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sociate the  com pound. F ilm s sp u tte red  in  argon are  easily  rem oved mechani

cally, th ey  show o rien ta tion  read ily  and  are  easily  poisoned. The ra rity  of 

m ixed p a tte rn s, w ith  th e  exception of I I I ,  is strik ing. Types D, E , and F  are 

distinguished b y  th e ir d ifferent modes of p repara tion . There is so far no 

evidence to  suggest th a t  th e y  are  fundam en tally  different.

W e have refrained from  suggesting an y  m echanism  for th e  a c t of catalysis. 

F u rth e r experim ents are  needed to  d istinguish  betw een various possible 

explanations, and  are  being m ade by  one of us (G. I. F .). The work described 

in  th e  p resen t paper, which has tak en  tw o years an d  a h a lf to  complete, covers 

th e  m ain  fea tu res of th e  c a ta ly tic  process as d irec tly  observable, and  shows the 

s tru c tu re  o f th e  film  a t  its  various stages. W e feel justified in  expressing the 

view th a t  th e  m ethod  of electron diffraction is likely  to  p lay  as im portan t a 

role in  th e  s tu d y  o f th e  m echanism  of heterogeneous cata ly tic  reactions as is 

p layed  by  spectrographic m ethods in  th e  s tu d y  of gaseous reactions.
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The necessity  for th e  use of q u a n tu m  m echanics in  th e  theo ry  of atom ic 

phenom ena is m ost clearly  m anifest in  th e  s tu d y  of collision processes. Diffrac

tio n  effects have been observed in  th e  sca tte rin g  of electrons from  crystals* 

and  by  atom s, j* while th e  recen t developm ents of m olecular ray  technique have 

m ade i t  possible to  estab lish  th e  existence of cross-grating spectra  in  the  

reflection of m olecular beam s from  cry sta l surfaces 4  I 11 view of th e  im portance

of wave th eo ry  in  these  phenom ena, i t  is c learly  necessary  to  exam ine the 

conditions under which th e  classical th eo ry  of gases m ust be modified and

* G . P . T h o m so n , “  F r e e  M o tio n  in  W a v e  M e c h a n ic s .”

f  J .  J .  a n d  G . P .  T h o m so n ,  “  C o n d u c t io n  o f  E le c t r ic i t y  th r o u g h  G a se s ,”  v o l. 2 , C h a p te r  I I I ,  

C a m b . U n iv .  P r e ss  (1 9 3 3 ) .

% F r a ser , “  M o le c u la r  R a y s ,”  C a m b . U n iv .  P r e ss  (1 9 3 1 ) .
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Free Paths and Transport Phenomena Gases. 4 3 5

to  determ ine th e  n a tu re  of th e  m odifications. Such an  investig a tio n  receives 

added im portance  ow ing to  th e  possib ility  of experim en ta l te s t  by  m olecular 

ray  m ethods. Also, considerab le  in te re s t is a tta c h e d  to  th e  possib ility  of 

d irect experim en ta l p roof of th e  B ose-E instein  s ta tis tic s  for n e u tra l a tom s an d  

molecules from  collision ex perim en ts as has a lread y  been possible for 

a-particles.*

In  order to  develop th e  q u a n tu m  th e o ry  of collisions in  a form  su itab le  for 

th is purpose, we firs t d iscuss th e  s im p lest m odel w hich bears sufficient re 

sem blance to  th e  a c tu a l fac ts, a n d  so we consider th e  rig id  sphere  m odel for 

gas atom s. This m odel has  a lre ad y  p roved  v a lu ab le  in  th e  classical th eo ry  of 

tra n sp o rt phenom ena a n d  has th e  a d d itio n a l a d v a n ta g e  of p e rm ittin g  an  exac t 

q u an tu m  m echanical so lu tion . I t  will be seen th a t  th e  re su lts  o b ta in ed  by 

th e  use of th is  m odel a re  of g re a t in te re s t a n d  suggest severa l new  lines of 

investigation , b o th  ex p erim en ta l a n d  th eo re tica l. F in a lly , a  m eth o d  for 

dealing w ith  th e  general case of an y  law  of force will be discussed.

§ 1. The Physical Processes Involved and the Classical

There is a large n u m b er of p ro p ertie s  of gases w hich depend  on th e  in te ra c tio n  

energies of th e  a tom s, a n d  m an y  of th ese  p ro p ertie s  have a lread y  been in v e sti

ga ted  for a v a rie ty  of gases. W e propose to  discuss here on ly  th o se  p roperties 

which are  d irec tly  re la ted  to  collisions betw een  th e  gas a tom s, a n d  of these  

th e  coefficients of v iscosity  a n d  diffusion (including  th e rm a l diffusion) have 

long been know n for various gases over a  w ide range  of te m p e ra tu res . To 

these  we m ay  now  a d d  th e  d irec t m easu rem en t of free p a th s , of th e  an g u lar 

d istribu tions of gas a tom s sca tte re d  u n d er various conditions, a n d  of th e  

mobilities of positive ions in  p u re  gases. T he la t te r  m easu rem en ts v ir tu a lly  

consist in  d e term in ing  th e  diffusion coefficients of th e  ions in  th e  gas.

The g rea t value  of these  in vestigations is th a t ,  w hen co rre la ted  w ith  a  

satisfacto ry  theo ry , th e y  lead  to  a  know ledge of th e  fields of force betw een  gas 

atom s, in fo rm ation  of considerable  value  for chem istry , as well as p rov id ing  a 

check on th e  th eo re tica l formulae o b ta in ed  from  q u a n tu m  m echanical th e o ry  of 

atom ic in te ractions. Law s of force have a lread y  been derived  b y  L ennard- 

Jones for a num ber of gases w ith  th e  use of classical th e o ry  in  connection  w ith  

observed coefficients of v iscosity  an d  diffusion an d  th e ir  v a ria tio n  w ith

* M o tt , * P r o c . R o y .  S o c . , ’ A , v o l .  1 2 6 , p .  2 5 9  ( 1 9 3 0 ) ;  C h a d w ic k , ‘ P r o c .  R o y .  S o c . , ’ A .,  

v o l. 128 , p . 1 14  ( 1 9 3 0 ) ;  B la c k e t t  a n d  C h a m p io n ,  ‘ P r o c . R o y .  S o c . , ’ A , v o l.  1 3 0 , p . 3 8 0 ,  

(1 9 3 1 ) .
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tem perature.* D irect te s t of these  laws of force by m eans of free p a th  measure

m ents has no significance on classical theory , as th e  free p a th  depends on the 

experim ental definition of a collision and  tends to  zero as sm aller and smaller 

deviations are included in  th e  m easurem ents. On th e  qu an tu m  theo ry  th is is 

no longer tru e , and  it is possible to  o b ta in  very  in teresting  and valuable 

inform ation  from  direct observation  of free p a ths.

Before discussing th e  q u an tu m  th eo ry  of collisions, we will give th e  classical 

formulae for th e  various quan tities  involved, an d  convert th em  to  a form  con

venient for q u an tu m  m echanical discussion.

The m ost com plete  classical theories of tra n sp o rt phenom ena are due to  

C hapm anj- and  E nskog,J who ob ta ined  th e  sam e final resu lts ; we shall use 

C hapm an’s formulae th roughou t. F o r th e  coefficient of viscosity vj of a  simple 

gas a t  absolute  tem p era tu re  T, he finds

_  5 / \a/g 1 -f- s

71 4j3M2 \ jM  /  7rRn  ’ U

where

j  =  1/2kT, (2)

M is th e  m ass of a gas atom , and  k  is B o ltzm an n ’s constan t. R n  is given by

' R n  =  i  f  V 7Q , e *<MVW ,  (3)
J — CO

where

Q , =  7c | sin2 6 (4)
J o

p  is th e  perpendicu lar d istance  betw een th e  asym pto tes of th e  pa ths of two 

atom s while en tering  on collision and  6 is th e  angle th e  re lative velocity of 

th e  atom s is tu rn e d  th ro u g h  by  th e  collision. V is th e  relative velocity of 

th e  atom s before im pact. has th e  dim ensions of area and  m ay be defined 

as th e  collision area  effective in  viscosity .

The q u a n tity  e depends in a com plicated  w ay on collision phenom ena in the 

gas (and hence on th e  law  of in teraction), b u t on th e  classical theory  its value 

is never grea ter th a n  0*017. As q u an tu m  m odifications are unlikely to  alter 

th e  m agnitude of e sufficiently to  m ake its  calculation  im portan t, we shall 

neglect i t  in  w hat follows ; in  a la te r  p ap er its  calculation  will be considered 

using q u an tu m  m echanical collision theory .

* F o r  a  su m m a r y  o f  t h is  w o r k  se e  c h a p . X  b y  L e n n a r d -J o n e s  in  R .  H . F o w le r  s  “  S ta t is t ic a l  

M e c h a n ic s ,”  C a m b . U n iv .  P r e s s  (1 9 2 9 ) , a n d  ‘ P r o c . L o n d . P h y s .  S o c . ,’ v o l. 4 3 , p . 4 6 1  (1 9 3 1 ) .

t  4 P h il . T r a n s . ,’ A , v o l.  2 1 6 , p . 2 7 9  ( 1 9 1 6 ) ;  v o l. 2 1 7 , p . 1 15  (1 9 1 7 ) .

% ‘ In a u g . B i s s . ’ (U p p s a la , 1 9 1 7 ).
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Free Paths and Transport Phenomena in  Gases. 4 3 7

F or th e  coefficient of diffusion betw een  tw o  gases (d istingu ished  b y  suffixes 

1 and  2) C hapm an  gives th e  formulae

D =  A ^ 1/2 ( Ml f _____ -________ L _
*  W M iM2 /  (Vi +  v2) P 12 1 -  s 0 ’

(5)

where Mls M2 are  th e  m asses of th e  gas a tom s, and  vl5 v2 th e  n u m b er of a tom s 

of each p er cubic cen tim etre . P 12 is g iven by

where

Qd (1, 2) =  tc [ sin2 | 0  dp2. 
J o

( 6 )

( ? )

and  is th e  collision a rea  effective in  diffusion.

Sq, like s in  expression (1), depends in  a com plicated  w ay  on  t h e .a tom ic  

collisions an d  also on  th e  re la tiv e  co n cen tra tio n s  of th e  tw o  gases. I t  is never 

very  g re a t— on classical th e o ry  its  m ax im u m  value  is 0*136— an d  so th e  

q u an tu m  th eo re tica l ca lcu la tio n  of s 0 will be deferred  to  a la te r  paper.

The coefficient of th e rm a l diffusion of a gaseous m ix tu re  can n o t be w ritten  

dow n in  such a sim ple form , b u t  i t  involves, in  general, th e  in te rac tio n s  betw een 

molecules of th e  sam e k in d  as w ell as m olecules of d ifferen t kinds. As a 

consequence of th is , th e  fo rm u la  includes in teg ra ls  of th e  form

P .i  =  2 f  V 5Q D (1, 1) exp. { -  J  jM V 2} rfV. (8)
J  —  CO

The m obilities of positive ions in  p u re  gases are  g iven in  te rm s of th e  

coefficient of diffusion D  by  m eans of L an g ev in ’s form ula*

k =  eD//cT, (9)

where e is th e  charge on th e  ion.

E x am in a tio n  of th e  classical th e o ry  shows th a t  th e  on ly  m odifications w hich 

are in troduced  in  th e  general formulae above arise from  th e  use of th e  Bose- 

E instein , in stead  of classical, s ta tis tic s , a n d  th is  m odification  can  be neglected 

except a t  ex trem ely  low te m p e ra tu res  an d  h igh  densities. H ow ever, w hen we 

apply  th e  formulae to  th e  consideration  of a n y  p a rtic u la r  m odel, th e  use of th e  

quan tum  th eo ry  of collisions betw een th e  gas a tom s will affect th e  values of 

the  cross-sections Q I(, Q D in th e  formulae (4), (7) above. The quan titie s  e,

* * A n n . C h im . P h y s . , ’ v o l.  5, p . 2 4 5  (1 9 0 5 ) .
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Sq w ill also be affected, b u t we neglect th is  a t  p resen t for th e  reasons already 

s ta ted .

In  order to  ob ta in  Q „ QD in  forms convenient for q uan tum  mechanical 

tre a tm e n t, we m u st change th e  variab le  from  th e  im pact param eter p  to  the  

angle of sca tte ring  0 in  re la tive  co-ordinates.*

Since we are  using re la tive  co-ordinates we m ay  discuss th e  collisions as if 

one a tom  is held  a t  rest. Suppose, th en , th a t  we have a s tream  of N  atom s per 

u n it area  per second incident w ith  velocity  v on th is  a tom . Then th e  probable 

num ber of partic les per second crossing a  p lane  perpend icu lar to  th e  direction 

of flight w ith  angu lar m om entum  betw een J  and  J  -f- is

27 iN JdJ/M V .

To ob ta in  th e  num ber of partic les deflected betw een angles 0 and  0 - f  d0, 

which we w rite  in  th e  form

2t iNI (0) sin 0

where 1(0) has th e  dim ensions of area, we m ake use of th e  fact th a t  J  m ay be 

expressed as a function  of 0. Therefore

( 10)

( 1 1 )

( 12 )

(13)

4 3 8  H .  S .  W .  M a s s e y  a n d  C . B .  0 .  M o h r .

The function  I  (0) for th e  sca tte rin g  of a partic le  of m ass m and  velocity v 

by a field of force of p o ten tia l Y (r) is given by

I  (0) =  - L  |S  (2n  +  1) («“ «. -  1) P„ (cos 6 )|2, (H )
4 K2 n

Now J  — M so 

H ence

2 * N i (e ) s i n e d e  =  | g | d e .

p dp =  1 (0 )  sin  0 dQ.

Qn I  (0) sin3 0 d0,
J o

Qd  =  271 f I (0) sin2 | 0  sin 0 d0, 
J o

while th e  collision cross-section Q is given by

Q =  2tt T  I  (0) sin 0 dQ.
J o

§ 2. The Quantum Theory of Collisions.

* 0 is  t h e  a n g le  th r o u g h  w h ic h  t h e  d ir e c t io n  o f  th e  r e la t iv e  v e lo c it y  ia tu r n e d .
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Free Paths and Transport Phenomena Gases. 4 3 9

w here k =  2tvmv/han d  th e  phases 8n a re  o b ta in ed  from  th e  a sy m p to tic  form  

of the, so lu tion  of th e  equation

* 5  +  “  - J T  V W ------ * *  j  “  =  °* (16)

which is fin ite  a t  th e  orig in. The phases a re  such  th a t  th is  a sy m p to tic  form  is*

u ~  sin  (hr — -f- &„). (16)

The collision cross-section  will th e n  be g iven b y

Q =  7 7  2  {2n +  1 ) sin2 
K r n

Before proceeding to  discuss tho se  p ro p e rtie s  of th e  phases w hich are  im p o rtan t 

for o u r purpose , i t  is necessary  to  re m a rk  th e  m odifications of tre a tm e n t 

necessary w hen th e  collid ing system s are  of com parab le  m ass. In  th is  case 

we o b ta in  th e  sam e expression  as (14) in  th e  co -o rd ina te  system  in  w hich th e  

position  of one a to m  is defined re la tiv e  to  th e  o th e r  a to m , b u t we m u st ta k e  

for th e  m ass m  th e  reduced  m ass

Mx M 2

Mx +  M , ’

w here M1? M 2 are  th e  m asses of th e  collid ing a tom s. V(r) is now, of course, 

th e  in te rac tio n  energy  of th e  tw o  a to m s a n d  v th e ir  re la tiv e  velocity . In  

experim en tal observations of an g u la r d is trib u tio n s , one m easures th e  nu m b er 

of a tom s sca tte red  in  a  given d irec tion  re la tiv e  to  th e  d irec tion  of incidence. 

To convert th e  an g u lar d is tr ib u tio n  in  re la tiv e  co -o rd inates to  th e  an g u la r 

d is tribu tion  re la tiv e  to  th e  d irec tion  of incidence, one m erely  uses th e  classical 

m om entum  an d  energy re la tions. In  p a rtic u la r , if th e  a tom s are  of equal 

m ass, th e  d is trib u tio n  p er u n it angle will be given b y

I  (2 0 ) sin  2 0 ,  (18)

w here 0  is th e  angle of sca tte rin g  re ferred  to  th e  d irection  of incidence.

The m ost im p o rtan t p ro p e rty  of th e  phases is th a t  8„ is sm all w hen

3 > g S Y (f ) < ! i L ± i i ,  (19)
hr

for such r th a t  kr~ n +

* F a x e n  a n d  H o lt s m a r k , * Z . P h y s ik , ’ v o l. 4 5 , p . 3 0 7  (1 9 2 7 ) ,
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4 4 0  H .  S .  W .  M a s s e y  a n d  C . B .  0 .  M o h r .

U nder these conditions i t  is possible to  use an  approx im ate  expression for 

8n in  th e  form *

8„ =  ^ £ v « { J „ + t ( f a ) P r * .  (20)

In  th e  special case w here all th e  phases are  sm all, th e  series (14) m ay he summed 

to  give, approxim ately ,

I ( 0 )  =
64714m2 sin (2 hr sin |6 )  

2Jcr sin |-6
( 21 )

which is th e  well-know n ap prox im ation  due to  B o rn .f S ubstitu ting  th is 

form ula in (13) we see th a t  th e  to ta l collision cross-section Q will be finite if 

V(r) vanishes a t  in fin ity  fa s te r th a n  r~ 3. This sam e resu lt m ust hold for the 

exact form ula (14), for, w hen n is sufficiently  large, th e  exact and  approxim ate  

series converge to g e th e r b y  v ir tu e  of (19) an d  (20). As i t  is extrem ely  unlikely 

th a t  th e  in te rac tio n  betw een a tom s falls off as slowly as r~3 for large r, we see 

th a t  th e  m ean  free p a th  has a perfectly  definite value depending on th e  law 

of force and  so provides a  fu r th e r  m eans of de term ining  th is  law.

In  th e  p a rtic u la r case of th e  low velocity  lim it of th e  cross-section, i t  is not 

y e t possible to  s ta te  th e  conditions u n d e r w hich th e  lim it is finite, b u t i t  appears 

th a t , for a  p o te n tia l w hich vanishes m ore rap id ly  th a n  r~ 3 a t  infinity, the  

lim it is in finite only  w hen v ery  special re la tions are  satisfied by  th e  field of 

in teraction . This is illu s tra te d  in  th e  appen d ix  for th e  case of an  exponential 

field of force.

In  th e  case of th e  collisions of gas atom s, i t  is easy to  see th a t  B orn ’s approxi

m ation  is only  applicable to  phases of v e ry  h igh order except for collisions 

a t  ex trem ely  low tem p era tu res . As th e  ra tio  of w ave-length  to  atom ic d iam eter 

is considerably  less th a n  u n ity , an  app rox im ation  based on classical theory 

will give sa tisfac to ry  resu lts  for th e  phases of low order. Such an  approxi

m ation  is th a t  given by  Jeffreys. |  This m ethod  gives for th e  solutions of the 

equation

d2u . f ,2 87t2m
v  (r) -  n ( ”  +  1))  u =  0,

th e  asym pto tic  form s
u ~  sin | j j  +  j* {f(r)}> drj,

sin [ ^  +  j  { ./» }*

* M o t t ,  ‘ P r o c . C a m b . P h il .  S o c . , ’ v o l.  2 5 , p . 3 0 4  (1 9 2 9 ) . 

t  ‘ Z . P h y s ik ,’ v o l. 3 8 , p . 8 0 3  (1 9 2 6 ) .

X ‘ P r o c . L o n d . M a th . S o c ., ’ v o l. 2 3 , p . 4 2 8  (1 9 2 4 ) .

(22)
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Free Paths and Transport Phenomena in Gases. 4 4 1

H ere

f ( r )  =  k2 —
8n2m v

~ W

n (n +  1)
(23)

and  r 0 is th e  la rgest zero of f(r).

The first of these  tw o solu tions is zero a t  th e  origin an d  is th e  so lu tion  we 

require. C om paring (22) w ith  (16) we o b ta in

=  b l7z +  471 +  f [ { /  (r)}* — (24)
** ro

This app rox im ation  is sa tisfac to ry  w hen

8n2m

~1F
V ( r )

is large com pared  w ith  th e  cen trifugal force te rm  n(n -j- 1 and  is s tric tly  

accura te  in  th e  classical lim it of h-*  0. If, th e n , we w ish to  calcu la te  th e  

sca tte rin g  of one gas a to m  by  an o th er, we m a y  ca lcu la te  th e  phases for sm all 

n by  Jeffreys’ m eth o d  an d  for large  n by  B o rn ’s m ethod . The form er m ethod  

will be accu ra te  w hen Bn is g re a te r  th a n  u n ity , th e  la t te r  w hen 8n is less th a n  

un ity . The in te rm ed ia te  phases m ay  th e n  be o b ta in ed  b y  in te rp o la tio n .

B y using th is  m ethod  i t  is th u s  possib le  to  consider v a rio u s  ty p e s  of in te r

actions betw een atom s.*  H ow ever, before p roceeding  to  such  a  detailed  

investigation , we will consider th e  collision of rig id  spheres, fo r w hich we m ay  

read ily  find ex ac t expressions for a ll th e  phases.

§ 3. The Effect of

Before expressing th e  formulae (4), (7) in  te rm s  of th e  phases 8n we m u st 

in troduce a  m odification  of th e  above formulae w hich is necessary  w hen th e  

colliding atom s are  sim ilar. In  th is  case i t  is im possible  to  d istingu ish  experi

m entally  betw een th e  inc iden t and  s tru c k  a tom s, an d  th e  w ave function  

describing th e  m otion  m u st sa tisfy  ce rta in  sy m m e try  p ro p ertie s  w ith  respec t to  

th e  co-ordinates of th e  tw o  atom s. In  p a rtic u la r , if th e  a tom s obey th e  Bose- 

E instein  sta tis tic s , th e  w ave function  describ ing  th e ir  m o tion  m u st be sym m etric  

in th e  co-ordinates of th e  tw o  atom s.

Since in terchange of th e  a tom s changes 6 in to  n — 6 we m u st ta k e  th e  

scattered  am plitude  in  th is  case in th e  form

2 K /  (0) + / f a  — 0)}>

* A  p r e lim in a r y  a c c o u n t  o f  t h i s  w o r k  w a s  g iv e n  in  ‘ N a t u r e , ’ v o l.  1 3 0 , p . 2 7 6  (1 9 3 2 ) .  

T h e  c r o s s - se c t io n s  g iv e n  th e r e  sh o u ld  be d o u b le d .

2 GV O L . C X L I .—  A .
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4 4 2 H .  S .  W . M a s s e y  a n d  C . B .  0 .  M o h r .

where

/ ( e )  =  i s  («"*» -  1) (2n  +  1) P„ (cos 8).
n

This gives, for th e  function  Ii(0), th e  form

1 (0) =  ~  |S  (4» +  1) (e™-m -  1) P 2n (cos 6) P,

all odd harm onics being excluded. This m odification has th e  effect of reducing 

th e  num ber of effective te rm s in  th e  series and  m aking  th e  deviations from 

classical th eo ry  more m arked  a t a  p a rtic u la r energy of th e  particles th a n  they  

otherw ise w ould be.

W e are  now in  a  position to  express th e  formulae (4), (7) in  term s of th e  phases 

$n. F irs tly  for th e  case of th e  viscosity, by  using th e  form ula

2 o  / \ _  (n +  2) (n +  !) x> / \ i 4w3 -j- 6n2 — 1 „  , .

* " ~~ (2w +  3) (2n +  1) P " +2 (X) +  (2 +  1) (2* -  1) ( 2 +  3) ?M ^

n (n — 1)

we o b ta in

~  4tc v  ) 4 n3-f- 6 — 2n — 2 . 2 5. 

Q ’  “  ¥  ?  1 -------- --  • -  - •  s m  8

(2n -f- 1) (2w — 1)
■̂ n—2 (*®)>

(2n -  1) (2% +  3)

2{U tn  +  3 + 1 >  C0S (S” “  3i“  S» Si“ S"+4  ' (25)2w +  3

Then for th e  diffusion, using th e  form ula 

( ^  =  * +  1

we have

2 w 4 - 1
P«+i +

2w -f- 1
P « - 1 (®),

Q d  (1, 2) =  - ^  S  {(2w +  1) sin2 — 2 (w +  1) cos (§w — 8n+1) sin 8n sin Sw+1}.

(26)

In  the  special case of self-diffusion, which is im p o rtan t in  th e  theo ry  of 

therm al diffusion, th e  odd phases vanish  and

Q D ( l ) l ) = = ^ S ( 4 n  +  l ) s i n 2 S2n, 

= (27)

These formulae are to  be com pared w ith  th e  form ula  (17) for th e  to ta l cross- 

section Q.
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Free Paths and Transport Phenomena in  Gases. 4 4 3

§ 4. The Elastic Sphere Model.

If  we consider th e  a tom s as e lastic  spheres, we ta k e  th e  in te ra c tio n  energy 

V (r) as given b y
V (r) =  0, >

=  00, r < r 0. (28)

U nder these  conditions th e  w ave fu n c tio n  rep resen tin g  th e  re la tiv e  m otion  

m u st van ish  a t  th e  b o u n d a ry  r =  r0. The w ave eq

determ ine th e  phases is

^  +  J p „ =  o, (29)

for r >  r 0. The so lu tions of th is  eq u a tio n  a re , in  te rm s of Bessel functions,

u =  r*Jn+i (kr), * J _ w_ j  (kr)

so th a t  th e  general so lu tion  is

r~iu =  A J n+i (At ) +  B  J _ n_* (kr). (3

In  o rder th a t  th is  so lu tion  be zero a t  r =  r 0 we m u st ha

5  =  ln±l(^ 0 )

Since

we th u s  see th a t

and  in  p a rtic u la r

J»+* (for)

J  -n -i(k r)

J _ w_ i  (kr0)

r~* sin (kr — ?nn), 

r~% cos (kr — %nn),

(31)

=  a rc ta n  (— l ) n+1 j  ,

—

(32)

(33)

In  T able I  th e  phases 8n a re  ta b u la te d  fo r various  values of kr0. The 

num ber of m ultip les of tc to  a d d  to  th e  sm allest so lu tion  of (32) for Sn is d e te r

m ined from  th e  n u m b er of zeros of th e  fu n c tio n  J n+i (kr) e lim inated  b y  th e  

field. As th e  ex isting  tab le s  of ha lf o rd e r Bessel functions* were in ad eq u a te  

for our purpose, a  n u m b er h ad  to  be ca lcu la ted  using th e  recurrence  formulae 

for th e  Bessel functions ; i t  w ould be sufficient in  m an y  cases to  use th e  

asym pto tic  expressions for Bessel functions of large  a rg u m e n tf  in  th e  re la tion  

(31).

* W a ts o n , “  T h e  T h e o r y  o f  B e s s e l  F u n c t io n s ,”  C a m b . U n iv .  P r e ss  (1 9 2 2 ) .  I n  u s in g  t h e s e  

t a b le s  i t  m u s t  b e  r e m e m b e r e d  t h a t  t h e  d e f in i t io n  o f  l  (kr) g iv e n  b y  W a t s o n  i s  ( — 1 )R

t h a t  g iv e n  a b o v e .

t  W a ts o n , c h a p s .  V I I  a n d  V I I I .

2 G 2
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4 4 4 H .  S .  W .  M a s s e y  a n d  C . B .  0 .  M o h r .

Table I .— Values of th e  phases — whi ch occur in  th e  quan tu m  theory  of 

th e  in te raction  of h a rd  spheres for different values of kr0 w here r 0 is the  

sum of th e  rad ii of th e  spheres and  kh/2-nM th e ir  velocity, M being the  

“ reduced m ass.”

kr0 =

n 30 20 10 5 3 2

0 3 0  0 0 2 0 -0 0 10 0 0 5 -0 0 3 -0 0 2 -0 0

1 2 8 -4 6 1 8 -4 8 8 -5 3 3 -6 3 1 -7 5 0 -8 9

2 2 6 -9 6 1 7 -01 7 -1 6 2 -4 7 0 -8 4 0 -2 6

3 2 5 -4 9 1 5 -5 9 5 -8 9 1 -5 0 0 -2 8 0 -0 4

4 2 4 -0 5 1 4 -2 2 4 -7 3 0 - 7 9 0 - 0 6 0 -0 0 3

5 2 2 -6 5 1 2 -9 0 3 -6 8 0 -3 2 0 -0 0 7

6 2 1 -2 8 1 1 -6 3 2 -7 4 0 - 0 9

7 1 9 -9 4 1 0 -4 2 1 -9 3 0 -0 2

8 1 8 -6 4 9 -2 6 1 -2 5 0 -0 0 2

9 1 7 -3 7 8 -1 5 0 - 7 2

10 1 6 -1 4 7 -1 1 0 -3 6

11 1 4 -9 5 6 -1 1 0 -1 4

12 1 3 -7 9 5 -1 9 0 - 0 4

13 1 2 -6 6 4 -3 2 0 0 1

14 1 1 -5 7 3 -5 2

15 1 0 -5 3 2 - 7 9

16 9 -5 2 2 -1 4

17 8 -5 5 1 -5 6

18 7 -6 3 1 -0 8

19 6 -7 4 0 - 6 8

2 0 5 -9 0 0 - 3 9

21 5 -1 0 0 -2 1

22 4 -3 4 0 -0 9

23 3 -6 5 0 -0 3
24 2 - 9 9 0 -0 1
25 2 -3 7

26 1 -8 6

27 1 -3 9

28 0 -9 8

29 0 - 6 6

30 0 - 4 0

31 0 - 2 4

32 0 -1 2

33 0 - 0 5

34 0 -0 2

The quan tum  th eo ry  formulae for th e  h a rd  sphere are  th e n  obtained by 

su b stitu tin g  th e  expression (32) for th e  phases in  (17), (25), (26). The 

corresponding classical formulae are

Q =  n r 02, (34)

«© II

«
lf

?

to
v»

(36)

Qd  =  r 02. (36)
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Free Paths and Transport Phenomena in  Gases. 4 4 5

In  fig. 1 and  Table  I I  th e  classical a n d  q u a n tu m  theo re tica l values for Q,,, 

Q r) and  th e  collision rad ius for th e  case of a  h a rd  sphere  a re  com pared . In  

all cases we notice th a t  w hen th e  collid ing partic les  a re  sim ilar, th e re  are  

deviations of 7%  from  classical th e o ry  for th e  firs t of these  expressions

T e m p e r a t u r e  (“a b s o l u t e )

Fig . 1.— I llu s t r a t in g  t h e  r a t io  o f  t h e  q u a n t u m  t h e o r e t ic a l  t o  t h e  c la s s ic a l  e f f e c t iv e  c o l l i s io n  

a r e a s  fo r  t h e  v i s c o s i t y ,  c o l l i s io n  r a d iu s ,  a n d  d if fu s io n , a t  d if fe r e n t  te m p e r a tu r e s  u s in g  

t h e  h a r d  sp h e r e  m o d e l. T h e  t e m p e r a t u r e s  r e fe r  t o  h e l iu m  a t o m s  o f  d ia m e te r  2  • 1 A .

I ,  I d e n t ic a l  a to m s  ; I I ,  d is s im ila r  a t o m s  ; ------------ c la s s ic a l  v a lu e .  A , c o ll i s io n  a r e a

e f f e c t iv e  in  v i s c o s i t y ; B , c o l l i s io n  r a d iu s  e f f e c t iv e  in  s c a t t e r i n g ; C , c o l l i s io n  a r e a  

e f f e c t iv e  in  d if fu s io n .

Table I I .— V alues of th e  ra tio  of th e  q u a n tu m  th e o re tic a l to  th e  classical 

areas effective in  th e  viscosity , th e  collision rad iu s , a n d  th e  diffusion for 

th e  rig id  sphere m odel, fo r d ifferen t values of kr0 — 27rr0/X (X th e  w ave

length). I  for id en tica l a tom s ; I I  fo r d ifferen t a tom s.

kr0 0 2 3 5 10 20 30 00

V isc o s ity —

I  .... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 6 -0 0 2 * 2 8 1 -7 6 1 *47 1 -2 3 1 11 1 0 7 1 0 0
I I  ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 -0 0 2 • 17 1 -7 8 1 -4 1 1 1 4 1 0 6 1 0 4 1 0 0

C ollision  r ad iu s—
I  .... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 -8 3 1 -5 2 1*58 1 -5 5 1*61 1 -5 3 1*48 1 -4 1
I I  ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 -0 0 1*73 1 -6 6

2 - 5 0

1 -6 2 1 -5 5 1 -5 0 1*46 1 -41

D iffu sion —
I  .... . . . . . . . . . . . . . . . . . . . . 8 -0 0

4 - 0 0
2* 3 0 2 - 4 0

1 1 7

2 - 5 9 2 -3 4 2 1 9 2 0 0
I I  ... .. .. .. .. .. .. .. .. .. .. . 1 -6 5 1 *42 1 1 1 1 0 4 1 0 2 1 0 0

when th e  w ave-length  is g re a te r  th a n  one-fifth  of th e  d iam e te r of th e  a tom s, 

b u t w hen th e  colliding a tom s are  unlike, th e  classical th e o ry  holds to  th is  

degree of accuracy  up  to  w ave-lengths as g re a t as o ne-th ird  of th e  sum  of th e  

atomic radii. R eferring  to  th e  corresponding  te m p e ra tu res  ind ica ted  in  th e  

figure for th e  collision of helium  atom s, we see th a t ,  for ligh t atom s, th e
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4 4 6 H .  S . W .  M a s s e y  a n d  C . B .  0 .  M o h r .

deviations from  th e  classical th eo ry  are  qu ite  im p o rtan t from  ordinary  tem pera

tu res  (300° K .) dow nw ards.

F o r cross-sections we see th a t  th e  calcu lated  cross-section never tends to  

th e  classical, b u t to  a value roughly  tw ice th is . I t  m ay  be proved th a t  this 

fac to r of 2 is to  be expected  w ith o u t an y  calcu la tion  of th e  phases as shown 

in §5 .

§ 5. Free Paths and Angular Distribution of Scattered Gas Atoms.

I t  was seen in  § 4 th a t  th e  q u an tu m  theo re tica l collision cross-section for 

elastic spheres ten d s  to  tw ice th e  classical cross-section as th e  wave-length 

decreases (i.e., increasing tem p era tu re ) . This m ay  be proved  as follows.

W hen th e  w ave-length  is sufficiently sm all a  large num ber of term s of the  

series (17) is required  and  n early  all th e  im p o rta n t phases are  large. W e have

Q =  ^  2  (2n 1) sin2 SK,

and  und er th e  conditions s ta te d  we m ay replace th e  sum  by  an  in tegral to  

give

Q =  ~ (  z s i n 2 { /(a;)} da*.
Po J 0

Ow ing to  th e  m agn itude  of /  (a) we m ay  replace sin2 { /  (x)} by  its  m ean value 

of \  giving

q - 2 £ .

If th e  field falls off ve ry  sharp ly  a t  a  po in t =  we have from (33)

X  =

so th a t

Q -  27i r c2. . (37)

A ctually th e  cross-section m ay be slightly  g rea ter th a n  th is  owing to  the 

assum ption  of a  definite lim it for X . I t  is clear from  th is  resu lt th a t  the 

quan tu m  collision area  for even, say, b illiard  balls is still tw ice th e  classical, 

b u t th e  difference betw een classical and  q u an tu m  th eo ry  is confined to  such 

sm all angles of deviation  th a t  th e  difference is of no prac tica l value in  such 

cases. I t  is ju s t as if th e  rig id  spheres can, owing to  th e ir  wave natu re , affect 

each o ther w ithou t in te rac tin g  in  th e  o rd in ary  sense. W ith  gas kinetic 

collisions, th e  angles a t  w hich th e  deviations from  classical theo ry  are im portant, 

are  sufficiently large (of th e  order of several degrees for ligh t atom s) to  be
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Free Paths and Transport Phenomena in  Gases. 4 4 7

w ith in  th e  reach  of exp erim en t, an d  th e  evidence in  th is  d irec tion  will be 

discussed below. These conclusions will n o t be affected by  th e  existence of a 

weak a ttra c tiv e  field, w hen r =  

pulsive field becom es im p o rta n t, Q h av ing  th e  perfectly  defin ite va lue  above. 

If  th e  a ttra c tiv e  field is s tro n g  enough to  in troduce  add itio n a l phases in  th e  

series (17), th e  cross-section  Q m ay  be considerab ly  g re a te r  th a n  2tcr 02 if r 0 is 

ta k e n  as th e  d is tan ce  a t  w hich th e  repu lsive  field begins to  p redom inate .

F rom  th e  p o in t of view  of th e  e x p erim en ta lis t i t  is im p o r ta n t to  be able  to  

determ ine th e  an g u la r re so lu tio n  necessary  in  an y  ex p erim en t in  o rd er to  

m easure free p a th s  accu ra te ly . I n  p a r tic u la r  we need some know ledge of 

th e  d is tr ib u tio n  a t  sm all angles w here q u a n tu m  an d  classical th e o ry  differ so 

m arked ly . W e have

I (6) =  J L  | s  (< r- \  -  1 ) (2» +  1) P„ (cos 6)1“ (38)

=  j p  {| S  2 sin 2 8„ (2» +  1) P „  (cos 6 ) |2

+  |2 „ s i n  2$n (2 +  1) (cos 6) |2}. (39)

In  th e  lim it of sm all angles

P„ (cos 0) =  1,

and  und er th e  conditions of ex p erim en t a  la rge  n u m b er of te rm s  of th e  series 

in expression (39) a re  req u ired , an d  th e  Sn oscillate  ra p id ly  w ith  n. H ence

2  2 sin2 (2 -j- 1) ;>  2  sin  2S„ (2 +  1),
n n

and  so

I (0) ZL k 2 |E  (2 4" 1) sin2 Sn |2,

=  W

16tc2

or, in  th e  special case of rig id  spheres of rad iu s  r0,

(40)

Q ~ 2nr02,
so th a t

I  (0) ~ P V ,  (41)
giving th e  va lue  a t  th e  origin.

A t large angles th e  sca tte rin g  is classical and  we have for a  sphere of rad ius

?o>

I  (6) =  W - (42)

This classical fo rm ula  fails a t  angles less th a n  th e  first zero of P w (cos 0) (which 

is nearly  a t  n/n) w here n is th e  harm onic  of h ighest o rder effective in  th e  

scattering , n is app rox im ate ly  equal to  Jcr0. To ob ta in  a  sufficiently accurate
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4 4 8 H .  S .  W . M a s s e y  a n d  C . B .  0 .  M o h r .

form  for 1(0) it is only  necessary  to  assum e a linear varia tio n  a t  sm all angles 

betw een th e  value \k%r f  a t 0 =  0 and  th e  classical value w hich is tak en  to  

fail a t  an  angle 0 equal to  tc /kr0.By m ultip ly ing  th is

by  sin 0, th e  erro r m ade in  coun ting  only  deviations g rea ter th a n  a certain

angle as ind icating  collisions can  be easily 

estim ated . F ig . 2 illu stra tes th e  procedure to 

be adop ted .

In  fig. 3 tw o angu lar d istribu tions are 

illu s tra ted  for th e  collision of hard  spheres 

w hen th e  w ave-length  is approxim ately  one- 

th ird  of th e  d iam eter. Curve A is for dis

sim ilar a tom s, an d  curve B for th e  collision of 

sim ilar a tom s. C om parison w ith  th e  classical 

curve reveals th e  behaviour discussed above. 

D irect experim en ta l te s t  of th e  form  of these 

curves w ould be difficult, as any  inhom o

geneity  in  th e  colliding atom ic beam s would 

certa in ly  obscure th e  m axim a and  m inim a of 

curve A. F o r collisions betw een sim ilar atoms, 

th e re  is m ore hope of experim ental verifica

tion , as th e  m axim um  a t  90° (45° when 

m easured  re la tive  to  th e  d irection  of incidence) 

does no t v a ry  in  position  w ith  re la tiv e  velocity  of th e  gas atom s. I t  should 

therefore  be possible to  de tec t it  experim en tally  by  sca tte ring  one atom ic 

beam  by  another. Such m easurem ents offer a  m eans of d irect proof of the 

app licab ility  of th e  B ose-E instein  sta tistics , for th e  m axim um  a t 90° is a con

sequence of these  sta tistics .

§ 6. The Viscosity of Helium and Hydrogen with the Rigid Sphere Model.

Owing to  th e  independence of te m p e ra tu re  exhib ited  by  th e  classical expres

sion for Q „ th e  rig id  sphere model p red ic ts  on classical theo ry  a variation  of 

viscosity  w ith tem p era tu re  of th e  form

7] a  T~^, (13)

w hereas th e  experim ental evidence* indicates a varia tion  of th e  form

Y) a  T ~ ° '647 for helium, ( ^ )

a  T ~ 0'695 for hydrogen. ( ^ )

* ‘ I n te r n a t io n a l  C r it ic a l T a b le s ,’ v o l. 5 , p . 2  (1 9 2 9 ) .

Fig . 2.— I llu s t r a t in g  a  s im p le  a p 

p r o x im a te  m e th o d  o f  o b ta in in g  

t h e  fo r m  o f  t h e  a n g u la r  d is t r ib u 

t io n  o f  t h e  s c a t t e r in g  o f  h a r d  

sp h e r e s  o f  r a d iu s  r0 a n d  v e lo c i t y  

Ich/2tcM, M  b e in g  t h e  “  r e d u c e d  

m a s s .”
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Free Paths and Transport Phenomena in  Gases. 4 4 9

The difference of these  exponen ts  from  0 • 5 was th e n  exp lained  by  L ennard- 

Jones* as caused by  dev iations from  th e  rig id  sphere  m odel, an d  from  th em  he 

determ ined th e  repulsive field of force betw een  th e  m olecules concerned. If, 

however, we refer to  fig. 1, we see th a t  th e  q u a n tu m  th eo re tica l form ula  gives a

A n g l e  o f  s c a t t e r i n g

F i g . 3.— A n g u la r  d is t r ib u t io n s  ( in  r e la t iv e  c o -o r d in a te s )  o f  h e liu m  a t o m s  s c a t t e r e d  in

h e liu m  fo r  t h e  c a s e  o f  kr0 == 27rr0/X  =  2 0 . ------ d e n o t e s  t h e  c la s s ic a l  v a lu e .  A .

d is s im ila r  a to m s  ; B . id e n t ic a l  a t o m s .

v aria tio n  of yj w ith  te m p e ra tu re  m ore ra p id  th a n  th a t  g iven  by  a T - * law, and  

in  T able  I I I  an d  fig. 4 th e  v iscosity  of helium  a n d  h y drogen  is show n as calcu

la ted  on th e  assu m p tio n  th a t  th e  m olecules a re  rig id  spheres of d iam e te r

2 0 0 °  3 0 0 °  100°

A b s o l u t e  t e m p e r a t u r e

F i g . 4.— C o m p a r iso n  o f  c a lc u la t e d  a n d  o b s e r v e d  v i s c o s i t y  o f  h e liu m  a n d  h y d r o g e n  a t

d iffe r e n t  te m p e r a tu r e s .  ---------  c a lc u la t e d  c u r v e ; X X X X o b s e r v e d  v a lu e s .

A , h e liu m  ; B , h y d r o g e n .

* Vide F o w le r , loc. cit.
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4 5 0 H .  S . W . M a s s e y  a n d  C . B .  0 .  M o h r .

Table I I I .— Com parison of th e  experim en tal values of th e  viscosity  of helium 

and  hydrogen a t  different tem p era tu res  w ith  th e  values calcula ted on

quan tu m  an d  classical th eo ry  using th e  h a rd  sphere model. (Values of

th e  viscosity  a re  in  m icropoise.)

A b so lu te

tem p e r a tu r e .
E x p er im e n ta l

v a lu e .
Q u an tu m

th e o ry .
C lassical
th eo ry .

r

o

2 9 4 -5 1 9 9 -4 185 200
2 7 3 -1 1 8 7 -0 177 193
2 5 0 -3 1 7 8 -8 169 184
2 0 3 -1 1 5 6 -4 150 167

H e liu m  ..... .. .. .. .. .. .. .. .. . < 1 7 0 -5 1 3 9 -2 135 152
8 8 -8 9 1 -8 92 110
7 5 -1 8 1 -5 8 1 -5 101
2 0 -2 3 5 -0 3 3 5 -5 52

1 5 -0 2 9 -4 6 30 45

r
2 9 6 -1 8 8 -2 78 88

2 7 3 -1 8 4 -2 74 84

1 7 0 -2 6 0 -9 56 66

H y d ro g en  .... . . . . . . . . . . . . . . . 8 9 -6 3 9 -2 38 48

7 0 -9 3 1 - 9 33 43

2 0 -6 8 - 5 15 23

L 1 5 -4 5 -7 12 20

2 *10 A. an d  2-75 A. respectively . I t  will be seen th a t  th is  model fits the 

observations for helium  over th e  w hole range of tem p era tu re  w ith in  7%, 

as co n trasted  w ith  th e  classical rig id  sphere m odel which is in  error by 

50%  over th is  range. This re su lt is v ery  surprising , an d  seems to  

ind icate  th a t  th e  rig id  sphere m odel is ve ry  n ear th e  t ru th , or th a t  viscosity 

phenom ena are  n o t sensitive to  th e  ac tu a l fields of force betw een molecules 

in  collisions w hen th e y  are  p roperly  tre a te d  on a w ave m echanical theory— 

a t  leas t so fa r  as lig h t a tom s are  concerned. F o r heavy  atom s (except a t very 

low tem p era tu res) th e  classical an d  w ave theories te n d  to  th e  sam e result, as 

is ev ident from  fig. 1.

F o r hydrogen, th e  agreem ent is n o t so satisfac to ry  a t  low tem peratures, 

b u t as we are  dealing  here w ith  a  m uch m ore com plicated  phenomenon, the 

in te raction  of d iatom ic molecules, th is  is n o t surprising .

In  o rder to  te s t  these  resu lts  fu rth e r, i t  is possible to  com pare th e  diameters 

of th e  molecules ob ta ined  from  th e  viscosity  w ith  those ob tained  from the 

free p a th s  m easured by  K nauer.*  To do th is  we m ust use th e  value of the 

q u an tu m  cross-section in  form ula (13) for th e  free p a th . W e th e n  obtain  the 

following com parison betw een th eo ry  and  experim ent.

* ‘ Z . P h y s ib , ’ v o l .  8 0 , p . 8 0  (1 9 3 2 ) .
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Free Paths and Transport Phenomena in  Gases.

Table  IV .

4 5 1

D ia m e te r  o f  
m o le c u le  

fro m  v is c o s it y .

E ffe c t iv e  d ia m e te r  in  c o llis io n s .

C a lcu la ted  
(q u a n tu m  th e o r y ) .

O b serv ed  
( fro m  fr e e  p a th s ) .

H eliu m  ..... . . . . . . . . . . . 2 1 0  A . 2 -  9 7  A . ( 2 - 1 0  X -v/2)

3 -  89  A . ( 2 -7 5  X \ /2 )
2 - 7 4  A .

H v d r o g e n ..... . . . . . . . . . . . . . 2 - 7 5  A . 3 - 5 4  A .

The observed values a re  o b ta in ed  from  K n a u e r’s free p a th  l b y  using th e  

expression

a / 2 vQ ’
(46)

where v is th e  n u m b er of a tom s p e r cm .3 a t  th e  p ressu re  of th e  gas in  w hich th e  

m easurem ents a re  m ade. The ag reem en t is good an d  seems to  p rov ide  fu r th e r  

su p p o rt for th e  rig id  sphere  m odel w ith  th e  d im ensions in d ica ted . H ow ever, 

owing to  th e  com plex ity  of th e  cond itions of K n a u e r’s experim en t, i t  will be 

necessary to  o b ta in  fu r th e r  m easu rem en ts  of free p a th s  u n d e r defin ite conditions 

before an y  decision can be a rriv e d  a t.

§ 7. Diffusion and Thermal Diffusion.

R eferring  to  fig. 1, we expect l i t t le  d ev ia tio n  from  classical theories of 

diffusion except a t  v e ry  low te m p e ra tu res . F o r  self-diffusion th e  id e n tity  

of th e  colliding a tom s w ould  reduce th e  classical re su lt by  a  fac to r of nearly  2. 

A lthough th is  phenom enon is n o t observable, th e  sam e effect will ap p ea r in  

th e  th e rm a l diffusion in  w hich in teg ra ls  of th e  ty p e  of QD (11) occur as well as 

in tegrals of th e  ty p e  QD (12), an d  th is  m u s t th e re fo re  be ta k e n  in to  accoun t 

in  all calcula tions of fields of force deduced  from  observations of th e rm a l 

diffusion effects.

F o r th e  m obilities of positive  ions in  p u re  gases, we expect, th e n , no dev iations 

from classical th e o ry  unless th e  ions a re  passing  th ro u g h  a  gas con tain ing  n eu tra l 

atom s w ith  th e  sam e nuclei as th e  ions, as, fo r exam ple, in  th e  m ob ility  of 

helium  ions in  helium . Owing to  “ u m ladung  ” * an  appreciab le  percen tage of th e  

ions m ay  be sca tte red  to w ard s  large  angles an d  th e  phenom enon th e n  becom es 

com parable w ith  self-diffusion. One w ould  th u s  expect appreciab le  deviations 

from classical theo ry . The calcu la tions for th is  case a re  in  progress.

* Vide, K a l lm a n  a n d  R o s e n ,  ‘ Z . P h y s ik , ’ v o l .  6 4 , p .  8 0 8  (1 9 3 0 ) .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



4 5 2 H .  S .  W .  M a s s e y  a n d  C . B .  0 .  M o h r .

I t  is clear, however, th a t  th e  m ost in te resting  field for investigation, both 

experim ental and  theoretical, lies in  th e  com parison of observed and  calculated 

m ean free pa ths, and  it  is to  be hoped th a t  accu ra te  m easurem ents will soon 

be ob tainable for various gases.

Ap p e n d i x .

Calculation of the Zero Velocity Limit of Collision Cross-Section for an

Exponential Field of Force.

W e tak e  th e  m u tu a l p o ten tia l energy of th e  tw o partic les as

V =  D

The equation  for th e  zero o rder sca tte red  wave, which alone differs from a Bessel 

function  a t  th e  low velocity  lim it, is in  re la tive  co-ordinates

f ?  +  ~  (E -  n . - ~ )  * =  o,
dr*

where u m u st satisfy  th e  bou n d ary  conditions

u =  0 a t  0, 

u ~  sin  -f- 8), r -> °° .

U sing th e  su b stitu tio n  y — e~ar reduces th e  equation  (47) to

dfu . 1 du, /4tc2M E _  4t

dy2 ^  y  dy y2 a2h2

The solutions of th is  equation  are  th e  Bessel functions

J

(47)

(48)

(49)

where

A 2 i e

v  a-ir

/ 4m»MD. 

v  d-Kl

In  order to  satisfy  th e  boundary  conditions a t  th e  origin we m ust have 

u =  A J tfc (imy) +  B J _ lfc (imy),

A J ik(im) - f  B J _ tfc =  0,

where

giving

A _  _  J _ <fc

B J ik (im)
(50)

W e have fu rth e r to  break th is  solu tion  into  an incident and a scattered  wave.
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Free Paths and Transport Phenomena in  Gases. 4 5 3

The asym pto tic  expansion of u fo r la rge  r will be o b ta in ed  from  th e  series 

expansion of th e  Bessel functions, w hich gives

A (\ime ar)ik . B  (— ar) ik

r'd +  d )  + r f i - a /

This m u st be equ iv a len t to

C
f sin  hr 

\ ~ k ~
4 - a  e

(51)

(52)

where 47r |a  |2 gives th e  sc a tte rin g  cross-section. E q u a tin g  th e  expressions 

(51) and  (52) we find

47t: | a  |2 =
(\im ) ikT  (1 +  ik) (

a?k2 (^im)ikT  (1 — ik) J _ ik (im)
- 1 (53)

F o r a repulsive field m  is rea l a n d  th e  above expression  te n d s  to  a  fin ite  

lim it und er all conditions. W hen  m  is la rge  (as w ith  gas a tom s) we ob ta in , 

using th e  a sy m p to tic  expressions fo r th e  Bessel functions,

4tx | a  I2 — (log \m  +  y)2, (54)
CL

w here y  =  0-5771. F o r  an  a ttra c t iv e  field th e  cross-section becomes in fin ite 

when m is a p p ro x im a te ly  equal to  (n +  f ) n, w here n is in teg ra l. W hen 

m is sm all i t  is easy  to  see, using  th e  series expansions for th e  Bessel 

functions, th a t  th e  cross-sections for b o th  th e  a ttra c t iv e  a n d  th e  repulsive 

field becom e equal to  nm4a~2, th e  re s u lt  o b ta in e d  by  th e  use of B o rn ’s 

form ula (21).

Summary.

The q u a n tu m  th e o ry  of collisions is app lied  to  th e  m o tio n  of gas a tom s. 

U sing th e  rig id  sphere m odel, th e  range of v a lid ity  of th e  classical th e o ry  of 

free p a th s, viscosity , a n d  diffusion is de term ined . The use of q u a n tu m  

mechanics g re a tly  im proves th e  ap p licab ility  of th is  m odel to  th e  v iscosity  

of helium . The sca tte rin g  of a tom s is considered  in  de ta il, a n d  th e  possib ility  

of experim ental proof of th e  B ose-E instein  s ta tis tic s  is discussed.
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