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Free Theorems In The Presence Of seq

By: Patricia Johann and Janis Voigtlander

Abstract
Parametric polymorphism constrains the behavior of pure functional programs in a way that allows the derivation 
of interesting theorems about them solely from their types, i.e., virtually for free. Unfortunately, the standard 
parametricity theorem fails for nonstrict languages supporting a polymorphic strict evaluation primitive like 
Haskell’s seq. Contrary to the folklore surrounding seq and parametricity, we show that not even quantifying only 
over strict and bottom-reflecting relations in the -clause of the underlying logical relation — and thus restricting the 
choice of functions with which such relations are instantiated to obtain free theorems to strict and total ones — is 
sufficient to recover from this failure. By addressing the subtle issues that arise when propagating up the type 
hierarchy restrictions imposed on a logical relation in order to accommodate the strictness primitive, we provide a 
parametricity theorem for the subset of Haskell corresponding to a Girard-Reynolds-style calculus with fixpoints, 
algebraic datatypes, and seq. A crucial ingredient of our approach is the use of an asymmetric logical relation, 
which leads to “inequational” versions of free theorems enriched by preconditions guaranteeing their validity in the 
described setting. Besides the potential to obtain corresponding preconditions for standard equational free 
theorems by combining some new inequational ones, the latter also have value in their own right, as is exemplified 
with a careful analysis of seq’s impact on familiar program transformations.
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A bst r a ct

P ar a m etri c p ol y m or p his m c o nstr ai ns t h e b e h a vi or of p ur e f u n c-
ti o n al pr o gr a ms i n a w a y t h at all o ws t h e d eri v ati o n of i nt er esti n g
t h e or e ms a b o ut t h e m s ol el y fr o m t h eir t y p es, i. e., virt u all y f or fr e e.
U nf ort u n at el y, t h e st a n d ar d p ar a m etri cit y t h e or e m f ails f or n o nstri ct
l a n g u a g es s u p p orti n g a p ol y m or p hi c stri ct e v al u ati o n pri miti v e li k e
H as k ell’s s e q . C o ntr ar y t o t h e f ol kl or e s urr o u n di n g s e q a n d p ar a-
m etri cit y, w e s h o w t h at n ot e v e n q u a ntif yi n g o nl y o v er stri ct a n d
b ott o m-r efl e cti n g r el ati o ns i n t h e ∀ - cl a us e of t h e u n d erl yi n g l o gi c al
r el ati o n — a n d t h us r estri cti n g t h e c h oi c e of f u n cti o ns wit h w hi c h
s u c h r el ati o ns ar e i nst a nti at e d t o o bt ai n fr e e t h e or e ms t o stri ct a n d
t ot al o n es — is s uffi ci e nt t o r e c o v er fr o m t his f ail ur e. B y a d dr essi n g
t h e s u btl e iss u es t h at aris e w h e n pr o p a g ati n g u p t h e t y p e hi er ar c h y
r estri cti o ns i m p os e d o n a l o gi c al r el ati o n i n or d er t o a c c o m m o d at e
t h e stri ct n ess pri miti v e, w e pr o vi d e a p ar a m etri cit y t h e or e m f or t h e
s u bs et of H as k ell c orr es p o n di n g t o a Gir ar d- R e y n ol ds-st yl e c al c u-
l us wit h fi x p oi nts, al g e br ai c d at at y p es, a n d s e q. A cr u ci al i n gr e-
di e nt of o ur a p pr o a c h is t h e us e of a n as y m m etri c l o gi c al r el ati o n,
w hi c h l e a ds t o “i n e q u ati o n al ” v ersi o ns of fr e e t h e or e ms e nri c h e d
b y pr e c o n diti o ns g u ar a nt e ei n g t h eir v ali dit y i n t h e d es cri b e d s et-
ti n g. B esi d es t h e p ot e nti al t o o bt ai n c orr es p o n di n g pr e c o n diti o ns
f or st a n d ar d e q u ati o n al fr e e t h e or e ms b y c o m bi ni n g s o m e n e w i n-
e q u ati o n al o n es, t h e l att er als o h a v e v al u e i n t h eir o w n ri g ht, as is
e x e m plifi e d wit h a c ar ef ul a n al ysis of s e q’s i m p a ct o n f a mili ar pr o-
gr a m tr a nsf or m ati o ns.

C at e g o ri es a n d S u bj e ct D es c ri pt o rs: D. 1. 1 [ Pr o gr a m mi n g Te c h-
ni q u es]:  A p pli c ati v e ( F u n cti o n al) Pr o gr a m mi n g; D. 3. 3 [ Pr o-
gr a m mi n g L a n g u a g es]:  L a n g u a g e C o nstr u cts a n d F e at ur es —
p ol y m or p his m ; F. 3. 1 [ L o gi cs a n d M e a ni n gs of Pr o gr a ms]: S p e cif y-
i n g a n d Verif yi n g a n d R e as o ni n g a b o ut Pr o gr a ms; F. 3. 3 [ L o gi cs a n d
M e a ni n gs of Pr o gr a ms]: St u di es of Pr o gr a m C o nstr u cts — c o ntr ol
pri miti v es, t y p e str u ct ur e

G e n e r al Te r ms: L a n g u a g es, T h e or y

K e y w o r ds: C o ntr olli n g stri ct e v al u ati o n, c orr e ct n ess pr o ofs, d e-
n ot ati o n al s e m a nti cs, H as k ell, l o gi c al r el ati o ns, p ar a m etri cit y, pr o-
gr a m tr a nsf or m ati o ns, s h ort c ut f usi o n, t h e or e ms f or fr e e

∗ R es e ar c h s u p p ort e d b y t h e “ D e uts c h e F ors c h u n gs g e m ei ns c h aft ”
u n d er gr a nt K U 1 2 9 0/ 2- 4.
P er missi o n t o m a k e di git al or h ar d c o pi es of all or p art of t his w or k f or p ers o n al or
cl assr o o m us e is gr a nt e d wit h o ut f e e pr o vi d e d t h at c o pi es ar e n ot m a d e or distri b ut e d
f or pr ofit or c o m m er ci al a d v a nt a g e a n d t h at c o pi es b e ar t his n oti c e a n d t h e f ull cit ati o n
o n t h e first p a g e. T o c o p y ot h er wis e, t o r e p u blis h, t o p ost o n s er v ers or t o r e distri b ut e
t o lists, r e q uir es pri or s p e cifi c p er missi o n a n d/ or a f e e.
P O P L’ 0 4, J a n u ar y 1 4 – 1 6, 2 0 0 4, Ve ni c e, It al y.
C o p yri g ht 2 0 0 4 A C M 1- 5 8 1 1 3- 7 2 9- X/ 0 4/ 0 0 0 1 ... $ 5. 0 0
T his is t h e a ut h ors’ v ersi o n of t h e w or k.  T h e d efi niti v e v ersi o n is a v ail a bl e fr o m
h t t p : / / d o i . a c m . o r g / 1 0 . 1 1 4 5 / 9 6 4 0 0 1 . 9 6 4 0 1 0 .

1 I nt r o d u cti o n

E v er si n c e t h e y w er e first p o p ul ari z e d b y Wa dl er [ 2 3], fr e e t h e or e ms
h a v e b e e n us e d t o d eri v e pr o gr a m e q ui v al e n c es i n v ol vi n g p ar a m et-
ri c p ol y m or p hi c f u n cti o ns i n pr o gr a m mi n g l a n g u a g es b as e d o n t h e
Gir ar d- R e y n ol ds l a m b d a c al c ul us [ 7, 1 6]. A fr e e t h e or e m is c o nsi d-
er e d f r e e b e c a us e it c a n b e d eri v e d s ol el y fr o m t h e t y p e of a f u n c-
ti o n, wit h n o k n o wl e d g e at all of t h e f u n cti o n’s a ct u al d efi niti o n.
I n ess e n c e, it r e c or ds a c o nstr ai nt arisi n g fr o m t h e f a ct t h at a p ar a-
m etri c p ol y m or p hi c f u n cti o n m ust b e h a v e u nif or ml y, i. e., m ust us e
t h e s a m e al g orit h m t o c o m p ut e its r es ult, r e g ar dl ess of t h e c o n cr et e
t y p e at w hi c h it is i nst a nti at e d.

Fr e e t h e or e ms h ol d u n c o n diti o n all y f or p ol y m or p hi c f u n cti o ns i n
t h e Gir ar d- R e y n ol ds c al c ul us. B ut f or c al c uli t h at m or e cl os el y r e-
s e m bl e m o d er n f u n cti o n al l a n g u a g es t h e st or y is n ot s o si m pl e. It
is w ell k n o w n [ 1 1, 2 3] t h at a d di n g a fi x p oi nt pri miti v e t o a c al c ul us
w e a k e ns its fr e e t h e or e ms b y i m p osi n g a d missi bilit y c o n diti o ns o n
(s o m e of t h e) f u n cti o ns a p p e ari n g i n t h e m. H o w fr e e t h e or e ms f ar e
i n t h e pr es e n c e of ot h er pri miti v es is l ess w ell u n d erst o o d.

We will us e t h e f oll o wi n g e x a m pl e t o ill ustr at e t h at n e w pri miti v es
c a n br e a k fr e e t h e or e ms i n dr a m ati c a n d u n e x p e ct e d w a ys. A fr e e
t h e or e m gi v e n i n Fi g ur e 1 of [ 2 3] st at es t h at f or a n y f u n cti o n

filt er :: ∀ α . (α → B o ol ) → [α ] → [α ]

a n d a p pr o pri at el y t y p e d p , h , a n d l t h e f oll o wi n g l a w h ol ds:

filt er p (m a p h l ) = m a p h (filt er ( p ◦ h ) l) ( 1)

H er e m a p h a p pli es t h e f u n cti o n h t o e v er y el e m e nt of a list,
a n d ◦ is f u n cti o n c o m p ositi o n. ( S e e Fi g ur e 1.)

W hil e H as k ell is a n o nstri ct l a n g u a g e — s o t h at a f u n cti o n ar g u-
m e nt is e v al u at e d o nl y w h e n r e q uir e d — it is s o m eti m es d esir a bl e
t o e x pli citl y f or c e e v al u ati o n. T his c a n b e d o n e usi n g t h e p ol y m or-
p hi c stri ct e v al u ati o n pri miti v e s e q, w hi c h s atisfi es t h e f oll o wi n g
s p e cifi c ati o n:1

s e q :: ∀ α β . α → β → β
s e q ⊥ b = ⊥
s e q a b = b , if a = ⊥

H er e ⊥ is t h e u n d efi n e d v al u e c orr es p o n di n g t o a n o nt er mi n ati n g
c o m p ut ati o n or a r u nti m e err or (s u c h as mi g ht b e o bt ai n e d as t h e
r es ult of a f ail e d p att er n m at c h). T h e o p er ati o n al b e h a vi or of s e q
is t o e v al u at e its first ar g u m e nt t o w e a k h e a d n or m al f or m b ef or e
r et ur ni n g its s e c o n d ar g u m e nt. It is us u all y i ntr o d u c e d t o i m pr o v e

1 Ot h er m e a ns of e x pli citl y i ntr o d u ci n g stri ct n ess i n H as k ell pr o-
gr a ms — e. g., stri ct d at at y p es — ar e all d efi n e d i n t er ms of s e q.
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d at a B o ol = F als e | Tr u e
d at a M a y b e α = N ot hi n g | J ust α

m a p :: ∀ α β . (α → β ) → [α ] → [β ]
m a p h = f w h e r e f []  = []

f (x : xs ) = h x : f xs

(◦ ) :: ∀ α β γ . (β → γ ) → (α → β ) → α → γ
f1 ◦ f2 = ( λ x → f1 ( f2 x ))

fi x :: ∀ α . (α → α ) → α
fi x g = g (fi x g)

i d :: ∀ α . α → α
i d x = x

( ++) :: ∀ α . [α ] → [α ] → [α ]
[]  ++ ys = ys
(x : xs ) ++ ys = x : (xs ++ ys )

Fi g u r e 1. S o m e H as k ell d efi niti o ns.

p erf or m a n c e b y a v oi di n g u n n e c ess ar y e v al u ati o n d el a y or b y s e-
q u e nti ali zi n g al g orit h ms i n p ar all el i m pl e m e nt ati o ns [ 2 1].

T h e H as k ell 9 8 r e p ort [ 1 2] — t h e l a n g u a g e d efi niti o n — w ar ns t h at
t h e pr o visi o n of p ol y m or p hi c s e q h as i m p ort a nt s e m a nti c c o ns e-
q u e n c es. I n f a ct, if w e i m pl e m e nt a f u n cti o n wit h filt er’s t y p e usi n g
s e q a n d a fi x p oi nt o p er at or fi x ( d efi n e d as i n Fi g ur e 1) b y

filt er p = p ‘s e q‘ (fi x g)
w h e r e g f ys = c as e ys of

[] → []
x : xs → x ‘s e q ‘ c as e p x of

Tr u e → (xs ‘s e q‘ x ) : f xs
F als e → f xs

t h e n t h e f oll o wi n g f o ur i nst a nti ati o ns br e a k l a w ( 1), e a c h f or a dif-
f er e nt r e as o n t o b e dis c uss e d b el o w:

p = ⊥ h = i d l = [] ( / )
p = ( λ x → Tr u e ) h = ⊥ l = [ 0 ] ( / )
p = i d h = ( λ x → Tr u e ) l = [ ⊥ ] ( / )
p = i d h = ( λ x → Tr u e ) l = Tr u e : ⊥ ( / )

I n e a c h of t h es e c as es, o n e of t h e t w o si d es of t h e l a w is l ess d efi n e d
t h a n t h e ot h er o n e, s o t h at t h e e q ui v al e n c e ( 1) is i n c orr e ct. T h e
dir e cti o n i n w hi c h it t ur ns i nt o a n i n e q u ati o n wit h r es p e ct t o t h e
s e m a nti c a p pr o xi m ati o n or d er is r e m ar k e d at t h e e n d of e a c h li n e.

L a u n c h b ur y a n d P at ers o n [ 1 1] i ntr o d u c e d a t y p e s yst e m t h at m a k es
e x pli cit w hi c h t y p es c o nt ai n ⊥ — t h e s o- c all e d p oi nt e d t y p es —
a n d t h er ef or e s u p p ort t h e d efi niti o n of v al u es b y r e c ursi o n. T his
t y p e s yst e m all o ws fi n e c o ntr ol o v er w h er e t h e af or e m e nti o n e d a d-
missi bilit y c o n diti o ns ar e r e q uir e d i n fr e e t h e or e ms a n d w h er e t h e y
ar e n ot. I n t h e a b o v e d efi niti o n of filt er, f or e x a m pl e, w e h a v e us e d
e x pli cit fi x p oi nt r e c ursi o n e x pr ess e d vi a t h e o p er at or fi x r at h er t h a n
gi vi n g a dir e ctl y r e c ursi v e d efi niti o n. T his m a k es it cl e ar t h at t h e
r e c ursi o n h er e t a k es pl a c e at t y p e [α ] → [α ], w hi c h is p oi nt e d wit h-
o ut a n y c o n diti o n o n α si n c e [α ] is. T h e d efi niti o n als o m a k es a p-
p ar e nt t h at t h e c as e - e x pr essi o ns — w hi c h pr o d u c e ⊥ o n s el e ct ors
t h at ar e t h e ms el v es u n d efi n e d — h a v e t h e r et ur n t y p e [α ], w hi c h is
a g ai n p oi nt e d wit h o ut a n y c o n diti o n o n α . T h us, L a u n c h b ur y a n d
P at ers o n’s a p pr o a c h t o p ar a m etri cit y i n t h e pr es e n c e of p oi nt e d vs.
u n p oi nt e d t y p es c a n b e us e d t o s h o w t h at l a w ( 1) h ol ds wit h o ut a n y
c o n diti o ns o n p , h , or l, pr o vi d e d all i n v o c ati o ns of s e q ar e dr o p p e d 2

2 B y c o ntr ast, if, e. g., r e c ursi o n w er e p erf or m e d at a t y p e w h os e

(i n w hi c h c as e w e g et pr e cis el y t h e filt er f u n cti o n fr o m H as k ell’s
st a n d ar d pr el u d e). T his s h o ws t h at it is n ot t h e us e of r e c ursi o n or
p att er n m at c hi n g i n o ur d efi niti o n of filt er t h at is r es p o nsi bl e f or t h e
br e a k d o w n of l a w ( 1). T h e e vil r e all y d o es r esi d e i n s e q .

M or e pr e cis el y, diff er e nt w a ys of usi n g s e q ar e r es p o nsi bl e f or t h e
f ail ur e of l a w ( 1) f or t h e f o ur i nst a nti ati o ns gi v e n a b o v e. I n t h e first
c as e, t h e us e of s e q t o o bs er v e t er mi n ati o n at f u n cti o n t y p e m a k es
t h e l eft- h a n d si d e ⊥ si n c e p = ⊥ , w hil e t h er e is n o s u c h i m p a ct o n
t h e ri g ht- h a n d si d e b e c a us e p ◦ h = ⊥ ◦ i d = ( λ x → ⊥ ) = ⊥ . I n t h e
s e c o n d c as e, t h e us e of s e q t o o bs er v e t er mi n ati o n at t h e t y p e o v er
w hi c h filt er is p ol y m or p hi c fi n ds h 0 = ⊥ 0 = ⊥ i n t h e l eft- h a n d
si d e (si n c e t h e i n n er m a p a p pli es h t o e v er y list el e m e nt b ef or e-
h a n d), w hil e i n t h e ri g ht- h a n d si d e t h e c orr es p o n di n g a p pli c ati o n is
o n t h e list el e m e nt 0 = ⊥ its elf (t o w hi c h h is a p pli e d o nl y aft er-
w ar ds b y t h e o ut er m a p , r et ur ni n g a n u n d efi n e d list el e m e nt b ut n ot
a c o m pl et el y u n d efi n e d r es ult list). S o h er e t h e pr o bl e m li es wit h
h r et ur ni n g ⊥ f or a n o n-⊥ ar g u m e nt, w hi c h m a k es a n ess e nti al dif-
f er e n c e f or s e q . C o n v ers el y, a n h r et ur ni n g a n o n-⊥ v al u e f or t h e
ar g u m e nt ⊥ l ets t h e l a w ( 1) f ail t h e ot h er w a y r o u n d f or t h e t hir d i n-
st a nti ati o n. Fi n all y, i n t h e f o urt h i nst a nti ati o n, t h e us e of s e q o n a n
u n d efi n e d list t ail as first ar g u m e nt i ntr o d u c es a ⊥ of t h e t y p e o v er
w hi c h filt er is p ol y m or p hi c. S o, e v e n t h o u g h — as dis c uss e d a b o v e
— t h e gi v e n d efi niti o n of filt er d o es n ot us e r e c ursi o n or p att er n
m at c hi n g i n a w a y t h at w o ul d r e q uir e α t o b e p oi nt e d, t h e ass o ci-
at e d stri ct n ess c o n diti o n o n h cr e e ps i n t hr o u g h t h e b a c k d o or h er e,
c ar el essl y o p e n e d b y s e q .

T h e f ail ur e of fr e e t h e or e ms i n t h e pr es e n c e of s e q h as b e e n n ot e d
b ef or e (s e e, e. g., S e cti o n 6. 2 of [ 1 2], S e cti o n 5. 3 of [ 1 3], A p-
p e n di x B of [ 2 2], a n d dis c ussi o ns o n t h e H as k ell m aili n g list [ 1]).
B ut t h e e xt e nt t o w hi c h H as k ell’s p ar a m etri cit y pr o p erti es ar e a ct u-
all y w e a k e n e d h as n ot b e e n st u di e d t h or o u g hl y. C o n v e nti o n al wis-
d o m ( e x pr ess e d, e. g., i n [ 1 3]) h as it t h at a fr e e t h e or e m r e m ai ns
v ali d i n t h e pr es e n c e of s e q if all of t h e f u n cti o ns w hi c h ar e c h os e n
t o i nst a nti at e r el ati o ns i n t h e st at e m e nts d eri v e d fr o m t y p es ( w h er e
o n e is fr e e t o m a k e s u c h a c h oi c e) ar e stri ct a n d t ot al. F or o ur e x a m-
pl e t his m e a ns t h at l a w ( 1) s h o ul d h ol d f or e v er y stri ct a n d t ot al h —
a cl ai m w hi c h is s h o w n t o b e i n c orr e ct b y o ur first c o u nt er e x a m pl e
a b o v e. T h e n e e d f or v ali d crit eri a f or d et er mi ni n g w h e n fr e e t h e o-
r e ms h ol d i n t h e pr es e n c e of s e q is q uit e dir e: s e q will n ot g o a w a y
b y i g n ori n g it, a n d n eit h er will t h e d e m a n d f or ri g or o us s e m a nti c
ar g u m e nts a b o ut H as k ell pr o gr a ms t h at r el y o n p ar a m etri cit y. T h e
m aj or c o ntri b uti o n of t his p a p er is t o pr o vi d e pr e cis el y s u c h crit eri a.

N ot e t h at o ur ai m h er e is n ot t o pr o vi d e a p ar a m etri c m o d el f or
f ull H as k ell. T his w o ul d b e o ut of r e a c h b e c a us e t h er e is n ot e v e n
a f or m al s e m a nti cs f or H as k ell a g ai nst w hi c h t o v ali d at e a m o d el.
R at h er, o ur ai m is t o i n v esti g at e, u n d er t h e r e as o n a bl e a n d wi d el y
h el d ass u m pti o n t h at H as k ell wit h o ut s e q is p ar a m etri c, e x a ctl y h o w
m u c h of t h e p o w er of fr e e t h e or e ms c a n b e r et ai n e d w h e n s e q is
t hr o w n i n. T h e ass u m pti o n is j ustifi e d i n p art b y t h e r e c e nt c o n-
str u cti o n of a p ar a m etri c m o d el f or a n o nstri ct p ol y m or p hi c l a m b d a
c al c ul us s u p p orti n g fi x p oi nts a n d “l a z y ” al g e br ai c d at at y p es [ 1 4].

T h e f u n d a m e nt al i d e a u n d erl yi n g t h e p ar a m etri cit y pr o p erti es fr o m
w hi c h fr e e t h e or e ms ar e d eri v e d is t o i nt er pr et t y p es as r el ati o ns
( as o p p os e d t o s ets). It is st a n d ar d t o i nt er pr et t h e b as e t y p es i n a
l a n g u a g e as i d e ntit y r el ati o ns a n d t o o bt ai n t h e i nt er pr et ati o ns f or
n o n- b as e t y p es b y pr o p a g ati n g r el ati o ns u p t h e t y p e hi er ar c h y i n a
str ai g htf or w ar d “ e xt e nsi o n al ” m a n n er. T his b uil ds a (t y p e-i n d e x e d)
l o gi c al r el ati o n [ 5, 1 5, 1 9], f or w hi c h a p ar a m etri cit y t h e or e m c a n

s u p p ort f or it r eli e d o n p oi nt e d n ess of α , t h e n e v e n i n t h e a bs e n c e
of s e q w e c o ul d c o n cl u d e filt er’s fr e e t h e or e m o nl y f or stri ct h .



b e pr o v e d. ( S e e S e cti o n 4 f or d et ails.) A p ar a m etri cit y t h e or e m
ass erts t h at e v er y cl os e d t er m s atisfi es t h e p ar a m etri cit y pr o p ert y
d eri v e d fr o m its t y p e, i. e., is r el at e d t o its elf b y t h e i nt er pr et ati o n
of its t y p e. Pr o ofs of s u c h t h e or e ms pr o c e e d b y i n d u cti o n o n t h e
s y nt a cti c str u ct ur e of t er ms, dri v e n b y t y p e assi g n m e nt r ul es, w h er e
t h e c o nst a nts o c c urri n g i n a l a n g u a g e f or m b as e c as es.

Si n c e, i n t h e r el ati o n al i nt er pr et ati o n of a p ol y m or p hi c t y p e, b o u n d
t y p e v ari a bl es c a n b e i nt er pr et e d b y ar bitr ar y r el ati o ns ( or b y ar bi-
tr ar y stri ct a n d c o nti n u o us r el ati o ns if t h e l a n g u a g e s u p p orts p att er n
m at c hi n g a n d fi x p oi nts), t h e p ar a m etri cit y pr o p ert y f or e a c h t er m
of p ol y m or p hi c t y p e is q uit e g e n er al. T his all o ws a ri c h n ess of fr e e
t h e or e ms t o b e d eri v e d b y i nst a nti ati o n. B ut t his g e n er alit y is als o
t h e p ot e nti al d o w nf all of fr e e t h e or e ms w h e n s e q is a d d e d t o t h e
l a n g u a g e as a c o nst a nt. T h e pr o of of t h e ass o ci at e d b as e c as e f ails
b e c a us e, i n t h e s etti n g of t h e st a n d ar d r el ati o n al i nt er pr et ati o ns, s e q
d o es n ot s atisf y t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m its t y p e:
t h e e n c o u nt er e d r el ati o ns ar e t o o u n c o nstr ai n e d si n c e t h e y all o w ⊥
a n d n o n- ⊥ v al u es t o b e r el at e d ar bitr aril y. ( S e e S e cti o n 5 f or w h y
e x a ctl y t his is pr o bl e m ati c.)

T his o bs er v ati o n m oti v at es us t o a d a pt t h e st a n d ar d c o nstr u cti o n
of a l o gi c al r el ati o n. As e x p e ct e d, b o u n d t y p e v ari a bl es ar e o nl y
all o w e d t o b e i nt er pr et e d b y r el ati o ns t h at v ali d at e t h e pr o p ert y d e-
ri v e d fr o m t h e p ol y m or p hi c t y p e w hi c h s e q cl ai ms f or its elf. B ut
t h e r el ati o n al i nt er pr et ati o n of f u n cti o n t y p es m ust als o b e m o di-
fi e d. I n d e e d, it m ust c o nf or m t o a n oti o n of e xt e nsi o n alit y w hi c h
a c k n o wl e d g es t h at, i n t h e pr es e n c e of s e q, t w o f u n cti o ns c a n n o
l o n g er b e c o nsi d er e d s e m a nti c all y e q ui v al e nt si m pl y b e c a us e t h e y
m a p t h e s a m e ar g u m e nts t o t h e s a m e r es ults. T h e n e e d t o alt er t h e
c o nstr u cti o n of t h e l o gi c al r el ati o n at f u n cti o n t y p es is p er h a ps s ur-
prisi n g, gi v e n t h at t h e c o n v e nti o n al wis d o m h as n ot a nti ci p at e d it.

Of t h e diff er e nt o pti o ns f or r estri cti n g r el ati o ns t o e ns ur e t h e a d h er-
e n c e of s e q t o its p ar a m etri cit y pr o p ert y, w e c h o os e o n e t h at i ntr o-
d u c es a c ert ai n as y m m etr y i nt o t h e l o gi c al r el ati o n. Si n c e e q u ati o ns
pr o v e d as fr e e t h e or e ms i n t h e a bs e n c e of s e q ar e fr e q u e ntl y dis-
pr o v e d i n its pr es e n c e b y i nst a nti ati o ns t h at m a k e o n e of t h eir t w o
si d es l ess d efi n e d t h a n ( b ut n ot c o m pl et el y u nr el at e d t o) t h e ot h er,
w e d efi n e o ur n e w l o gi c al r el ati o n i n s u c h a w a y t h at o n e of t h e
t w o ar g u m e nt p ositi o ns of a r el ati o n al i nt er pr et ati o n is “f a v or e d ”
wit h r es p e ct t o d efi n e d n ess. T his l e a ds us t o i nt er pr et b as e t y p es as
s e m a nti c a p pr o xi m ati o n r el ati o ns r at h er t h a n as i d e ntit y r el ati o ns.
F urt h er, w e m o dif y t h e r el ati o n al i nt er pr et ati o ns of n o n- b as e t y p es
b y a d o pti n g a pr o p a g ati o n t e c h ni q u e w hi c h is m or e c o m pl e x t h a n
t h e st a n d ar d o n e, b ut w hi c h pr es er v es t h e c h os e n s et of r estri cti o ns.

We s k et c h t h e pr o of of t h e f u n d a m e nt al pr o p ert y of t h e n e w l o gi-
c al r el ati o n, est a blis hi n g t h at it d o es i n d e e d r el at e e v er y cl os e d t er m
( p ot e nti all y b uilt usi n g s e q) t o its elf. We us e t h e f u n d a m e nt al pr o p-
ert y t o pr o v e fr e e t h e or e ms i n w hi c h t h e m o difi c ati o ns t o t h e l o gi c al
r el ati o n m a n d at e d b y s e q g e n er at e pr e c o n diti o ns t h at m ust b e s atis-
fi e d b y t h e v al u es o v er w hi c h t h e t h e or e ms ar e p ar a m etri z e d. T his
a p pr o a c h all o ws us, f or e x a m pl e, t o pr o vi d e crit eri a o n p a n d h u n-
d er w hi c h t h e l a w ( 1) h ol ds f or e v er y l, e v e n i n t h e pr es e n c e of s e q.
M or e o v er, ass u mi n g a w e a k er pr e c o n diti o n o n h — a n d pl a ci n g n o
r estri cti o ns w h ats o e v er o n p or l — it yi el ds a n i n e q u ati o n al v er-
si o n of l a w ( 1) i n w hi c h t h e ri g ht- h a n d si d e is at l e ast as d efi n e d
as t h e l eft- h a n d si d e. S u c h i n e q u ati o ns ar e pr o v a bl e f or ot h er f u n c-
ti o ns as w ell, a n d ar e oft e n s uffi ci e nt w h e n a p pl yi n g fr e e t h e or e ms
t o tr a nsf or m or r e as o n a b o ut pr o gr a ms.

T h e r e m ai n d er of t his p a p er is or g a ni z e d as f oll o ws. S e cti o n 2
bri efl y c o nsi d ers t h e f u n cti o n al l a n g u a g e w e us e. S e cti o n 3 i ntr o-
d u c es a u xili ar y n oti o ns a n d d efi niti o ns. S e cti o n 4 r e c alls h o w fr e e

t h e or e ms ar e o bt ai n e d i n t h e a bs e n c e of s e q . S e cti o ns 5 a n d 6 m o-
ti v at e a n d d e v el o p o ur a p pr o a c h t o p ar a m etri cit y i n t h e pr es e n c e of
s e q . S e cti o n 7 a p pli es it t o d eri v e t w o fr e e t h e or e ms a b o ut f u n cti o ns
wit h filt er’s t y p e. S e cti o n 8 i n v esti g at es h o w s o m e pr o gr a m tr a ns-
f or m ati o ns b as e d o n fr e e t h e or e ms [ 6, 2 0, 2 2] f ar e i n t h e pr es e n c e
of s e q. S e cti o n 9 c o n cl u d es b y pr o p osi n g f ut ur e r es e ar c h dir e cti o ns.

2 F u n cti o n al L a n g u a g e

We us e a s u bs et of t h e p ur e n o nstri ct f u n cti o n al pr o gr a m mi n g l a n-
g u a g e H as k ell [ 1 2] t h at c orr es p o n ds t o a Gir ar d- R e y n ol ds-st yl e c al-
c ul us wit h fi x p oi nts, al g e br ai c d at at y p es, a n d s e q. D efi niti o ns of
H as k ell t y p es a n d f u n cti o ns t h at ar e us e d t hr o u g h o ut t h e p a p er ar e
gi v e n i n Fi g ur e 1. As s h o w n t h er e, p ar a m etri c p ol y m or p his m 3 is
m a d e e x pli cit wit h a ∀ -t y p e c o nstr u ct or q u a ntif yi n g o v er t y p es.
T y p e i nst a nti ati o n, o n t h e ot h er h a n d, is m ost oft e n l eft i m pli cit.
W h e n i nst a nti ati o n of a p ol y m or p hi c t er m t t o a cl os e d t y p e ( o n e
wit h o ut fr e e v ari a bl es) τ is m a d e e x pli cit, it is d e n ot e d b y tτ .

U nf ort u n at el y, t h er e is n ot y et a f or m al s e m a nti cs f or H as k ell, i n d e-
p e n d e nt of a n y c o n cr et e i m pl e m e nt ati o n. N e v ert h el ess, it is c o m-
m o n pr a cti c e t o us e a d e n ot ati o n al st yl e [ 1 8] f or r e as o ni n g a b o ut
H as k ell pr o gr a ms, a n d w e d o s o as w ell. I n p arti c ul ar, w e us e t h e
s e m a nti c a p pr o xi m ati o n — i nt er pr et e d as “l ess t h a n or e q u all y as
d efi n e d as ” — b et w e e n v al u es of t h e s a m e t y p e, a n d t h e v al u e ⊥ —
i nt er pr et e d as “ u n d efi n e d ” — at e v er y t y p e. T y p es ar e t a k e n t o b e
p oi nt e d c o m pl et e p arti al or d ers, i. e., s ets e q ui p p e d wit h t h e p arti al
or d er , t h e l e ast el e m e nt ⊥ , a n d li mits of all c h ai ns. Pr o gr a ms ar e
t a k e n t o b e m o n ot o ni c a n d c o nti n u o us f u n cti o ns b et w e e n p oi nt e d
c o m pl et e p arti al or d ers. T h e n oti o ns of m o n ot o ni cit y a n d c o nti n u-
it y ar e gi v e n i n t h e n e xt s e cti o n, t o g et h er wit h ot h er pr eli mi n ari es.

3 P r eli mi n a ri es

F or cl os e d t y p es τ 1 a n d τ 2 t h e s et of all bi n ar y r el ati o ns b et w e e n
t h eir v al u e s ets is d e n ot e d b y R el (τ 1 ,τ 2 ). F u n cti o ns ar e s p e ci al
c as es of r el ati o ns, i. e., a f u n cti o n h :: τ 1 → τ 2 is i nt er pr et e d as its
gr a p h { (x ,y ) | h x = y } ∈ R el (τ 1 ,τ 2 ).

F or e v er y cl os e d t y p e τ t h e r el ati o ns τ , / τ ∈ R el (τ ,τ ) a n d t h e v al u e
⊥ τ :: τ ar e t h e s e m a nti c a p pr o xi m ati o n ( p arti al) or d er, t h e stri ct or-
d er i n d u c e d b y it, a n d t h e l e ast el e m e nt, r es p e cti v el y, f or t h e i nt er-
pr et ati o n of τ . T h e s u bs cri pts will oft e n b e o mitt e d. N e v ert h el ess,
t h e v al u e ⊥ :: τ at a p arti c ul ar cl os e d t y p e s h o ul d n ot b e c o nf us e d
wit h t h e p ol y m or p hi c v al u e ⊥ :: ∀ α .α .

L et τ 1 b e a t y p e wit h at m ost o n e fr e e v ari a bl e, s a y α . F or e v er y
cl os e d t y p e τ , τ 1 [τ / α ] d e n ot es t h e r es ult of s u bstit uti n g τ f or all
fr e e o c c urr e n c es of α i n τ 1 . F or e v er y v al u e u :: ∀ α .τ 1 w e h a v e:

(∀ τ . u τ = ⊥ τ 1 [τ / α ]) ⇒ u = ⊥ ∀ α .τ 1
( 2)

A r el ati o n is stri ct if it c o nt ai ns t h e p air (⊥ ,⊥ ). A r el ati o n is t ot al if,
f or e v er y p air (x ,y ) c o nt ai n e d i n it, x = ⊥ i m pli es y = ⊥ . A r el ati o n
is b ott o m-r efl e cti n g if, f or e v er y p air (x ,y ) c o nt ai n e d i n it, x = ⊥
iff y = ⊥ . A r el ati o n is c o nti n u o us if t h e li mits of t w o c h ai ns of
p air wis e r el at e d el e m e nts ar e a g ai n r el at e d. A r el ati o n is a d missi bl e
if it is stri ct a n d c o nti n u o us. A f u n cti o n h is m o n ot o ni c if x y
i m pli es h x h y .

3 T h e a d- h o c p ol y m or p his m als o pr o vi d e d b y H as k ell i n t h e
f or m of t y p e cl ass es [ 2 4] is n ot c o nsi d er e d h er e. H o w t o h a n dl e t y p e
cl ass es w h e n d eri vi n g fr e e t h e or e ms is dis c uss e d bri efl y i n [ 2 3].



T h e c o m p ositi o n of t w o r el ati o ns R ∈ R el (τ 1 ,τ 2 ) a n d S ∈
R el (τ 2 ,τ 3 ) is d efi n e d as:

R ;S = { (x ,z) | ∃y. (x ,y ) ∈ R ∧ (y,z) ∈ S } ∈ R el (τ 1 ,τ 3 ).

A r el ati o n R is l eft- cl os e d if ;R = R . T h e i n v ers e of a r el ati o n
R ∈ R el (τ 1 ,τ 2 ) is d efi n e d as:

R − 1 = { (y,x ) | (x ,y ) ∈ R } ∈ R el (τ 2 ,τ 1 ).

We d e n ot e − 1 a n d /
− 1 b y a n d / , r es p e cti v el y.

T h e lifti n g of a r el ati o n R ∈ R el (τ 1 ,τ 2 ) t o M a y b e t y p es,
liftM a y b e (R ) ∈ R el (M a y b e τ 1 ,M a y b e τ 2 ), is d efi n e d as:

{ (⊥ ,⊥ ), (N ot hi n g ,N ot hi n g )} ∪ { (J ust x ,J ust y ) | (x ,y ) ∈ R } .

If R is c o nti n u o us, t h e n s o is liftM a y b e (R ). If R is l eft- cl os e d i n

a d diti o n, t h e n ;liftM a y b e (R ) is als o c o nti n u o us.

T h e lifti n g of r el ati o ns R ∈ R el (τ 1 ,τ 2 ) a n d S ∈ R el (τ 1 ,τ 2 ) t o p airs,
lift( ,) (R ,S ) ∈ R el ((τ 1 ,τ 1 ),(τ 2 ,τ 2 )), is d efi n e d as:

{ (⊥ ,⊥ )} ∪ { ((x ,x ),(y,y )) | (x ,y ) ∈ R ∧ (x ,y ) ∈ S } .

If R a n d S ar e c o nti n u o us, t h e n s o is lift( ,) (R ,S ). If R a n d S ar e

l eft- cl os e d i n a d diti o n, t h e n ;lift( ,) (R ,S ) is als o c o nti n u o us.

T h e lifti n g of a r el ati o n R ∈ R el (τ 1 ,τ 2 ) t o lists, lift[](R ) ∈

R el ([τ 1 ],[τ 2 ]), is d efi n e d as t h e l ar g est S ∈ R el ([τ 1 ],[τ 2 ]) s u c h t h at:

S = { (⊥ ,⊥ ), ([],[])} ∪ { (x : xs ,y : ys ) | (x ,y ) ∈ R ∧ (xs ,ys ) ∈ S } .

T h us, t w o lists ar e r el at e d b y lift[](R ) if (i) eit h er b ot h ar e fi nit e
or p arti al lists of s a m e l e n gt h, or b ot h ar e i nfi nit e lists, a n d (ii) el-
e m e nts at c orr es p o n di n g p ositi o ns ar e r el at e d b y R . If R is c o n-
ti n u o us, t h e n s o is lift[](R ). If R is l eft- cl os e d i n a d diti o n, t h e n

;lift[](R ) is als o c o nti n u o us. N ot e t h at i n t h e s p e ci al c as e t h at R
is t h e gr a p h of a H as k ell f u n cti o n h , t h e r el ati o n lift[](R ) c oi n ci d es
wit h t h e gr a p h of t h e f u n cti o n m a p h as d efi n e d i n Fi g ur e 1.

Si n c e is r efl e xi v e, it is n ot h ar d t o s e e fr o m t h e a b o v e d efi niti o ns
t h at f or all a p pr o pri at el y t y p e d f u n cti o ns h a n d lists l:

(m a p h l ,l) ∈ ;lift[]( ;h − 1 ) ( 3)

(l,m a p h l ) ∈ ;lift[](h ; ) ( 4)

M or e o v er, f or all f u n cti o ns h a n d all a p pr o pri at el y t y p e d lists
l1 a n d l2 w e c a n c o n cl u d e fr o m tr a nsiti vit y of a n d t h e o b vi o us
i n cl usi o n of lift[]( ;h − 1 ) i n ;(m a p h ) − 1 t h at:

(l1 ,l2 ) ∈ ;lift[]( ;h − 1 ) ⇒ l1 m a p h l 2 ( 5)

If h is m o n ot o ni c, t h e n fr o m m o n ot o ni cit y of m a p h a n d t h e
i n cl usi o n of lift[](h ; ) i n (m a p h ) ; w e si mil arl y o bt ai n:

(l2 ,l1 ) ∈ ;lift[](h ; ) ⇒ m a p h l 2 l1 ( 6)

4 F r e e T h e o r e ms i n t h e A bs e n c e of s e q

As dis c uss e d i n t h e i ntr o d u cti o n, t h e k e y t o d eri vi n g fr e e t h e or e ms
fr o m t y p es is t o i nt er pr et t y p es as r el ati o ns. E a c h t y p e v ari a bl e is
t h us i nt er pr et e d as a r el ati o n, a n d ass o ci at e d wit h e v er y t y p e c o n-
str u ct or of t h e c al c ul us is a m a p w hi c h pr o d u c es a n e w r el ati o n al
i nt er pr et ati o n fr o m a n a p pr o pri at e n u m b er of gi v e n o n es. S u c h a

m a p is c all e d a r el ati o n al a cti o n. We first r e c all t h e st a n d ar d r e-
l ati o n al a cti o ns f or t h e t y p e c o nstr u ct ors of t h e Gir ar d- R e y n ol ds
p ol y m or p hi c l a m b d a c al c ul us.

T h e r el ati o n al a cti o n c orr es p o n di n g t o t h e f u n cti o n t y p e c o nstr u c-
t or m a ps t w o r el ati o ns R ∈ R el (τ 1 ,τ 2 ) a n d S ∈ R el (τ 1 ,τ 2 ) t o t h e
f oll o wi n g r el ati o n i n R el (τ 1 → τ 1 ,τ 2 → τ 2 ):

R → S = { ( f ,g ) | ∀(x ,y ) ∈ R . ( f x,g y ) ∈ S } .

I n ot h er w or ds, t w o f u n cti o ns ar e r el at e d if t h e y m a p r el at e d ar g u-
m e nts t o r el at e d r es ults.

L et τ 1 a n d τ 2 b e t y p es wit h at m ost o n e fr e e v ari a bl e, s a y α , a n d l et
F b e a f u n cti o n t h at, f or all cl os e d t y p es τ 1 a n d τ 2 a n d e v er y r el ati o n
R ∈ R el (τ 1 ,τ 2 ), gi v es a r el ati o n F (R ) ∈ R el (τ 1 [τ 1 / α ],τ 2 [τ 2 / α ]).
T h e r el ati o n al a cti o n c orr es p o n di n g t o t h e ∀ -t y p e c o nstr u ct or m a ps
F t o t h e f oll o wi n g r el ati o n i n R el (∀ α .τ 1 ,∀ α .τ 2 ):

∀ R ∈ R el . F (R )
= { (u ,v ) | ∀τ 1 ,τ 2 ,R ∈ R el (τ 1 ,τ 2 ). (u τ 1

,v τ 2
) ∈ F (R )} .

A c c or di n g t o t his d efi niti o n, t w o p ol y m or p hi c v al u es ar e r el at e d if
all t h eir i nst a n c es r es p e ct t h e o p er ati o n of F o n r el ati o ns b et w e e n
t h e t y p es at w hi c h i nst a nti ati o n o c c urs.

T h e r el ati o n al a cti o ns i ntr o d u c e d a b o v e c a n b e us e d t o d efi n e a l o g-
i c al r el ati o n b y i n d u cti o n o n t h e str u ct ur e of t y p es. Si n c e w e will
n e e d t o k e e p tr a c k of t h e i nt er pr et ati o ns of q u a ntifi e d t y p es, w e us e
r el ati o n e n vir o n m e nts t o m a p t y p e v ari a bl es t o r el ati o ns b et w e e n
cl os e d t y p es. T h e e m pt y r el ati o n e n vir o n m e nt is d e n ot e d b y /0 a n d
t h e u p d at e, or e xt e nsi o n, of a r el ati o n e n vir o n m e nt η b y m a p pi n g α
t o R is d e n ot e d b y η [R / α ].

L et τ b e a t y p e a n d η b e a r el ati o n e n vir o n m e nt s u c h t h at η (α ) ∈
R el (τ 1 α ,τ 2 α ) f or e a c h fr e e v ari a bl e α of τ . We writ e τ ←−η a n d τ −→η
f or t h e cl os e d t y p es o bt ai n e d b y r e pl a ci n g e v er y fr e e o c c urr e n c e
of e a c h v ari a bl e α i n τ wit h τ 1 α a n d τ 2 α , r es p e cti v el y. A r el ati o n
∆ τ ,η ∈ R el (τ ←−η ,τ −→η ) is d efi n e d as i n Fi g ur e 2.

∆ α ,η = η (α )
∆ τ → τ ,η = ∆ τ ,η → ∆ τ ,η

∆ ∀ α .τ ,η = ∀ R ∈ R el . ∆ τ ,η [R / α ]

Fi g u r e 2. D efi niti o n of t h e st a n d a r d l o gi c al r el ati o n.

If τ is a cl os e d t y p e, w e o bt ai n a r el ati o n ∆ τ ,/0 ∈ R el (τ ,τ ). T h e
a bstr a cti o n or p ar a m etri cit y t h e or e m f or ∆ [ 1 7, 2 3], fr o m w hi c h t h e
st a n d ar d fr e e t h e or e ms ar e d eri v e d, t h e n st at es t h at f or e v er y cl os e d
t er m t :: τ w e h a v e (t,t) ∈ ∆ τ ,/0 . T his is als o c all e d t h e f u n d a m e nt al
pr o p ert y of t h e l o gi c al r el ati o n.

As o utli n e d s o f ar, t h e st a n d ar d l o gi c al r el ati o n is o nl y d efi n e d, a n d
its ass o ci at e d p ar a m etri cit y t h e or e m o nl y h ol ds, f or t h e p ur e p ol y-
m or p hi c l a m b d a c al c ul us. T o m or e cl os el y a p pr o xi m at e m o d er n
f u n cti o n al l a n g u a g es, w e m ust als o t a k e g e n er al r e c ursi v e d efi ni-
ti o ns a n d s uit a bl e d at at y p es i nt o a c c o u nt. Of c o urs e, t h es e f e at ur es
s h o ul d b e a d d e d wit h o ut br e a ki n g t h e f u n d a m e nt al pr o p ert y.

It is w ell k n o w n t h at t h e pr o visi o n of g e n er al fi x p oi nt r e c ursi o n —
as is c a pt ur e d b y t h e f u n cti o n fi x fr o m Fi g ur e 1 — r e q uir es all r el a-
ti o ns us e d i n t h e d efi niti o n of t h e l o gi c al r el ati o n t o b e a d missi bl e.
I n p arti c ul ar, i n t h e i n d u cti v e c as e f or t h e ∀ -t y p e c o nstr u ct or t h e
q u a ntifi c ati o n of R m ust b e o v er a d missi bl e r el ati o ns o nl y. T h e es-
s e nti al o bs er v ati o ns ar e t h e n t h at a d missi bilit y is pr es er v e d b y t h e



gi v e n r el ati o n al a cti o ns, a n d t h at it e ns ur es t h e a d h er e n c e of fi x t o
t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m its t y p e.

W h e n a d di n g b as e t y p es s u c h as I nt or al g e br ai c d at at y p es s u c h as
B o ol , M a y b e , p airs, a n d st a n d ar d H as k ell lists, w e m ust d efi n e f or
e a c h n e w t y p e c o nstr u ct or a c orr es p o n di n g r el ati o n al a cti o n. T h e
us u al a p pr o a c h is t o i nt er pr et n o n p ar a m etri z e d d at at y p es as i d e ntit y
r el ati o ns a n d p ar a m etri z e d d at at y p es b y str u ct ur al lifti n gs of r el a-
ti o ns. Ill ustr ati n g e x a m pl es ar e gi v e n i n Fi g ur e 3. F urt h er, w e m ust
v erif y t h at e a c h n e w c o nst a nt us e d t o c o nstr u ct or h a n dl e v al u es
of t h e n e w t y p es s atisfi es t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m
its t y p e. F or e x a m pl e, w e m ust c h e c k t h at (i,i) ∈ ∆ I nt,/0 f or e v-
er y i nt e g er lit er al i, ( +,+) ∈ ∆ I nt→ I nt→ I nt,/0 , ([],[]) ∈ ∆ ∀ α .[α ],/0 , a n d

(J ust ,J ust ) ∈ ∆ ∀ α .α → M a y b e α ,/0 h ol d. T his is i n d e e d t h e c as e, a n d
si mil arl y f or ot h er c o nst a nts.

∆ I nt,η = i dI nt

∆ B o ol ,η = i dB o ol

∆ M a y b e τ ,η = liftM a y b e (∆ τ ,η )
∆ ( τ ,τ ) ,η = lift( ,) (∆ τ ,η ,∆ τ ,η )
∆ [τ ],η = lift[](∆ τ ,η )

Fi g u r e 3. St a n d a r d r el ati o n al i nt e r p r et ati o ns f o r d at at y p es.

F or e a c h al g e br ai c d at at y p e w e m ust als o i n cl u d e a m e a ns of d e-
str u cti n g its v al u es vi a p att er n m at c hi n g. O n e w a y t o d o t his is t o
i ntr o d u c e, as a n e w t er m-f or mi n g o p er ati o n, a c as e - c o nstr u ct t h at
c a n b e us e d at e v er y al g e br ai c d at at y p e. 4 Pr o vi n g t h at t h e f u n d a-
m e nt al pr o p ert y of t h e l o gi c al r el ati o n r e m ai ns i nt a ct a m o u nts t o
si m pl y c h e c ki n g t h at t h e r el ati o n al i nt er pr et ati o n of e v er y r et ur n
t y p e of a c as e - e x pr essi o n is stri ct. T h at stri ct n ess is all t h at is r e-
q uir e d c a n b e ar g u e d as f oll o ws.

B y a n al o g y wit h R e y n ol ds’ a bstr a cti o n t h e or e m w e m ust s h o w t h at
t w o d e n ot ati o ns of a c as e - e x pr essi o n i n r el at e d e n vir o n m e nts ar e
r el at e d b y t h e i nt er pr et ati o n of its t y p e w h e n e v er it is c o nstr u ct e d
fr o m s u bt er ms w h os e d e n ot ati o ns ar e si mil arl y r el at e d. T o t his e n d,
w e first n ot e t h at t h e r el ati o n al i nt er pr et ati o n of a n al g e br ai c d at a-
t y p e r es p e cts its str u ct ur e. T h us, if t w o d e n ot ati o ns of t h e s el e ct or
of a c as e - e x pr essi o n ar e r el at e d b y t h e i nt er pr et ati o n of t h e s el e c-
t or’s ( al g e br ai c) d at at y p e, t h e n t h e str u ct ur al n at ur e of t his i nt er pr e-
t ati o n e ns ur es t h at p att er n m at c hi n g a g ai nst eit h er d e n ot ati o n will
s el e ct t h e s a m e br a n c h, if a n y, of t h e c as e - e x pr essi o n. T h er e ar e
t w o c as es t o c o nsi d er. If p att er n m at c hi n g a g ai nst o n e — a n d h e n c e
b ot h — s el e ct or d e n ot ati o ns s u c c e e ds, t h e n, b y h y p ot h esis, t h e r e-
s ulti n g d e n ot ati o ns of t h e c as e - e x pr essi o n ar e v al u es t h at ar e r el at e d
b y t h e i nt er pr et ati o n of its r et ur n t y p e. If, o n t h e ot h er h a n d, p att er n
m at c hi n g f ails o n o n e of t h e s el e ct or d e n ot ati o ns ( eit h er b e c a us e t h e
v al u e is ⊥ or b e c a us e t h e p att er n m at c h is n ot e x h a usti v e), t h e n it
als o f ails o n t h e ot h er o n e. W h at w e n e e d t o est a blis h t h e n is t h at t h e
i nt er pr et ati o n d et er mi n e d b y t h e l o gi c al r el ati o n f or t h e r et ur n t y p e
of t h e c as e - e x pr essi o n r el at es t h e t w o r es ulti n g ⊥ s. It cl e arl y d o es if
it is k n o w n t o b e stri ct. T his stri ct n ess r e q uir e m e nt is als o r efl e ct e d
i n t h e p oi nt e d n ess c o nstr ai nt o n t h e r es ult t y p e of t h e pr ot ot y pi c al
c as e - c o nst a nt gi v e n i n S e cti o n 3 of [ 1 1].

Li k e t h e r el ati o n al a cti o ns f or t h e f u n cti o n a n d ∀ -t y p e c o nstr u ct ors,
t h e r el ati o n al a cti o ns f or al g e br ai c d at at y p es as us e d i n Fi g ur e 3
pr es er v e a d missi bilit y. I n p arti c ul ar, all r el ati o n al a cti o ns pr es er v e

4 Ot h er us es of p att er n m at c hi n g i n H as k ell pr o gr a ms — e. g., o n
l eft- h a n d si d es of f u n cti o n e q u ati o ns — c a n all b e tr a nsl at e d i nt o
c as e - e x pr essi o ns.

stri ct n ess, as is r e q uir e d f or c as e - e x pr essi o ns t o s atisf y t h eir p ar a-
m etri cit y pr o p erti es. T h e r estri ct e d q u a ntifi c ati o n o v er a d missi bl e
r el ati o ns i n t h e ∀ - c as e t h us e ns ur es t h at t h e r es ulti n g fr e e t h e or e ms
ar e v ali d f or pr o gr a ms p ot e nti all y usi n g b ot h g e n er al r e c ursi o n a n d
t h e ri c h er t y p e str u ct ur e. I n t h e n e xt s e cti o n w e t ur n t o t h e q u esti o n
of w h at h a p p e ns w h e n s e q is als o a d d e d t o t h e l a n g u a g e.

5 F r e e T h e o r e ms F ail i n t h e P r es e n c e of s e q

W h e n a d di n g t h e c o nst a nt s e q t o t h e l a n g u a g e, w e m ust e ns ur e t h at
it s atisfi es t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m its t y p e:

(s e q ,s e q ) ∈ ∆ ∀ α β .α → β → β ,/0
⇔ (s e q ,s e q ) ∈ (∀ R ∈ R el .∆ ∀ β .α → β → β ,[R / α ])
⇔ (s e q ,s e q ) ∈ (∀ R ∈ R el .∀ S ∈ R el .∆ α → β → β ,[R / α ,S / β ])
⇔ (s e q ,s e q ) ∈ (∀ R ∈ R el .∀ S ∈ R el .R → (S → S ))
⇔ ∀ R ∈ R el (τ 1 ,τ 2 ). (s e q τ 1

,s e q τ 2
) ∈ (∀ S ∈ R el .R → (S → S ))

⇔ ∀ R ∈ R el (τ 1 ,τ 2 ),S ∈ R el (τ 1 ,τ 2 ).
(s e q τ 1 τ 1

,s e q τ 2 τ 2
) ∈ R → (S → S )

⇔ ∀ R ∈ R el (τ 1 ,τ 2 ),S ∈ R el (τ 1 ,τ 2 ),(a 1 ,a 2 ) ∈ R .
(s e q τ 1 τ 1

a 1 ,s e q τ 2 τ 2
a 2 ) ∈ S → S

⇔ ∀ R ∈ R el (τ 1 ,τ 2 ),S ∈ R el (τ 1 ,τ 2 ),(a 1 ,a 2 ) ∈ R ,(b 1 ,b 2 ) ∈ S .
(s e q τ 1 τ 1

a 1 b 1 ,s e q τ 2 τ 2
a 2 b 2 ) ∈ S .

B ut e v e n if w e r estri ct o urs el v es t o a d missi bl e r el ati o ns, t h e r es ult-
i n g st at e m e nt is n ot tr u e. As a c o u nt er e x a m pl e, c o nsi d er t h e f ol-
l o wi n g i nst a nti ati o n:

R = ⊥ B o ol → B o ol ∈ R el (B o ol ,B o ol )
S = i dB o ol ∈ R el (B o ol ,B o ol )
(a 1 ,a 2 ) = ( F als e ,⊥ B o ol ) ∈ R
(b 1 ,b 2 ) = ( F als e ,F als e ) ∈ S .

Alt h o u g h R a n d S ar e a d missi bl e, t h e cl ai m e d m e m b ers hi p
(s e q F als e F als e ,s e q ⊥ B o ol F als e ) ∈ S d o es n ot h ol d.

Si n c e s e q vi ol at es t h e p ar a m etri cit y pr o p ert y di ct at e d b y its t y p e,
ot h er t er ms t h at ar e b uilt usi n g s e q mi g ht d o s o as w ell. T h e pr o b-
l e m li es wit h r el ati o ns, s u c h as R a b o v e, t h at r el at e ⊥ t o n o n-⊥
v al u es. It h as t h er ef or e b e e n pr o p os e d ( e. g., i n [ 1 1]) t h at q u a n-
tifi e d r el ati o ns s h o ul d b e f urt h er r estri ct e d b y r e q uiri n g b ott o m-
r efl e cti n g n ess. B ut t h e first c o u nt er e x a m pl e i n t h e i ntr o d u cti o n
s h o ws t h at, c o ntr ar y t o c o n v e nti o n al wis d o m, t his is n ot q uit e
e n o u g h t o r e c o v er v ali d fr e e t h e or e ms i n t h e pr es e n c e of s e q. ( T h e
r e q uir e m e nt t h at r el ati o ns b e a d missi bl e a n d b ott o m-r efl e cti n g b e-
c o m es a stri ct n ess a n d t ot alit y r e q uir e m e nt o n H as k ell f u n cti o ns
w hi c h i nst a nti at e t h os e r el ati o ns.) T h e c at c h is t h at w e m ust n ot
o nl y i m p os e a p pr o pri at e r estri cti o ns o n t h e q u a ntifi e d r el ati o ns, b ut
m ust als o e ns ur e t h at t h es e r estri cti o ns ar e pr es er v e d b y all r el a-
ti o n al a cti o ns. T his is cr u ci al b e c a us e d uri n g t h e pr o of of t h e p ar a-
m etri cit y t h e or e m, i n t h e i n d u cti v e c as e f or t y p e i nst a nti ati o n, a u ni-
v ers all y q u a ntifi e d r el ati o n t h at is s u bj e ct t o t h e i m p os e d r estri cti o ns
is i nst a nti at e d wit h t h e r el ati o n al i nt er pr et ati o n of a n ar bitr ar y t y p e
t o est a blis h t h e i n d u cti o n c o n cl usi o n. If t h at i nt er pr et ati o n is n ot
g u ar a nt e e d t o f ulfill t h e n e c ess ar y r estri cti o ns, t h e n t his us e of t h e
i n d u cti o n h y p ot h esis is i m p ossi bl e, a n d t h e e ntir e pr o of br e a ks. T h e
pr o of of t h e p ar a m etri cit y t h e or e m br e a ks i n pr e cis el y t his w a y if
o n e s u bj e cts q u a ntifi e d r el ati o ns t o b ott o m-r efl e cti n g n ess b ut sti c ks
t o t h e st a n d ar d r el ati o n al a cti o n f or t h e f u n cti o n t y p e c o nstr u ct or.
T o s e e w h y, c o nsi d er t h at f or e v er y r el ati o n R a n d e v er y stri ct r e-
l ati o n S , t h e r el ati o n R → S c o nt ai ns t h e p air (⊥ ,(λ x → ⊥ )) a n d
c o ns e q u e ntl y — si n c e (λ x → ⊥ ) is diff er e nt fr o m ⊥ i n t h e pr es e n c e
of s e q — is n ot b ott o m-r efl e cti n g as w o ul d b e r e q uir e d.

I n t h e n e xt s e cti o n w e s ol v e t his pr o bl e m b y m o dif yi n g t h e a cti o n
of → o n r el ati o ns t o t a k e i nt o a c c o u nt t h e diff er e n c e b et w e e n a n



u n d efi n e d f u n cti o n a n d a d efi n e d f u n cti o n t h at al w a ys r et ur ns a n
u n d efi n e d v al u e. T his is d o n e b y e x pli citl y a d di n g a c o n diti o n o n
t h e d efi n e d n ess of r el at e d f u n cti o ns si mil ar t o t h at i n t h e l az y l o gi c al
r el ati o n (i n t h e a bs e n c e of p ol y m or p his m a n d al g e br ai c d at at y p es)
of [ 4]. B ut r at h er t h a n r e q uiri n g b ott o m-r efl e cti n g n ess, w e i m p os e
ot h er r estri cti o ns o n r el ati o n al i nt er pr et ati o ns. I n c o ntr ast t o o nl y
r e c o v eri n g t h e us u al e q u ati o n al fr e e t h e or e ms u n d er q uit e s e v er e
pr e c o n diti o ns, t h es e r estri cti o ns a d diti o n all y all o w us t o d eri v e i n-
e q u ati o n al v ersi o ns of t h es e t h e or e ms u n d er w e a k er pr e c o n diti o ns.

6 R e c o v e ri n g F r e e T h e o r e ms i n t h e P r es e n c e
of s e q

As d e m o nstr at e d i n t h e pr e vi o us s e cti o n, t h e pr es e n c e of s e q c a us es
pr o bl e ms if r el ati o n al i nt er pr et ati o ns of t y p es ar e all o w e d t o r el at e
⊥ a n d n o n- ⊥ v al u es. O n e w a y t o a c c o m o d at e s e q w o ul d t h us b e
t o r e q uir e all e n c o u nt er e d r el ati o ns (t h os e us e d t o i nt er pr et b o u n d
t y p e v ari a bl es a n d t h os e o bt ai n e d vi a t h e r el ati o n al a cti o ns) t o b e
b ott o m-r efl e cti n g i n a d diti o n t o b ei n g a d missi bl e. T his is a dr as-
ti c r estri cti o n, h o w e v er, b e c a us e it e nt ails t h at t h e st at e m e nts t h at
ar e fi n all y o bt ai n e d as fr e e t h e or e ms will o nl y c a pt ur e sit u ati o ns i n
w hi c h eit h er b ot h of t h e si d es of a l a w ar e u n d efi n e d or n eit h er is.
B ut as w e h a v e s e e n i n t h e i ntr o d u cti o n, t h e v er y n at ur e of s e q’s
i m p a ct o n fr e e t h e or e ms pr o v a bl e i n its a bs e n c e is t o p ot e nti all y
m a k e o n e of t h e t w o si d es of a l a w l ess d efi n e d (i n d e e d, p ot e nti all y
⊥ ), w hil e t h e ot h er o n e r e m ai ns u n c h a n g e d. T o d eri v e i nt er esti n g
st at e m e nts f or s u c h sit u ati o ns, w e s h o ul d t h er ef or e b e m or e li b er al.

We i ntr o d u c e a n as y m m etr y i nt o r el ati o n al i nt er pr et ati o ns b y all o w-
i n g r el ati o ns R s urf a ci n g i n t h e n e w l o gi c al r el ati o n t o c o nt ai n p airs
(⊥ ,y ) wit h y = ⊥ , b ut f or bi d di n g p airs (x ,⊥ ) wit h x = ⊥ . T h us, i n-
st e a d of r e q uiri n g t ot alit y of b ot h R a n d R − 1 — w hi c h a m o u nts
t o b ott o m-r efl e cti n g n ess — w e r e q uir e o nl y t ot alit y of R . O n e s et
of r estri cti o ns t h at e n c o m p ass es t his as y m m etr y i d e a a n d e ns ur es
t h e a d h er e n c e of s e q t o t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m its
t y p e w as pr o p os e d i n A p p e n di x B of [ 2 2]. H o w e v er, t h e s a m e l a ps e
o c c urr e d t h er e as i n t h e “ c o n v e nti o n al wis d o m ” m e nti o n e d i n t h e
pr e vi o us s e cti o n: t h at t h os e r estri cti o ns ar e pr es er v e d b y all r el a-
ti o n al a cti o ns w as n e v er v erifi e d. U nf ort u n at el y, t h e y ar e n ot s o
pr es er v e d, a n d t h eir a d- h o c n at ur e m a k es it u n c ert ai n w h et h er t h e y
w o ul d pr o vi d e a g o o d st arti n g p oi nt f or p utti n g t hi n gs ri g ht b y a d-
j usti n g t h e r el ati o n al a cti o ns.

It is o ur d esir e t o a c c o u nt f or t h e f a ct t h at o n e of t h e t w o t er ms r e-
l at e d b y a fr e e t h e or e m c a n b e c o m e stri ctl y l ess d efi n e d t h a n t h e
ot h er i n t h e pr es e n c e of s e q . T his m oti v at es t ur ni n g o ur att e nti o n
t o r el ati o ns w hi c h ar e l eft- cl os e d i n a d diti o n t o b ei n g a d missi bl e
a n d t ot al. T h e n e e d t o e ns ur e t h at all r el ati o n al a cti o ns pr es er v e
t h es e r estri cti o ns f or c es us t o a dj ust t h eir d efi niti o ns. B ut pr es er v-
i n g a d missi bilit y, t ot alit y, a n d l eft- cl os e d n ess is n ot t h e o nl y c o n-
c er n w h e n a dj usti n g t h e d efi niti o ns of t h e r el ati o n al a cti o ns. T h e
n e w r el ati o n al a cti o ns m ust als o l e n d t h e ms el v es t o pr o vi n g a p ar a-
m etri cit y t h e or e m, a n d m ust t h er ef or e h a v e a n “ e xt e nsi o n al fl a v or ”
w hi c h ti es t h e m t o t h e s e m a nti cs of t h e l a n g u a g e. 5 E xt e nsi o n al-
it y h er e is wit h r es p e ct t o s e m a nti c a p pr o xi m ati o n. F or e x a m pl e,
t h e n e w r el ati o n al a cti o n f or t h e f u n cti o n t y p e c o nstr u ct or a p pli e d
t o r el ati o ns τ a n d τ will c a pt ur e e x a ctl y t h e c o n diti o ns u n d er
w hi c h a f u n cti o n f :: τ → τ a p pr o xi m at es a f u n cti o n g :: τ → τ i n
t h e pr es e n c e of s e q .

5 I n t h e a bs e n c e of t his c o nsi d er ati o n, e v er y r el ati o n al a cti o n
c o ul d si m pl y r et ur n t h e tri vi al r el ati o n { (⊥ ,⊥ )} . B ut t his is cl e arl y
n ot w h at w e w a nt.

I n t h e r e m ai n d er of t his p a p er t h e s et of all a d missi bl e, t ot al,
a n d l eft- cl os e d r el ati o ns b et w e e n v al u es of cl os e d t y p es τ 1 a n d
τ 2 is d e n ot e d b y R el s e q (τ 1 ,τ 2 ). T h e r el ati o n al a cti o n c orr es p o n d-
i n g t o t h e f u n cti o n t y p e c o nstr u ct or is a d a pt e d t o m a p r el ati o ns
R ∈ R el s e q (τ 1 ,τ 2 ) a n d S ∈ R el s e q (τ 1 ,τ 2 ) t o t h e f oll o wi n g r el ati o n
i n R el s e q (τ 1 → τ 1 ,τ 2 → τ 2 ):

R → s e q S = { ( f ,g ) | ( f = ⊥ ⇒ g = ⊥ )
∧ ∀ (x ,y ) ∈ R . ( f x,g y ) ∈ S } ,

i. e., w e e x pli citl y a d d t h e t ot alit y r estri cti o n. T h at t h e r es ulti n g r e-
l ati o n is a d missi bl e f oll o ws fr o m m o n ot o ni cit y a n d c o nti n uit y of
f u n cti o n a p pli c ati o n i n H as k ell a n d fr o m a d missi bilit y of S . T o
s h o w t h at it is als o l eft- cl os e d, w e n e e d t o est a blis h t h at fr o m f f
a n d ( f ,g ) ∈ R → s e q S it f oll o ws t h at ( f ,g ) ∈ R → s e q S , i. e.,

( f = ⊥ ⇒ g = ⊥ ) ∧ ∀ (x ,y ) ∈ R . ( f x ,g y ) ∈ S .

T h e first c o nj u n ct f oll o ws fr o m f f a n d f = ⊥ ⇒ g = ⊥ . T h e
s e c o n d c o nj u n ct f oll o ws b y l eft- cl os e d n ess of S fr o m t h e f a cts t h at,
f or e v er y (x ,y ) ∈ R , w e h a v e f x f x b y m o n ot o ni cit y of f u n cti o n
a p pli c ati o n i n H as k ell, as w ell as ( f x,g y ) ∈ S .

T h e r el ati o n al a cti o n c orr es p o n di n g t o t h e ∀ -t y p e c o nstr u ct or is
a d a pt e d b y q u a ntif yi n g o nl y o v er a d missi bl e, t ot al, a n d l eft- cl os e d
r el ati o ns as f oll o ws. L et τ 1 a n d τ 2 b e t y p es wit h at m ost o n e fr e e
v ari a bl e, s a y α . I n a d diti o n, l et F b e a f u n cti o n t h at, f or all cl os e d
t y p es τ 1 a n d τ 2 a n d e v er y r el ati o n R ∈ R el s e q (τ 1 ,τ 2 ), gi v es a r el a-
ti o n F (R ) ∈ R el s e q (τ 1 [τ 1 / α ],τ 2 [τ 2 / α ]). T h e n e w r el ati o n al a cti o n
m a ps F t o t h e f oll o wi n g r el ati o n i n R el s e q (∀ α .τ 1 ,∀ α .τ 2 ):

∀ R ∈ R el s e q . F (R )
= { (u ,v ) | ∀τ 1 ,τ 2 ,R ∈ R el s e q (τ 1 ,τ 2 ). (u τ 1

,v τ 2
) ∈ F (R )} .

T h at t h e r es ulti n g r el ati o n is a d missi bl e f oll o ws fr o m m o n ot o ni c-
it y a n d c o nti n uit y of t y p e i nst a nti ati o n i n H as k ell a n d fr o m a d-
missi bilit y of all t h e F (R ).  T h at it is t ot al c a n b e s h o w n
b y i n dir e ct r e as o ni n g as f oll o ws. Ass u m e (u ,⊥ ∀ α .τ 2

) ∈ (∀ R ∈
R el s e q . F (R )) f or s o m e u = ⊥ ∀ α .τ 1

. Si n c e f or e v er y cl os e d t y p e τ
w e h a v e τ ∈ R el s e q (τ ,τ ), t his m e a ns t h at f or e v er y s u c h τ w e h a v e
(u τ ,(⊥ ∀ α .τ 2

) τ ) ∈ F ( τ ), i. e., (u τ ,⊥ τ 2 [τ / α ]) ∈ F ( τ ). B y t ot alit y

of F ( τ ) it f oll o ws t h at f or e v er y s u c h τ w e h a v e u τ = ⊥ τ 1 [τ / α ],
a n d t h us b y l a w ( 2) w e d eri v e t h e c o ntr a di cti o n t h at u = ⊥ ∀ α .τ 1

. T o
s h o w l eft- cl os e d n ess of ∀ R ∈ R el s e q . F (R ), w e n e e d t o est a blis h
t h at fr o m u u a n d (u ,v ) ∈ (∀ R ∈ R el s e q . F (R )) it f oll o ws t h at
(u ,v ) ∈ (∀ R ∈ R el s e q . F (R )), i. e.,

∀ τ 1 ,τ 2 ,R ∈ R el s e q (τ 1 ,τ 2 ). (u τ 1
,v τ 2

) ∈ F (R ).

T his f oll o ws b y l eft- cl os e d n ess of all t h e F (R ) fr o m t h e f a cts t h at,
f or e v er y τ 1 , τ 2 , a n d R ∈ R el s e q (τ 1 ,τ 2 ), w e h a v e u τ 1

u τ 1
b y m o n o-

t o ni cit y of t y p e i nst a nti ati o n i n H as k ell, a n d (u τ 1
,v τ 2

) ∈ F (R ).

T h e r el ati o n al i nt er pr et ati o ns of d at at y p es ar e l eft- c o m p os e d wit h
. It is n ot h ar d t o s e e (fr o m t h e f a cts t h at ;R is al w a ys stri ct,

t ot al, a n d l eft- cl os e d f or a stri ct a n d t ot al R a n d t h at t h e st a n d ar d r e-
l ati o n al i nt er pr et ati o ns f or d at at y p es ar e stri ct a n d t ot al b y c o nstr u c-
ti o n) t h at t his gi v es stri ct, t ot al, a n d l eft- cl os e d r el ati o ns o nl y. F ur-
t h er, is a c o nti n u o us r el ati o n, a n d f or c o nti n u o us a n d l eft- cl os e d
r el ati o ns R a n d S t h e r el ati o ns ;liftM a y b e (R ), ;lift( ,) (R ,S ),

a n d ;lift[](R ) ar e als o c o nti n u o us.

H e n c e, all r el ati o ns t h at t ur n u p i n t h e d efi niti o n of t h e n e w l o gi c al
r el ati o n as gi v e n i n Fi g ur e 4 will i n f a ct b e a d missi bl e, t ot al, a n d
l eft- cl os e d. I n p arti c ul ar, ∆

s e q
τ ,/0 ∈ R el s e q (τ ,τ ) f or e v er y cl os e d t y p e τ .



∆
s e q
α ,η = η (α )

∆
s e q
τ → τ ,η = ∆

s e q
τ ,η → s e q ∆

s e q
τ ,η

∆
s e q
∀ α .τ ,η = ∀ R ∈ R el s e q . ∆

s e q
τ ,η [R / α ]

∆
s e q
I nt,η = I nt

∆
s e q
B o ol ,η = B o ol

∆
s e q
M a y b e τ ,η = ;liftM a y b e (∆

s e q
τ ,η )

∆
s e q
( τ ,τ ) ,η = ;lift( ,) (∆

s e q
τ ,η ,∆

s e q
τ ,η )

∆
s e q
[τ ],η = ;lift[](∆

s e q
τ ,η )

Fi g u r e 4. D efi niti o n of t h e l o gi c al r el ati o n i n t h e p r es e n c e of s e q.

We cl ai m t h at o ur c h a n g e d l o gi c al r el ati o n still h as t h e f oll o wi n g
f u n d a m e nt al pr o p ert y (fr o m w hi c h t h e n e w fr e e t h e or e ms will b e
d eri v e d):

if τ is a cl os e d t y p e a n d t :: τ is a cl os e d t er m, t h e n:
(t,t) ∈ ∆

s e q
τ ,/0 ( 7)

T h e first t hi n g t o c h e c k is t h at t his is tr u e f or s e q :

(s e q ,s e q ) ∈ ∆
s e q
∀ α β .α → β → β ,/0

⇔ ∀ R ∈ R el s e q (τ 1 ,τ 2 ),S ∈ R el s e q (τ 1 ,τ 2 ).
(s e q τ 1 τ 1

,s e q τ 2 τ 2
) ∈ R → s e q (S → s e q S )

⇔ ∀ R ∈ R el s e q (τ 1 ,τ 2 ),S ∈ R el s e q (τ 1 ,τ 2 ).
(s e q τ 1 τ 1

= ⊥ ⇒ s e q τ 2 τ 2
= ⊥ )

∧ ∀ (a 1 ,a 2 ) ∈ R . (s e q τ 1 τ 1
a 1 ,s e q τ 2 τ 2

a 2 ) ∈ S → s e q S
⇔ ∀ R ∈ R el s e q (τ 1 ,τ 2 ),S ∈ R el s e q (τ 1 ,τ 2 ).

(s e q τ 1 τ 1
= ⊥ ⇒ s e q τ 2 τ 2

= ⊥ )
∧ ∀ (a 1 ,a 2 ) ∈ R .

(s e q τ 1 τ 1
a 1 = ⊥ ⇒ s e q τ 2 τ 2

a 2 = ⊥ )

∧ ∀ (b 1 ,b 2 ) ∈ S .(s e q τ 1 τ 1
a 1 b 1 ,s e q τ 2 τ 2

a 2 b 2 ) ∈ S .

T h e t w o i m pli c ati o ns arisi n g fr o m t ot alit y c a n b e dis c h ar g e d b e-
c a us e b ot h s e q τ 2 τ 2

a n d s e q τ 2 τ 2
a 2 ar e o nl y p arti all y a p pli e d a n d

h e n c e ar e w e a k h e a d n or m al f or ms diff er e nt fr o m ⊥ . T h e st at e-
m e nt (s e q a 1 b 1 ,s e q a 2 b 2 ) ∈ S u n d er t h e ass u m pti o ns (a 1 ,a 2 ) ∈ R
a n d (b 1 ,b 2 ) ∈ S is v erifi e d b y c as e disti n cti o n o n a 1 a n d a 2 :

a 1 = ⊥ ∧ a 2 = ⊥  ⇒ (s e q a 1 b 1 ,s e q a 2 b 2 ) = ( b 1 ,b 2 )
a 1 = ⊥ ∧ a 2 = ⊥  ⇒ (s e q a 1 b 1 ,s e q a 2 b 2 ) = ( ⊥ ,b 2 )
a 1 = ⊥ ∧ a 2 = ⊥  ⇒ (s e q a 1 b 1 ,s e q a 2 b 2 ) = ( ⊥ ,⊥ )

T h e c as e a 1 = ⊥ a n d a 2 = ⊥ c a n n ot o c c ur d u e t o t ot alit y of R . I n
t h e ot h er c as es, (s e q a 1 b 1 ,s e q a 2 b 2 ) ∈ S f oll o ws fr o m (b 1 ,b 2 ) ∈ S
a n d l eft- cl os e d n ess a n d stri ct n ess of S .

We als o n e e d t o est a blis h t h at e a c h c o nst a nt ass o ci at e d wit h a d at a-
t y p e f ulfills t h e p ar a m etri cit y pr o p ert y d eri v e d fr o m its t y p e. F or
a n o n p ar a m etri z e d d at at y p e s u c h as I nt t his m e a ns w e m ust c o n-
fir m t h at f or e v er y lit er al i :: I nt, (i,i) ∈ ∆

s e q
I nt,/0 = I nt h ol ds. T his

is o b vi o usl y tr u e, a n d s o ar e t h e p ar a m etri cit y pr o p erti es d eri v e d
f or i nt e g er o p er ati o ns s u c h as + . F or lists, w e m ust c o nfir m t h at
([],[]) ∈ ∆

s e q
∀ α .[α ],/0 a n d ((:),(:)) ∈ ∆

s e q
∀ α .α → [α ]→ [α ],/0 . T h e l att er r e-

q uir es us t o est a blis h t h at c ert ai n d efi n e d n ess c o n diti o ns w hi c h aris e
o n p arti al a p pli c ati o ns of (:) ar e s atisfi e d a n d t h at f or e v er y a d missi-
bl e, t ot al, a n d l eft- cl os e d r el ati o n R it f oll o ws fr o m (x ,y ) ∈ R a n d
(xs ,ys ) ∈ ;lift[](R ) t h at (x : xs ,y : ys ) ∈ ;lift[](R ). T h e f or m er is
o b vi o us; t o pr o v e t h e l att er is a n e as y e x er cis e usi n g t h e m o n ot o ni c-
it y of (:). Si mil ar ar g u m e nts w or k f or t h e ot h er d at a c o nstr u ct ors.

W h at r e m ai ns t o b e d o n e is t o mirr or Wa dl er’s s k et c h e d pr o of [ 2 3]
t h at t h e t er m-f or mi n g o p er ati o ns of t h e p ol y m or p hi c l a m b d a c al-
c ul us — i. e., λ - a bstr a cti o n, f u n cti o n a p pli c ati o n, t y p e a bstr a cti o n,
t y p e i nst a nti ati o n — as w ell as t h e c as e - c o nstr u ct b e h a v e a c c or d-
i n g t o t h e ( n e w) l o gi c al r el ati o n. As us u al, t his pr o of r e q uir es a
g e n er ali z ati o n fr o m t h e st at e m e nt a b o ut cl os e d t y p es τ a n d cl os e d
t er ms t :: τ t o t y p es a n d t er ms p ot e nti all y c o nt ai ni n g fr e e v ari a bl es.
It pr o c e e ds b y i n d u cti o n o v er t h e str u ct ur e of t y pi n g d eri v ati o ns.

F or t h e n e w l o gi c al r el ati o n, w e c h a n g e d t h e st a n d ar d r el ati o n al a c-
ti o n c orr es p o n di n g t o t h e ∀ -t y p e c o nstr u ct or b y i m p osi n g a d missi-
bilit y, t ot alit y, a n d l eft- cl os e d n ess o n t h e r el ati o ns o v er w hi c h q u a n-
tifi c ati o n t a k es pl a c e. T his m e a ns t h at, i n c o m p aris o n t o t h e st a n-
d ar d pr o of, t h e h y p ot h esis i n t h e i n d u cti o n st e p f or t h e t y pi n g r ul e
i n w h os e p r e mis e a ∀ -t y p e a p p e ars — i. e., t h e i n d u cti o n h y p ot h-
esis f or t h e r ul e f or t y p e i nst a nti ati o n — n o w pr o vi d es a w e a k er
st at e m e nt c o n c er ni n g r estri ct e d r el ati o ns o nl y. B ut si n c e t h e n e w
r el ati o n al a cti o ns ar e c o nstr u ct e d pr e cis el y s o t h at t h e r el ati o n al i n-
t er pr et ati o ns of all t y p es s atisf y t h e r e q uir e d r estri cti o ns, t his is j ust
e n o u g h t o pr o v e t h e i n d u cti o n c o n cl usi o n. F or t h e ot h er i n d u cti o n
st e p i n v ol vi n g a ∀ -t y p e — i. e., f or t h e st e p c orr es p o n di n g t o t y p e
a bstr a cti o n — n o a d diti o n al ar g u m e nts ar e n e c ess ar y.

T h e o nl y c h a n g e t o t h e r el ati o n al a cti o n c orr es p o n di n g t o t h e f u n c-
ti o n t y p e c o nstr u ct or is a str e n gt h e ni n g d u e t o t h e a d d e d t ot alit y r e-
stri cti o n. T h us, of t h e t w o t y p e i nf er e n c e r ul es i n v ol vi n g a f u n cti o n
t y p e, o nl y t h e i n d u cti o n st e p f or t h e r ul e i n w h os e c o n cl usi o n t h e
f u n cti o n t y p e a p p e ars diff ers fr o m t h at f or t h e st a n d ar d l o gi c al r el a-
ti o n. F or a n a bstr a cti o n of t h e f or m (λ x → t) a p p e ari n g i n t h e c o n-
cl usi o n of t h at r ul e w e m ust s h o w i n a d diti o n t h at (λ x → [[t]]ρ 1 ) = ⊥
i m pli es (λ x → [[t]]ρ 2 ) = ⊥ f or e v er y p air of t y p e-r es p e cti n g e n vir o n-
m e nts ρ 1 a n d ρ 2 m a p pi n g t h e fr e e t y p e v ari a bl es of t t o t y p es a n d
t h e fr e e o bj e ct v ari a bl es of t ot h er t h a n x t o v al u es. H er e [[t]]ρ 1 a n d
[[t]]ρ 2 d e n ot e t h e v al u es of t i n t h e e n vir o n m e nts ρ 1 a n d ρ 2 , r es p e c-
ti v el y, w h er e t h e v al u e of a t er m i n a n e n vir o n m e nt is d efi n e d i n
t h e us u al w a y. T h e i m pli c ati o n i n q u esti o n o b vi o usl y h ol ds b e c a us e
λ - a bstr a cti o ns ar e w e a k h e a d n or m al f or ms disti n ct fr o m ⊥ .

T h e i n d u cti o n st e p f or c as e - e x pr essi o ns a m o u nts t o c o nsi d eri n g t h e
diff er e nt w a ys i n w hi c h t h e d e n ot ati o n, i n o n e e n vir o n m e nt, of t h e
s el e ct or of s u c h a n e x pr essi o n c a n b e r el at e d t o its d e n ot ati o n i n a
r el at e d e n vir o n m e nt. We m ust s h o w t h at f or e a c h s u c h p ossi bilit y
t h e d e n ot ati o ns of t h e w h ol e c as e - e x pr essi o n i n t h e t w o e n vir o n-
m e nts ar e c orr es p o n di n gl y r el at e d b y t h e i nt er pr et ati o n of its r et ur n
t y p e. T h e ar g u m e nt pr o c e e ds al o n g t h e s a m e li n es as t h e c orr e-
s p o n di n g o n e f or t h e st a n d ar d l o gi c al r el ati o n i n S e cti o n 4. Si n c e
e a c h n e w i nt er pr et ati o n of a n al g e br ai c d at at y p e is t h e c o m p ositi o n
of t h e s e m a nti c a p pr o xi m ati o n or d eri n g a n d its st a n d ar d str u ct ur al
i nt er pr et ati o n, t h e ar g u m e nt a d diti o n all y us es t h e f a ct t h at t h e r el a-
ti o n al i nt er pr et ati o ns of all t y p es ar e l eft- cl os e d.

Fi n all y, si n c e a d missi bilit y is i n cl u d e d a m o n g t h e r estri cti o ns w e
i m p os e o n all r el ati o ns, t h e ar g u m e nts fr o m S e cti o n 7 of [ 2 3] e n-
s ur e t h at ⊥ a n d fi x als o f ulfill t h eir p ar a m etri cit y pr o p erti es wit h
r es p e ct t o t h e n e w l o gi c al r el ati o n. P utti n g e v er yt hi n g t o g et h er, w e
c o n cl u d e t h at ( 7) h ol ds i n t h e pr es e n c e of b ot h s e q a n d g e n er al fi x-
p oi nt r e c ursi o n.

6. 1 M a n uf a ct u ri n g P e r missi bl e R el ati o ns

A n oft-f oll o w e d str at e g y w h e n d eri vi n g fr e e t h e or e ms is t o s p e ci al-
i z e q u a ntifi e d r el ati o ns t o f u n cti o ns. Si n c e t h e o nl y f u n cti o ns t h at
ar e stri ct a n d l eft- cl os e d ar e c o nst a nt f u n cti o ns m a p pi n g t o ⊥ , a n d
si n c e s u c h a f u n cti o n is t ot al o nl y w h e n its d o m ai n c o nsists s ol el y



of ⊥ , t his is n ot v er y us ef ul i n t h e pr es e n c e of s e q a n d its att e n d a nt
r estri cti o ns o n r el ati o ns. T h er e ar e, h o w e v er, t w o c a n o ni c al w a ys
t o m a n uf a ct ur e a d missi bl e, t ot al, a n d l eft- cl os e d r el ati o ns o ut of a
f u n cti o n. T h es e ar e c o nsi d er e d n o w a n d p ut t o g o o d us e i n t h e n e xt
t w o s e cti o ns.

O n t h e o n e h a n d, f or e v er y m o n ot o ni c a n d a d missi bl e f u n cti o n h
t h e r el ati o n

;h − 1 = { (x ,y ) | x h y }

is a d missi bl e, t ot al, a n d l eft- cl os e d. O n t h e ot h er, f or e v er y m o n o-
t o ni c, a d missi bl e, a n d t ot al f u n cti o n h t h e r el ati o n

h ; = { (x ,y ) | h x y }

is a d missi bl e, t ot al, a n d l eft- cl os e d. N ot e t h at t h e m o n ot o ni cit y a n d
a d missi bilit y r e q uir e m e nts o n h a b o v e ar e ess e nti al. B ut si n c e w e
will o nl y c o nsi d er f u n cti o ns d efi n a bl e i n H as k ell b el o w, a n d t h es e
ar e al w a ys ass u m e d t o b e m o n ot o ni c a n d c o nti n u o us, w e will o nl y
e x pli citl y r e c or d t h e stri ct n ess pr e c o n diti o n i n t h e f oll o wi n g.

7 T w o F r e e T h e o r e ms a b o ut filt er

I n t his s e cti o n w e s h o w h o w t h e f u n d a m e nt al pr o p ert y of o ur m o di-
fi e d l o gi c al r el ati o n c a n b e us e d t o d eri v e fr e e t h e or e ms i n t h e pr es-
e n c e of s e q .

T H E O R E M 1. F or e v er y f u n cti o n

filt er :: ∀ α . (α → B o ol ) → [α ] → [α ]

a n d a p pr o pri at el y t y p e d p, h, a n d l t h e f oll o wi n g h ol d:

if h is stri ct, t h e n:
filt er p (m a p h l ) m a p h (filt er ( p ◦ h ) l) ( 8)

if p = ⊥ a n d h is stri ct a n d t ot al, t h e n:
filt er p (m a p h l ) = m a p h (filt er ( p ◦ h ) l) ( 9)

P R O O F . T h e p ar a m etri cit y pr o p ert y f or filt er’s t y p e is t h e f oll o wi n g
i nst a n c e of l a w ( 7):

(filt er, filt er) ∈ ∆
s e q
∀ α .( α → B o ol ) → [α ]→ [α ],/0 .

E x p a n di n g t his st at e m e nt f oll o wi n g t h e d efi niti o n fr o m Fi g ur e 4
yi el ds t h at f or e v er y c h oi c e of cl os e d t y p es τ 1 a n d τ 2 , a n a d mis-
si bl e, t ot al, a n d l eft- cl os e d r el ati o n R ∈ R el s e q (τ 1 ,τ 2 ), f u n cti o ns
p 1 :: τ 1 → B o ol a n d p 2 :: τ 2 → B o ol , a n d lists l1 :: [τ 1 ] a n d l2 :: [τ 2 ]
t h e f oll o wi n g h ol ds:

(filt erτ 1
= ⊥ ⇒ filt erτ 2

= ⊥ )
∧ (( p 1 = ⊥ ⇒ p 2 = ⊥ ) ∧ (∀ (x 1 ,x 2 ) ∈ R . p 1 x 1 p 2 x 2 )

⇒ (filt erτ 1
p 1 = ⊥ ⇒ filt erτ 2

p 2 = ⊥ )
∧ ((l1 ,l2 ) ∈ ;lift[](R )

⇒ (filt erτ 1
p 1 l1 , filt erτ 2

p 2 l2 ) ∈ ;lift[](R ))) .

Dr o p pi n g t w o c o nj u n cts fr o m t h e a b o v e a n d str e n gt h e ni n g o n e pr e-
c o n diti o n, w e o bt ai n t h e f oll o wi n g w e a k er st at e m e nt:

p 2 = ⊥ ∧ (∀ (x 1 ,x 2 ) ∈ R . p 1 x 1 p 2 x 2 )
⇒ ((l1 ,l2 ) ∈ ;lift[](R )

⇒ (filt erτ 1
p 1 l1 , filt erτ 2

p 2 l2 ) ∈ ;lift[](R )).

We c o nsi d er t w o i nst a nti ati o ns of t his.

First, w e i nst a nti at e

R = ;h − 1 , p 1 = p , p 2 = p ◦ h , l1 = m a p h l , l2 = l

f or a stri ct f u n cti o n h :: τ 2 → τ 1 , gi vi n g:

p ◦ h = ⊥ ∧ (∀ x 1 :: τ 1 ,x 2 :: τ 2 . x 1 h x 2 ⇒ p x 1 p (h x 2 ))
⇒ ((m a p h l ,l) ∈ ;lift[]( ;h − 1 )

⇒ (filt erτ 1
p (m a p h l ), filt erτ 2

( p ◦ h ) l) ∈ ;lift[]( ;h − 1 )).

Si n c e p ◦ h h as a w e a k h e a d n or m al f or m a n d h e n c e is n ot ⊥ , a n d
si n c e t h e s e c o n d c o nj u n ct of t h e pr e c o n diti o n f oll o ws fr o m m o n o-
t o ni cit y of p , a p pli c ati o ns of l a ws ( 3) a n d ( 5) yi el d ( 8).

S e c o n d, w e i nst a nti at e

R = h ; , p 1 = p ◦ h , p 2 = p , l1 = l, l2 = m a p h l

f or a stri ct a n d t ot al f u n cti o n h :: τ 1 → τ 2 , gi vi n g:

p = ⊥ ∧ (∀ x 1 :: τ 1 ,x 2 :: τ 2 . h x 1 x 2 ⇒ p (h x 1 ) p x 2 )
⇒ ((l,m a p h l ) ∈ ;lift[](h ; )

⇒ (filt erτ 1
( p ◦ h ) l, filt erτ 2

p (m a p h l )) ∈ ;lift[](h ; )).

Si n c e t h e s e c o n d c o nj u n ct of t h e pr e c o n diti o n f oll o ws fr o m m o n o-
t o ni cit y of p , a p pli c ati o ns of l a ws ( 4) a n d ( 6) yi el d

p = ⊥ ⇒ m a p h (filt er ( p ◦ h ) l) filt er p (m a p h l ) ,

w hi c h t o g et h er wit h t h e pr e vi o usl y pr o v e n ( 8) gi v es ( 9).

T o ill ustr at e t h e r ol es of t h e r estri cti o ns o n p a n d h r e q uir e d i n t h e
pr e vi o us t h e or e m, w e c o nsi d er t h e i nst a nti ati o ns f or p , h , a n d l t h at
w er e us e d i n t h e i ntr o d u cti o n — t o g et h er wit h t h e p arti c ul ar f u n c-
ti o n d efi niti o n f or filt er pr es e nt e d t h er e — as c o u nt er e x a m pl es f or
t h e u nr estri ct e d e q u ati o n al l a w ( 1). W hil e t h e first t w o of t h es e
i nst a nti ati o ns s atisf y l a w ( 8), w hi c h st at es t h at stri ct n ess of h is s uf-
fi ci e nt t o g u ar a nt e e t h at t h e ri g ht- h a n d si d e is at l e ast as d efi n e d as
t h e l eft- h a n d si d e, t h e f o urt h i nst a nti ati o n d e m o nstr at es t h at stri ct-
n ess of h is n ot a n e c ess ar y c o n diti o n f or t his. O n t h e ot h er h a n d, t h e
t hir d i nst a nti ati o n s h o ws t h at a pr o of of l a w ( 8) wit h o ut t h e stri ct-
n ess of h c a n n ot e xist. F urt h er, t h e first t w o i nst a nti ati o ns s h o w t h at
n eit h er t h e r estri cti o n t h at p = ⊥ n or t ot alit y of h c a n b e o mitt e d
w h e n r e c o v eri n g t h e e q u alit y i n l a w ( 9).

A n ot h er ill ustr ati v e t a k e o n l a ws ( 8) a n d ( 9) is t o ar g u e o n a n i n-
t uiti v e l e v el w h y t h e y h ol d f or t h e p arti c ul ar f u n cti o n d efi niti o n of
filt er fr o m t h e i ntr o d u cti o n. We c o nsi d er o nl y t h e i m p a ct of s e q , as
o p p os e d t o w h y l a w ( 1) w o ul d h ol d i n t h e first pl a c e, i. e., ass u mi n g
all i n v o c ati o ns of s e q w er e dr o p p e d. First, f or l a w ( 8), w e n e e d t o
est a blis h t h at r hs = m a p h (filt er ( p ◦ h ) l) is al w a ys at l e ast as d e-
fi n e d as l hs = filt er p (m a p h l ) f or stri ct h . T o d o s o, w e c o nsi d er
all us es of s e q i n t h e d efi niti o n of filt er. T h e o n e o n filt er’s first
ar g u m e nt t ur ns l hs i nt o ⊥ if p = ⊥ , b ut n e v er h as a n i m p a ct o n r hs
b e c a us e p ◦ h is al w a ys diff er e nt fr o m ⊥ . If t h e a p pli c ati o n of s e q
o n s o m e list el e m e nt x of l fi n ds a ⊥ i n r hs, t h e n b y stri ct n ess of
h t h e c orr es p o n di n g el e m e nt i n m a p h l is als o ⊥ , a n d h e n c e t h e
c orr es p o n di n g a p pli c ati o n of s e q i n l hs h as t h e s a m e o ut c o m e. A
si mil ar o bs er v ati o n h ol ds f or t h e a p pli c ati o n of s e q o n s o m e t ail xs
of l b e c a us e m a p h ⊥ = ⊥ .

T ur ni n g t o l a w ( 9), w e m ust ar g u e t h at u n d er t h e a d diti o n al r estri c-
ti o ns p = ⊥ a n d t ot alit y of h , l hs is als o at l e ast as d efi n e d as r hs.
T his ar g u m e nt br e a ks n at ur all y i nt o t hr e e p arts. First n ot e t h at t h e
n e w c o n diti o n o n p g u ar a nt e es t h at t h e a p pli c ati o n of s e q o n p d o es
n ot r es ult i n l hs b ei n g ⊥ . S e c o n d, t ot alit y of h g u ar a nt e es t h at t h e
a p pli c ati o n of s e q t o s o m e list el e m e nt of m a p h l i n l hs o nl y e n-
c o u nt ers ⊥ if t h e c orr es p o n di n g list el e m e nt of l i n r hs is its elf ⊥ .
Stri ct n ess of m a p h t h us e ns ur es t h at r hs is n e v er a n y m or e d efi n e d
t h a n l hs as a r es ult of a n a p pli c ati o n of s e q t o a n el e m e nt of m a p h l .
Fi n all y, t h e a p pli c ati o n of s e q o n xs l e a ds t o n o diff er e n c e b et w e e n



l hs a n d r hs b e c a us e m a p h is t ot al i n a d diti o n t o b ei n g stri ct, a n d b e-
c a us e a p pl yi n g t h e stri ct f u n cti o n h t o all list el e m e nts n e c ess aril y
pr es er v es a n y r es ulti n g u n d efi n e d list el e m e nt.

N ot e t h at T h e or e m 1 is r e all y m u c h m or e g e n er al t h a n d es cri b e d i n
t h e a b o v e dis c ussi o ns b e c a us e it h ol ds f or e v e r y f u n cti o n filt er of
a p pr o pri at e t y p e a n d d o es n ot r e q uir e a n y k n o wl e d g e of t h e c o n-
cr et e f u n cti o n d efi niti o n. T his wi d e a p pli c a bilit y is w h at h as e ar n e d
fr e e t h e or e ms t h eir n a m e. T h e y ar e n o w r est or e d t o t h eir f or m er
gl or y, e v e n i n t h e pr es e n c e of s e q. T h e pr o of of t h e i n e q u ati o n al
fr e e t h e or e m ( 8) w as m a d e p ossi bl e b y t h e as y m m etr y b uilt i nt o
t h e n e w l o gi c al r el ati o n. I n p arti c ul ar, if w e w er e t o r e pl a c e t h e
t ot alit y a n d l eft- cl os e d n ess r e q uir e m e nts o n r el ati o n al i nt er pr et at a-
ti o ns wit h b ott o m-r efl e cti n g n ess, a n d if w e w er e t o pr o p erl y c o n-
str u ct a l o gi c al r el ati o n t h at pr es er v es t h es e r estri cti o ns ( w hi c h c a n
b e d o n e), t h e n w e w o ul d o nl y b e a bl e t o o bt ai n l a w ( 9).

8 P r o g r a m Tr a nsf o r m ati o ns

Fr e e t h e or e ms h a v e f o u n d a n i m p ort a nt a p pli c ati o n as j ustifi c ati o ns
f or v ari o us ki n ds of pr o gr a m tr a nsf or m ati o ns f or n o nstri ct f u n c-
ti o n al l a n g u a g es [ 3, 6, 9, 2 0, 2 2]. T h e pr es e n c e of s e q , h o w e v er,
t hr e at e ns t h e cl ai m e d s e m a nti cs- pr es er vi n g c h ar a ct er of s u c h tr a ns-
f or m ati o ns. F ort u n at el y, o n e oft e n n e e ds t o k n o w o nl y t h at a pr o-
gr a m r es ulti n g fr o m a tr a nsf or m ati o n is at l e ast as d efi n e d as t h e
pr o gr a m fr o m w hi c h it w as o bt ai n e d. I n s u c h sit u ati o ns t h e i n e q u a-
ti o n al fr e e t h e or e ms d eri v e d fr o m o ur n e w as y m m etri c l o gi c al r el a-
ti o n a n d its ass o ci at e d p ar a m etri cit y t h e or e m c o m e t o t h e r es c u e. I n
t his s e cti o n w e a p pl y t h e m t o e v al u at e t h e eff e ct of s e q o n pr o gr a m
tr a nsf or m ati o ns f o u n d e d o n t h e p ol y m or p hi c t y p es of ar g u m e nts t o
t h e f u n cti o ns d estr o y , b uil d , a n d v a nis h ++ gi v e n i n Fi g ur e 5.

u nf ol dr :: ∀ α β . (β → M a y b e (α ,β )) → β → [α ]
u nf ol dr f b = c as e f b of N ot hi n g → []

J ust (a ,b ) → a : u nf ol dr f b

d estr o y :: ∀ α γ . (∀ β . (β → M a y b e (α ,β )) → β → γ )
→ [α ] → γ

d estr o y g = g list psi w h e r e list psi []  = N ot hi n g
list psi (a : as ) = J ust (a ,as )

f ol dr :: ∀ α β . (α → β → β ) → β → [α ] → β
f ol dr c n []  = n
f ol dr c n (a : as ) = c a (f ol dr c n as)

b uil d :: ∀ α . (∀ β . (α → β → β ) → β → β ) → [α ]
b uil d g = g (:) []

v a nis h ++ :: ∀ α . (∀ β . β → (α → β → β )
→ (β → β → β ) → β ) → [α ]

v a nis h ++ g = g i d (λ x h ys → x : h ys ) (◦ ) []

Fi g u r e 5. F u n cti o ns f o r p r o g r a m t r a nsf o r m ati o ns.

8. 1 T h e D u al of S h o rt C ut F usi o n

S v e n ni n gss o n [ 2 0] c o nsi d er e d t h e d estr o y /u nf ol dr r ul e as a d u al
t o t h e f ol dr/b uil d r ul e us e d i n s h ort c ut f usi o n [ 6] ( c o nsi d er e d i n
t h e n e xt s u bs e cti o n). It s ol v es s o m e pr o bl e ms t h at s h ort c ut f usi o n
h as wit h list c o ns u m pti o n b y zi p-li k e f u n cti o ns a n d b y f u n cti o ns
d efi n e d usi n g a c c u m ul ati n g p ar a m et ers. T h e d estr o y /u nf ol dr r ul e
c a n b e us e d t o eli mi n at e i nt er m e di at e lists i n c o m p ositi o ns of list
pr o d u c ers writt e n wit h u nf ol dr a n d list c o ns u m ers writt e n wit h
d estr o y . S v e n ni n gss o n d es cri b es t h e r ul e as a n ori e nt e d r e pl a c e-
m e nt tr a nsf or m ati o n, b ut m a k es n o pr e cis e st at e m e nt a b o ut its

s e m a nti cs. H e o nl y s u g g ests t h at c orr e ct n ess of t h e tr a nsf or m ati o n
mi g ht b e pr o v a bl e usi n g a fr e e t h e or e m. I n or d er f or t h e r ul e t o b e
s af el y a p pli c a bl e — i. e., t o pr o d u c e a pr o gr a m t h at is at l e ast as
d efi n e d as t h e ori gi n al o n e — w e m ust at l e ast h a v e t h e f oll o wi n g
f or a p pr o pri at el y t y p e d g , psi , a n d e :6

d estr o y g (u nf ol dr psi e ) g psi e ( 1 0)

W hil e [ 2 0] pr o p os es t h e d estr o y /u nf ol dr r ul e f or t h e l a n-
g u a g e H as k ell a n d e v e n c o nt ai ns a n e x a m pl e i n v ol vi n g s e q, t h e
p ossi bl e i m p a ct of s e q o n t h e c orr e ct n ess of t h e tr a nsf or m ati o n
is i g n or e d. B ut t h e f oll o wi n g t w o i nst a nti ati o ns usi n g s e q br e a k
c o nj e ct ur e ( 1 0), m a ki n g t h e ri g ht- h a n d si d e l ess d efi n e d t h a n t h e
l eft- h a n d si d e:

g = ( λ x y → s e q x []) psi = ⊥ e = []
g = ( λ x y → s e q y []) psi = ( λ x → N ot hi n g ) e = ⊥

T h us, i n t h e pr es e n c e of s e q t h e tr a nsf or m ati o n is u ns af e.

T o fi n d c o n diti o ns u n d er w hi c h ( 1 0) h ol ds a n d ( p ot e nti all y diff er-
e nt) c o n diti o ns u n d er w hi c h t h e c o n v ers e i n e q u ati o n h ol ds ( w hi c h
t o g et h er w o ul d gi v e c o n diti o ns f or s e m a nti c e q ui v al e n c e), w e d e-
ri v e t h e p ar a m etri cit y pr o p ert y f or t er ms of g ’s t y p e i n t h e d efi ni-
ti o n of d estr o y a n d i nst a nti at e it i n s u c h a w a y t h at t h e r es ult r el at es
t h e t w o si d es of t h e d estr o y /u nf ol dr r ul e. W hil e d oi n g s o, w e k e e p
tr a c k of c o n diti o ns t o i m p os e s o t h at t h e c h os e n i nst a nti ati o n is p er-
missi bl e ( cf. S e cti o n 6. 1). T his pr o c ess d o es n ot i m m e di at el y yi el d
t h e i n e q u ati o ns w e s e e k, b ut i nst e a d gi v es fr e e t h e or e ms r el ati n g
t h e t w o si d es of t h e d estr o y /u nf ol dr r ul e b y t h e i nt er pr et ati o n of g ’s
r et ur n t y p e a c c or di n g t o o ur l o gi c al r el ati o n. T h e i n e q u ati o ns ar e
t h e n o bt ai n e d fr o m t h es e t h e or e ms u n d er a c ert ai n (r e as o n a bl e) as-
s u m pti o n a b o ut t h e i nt er pr et ati o ns of cl os e d t y p es a c c or di n g t o t h e
l o gi c al r el ati o n, t o b e dis c uss e d b el o w.

T H E O R E M 2. F or all cl os e d t y p es τ a n d τ , e v er y f u n cti o n

g :: ∀ β . (β → M a y b e (τ ,β )) → β → τ ,

a n d a p pr o pri at el y t y p e d psi a n d e t h e f oll o wi n g h ol d:

if psi = ⊥ a n d psi is stri ct, t h e n:
(d estr o y g (u nf ol dr psi e ),g psi e ) ∈ ∆

s e q
τ ,/0 ( 1 1)

if psi is stri ct a n d t ot al a n d n e v er r et ur ns J ust ⊥ , t h e n:

(d estr o y g (u nf ol dr psi e ),g psi e ) ∈ (∆
s e q
τ ,/0 ) − 1 ( 1 2)

P R O O F . T h e p ar a m etri cit y pr o p ert y ass o ci at e d wit h g ’s t y p e is t h e
f oll o wi n g i nst a n c e of l a w ( 7):

(g ,g ) ∈ ∆
s e q
∀ β .( β → M a y b e ( τ ,β ) ) → β → τ ,/0

.

E x p a n di n g t his st at e m e nt a c c or di n g t o Fi g ur e 4 yi el ds t h at f or
e v er y c h oi c e of cl os e d t y p es τ 1 a n d τ 2 , a n a d missi bl e, t ot al,
a n d l eft- cl os e d r el ati o n R ∈ R el s e q (τ 1 ,τ 2 ), f u n cti o ns psi 1 :: τ 1 →
M a y b e (τ ,τ 1 ) a n d psi 2 :: τ 2 → M a y b e (τ ,τ 2 ), a n d v al u es e 1 :: τ 1

6 T h e i nst a nti ati o n g = ( λ x y → c as e x y of J ust z → []), psi =
(λ x → c as e x of [] → J ust ⊥ ), a n d e = [] d e m o nstr at es t h at ( e v e n i n
t h e a bs e n c e of s e q a n d e v e n f or stri ct psi ) s e m a nti c e q ui v al e n c e d o es
n ot h ol d i n g e n er al. S v e n ni n gss o n’s p a p er d o es n ot m e nti o n t his.



a n d e 2 :: τ 2 t h e f oll o wi n g h ol ds:

(g τ 1 = ⊥ ⇒ g τ 2 = ⊥ )
∧ ( (psi 1 = ⊥ ⇒ psi 2 = ⊥ )

∧ (∀ b 1 :: τ 1 ,b 2 :: τ 2 .
(b 1 ,b 2 ) ∈ R ⇒ (psi 1 b 1 ,psi 2 b 2 )

∈ ;liftM a y b e ( ;lift( ,) (∆
s e q
τ ,[R / β ],R )))

⇒ (g τ 1 psi 1 = ⊥ ⇒ g τ 2 psi 2 = ⊥ )
∧ ((e 1 ,e 2 ) ∈ R ⇒ (g τ 1 psi 1 e 1 ,g τ 2 psi 2 e 2 ) ∈ ∆

s e q
τ ,[R / β ]

)).

Usi n g t h e f a ct t h at f or t h e cl os e d t y p es τ a n d τ w e h a v e ∆
s e q
τ ,[R / β ] =

∆
s e q
τ ,/0 a n d ∆

s e q
τ ,[R / β ]

= ∆
s e q
τ ,/0 , dr o p pi n g t w o c o nj u n cts fr o m t h e a b o v e,

a n d str e n gt h e ni n g o n e pr e c o n diti o n, w e o bt ai n t h e f oll o wi n g
w e a k er st at e m e nt:

psi 2 = ⊥
∧ (∀ b 1 :: τ 1 ,b 2 :: τ 2 .

(b 1 ,b 2 ) ∈ R
⇒ (psi 1 b 1 ,psi 2 b 2 ) ∈ ;liftM a y b e ( ;lift( ,) (∆

s e q
τ ,/0 ,R )))

∧ (e 1 ,e 2 ) ∈ R
⇒ (g τ 1 psi 1 e 1 ,g τ 2 psi 2 e 2 ) ∈ ∆

s e q
τ ,/0 .

We c o nsi d er t w o i nst a nti ati o ns of t his.

First, w e i nst a nti at e

τ 1 = [ τ ], psi 1 = list psi, e 1 = u nf ol dr psi e ,
R = ;(u nf ol dr psi ) − 1 , psi 2 = psi , e 2 = e

f or stri ct psi :: τ 2 → M a y b e (τ ,τ 2 ). N ot e t h at t h e i nst a nti ati o n f or
R is p er missi bl e b e c a us e u nf ol dr psi is a stri ct f u n cti o n f or stri ct
psi . We o bt ai n:

psi = ⊥
∧ (∀ b 1 :: [τ ],b 2 :: τ 2 .

b 1 u nf ol dr psi b 2

⇒ (list psi b1 ,psi b 2 ) ∈ ;liftM a y b e ( ;lift( ,) (∆
s e q
τ ,/0 ,R )))

∧ u nf ol dr psi e u nf ol dr psi e
⇒ (g [τ ] list psi (u nf ol dr psi e ),g τ 2 psi e ) ∈ ∆

s e q
τ ,/0 .

Si n c e list psi is m o n ot o ni c, s o t h at b 1 u nf ol dr psi b 2 i m pli es
list psi b1 list psi (u nf ol dr psi b 2 ), a n d si n c e is tr a nsiti v e, w e
c a n pr o v e t h at t h e s e c o n d c o nj u n ct of t h e pr e c o n diti o n h ol ds b y
s h o wi n g t h at

(list psi (u nf ol dr psi b 2 ),psi b 2 ) ∈ ;liftM a y b e ( ;lift( ,) (∆
s e q
τ ,/0 ,R ))

f or e v er y b 2 :: τ 2 . B y t h e d efi niti o ns of u nf ol dr a n d list psi t h e el e-
m e nt i n t h e l eft p ositi o n is e q u al t o:

c as e psi b 2 of N ot hi n g → N ot hi n g
J ust (a ,b ) → J ust (a ,u nf ol dr psi b ).

B y c as e disti n cti o n o n t h e v al u e of psi b 2 :: M a y b e (τ ,τ 2 ) w e c a n
c h e c k t h at t his is i n d e e d al w a ys r el at e d t o psi b 2 b y ;liftM a y b e (

;lift( ,) (∆
s e q
τ ,/0 ,R )) as f oll o ws. T h e c as es ⊥ a n d N ot hi n g ar e str ai g ht-

f or w ar d, usi n g t h e r efl e xi vit y of a n d t h e d efi niti o n of liftM a y b e .

Si mil arl y, t h e pr o of o bli g ati o n i n t h e c as e psi b 2 = J ust (a ,b ) f or
s o m e a :: τ a n d b :: τ 2 r e d u c es t o:

((a ,u nf ol dr psi b ),(a ,b )) ∈ ;lift( ,) (∆
s e q
τ ,/0 ,R ).

B ut t his f oll o ws fr o m r efl e xi vit y of , t h e d efi niti o n of lift( ,) ,

l a w ( 7) f or t h e cl os e d t y p e τ , a n d t h e i nst a nti ati o n of R . Fi n all y, i n
t h e c as e psi b 2 = J ust ⊥ ,

(⊥ ,J ust ⊥ ) ∈ ;liftM a y b e ( ;lift( ,) (∆
s e q
τ ,/0 ,R ))

f oll o ws fr o m ⊥ J ust ⊥ , t h e d efi niti o n of liftM a y b e , t h e r efl e xi vit y
of , a n d t h e d efi niti o n of lift( ,) . T h e t hir d c o nj u n ct of t h e pr e c o n-
diti o n i n t h e a b o v e i m pli c ati o n is tri vi all y tr u e, h e n c e w e o bt ai n:

psi = ⊥ ⇒ (g [τ ] list psi (u nf ol dr psi e ),g τ 2 psi e ) ∈ ∆
s e q
τ ,/0 ,

fr o m w hi c h l a w ( 1 1) f oll o ws b y t h e d efi niti o n of d estr o y .

S e c o n d, w e i nst a nti at e

τ 2 = [ τ ], psi 1 = psi , e 1 = e ,
R = ( u nf ol dr psi ) ; , psi 2 = list psi, e 2 = u nf ol dr psi e

f or stri ct a n d t ot al psi :: τ 1 → M a y b e (τ ,τ 1 ) t h at n e v er r et ur ns
J ust ⊥ . N ot e t h at t h e i nst a nti ati o n f or R is p er missi bl e b e c a us e
t h e c o n diti o ns o n psi g u ar a nt e e t h at u nf ol dr psi is a stri ct a n d t ot al
f u n cti o n. We o bt ai n:

list psi = ⊥
∧ (∀ b 1 :: τ 1 ,b 2 :: [τ ].

u nf ol dr psi b 1 b 2

⇒ (psi b 1 ,list psi b2 ) ∈ ;liftM a y b e ( ;lift( ,) (∆
s e q
τ ,/0 ,R )))

∧ u nf ol dr psi e u nf ol dr psi e
⇒ (g τ 1 psi e ,g [τ ] list psi (u nf ol dr psi e )) ∈ ∆

s e q
τ ,/0 .

T h e first a n d t h e t hir d c o nj u n cts of t h e pr e c o n diti o n i n t his i m pli-
c ati o n o b vi o usl y h ol d. T o est a blis h t h e v ali dit y of t h e s e c o n d c o n-
j u n ct, w e n ot e t h at f or e v er y b 1 :: τ 1 a n d b 2 :: [τ ], u nf ol dr psi b 1 b 2
a n d m o n ot o ni cit y of list psi i m pl y t h e f oll o wi n g i n e q u ati o n:

list psi (u nf ol dr psi b 1 ) list psi b2 .

B y t h e d efi niti o ns of u nf ol dr a n d list psi its l eft- h a n d si d e is e q u al t o:

c as e psi b 1 of N ot hi n g → N ot hi n g
J ust (a ,b ) → J ust (a ,u nf ol dr psi b ).

B e ari n g i n mi n d t h at n eit h er psi n or list psi e v er r et ur ns J ust ⊥
(t h e f or m er b y ass u m pti o n, t h e l att er b y d efi niti o n), it is e as y t o
s e e fr o m t his t h at t h e i n e q u ati o n c o nstr ai ns t h e v al u es of psi b 1 ::
M a y b e (τ ,τ 1 ) a n d list psi b2 :: M a y b e (τ ,[τ ]) t o o n e of t h e f oll o w-
i n g c o m bi n ati o ns:

psi b 1 list psi b2
⊥  ⊥
⊥ N ot hi n g
N ot hi n g  N ot hi n g
⊥ J ust (a ,as )
J ust (a ,b ) J ust (a ,as ) | a a ∧ u nf ol dr psi b as

It r e m ai ns t o b e c h e c k e d t h at i n e a c h of t h es e c as es t h e t w o v al u es
ar e r el at e d b y ;liftM a y b e ( ;lift( ,) (∆

s e q
τ ,/0 ,R )). T his is a n e as y e x-

er cis e usi n g t h e r efl e xi vit y of , t h e f a cts t h at ⊥ N ot hi n g a n d
⊥ J ust (a ,⊥ ) f or e v er y a :: τ , t h e d efi niti o ns of liftM a y b e a n d

lift( ,) , l a w ( 7) f or t h e cl os e d t y p e τ , t h e i nst a nti ati o n of R , a n d
stri ct n ess of u nf ol dr psi .

H a vi n g est a blis h e d t h e v ali dit y of all t hr e e c o nj u n cts of t h e pr e c o n-
diti o n i n t h e a b o v e i m pli c ati o n, its c o n cl usi o n gi v es l a w ( 1 2) b y t h e
d efi niti o n of d estr o y .

T h e l a ws ( 1 1) a n d ( 1 2) ar e n ot y et t h e d esir e d i n e q u ati o n al v er-
si o ns of t h e d estr o y /u nf ol dr r ul e. T his is b e c a us e t h e y d e p e n d o n
t h e r el ati o n al i nt er pr et ati o n of t h e cl os e d t y p e τ . I n pr e vi o us pr o ofs
of pr o gr a m tr a nsf or m ati o ns b as e d o n t h e f u n d a m e nt al pr o p ert y of
a l o gi c al r el ati o n ( e. g., i n [ 6, 2 2]), s u c h i nt er pr et ati o ns of cl os e d
t y p es h a v e sil e ntl y b e e n ass u m e d t o c oi n ci d e wit h t h e r el ati o n al i n-
t er pr et ati o ns of b as e t y p es, i. e., wit h i d e ntit y r el ati o ns. T his c a n n ot



b e j ustifi e d s ol el y b as e d o n Wa dl er’s p ar a m etri cit y t h e or e m [ 2 3],
fr o m w hi c h t h es e pr o ofs cl ai m t o b e d eri v e d, b ut r at h er r e q uir es
R e y n ol ds’ i d e ntit y e xt e nsi o n l e m m a [ 1 7].

R e y n ol ds als o c o nsi d er e d a n “ or d er-r el ati o n s e m a nti cs ” i n w hi c h
t h e i nt er pr et ati o ns of b as e t y p es ar e s e m a nti c a p pr o xi m ati o n
r el ati o ns, a n d n ot e d t h at a c orr es p o n di n g e xt e nsi o n l e m m a h ol ds
f or it ( pri or t o t h e i n cl usi o n of p ol y m or p hi c t y p es). T his m oti v at es
t h e f oll o wi n g c o nj e ct ur e:

if τ is a cl os e d t y p e, t h e n:
∆

s e q
τ ,/0 = τ ( 1 3)

C oi n ci d e n c e of ∆
s e q
τ ,/0 a n d τ is e asil y est a blis h e d b y i n d u c-

ti o n f or t y p es τ n ot c o nt ai ni n g ∀ - q u a ntifi c ati o ns.  T his is b e-
c a us e o ur l o gi c al r el ati o n i nt er pr ets n o n p ar a m etri z e d d at at y p es
as , a n d b e c a us e its r el ati o n al a cti o ns f or f u n cti o n t y p es a n d
p ar a m etri z e d d at at y p es pr es er v e (i. e., τ → s e q

τ = τ → τ a n d,
e. g., M a y b e τ ;liftM a y b e ( τ ) = M a y b e τ ).

T o s h o w t h at c o nj e ct ur e ( 1 3) als o h ol ds f or t y p es i n v ol vi n g p ol y-
m or p his m is m or e c o m pli c at e d. I n d e e d, w e e n c o u nt er a pr o bl e m
a n al o g o us t o t h at w hi c h aris es i n S e cti o n 8 of [ 1 7] f or t h e i d e ntit y
e xt e nsi o n l e m m a. T o c o m pl et e t h e i n d u cti o n st e p f or ∀ -t y p es, o n e
n e e ds t o ass u m e t h e v ali dit y of a st at e m e nt r el ati n g i nst a n c es of a
p ol y m or p hi c v al u e b y t h e l o gi c al r el ati o n, i nt er pr eti n g t h e q u a n-
tifi e d t y p e v ari a bl e b y a n ar bitr ar y (i n o ur c as e: a d missi bl e, t o-
t al, a n d l eft- cl os e d) r el ati o n b et w e e n t h e t y p es at w hi c h i nst a nti-
ati o n o c c urs. Si n c e i n S e cti o n 2 w e h a v e n ot b e e n e x pli cit a b o ut
w hi c h f u n cti o ns fr o m t y p es t o v al u es o ur s e m a nti c m o d el c o nt ai ns
at p ol y m or p hi c t y p es, t his st at e m e nt is n ot k n o w n t o h ol d a pri-
ori. R e y n ol ds s ol v es t h e pr o bl e m b y i n c or p or ati n g pr e cis el y t h e
r e q uir e d st at e m e nt i nt o t h e d efi niti o n of t h e s et of v al u es a p ol y-
m or p hi c t y p e c o nt ai ns. 7 T h at n o v al u es of t er ms e x pr essi bl e i n t h e
u n d erl yi n g l a n g u a g e ar e u n d ul y e x cl u d e d b y d oi n g s o is t h e n ar g u e d
b y a p p e ali n g t o t h e i d e ntit y e xt e nsi o n l e m m a its elf, as w ell as t o t h e
a bstr a cti o n t h e or e m. Si n c e t h e l att er c orr es p o n ds t o t h e g e n er al-
i z e d f or m of Wa dl er’s p ar a m etri cit y t h e or e m i n S e cti o n 6 of [ 2 3]
a n d t h us t o t h e g e n er ali z ati o n of t h e f u n d a m e nt al pr o p ert y ( 7) f or
t y p es a n d t er ms p ot e nti all y c o nt ai ni n g fr e e v ari a bl es m e nti o n e d i n
o ur s k et c h e d pr o of i n S e cti o n 6, t h e s a m e a p pr o a c h is als o e x p e ct e d
t o w or k i n o ur s etti n g.

A n ot h er a p pr o a c h w o ul d b e t o mirr or Pitts’ o p er ati o n al t e c h-
ni q u es [ 1 4]. H e c o nstr u ct e d a l o gi c al r el ati o n f or a c al c ul us v er y
si mil ar t o t h e o n e wit h o ut s e q h a n dl e d i n S e cti o n 4 a n d pr o v e d
t h at it i nt er pr ets ar bitr ar y cl os e d t y p es as c o nt e xt u al e q ui v al e n c e
r el ati o ns. T his w as us e d i n [ 8, 9, 1 0] t o gi v e pr o ofs of pr o gr a m
tr a nsf or m ati o ns b as e d o n fr e e t h e or e ms t h at m a k e e x pli cit t h e pr e-
vi o usl y i m pli cit us e of t h e c oi n ci d e n c e of r el ati o n al i nt er pr et ati o ns
of cl os e d t y p es wit h i d e ntit y r el ati o ns. I n a m ess a g e o n t h e T y p es
m aili n g list [ 2], Pitts s u g g est e d t h at c h a n gi n g t h e i nt er pr et ati o ns
of b as e t y p es t o s e m a nti c a p pr o xi m ati o ns w o ul d gi v e a n a n al o g u e
of ( 1 3). H o w e v er, s e q w as n ot c o nsi d er e d i n t h at dis c ussi o n.

Usi n g t h e pl a usi bl e ass u m pti o n ( 1 3), t h e l a ws ( 1 1) a n d ( 1 2) t ur n
i nt o t h e f oll o wi n g:

if psi = ⊥ a n d psi is stri ct, t h e n:
d estr o y g (u nf ol dr psi e ) g psi e ( 1 4)

7 I n f a ct, R e y n ol ds c o nsi d ers t h e a d d e d c o n diti o n t o dr a w t h e
di vi di n g li n e b et w e e n p ar a m etri c a n d a d- h o c p ol y m or p his m.

if psi is stri ct a n d t ot al a n d n e v er r et ur ns J ust ⊥ , t h e n:
d estr o y g (u nf ol dr psi e ) g psi e ( 1 5)

A c c or di n g t o l a w ( 1 4), t h e d estr o y /u nf ol dr tr a nsf or m ati o n is
s af e i n t h e pr es e n c e of s e q if t h e first ar g u m e nts of all o c c urr e n c es
of u nf ol dr i n t h e ori gi n al pr o gr a m ar e stri ct f u n cti o ns diff er e nt
fr o m ⊥ . M ost of t h e e x a m pl es gi v e n i n [ 2 0] s atisf y t his r estri cti o n,
wit h t h e n ot a bl e e x c e pti o ns of a — r at h er t o y — d efi niti o n of t h e
e m pt y list as a n u nf ol dr a n d t h e f oll o wi n g f u n cti o n d efi niti o n:

r e p e at x = u nf ol dr (λ a → J ust (x ,a ) ) ⊥

F usi o n wit h t his f u n cti o n as a pr o d u c er c a n b e pr o bl e m ati c.

If psi is stri ct, t ot al, disti n ct fr o m ⊥ , a n d n e v er r et ur ns J ust ⊥ ,
t h e n l a ws ( 1 4) a n d ( 1 5) t o g et h er g u ar a nt e e t h at t h e d estr o y /u nf ol dr
tr a nsf or m ati o n is a s e m a nti c e q ui v al e n c e.

8. 2 S h o rt C ut F usi o n

T h e cl assi c al pr o gr a m tr a nsf or m ati o n pr o v e d wit h a fr e e t h e or e m
is t h e f ol dr/b uil d r ul e [ 6]. It st at es t h at f or a p pr o pri at el y t y p e d g , c ,
a n d n :

f ol dr c n (b uil d g ) = g c n ( 1 6)

I n t h e pr es e n c e of s e q t his l a w f ails, e. g., f or t h e i nst a nti a-
ti o n g = s e q , c = ⊥ , a n d n = [] . B ut u n d er t h e ass u m pti o n ( 1 3) w e
c a n pr o v e t h at t h e f oll o wi n g l a ws h ol d e v e n w h e n s e q is pr es e nt:

f ol dr c n (b uil d g ) g c n ( 1 7)

if c ⊥ ⊥ = ⊥ a n d n = ⊥ , t h e n:
f ol dr c n (b uil d g ) = g c n ( 1 8)

L a w ( 1 7) gi v es o nl y p arti al c orr e ct n ess of t h e f ol dr/b uil d
r ul e i n g e n er al b e c a us e t h e tr a nsf or m e d pr o gr a m m a y b e l ess
d efi n e d t h a n t h e ori gi n al o n e.  T o r e c o v er t ot al c orr e ct n ess i n
l a w ( 1 8), c a n d n m ust b e r estri ct e d s o t h at f ol dr c n is t ot al (i n
a d diti o n t o b ei n g stri ct). T his c oi n ci d es wit h w h at t h e c o n v e nti o n al
wis d o m h as t o s a y a b o ut f ol dr/b uil d .

8. 3 T h e C o n c at e n at e V a nis h es F o r F r e e

I n [ 2 2] t h e f u n cti o n v a nis h ++ w as gi v e n t o g et h er wit h a pr o of of
t h e f oll o wi n g l a w f or a p pr o pri at el y t y p e d g , i n t h e a bs e n c e of s e q :

g [] (:) ( ++) = v a nis h ++ g ( 1 9)

R e a d fr o m l eft t o ri g ht, t his l a w c a n b e c o nsi d er e d as a pr o-
gr a m tr a nsf or m ati o n t h at eli mi n at es c o n c at e n at e o p er ati o ns fr o m
u nif or ml y a bstr a ct e d list pr o d u c ers.

I n A p p e n di x B of [ 2 2] it w as n ot e d t h at i n t h e pr es e n c e of s e q
t h e tr a nsf or m ati o n mi g ht i m pr o v e t h e t er mi n ati o n b e h a vi or of
pr o gr a ms. T h e s k et c h e d pr o of t h at t h e c o n v ers e c a n n ot h a p p e n
a nti ci p at e d s o m e of t h e i d e as fr o m t h e pr es e nt p a p er, b ut di d
n ot c orr e ctl y h a n dl e all t h e s u btl eti es t h at t h e pr es e n c e of s e q
e nt ails f or pr o ofs b as e d o n fr e e t h e or e ms. Wit h t h e l o gi c al r el ati o n
c o nstr u ct e d i n S e cti o n 6, t h e f u n d a m e nt al pr o p ert y ( 7), a n d
ass u m pti o n ( 1 3), w e n o w m or e ri g or o usl y o bt ai n:

g [] (:) ( ++) v a nis h ++ g ( 2 0)

A n al o g o us i n e q u ati o n al l a ws f or ot h er v a nis h - c o m bi n at ors
gi v e n i n [ 2 2] c a n als o b e pr o v e d i n t h e pr es e n c e of s e q .



9 Directions for Future Research
In this paper we have investigated the impact that a polymorphic
strict evaluation primitive, such as Haskell’s seq, has on free the-
orems derivable from polymorphic types in a nonstrict functional
language. The lessons learned may aid in determining the effects
that the addition of other primitives, such as the ones used to incor-
porate I/O and stateful references in Haskell, has on free theorems.

To contain the weakening of free theorems due to seq so that it
impacts only those functions that actually use seq, a qualified type
system along the lines of [11] could be devised. The basic challenge
here is to determine when to use the standard relational actions for
interpreting function types or algebraic datatypes and when to use
appropriately adapted relational actions for doing so.

While free theorems derived from our new logical relation also
hold for programs which do not contain seq at all, they may be
overly restrictive in such situations compared with free theorems
obtained from the standard logical relation. On the other hand,
using a (different) asymmetric logical relation could prove worth-
while also in that setting. For example, the strongest justification
for the destroy/unfoldr rule in a nonstrict language without seq that
could be proved in [8] was semantics-preservation for strict psi that
never returns Just ⊥. But by employing the asymmetry idea it
should also be possible to establish the inequational law (10) with-
out preconditions. Similarly, it would be interesting to investigate
what our approach has to contribute to the study of functional lan-
guages where strict rather than lazy evaluation is the default.

An alternative to the denotational approach taken in the current pa-
per is Pitts’ operational semantics-based approach to constructing
parametric models of higher-order lambda calculi [14]. The deli-
cate issue which arises in Pitts’ approach to parametricity is tying
the operational semantics of a calculus supporting new primitives
into the relational interpretations of its types. The present paper can
be seen as providing insight into the issues which are likely to arise
when modifying the operational approach to accommodate seq, but
the precise connections between the denotational style restrictions
on relations reflected in our adapted logical relation and operational
style closure operators as employed by Pitts remain topics for fur-
ther investigation.
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