In the same fashion as for the inverse case several equivalent charac-
terizations of < in a locally inverse *-semigroup can be obtained.

Corollary 5.6. Let (i,A,9,7),(k,B,h,1) € I x Y x G xI. Then (i,A,g,7) <
(k,B,h,1) if and only if (i,9,7) = (k,h,1) and B C A.

Proof. A straightforward calculation shows
(i, A, g,j)(i, A, g,j)*(k‘, B, h, l) = (i, AU PikB,Pilch, 1)
and

(k, B)h)I)(iyA)gaj)‘(iaAvgaj) = (ka BUhpljg_lA)hijvj)'

If (i,9,7) = (k, h,{) and B C A then immediately from Proposition 5.5. (i, A4, g, )
(k, B, h,1). Conversely suppose (i,4,¢,5) < (k, B, h,l). By Proposition 5.5, {
jok=1i,g=pixth=hand A= AUp;B =AUB so that B C A.

aunn

Corollary 5.7. Let u,v € F*(X). Then upe g+ < vog g+ if and only if

(1) su=suv,
(2) Su2Dsw.
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Proof. The inequality u € v holds in FZ#*(X) if and only if uxy € vy in
F*(X)x. Now

uy < vx @ (ou,re; u,(ur)*) = (ov,re; v,(vA)’) and re,svCre,su.

Immediately we thus have that (1) and (2) imply vg» s« € vog.s-. Suppose con-
versely that (ou,re, u,(u))*) = (gv,re,v,(vA)*) and re,Sv C re,Su. First we
have su = w(ou,re, u,(ur)*) = w(gv,re; v,(vA)*) = sv. By the process which
reconstructs § u from gu and re, § u and $ v from gv and re, sv (see end of section
4) it follows that v C S u. ]

Definition 8. Let A C S be a subset of a regular semigroup. Then Aw = {¢ €
S| a < z for some a € A}.

It is well known that the free inverse semigroup F.#(.X) is E-unitary (see [17]).
This is not true for locally inverse *-semigroups as an E-unitary regular semigroup
must be orthodox. However, for inverse semigroups S the property of being E-
unitary is equivalent to the property that the idempotents form a closed subset of S
under the natural order, that is Fw = E. This seems to be the appropriate analogue
for the locally inverse case.

Corollary 5.8. For the free locally inverse x-semigroup F£ #*(X), Fw = E.

Proof. Let (i, A,pij,j), (k,B,h1) € F*(X)x such that (i, A, pi;,j) <
(k, B, h,1). By Corollary 5.6, (¢, pij, j) = (k, h,1). Hence by Lemmma 5.2, (k, B, h,l) =
(¢, B, pij,j) is an idempotent. O

Finally we mention some more properties of the relatively free object F.€.#*(X).

By Nordahl and Scheiblich [13], Green’s relations 2 and & on a regular *-semigroup’
admit the following description.

Lemma 5.9. Let S be a regular *x-semigroup and a,b € S. Then
(1) a Z b < aa® = bb*,
(2) a £b& a*a=b*b.

For two elements of the semidirect product [ x ¥ x G x [ this yields the following
characterization:

(1) (4,A,9,7) 2 (k,B,h,l) & i=Fkand A = B,

(2) (i,A,9,5) Z (k,B,h,l) & j=land g-'A=h"'B.
Since for each w € F*(X), (ow,re, § w) is uniquely determined by 8w and con-
versely, this leads to the following characterization of Green’s relations in F ¢ .#*(X).

Propostion 5.10. Let v,w € F*(X). Then
(1) vogs Z woes- S sv=35uw,
(2) vors: L wogse & 5v° =5u”.
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The description of the relation # also could be formulated directly in terms of
v and w. However, for this purpose the dual of the operator § is needed. Using a
similar idea as in {17, VII1.1.14] the description of Z respectively Z in I xY x G x [
can be used to show that this semidirect product is combinatorial.

Corollary 5.11. F.% #*(X) is combinatorial.

Corollary 5.12. F.L9*(X) has finite #- and ZL-classes. In particular,
F% 9*(X) is completely semisimple with finite @-classes and is finite-#(.L, 9)-
above.

Proof. Letv € F*(X). Then vgg g+ is determined by Sv. But voy g« is
determined by (sv,8v) and sv € §v. Since §v is finite, the #-class of vog - is finite
for any v. The mapping £ — z* induces a bijection between R, and L,.. Hence
each Z-class of F.£.#*(X) is finite. But then each Z-class is finite and F.Z7*(.X)
is completely semisimple. A similar argument proves the ascending chain condition
for F£ 7*(X)/Z respectively FL.9*(X)/.2L. a
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