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Abstract—A wide-band physical and scalable2-� equivalent
circuit model for on-chip spiral inductors is developed. Based on
physical derivation and circuit theory, closed-form formulas are
generated to calculate theRLC circuit elements directly from the
inductor layout. The 2-� model accurately captures ( ) and
( ) characteristics beyond the self-resonant frequency. Using

frequency-independent RLC elements, this new model is fully
compatible with both ac and transient analysis. Verification with
measurement data from a SiGe process demonstrates accurate
performance prediction and excellent scalability for a wide range
of inductor configurations.

Index Terms—Circuit model, current-crowding effect, frequency
dependence, quality factor, spiral inductor,2-�.

I. INTRODUCTION

I N SILICON-BASED radio-frequency (RF) integrated
circuits (ICs), on-chip spiral inductors are widely used

due to their low cost and ease of process integration [1]. As
a necessary tool for circuit design, equivalent circuit models
of spiral inductors, using lumpedRLC elements, efficiently
represent their electrical performance for circuit simulation
with other design components. Compared with the generic
electromagnetic field solver (e.g., Maxwell) or other partial-ele-
ment-equivalent-circuit (PEEC)-based solvers [2] (e.g., Sonnet,
ASITIC [3]), a lumped equivalent-circuit model dramatically
reduces computation time and supports rapid performance
optimization. On the other hand, model inaccuracy, which
stems from the complexity of on-chip inductor structures
and high-frequency phenomena, presents one of the most
challenging problems for RF IC designers [4].

Current equivalent-circuit approaches simply represent the
inductor as a lumped single-circuit [5]–[8]. Fig. 1 reviews
the single- structure. In this scalable model, series metal resis-
tance and inductance, feedthrough capacitance, dielectric isola-
tion, and substrate effects are modeled. In [6], a variable
is used to model the skin effect, and in [8], a more physical
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Fig. 1. Conventional single-� circuit structure. (a) On-chip implementation
of a spiral inductor. (b) Equivalent single-� representation.

model is proposed to capture the high-frequency behavior. Al-
though physical considerations are included in such a structure,
the single- model lacks the following important features.

• Strong frequency dependence ofand as a result of
current crowding in the conductor, i.e., both the skin ef-
fect and the proximity effect, which leads to significant
degradation of the quality factor at gigahertz frequen-
cies.

• Distributed characteristics to match high-frequency be-
havior, especially for inductors with large dimensions. In
addition, metal-line-coupling capacitance is also nonneg-
ligible for thick metal cases.

• Frequency-independent circuit elements for compatibility
with transient analysis and broad-band design. A fixed
is proper for narrow-band design [5]; it is difficult to in-
corporate in SPICE-type simulators [6].

As RF circuit design requires precise performance predic-
tion, the shortcomings of the single-model limit its design
optimization capability [9]. To overcome the model inaccura-
cies, a new wide-band physically based scalable equivalent-cir-
cuit model for on-chip spirals is demonstrated in this work.
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Addressing the current crowding effect and distributed charac-
teristics, our approach is formulated to capture and
behavior with an equivalent- ladder circuit containing fre-
quency-independentRLC elements. All element values can be
analytically calculated based on the inductor layout parameters.
This new model extends the region of model validity beyond the
self-resonant frequency and fully supports both ac and transient
circuit simulations. Verification with measurement data demon-
strates excellent scalability for a wide range of inductor config-
urations. This new - equivalent circuit was first introduced
in [10], and we present the detailed model development in this
paper.

II. PHYSICAL GENERATION OF - MODEL

When operating frequencies enter the multigigahertz regime,
silicon-based spiral inductors suffer from three major energy
dissipation mechanisms that lead to poor inductor. The chal-
lenge for establishing a lumped circuit model is to properly ac-
count for the following mechanisms:

1) Ohmic loss in the conductive substrate, which is
due to the displacement current conducted through the
metal-to-substrate capacitance. It is modeled by a sub-
strateRCnetwork comprised of , , and [11],
[12].

2) Loss due to eddy current in the underlying substrate, in-
duced by the penetration of the magnetic field into the
conductive silicon. This is substantial when substrate re-
sistivity is low (e.g., 1 -cm). The case of less con-
ductive substrate (e.g.,10 -cm) can effectively reduce
this loss to negligible values [13]. Therefore, in our SiGe
BiCMOS process with substrate resistivity larger than
10 cm [14], we do not include this effect. For other
technologies, substrate eddy loss can be modeled by mu-
tual inductance between metal and substrate [1]. The loss
in the substrate can be reduced by introducing a patterned
ground shield [16], although this technique sacrifices the
self-resonant frequency and only efficiently reduces the
electrical loss [17].

3) Energy loss inside the nonzero-resistivity metal lines,
which is from current flowing through the spiral in-
ductor itself and includes both ohmic and eddy-current
loss. The eddy-current loss is generated by inductive
coupling between turn-to-turn metal lines. As a result,
line resistance and inductance show a clear dependence
on frequency due to nonuniform current density in the
conductor [8], [18]. Using ASITIC, Fig. 2(a) illustrates
the current distribution in a spiral inductor at 3 GHz.
As shown in Fig. 2(b), the metal resistance rises rapidly
with increasing frequency while line inductance is less
sensitive to the current-crowding effect.

The energy loss in the metal is one of the primary sources
of energy dissipation and is intrinsic to the spiral structure. The
lumped single- model is not sufficient to model this effect and
overly optimistic performance predictions have been seen in [9].
To accurately account for this effect, we introduce a new circuit
structure. In our new approach, a ladder circuit is developed
to replace the seriesR and L in the single- model in order

(a)

(b)

Fig. 2. Current-crowding-caused frequency-dependentR(f) and L(f)
characteristics. (a) Current distribution in a spiral inductor at 3 GHz (top view).
Width = 25�m; spacing= 5�m; outer diameter= 320�m. (b) Normalized
resistance and inductance. (R = 0:19
; L = 3:7nH.

to capture the frequency-dependent resistance and inductance.
Fig. 3 illustrates the physical phenomena related to each circuit
element.

For a single metal line, the dc current is uniformly distributed
inside the conductor. Therefore, it can be represented as a
and in series (Fig. 3). As the frequency goes up, the depth of
current penetrating into the metal (skin depth) becomes compa-
rable to or even smaller than the cross-sectional dimensions of
the line. For example, the skin depth of copper is 2m at 1 GHz
and decreases proportionally with the square root of frequency.
The skin effect pushes the ac current toward the surface of the
conductor. To capture the effect of different current densities in
different conduction layers, additionalRL branches can be in-
troduced in parallel to to represent each conduction layer in
depth [19]. By adding more ladder branches, the skin effect can
be accurately modeled up to an arbitrary maximum frequency.
For model simplicity, we only bring in one branch, which
models the surface layer resistance and inductance (Fig. 3) [20].

In addition to the skin effect, the magnetic field generated by
neighboring lines further changes the current distribution and
results in a higher current density at the edges of the metal lines
[Fig. 2(a)]. This is described as the proximity effect and has a
greater impact than the skin effect on the increase of resistance
and degradation of in present-day spiral inductor designs [13].
Since the inductance is induced by the magnetic field in the



CAO et al.: FREQUENCY-INDEPENDENT EQUIVALENT-CIRCUIT MODEL FOR ON-CHIP SPIRAL INDUCTORS 421

Fig. 3. Frequency-independent ladder circuit representation to captureR(f)
andL(f).

Fig. 4. New 2-� model.R(f) and L(f), distributed characteristics, and
substrate effects are well modeled.

adjacent space of the line, we model the magnetic interaction
between the external field and internal current by adding the
mutual inductance between and (Fig. 3).

Based on the ladder circuit representation, a symmetrical-
equivalent circuit model is built to capture the distributed char-
acteristics of an on-chip spiral inductor. Fig. 4 illustrates the
final lumped model. First, the original ladder circuit (, ,

, and ) is evenly split into two parts. In order to prop-
erly capture the inductive coupling among metal lines, the mu-
tual inductance is cross coupled between the two parts.
Then, we add the substrate circuit ( , , and ) and
feedthrough capacitance similarly to [6]. In addition, we use

and to model the line-to-line coupling capacitance and
direct turn-to-turn electric coupling through the dielectric mate-
rials ( ) and the conductive substrate, respectively. For spiral
inductors with symmetrical layout, their- subnetworks are
identical; otherwise, the- subnetworks are different only in
their substrate circuits (e.g., the substrate branch closer to the
input port has the values proportional to the metal length of the
input turn). With all frequency-independent elements, the final
- ladder circuit accounts for all major physical phenomena

occurring in spiral inductors.

TABLE I
ANALYTICAL FORMULAS FORCIRCUIT ELEMENTS

III. A NALYTICAL RLCELEMENT CALCULATIONS

The key to a compact inductor model is the capability to phys-
ically and accurately link the layout to performance through a
set of analytical formulas. For this purpose, after setting up the
circuit structure, the closed-form solution for each element is
developed based on its physical origin. Table I lists the exact re-
sults. Extensive derivations are presented in this section.

A. Substrate Network

The substrate resistance and capacitance model
the ohmic loss in the conductive silicon substrate. Since the
on-chip spiral inductor is implemented in the same layers as
on-chip interconnects, we can calculate them as in [12] with the
knowledge of inductor layout and process technology, assuming
an uniformly doped substrate. , which represents the electric
coupling between lines through the conductive substrate, is ap-
proximately proportional to the resistance of the substrate below
the inductor and can be estimated by

substrate resistivity
metal length substrate thickness

(1)

where is the number of turns and is the metal line pitch
(i.e., metal width plus the metal spacing from edge to edge).

B. DC Inductor Resistance, Capacitance, and Inductance

There have been extensive investigations on inductor resis-
tance and inductance calculations at low frequency (and

) [2], [3], [5], [6], [19]–[21]. is equal to the product
of the metal sheet resistance and the aspect ratio of the metal
line (total metal length/metal width). Instead of using a numer-
ical methodology to calculate , we apply the analytical equa-
tions from [22] and [23] for single-turn and multiple-turn spiral
inductor calculations, respectively. The accuracy of those
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equations have been well verified for a wide range of inductor
configurations. Furthermore, metal-to-metal and metal-to-sub-
strate capacitances (, , and ) are calculated using ana-
lytical two-dimensional capacitance equations such as those in
[24] and then scaled with their effective coupling lengths.

C. Ladder Circuit Elements

The critical and unique circuit component in our- model
is the ladder circuit ( , , , , and ), which accounts
for the inductor resistance and inductance characteristics at high
frequencies, i.e., both skin and proximity effects. Instead of re-
sorting to numerical or purely empirical techniques to determine
their values, we solve for them together with the following phys-
ical constraints.

1) Metal Layer Partition: The first constraint comes from
the physical origin of the ladder branch ( and ) in parallel
with . Since models the metal surface layer and
models the overall conductor, their relationship is uniquely de-
fined upon selecting a partition ratio for the outer layer to the
overall cross section. An empirically optimized condition from
[20] can be expressed as

(2)

2) Electromagnetic Analysis of : The second con-
straint is generated by matching the physical analysis of
with our ladder circuit prediction. In [13], an analytical equa-
tion for frequency dependence of the resistance of a multiturn
spiral inductor is derived from fundamental electromagnetic
principles

(3)

where can be calculated from geometrical size, as listed in
Table I. A similar but more physical model is derived in
[8] and can also be used for the purpose of prediction. On the
other hand, from our ladder circuit and the PEEC-based circuit
theory [25], we derive the approximate relationship

(4)

By matching the coefficients of in (3) and (4), the physical
constraint from is obtained

(5)

where is a new parameter we introduce to model the de-
pendence on the number of turns [ in (3)]. As in-
creasing numbers of parallel lines leads to stronger proximity
effect, metal resistance shows more significant frequency de-
pendence when is larger. Exact calculation of is extrapo-
lated from measurement data (Table I).

3) Relationship of LC at High Frequency:The third con-
straint accounts for the fundamental limitation of aLC system.
From Maxwell’s equations, the relationship betweenand in
the metal–oxide–silicon system at extremely high frequencies is
known to be

metal length
(6)

Fig. 5. Cross section of a metal line at high frequency.C scales with the
current-conducting area, which decreases at high frequency. This effect leads to
larger ac resistance.

where is the speed of light in a vacuum and is the dielectric
constant of SiO. As the ladder circuit model shows

(7)

For high-frequency capacitance calculation, if we assume
that , which is similar as a parallel-plate capacitance, is pro-
portional to the effective area occupied by the ac current in the
inductor, then scales with resistance when the current is
pushed to the edge of the metal line due to proximity effect, as
illustrated in Fig. 5. Therefore, can be approximately cal-
culated as

(8)

Using (7) and (8) in (6), we then have

metal length
(9)

where the factor of 6 is a parameter fitted from measurement in
order to improve the accuracy.

4) Resistance and Inductance at Low Frequency:The last
two constraints ensure the correct inductor characteristics at dc
condition. At low frequency, the ladder circuit should be equiv-
alent to and in series. Thus, we obtain the following
two conditions from circuit theory:

(10)

(11)

where and are solved as described in Section III-B.
Combining the five physical constraints in (2), (5), and

(9)–(11), the ladder circuit elements (, , , , and
) are solved in closed form as listed in Table I. They are

scalable functions of the inductor dimensions and independent
of frequency.

IV. M ODEL VERIFICATION

To verify the accuracy and scalability of the- circuit
model, test structures of octagonal spiral inductors with various
geometrical configurations were fabricated using a 0.18-m
eight-metal aluminum SiGe BiCMOS technology (substrate
resistivity is larger than 10 cm). A microphotograph of
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Fig. 6. Octagonal spiral inductor micrograph.

TABLE II
RANGE OF DIMENSIONS FORTEST STRUCTURES

one such structure, with layout variables defined, is shown in
Fig. 6. The range of test structure dimensions is summarized
in Table II, including different metal width, outer dimension,
and number of turns. After de-embeddedparameter mea-
surement, the equivalent and of spiral inductors are
extracted from

(12)

i.e., matching to the normal single-structure. The - model
predicted parameters are produced using SPICE. Both the
single-port quality factor

(13)

and differential quality factor (ports driven 180out of phase)

(14)

are evaluated. Although as defined in [26] provides more
physical meaning, we keep the definitions as (13) and (14) to be
consistent with other publications and provide fair comparisons.

Fig. 7 shows the normalized and curves for three
test structures, which differ only in outer diameter. As the mea-
surement data illustrate, the ac resistance above 1 GHz can be
more than two times larger than the dc resistance. The skin effect
alone cannot describe such a rapid increase, especially for mul-
tiple-turn inductors where the inductive coupling among lines
are strong, as shown in Fig. 7(a). The new model correctly cap-
tures the rapid increase in resistance due to current crowding
effect for various dimensions, while the skin effect model in
[6] significantly underestimates the rate of increase and lacks
model scalability for different structures. Fig. 7(a) also illus-
trates that the equivalentR drops down at high frequency due
to the distributed nature of the spiral inductors, which cannot be

(a)

(b)

Fig. 7. Verification of frequency dependence ofR andL. (w = 15�m; P =
20�m;N = 4). (a) Resistance as a function of frequency and dimensions.
(b) Inductance as a function of frequency and dimensions.

predicted by the single- model [27]. A trend in RF IC design
is to use copper technology and larger cross-section metal lines
to reduce metal resistance and improve. However, it should
be noted that this technique is less effective at high operating
frequency because of severe current crowding and distributed
effects. Accurate modeling of these high-frequency characteris-
tics is crucial for correct inductor design and performance anal-
ysis. As shown in Fig. 7(b), the change in inductance as a func-
tion of spiral structure and frequency is also well captured by
our model beyond the self-resonant frequency.

Because existing inductor models either cannot support tran-
sient analysis [6], [8] or neglect the frequency dependence of

and [5], [7], a common compromise is to extractR
andL at a specific frequency, e.g., the operating frequency, and
use the fixed values for further circuit simulation. While this ap-
proach is suitable for single-frequency simulation, it is inaccu-
rate over large frequency ranges and, therefore, introduces sig-
nificant error in transient analysis [9]. This is demonstrated in
Fig. 8. With a fixedR andL extracted at 4 GHz, is under-
estimated by more than 50% at 1.5 GHz and the peak value is
overestimated by 17%. Iterations between estimation of peak
frequency and inductor layout are helpful to reduce this error,
although it requires more computation time and designer’s in-
sight. The new model accurately and efficiently predicts
over the entire frequency range of interest.
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Fig. 8. Usage of fixedR andL leads to large error in overall characteristics.
New model matches measurement accurately.

(a)

(b)

Fig. 9. New model has excellent scalability and predictablility. (a) Structures
with a different number of turns (w = 15�m; P = 420�m).

Fig. 9 verifies for different inductor structures. In current
design, the degradation of at high frequency is attributed
to eddy-current loss in the metal, substrate loss and, finally,
the self-resonance. The new- equivalent circuit accurately
models all of these phenomena and demonstrates excellent scal-
ability for prediction of both the peak value and frequency re-
sponse of the quality factor. Results from comprehensive model

TABLE III
COMPREHENSIVEMODEL EVALUATION

evaluations are summarized in Table III. The root-mean-square
error for the peak value (frequency) of and are 5.6%
(5.7%) and 8.6% (7.1%), respectively.

V. CONCLUSION

A new - equivalent-circuit model for on-chip spiral induc-
tors has been developed. Verification with measurement data
from various test structures demonstrates the validity of this
model. Since all elements are frequency independent, it is fully
compatible with transient analysis and wide-band design. The
excellent scalability of this model is advantageous for spiral in-
ductor design automation.
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