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ABSTRACT. We consider when extensions S C R of subalgebras of a Hopf
algebra are (-Frobenius, that is Frobenius of the second kind. Given a Hopf
algebra H, we show that when S C R are Hopf algebras in the Yetter-Drinfeld
category for H, the extension is g-Frobenius provided R is finite over S and
the extension of biproducts S« H C R x H is cleft.

More generally we give conditions for an extension to be B-Frobenius; in
particular we study extensions of integral type, and consider when the Frobe-
nius property is inherited by the subalgebras of coinvariants.

We apply our results to extensions of enveloping algebras of Lie coloralge-
bras, thus extending a result of Bell and Farnsteiner for Lie superalgebras.

0. INTRODUCTION

In this paper we consider when various extensions S C R of subalgebras of a Hopf
algebra are §-Frobenius; such extensions generalize the usual notion of Frobenius
extensions by having the module action on one side twisted by an automorphism 3
of S. It was already known that any extension of finite-dimensional Hopf algebras
is B-Frobenius (a result of the third author [Sch 92]) as is any finite extension
U(K) C U(L) of enveloping algebras of Lie superalgebras (a result of Bell and
Farnsteiner [BF]). Note that U(L) is not an ordinary Hopf algebra, but rather a
Hopf algebra in the category of Zs-graded modules. These results were an important
motivation for this paper, and raised the question as to when an extension of Hopf
algebras in a category was (3-Frobenius.

One of the main results of this paper is that an extension S C R of Hopf algebras
of finite index in the Yetter-Drinfeld category 2 YD for a given Hopf algebra H is
(-Frobenius provided that the associated extension of Hopf algebras Sx H C Rx H
(the biproducts of S and R with H) has a normal basis (Theorem 5.6); this will
happen whenever R and H are finite-dimensional, or when R x H is pointed. As
an application we are able to generalize the [BF] result to Lie coloralgebras: if
U(K) Cc U(L) is a finite extension of enveloping algebras of Lie coloralgebras, then
it is O-Frobenius. Moreover we give an explicit description of the automorphism 3
of U(K), and of the Frobenius homomorphism f : U(L) — U(K) (Corollary 6.3).

Along the way we prove a number of other results about -Frobenius extensions
and conditions that ensure that an extension is S-Frobenius.

In Section 1 we give a short direct proof of the fact that an extension B C A of
finite-dimensional Hopf algebras is always (-Frobenius; moreover we give explicit
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formulae for the automorphism § of B, the Frobenius homomorphism f : A — B,
and the dual bases of A over B with respect to f and 3. We also discuss the
notion of extensions of “integral type”; this definition, from [Sch 92], basically says
that a finite extension B C A of Hopf algebras has associated to it integral-like
elements in A and in A", where A = A/AB*. These elements behave as though A
were a finite-dimensional Hopf algebra. The existence of such elements is crucial in
showing that an extension is 8-Frobenius.

In Section 2 we consider a more general situation to which our results apply: that
of bi-Galois extensions. Our main example of this set-up is the following: assume
that B C A and H are Hopf algebras, and m : A — H is a surjective Hopf algebra
map such that 7 restricted to B is also surjective. Then A is an H-comodule in the
natural way, so we may define R = A°°H and S = B . This gives a bi-Galois
extension for the pair (W, H), where W is the coalgebra A/ABT; it is summarized
in the diagram

B —» H
N [
A — H.

C

oD W»

C

In the example of Hopf algebras S C R in the Yetter-Drinfeld category 2 YD, we
have B=S* H and A = R H. In a more general bi-Galois extension, B and A
are not themselves Hopf algebras, but rather bicomodule algebras with respect to
another pair of Hopf algebras.

The main result of Section 3 is that under suitable conditions (including a cer-
tain Hopf extension being of integral type), the property of being a B-Frobenius
extension is inherited by the subalgebras of coinvariants. That is, if the pair of
algebras B C A in a bi-Galois extension is §-Frobenius then the subalgebras of
coinvariants S C R will also be g-Frobenius. This will be applied to the case of
Hopf algebras in categories in Section 5.

Section 4 is concerned with conditions under which extensions are of integral
type. In fact we consider a more general situation: we look at extensions K C H,
where H is a Hopf algebra but K is only a right coideal subalgebra. We prove
(Theorem 4.8) that for H = H/HK™, the extension K C H is of 1ntegra1 type
provided dim H < co and H has a (rlght) normal basis over K; moreover, H is a
Frobenius algebra. As a consequence we show that an extension of Hopf algebras
K C H is (B-Frobenius if the coradical of H is cocommutative and H is finite
dimensional (Corollary 4.9). We also show (Theorem 4.10) that if dim K < oo and
H has a right normal basis over K, then K is a Frobenius algebra. This is applied
to prove a Maschke-type theorem for (left) coideal subalgebras.

Section 5 studies Hopf algebras in the Yetter-Drinfeld category #YD. Our main
result, Theorem 5.6, has already been mentioned above; in addition we also give a
description of the automorphism g of S, the Frobenius map f : R — S, and the
dual bases of R over S. We also show that any finite-dimensional Hopf algebra
R in #YD behaves like an ordinary Hopf algebra in that it is always a Frobenius
algebra and satisfies a Maschke-type theorem: R is semisimple < £(t) # 0, for ¢
an integral in R (Corollary 5.8). An important example of Hopf algebras in #YD
is given by G-graded Hopf algebras. We discuss an old example of Radford in this
context, and explicitly compute various data for it such as the integral and dual
bases.
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Finally in Section 6 we give our application to enveloping algebras of Lie col-
oralgebras. The results of Section 5 apply, since for a G-Lie coloralgebra L, where
G is an abelian group with a given bicharacter, the enveloping algebra U(L) is a
G-graded Hopf algebra, and so is a Hopf algebra in the Yetter-Drinfeld category
for H = kG.

We fix some notation. Throughout we work with algebras over a field k. For
a Hopf algebra H, we denote the comultiplication A : H — H ® H by h —
> h1 ® ho. H has counit ¢ : H — k and antipode S : H — H. When S is
(composition) invertible, we denote its inverse by S. Although sometimes S also
denotes a subring, the meaning should be clear from the context. Let A be a right
H-comodule, via § : A - A® H, a+— Y.ap®ay. If #: H — H is a coalgebra
surjection, then A is also a right H-comodule in the natural way, via § = (id®7)08.
In this situation we say that A has the induced H-comodule structure.

Recall that for any algebra A, there is a left (right) action of A on its dual A*
given by the transpose of right (left) multiplication of A on itself. As in [Sw], we
write a — f for this left action and f < a for the right action, foralla € A, f € A*.
Equivalently (a — f)(b) = f(ba) and (f — a)(b) = f(ab), for all b € A. When f
is in the coalgebra A° C A*, we have the usual formulas a — f = > fa(a)f1 and
f—a=3 fila)fe

If A is any augmented algebra with augmentation € : A — k, one can define (left
and right) integrals for A. That is, fi ={te Alat =¢(a)t, all a € A} is the space
of left integrals; similarly for f:, the right integrals. If A is a Frobenius algebra,
then the spaces of left and right integrals are each one-dimensional. In this case,
if f € A* is the Frobenius homomorphism for A and we choose ¢ € A such that
f — t = ¢, then it is easy to see that t € f; If also A* is augmented then f € [}..

Finally, we call an extension of algebras B C A faithfully flat if A is a faithfully
flat left and right B-module. When A and B are Hopf algebras and the antipode
is bijective, assuming faithful flatness on one side is sufficient, since S is then an
antiautomorphism.

1. B-FROBENIUS EXTENSIONS

We begin by reviewing some known results about -Frobenius extensions, with
some additional facts and characterizations which will be used later. (-Frobenius
extensions generalize classical Frobenius extensions [K| and were introduced by
Nakayama and Tsuzuku [NT 60], [NT 61]; they are also called Frobenius extensions
of the second kind. Recall the definition:

1.1. Definition. Let B C A be a ring extension and § : B — B a ring automor-
phism.
(a) If M is a left B-module then gM is defined to be the left §-twisted B-module
with underlying set M and left action b-gm = 3(b) - m for all m € M, b € B.
Similarly, one can define a right G-twisted B-module.
(b) B C A is called a (left) 8-Frobenius extension if
(i) A is a finitely generated projective right B-module, and
(ii) A= gHompg(Ag, Bp) as (B, A)-bimodules, where g Hompg(Ap, Bg) is a
left B-twisted (B, A)-bimodule via (b-¢ -a)(x) = B(b)y(ax), for all b € B,a,z € A,
and ¢ € Homp(Ag, Bp).
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1.2. Remark. (a) In the case when 8 = id we recover the classical notion of a Frobe-
nius extension. If also B = k, then A is a Frobenius algebra since the isomorphism
Aa — (A*)a of part (ii) of the definition is the classical Frobenius isomorphism.
(b) It will follow from Proposition 1.3 (c) that the choice of sides for a 8-Frobenius
extension does not matter; any (left) S-Frobenius extension is also a (right) B71-
Frobenius extension. Note also that for any B-modules Xz and gY, we have

Xg RpY 2 X ®p 571Y
as vector spaces, via z Q y — = ® y.
As in the classical case, dual bases exist for a [-Frobenius extension. In fact,

these concepts are equivalent, as we show next. A similar result is shown in [BF,
Theorem 1.1]; see Remark 1.4 (a).

1.3. Proposition. Let B C A be a ring extension, § : B — B a ring automor-
phism, and f: A — gB any (B, B)-bimodule map. Define
F:A— Hompg(Ap, Bp) by F(x) = fz, where fz(a) = f(xa);
F:Az®p A — Homp(Ap, Ap) by F(z®vy)=xfy=xF(y), where
zF(y)(a) = xf(ya)
for all x,y € A. Then the following are equivalent:
(a) B C A is a 3-Frobenius extension via F.
(b) F and F are bijections.
(¢) There exist r;,1; € Aji =1,...,n, such that Va € A,

n

(i) a= > rif(lia),

i=1

(i) a = 32(8 o f)(ar)Ls

i=1
Proof. (a) = (b). First note that F' is indeed a map of (B, A)-bimodules and F is

well defined. Next, F' is bijective by the definition of a S-Frobenius extension; to
see that F' is bijective, we note that F' is defined via F' as follows:

Ag®p A deF Ag ®p gHOmB(AB,BB)
= A®B HOIHB(AB,BB) by 1.2 (b)
= HOHlB(AB, (A Rp B)B)
(since A is finitely generated projective over B)
gHOInB(AB,AB).

For, following the isomorphisms, for any z,y € A we have t ® y — =z ® F(y) =
2® fy— x® fy. This now goes to the map a — xf(ya), which is precisely F(z®vy).
(b) = (¢). Since F': Ag @ p A — Homp(Ap, Ap) is bijective, we may choose

S ri®l; € Ag ®@p A such that F(Y.r; ® ;) = id 4. But then
i=1

> i flia) = F(O _ri ®1)(a) = a,
so (i) holds.
As for (ii), let z,y € A. Then

F(X67 e Drols) () = £ (387 (Fer)liy)
=" fr)fw) = £ (2 3 v flw) = Fey) = F@)().

Bijectivity of F' now yields (ii).
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(¢) = (a). Ap is finitely generated by (i), using the dual basis lemma. Moreover,
A= sHomp(Ap, Bg) via the inverse bijections:

e fooand Y BTN S,
using (i) to see that F o G = id and (ii) to see that G o F' = id. It is easy to see
that F is indeed a (B, A)-bimodule map. O

1.4. Remark. (a) Any f: A — B satisfying part (c¢) is called a 3-Frobenius homo-
morphism, and {r;},{l;} are a pair of dual bases. The Frobenius homomorphism f
determines a B-semi-linear associative form (, ): A® A — B via (a,a’) := f(ad’),
and it follows from 1.3 (c¢) that this form is nondegenerate. Here “semi-linear”
means that for b,0" € B, (ba,a'b’) = B(b)(a,a’)b. Conversely the existence of such
a form determines an isomorphism F : A — Hom (A4, B) given by Fz(a) := (z,a).
This characterization of 8-Frobenius is the one given in [BF, 1.1].

(b) In the classical case of a Frobenius algebra A, one may define the Nakayama
automorphism n of A by f(xy) = f(yn(x)), for all z,y € A. Equivalently (z,y) =
(y,m(x)), where the bilinear form is as in (a).

(c) When B C A is a -Frobenius extension as above, A satisfies the separability

condition
Zari Rl = Zri ® l;a

in the twisted tensor product Ag ®p A, for all a € A. For, given a,z € A,

(Zam@l) Zarlflx —aa:—Zrlflax (ZTZ@)ZCL)

the bijectivity of F' now yields the result.

(d) If B C A are finite-dimensional and Ap is free, then (c) (ii) in the proposition
is not needed; that is, B C A is 8-Frobenius if there exist a (B, B)-bimodule map
f:A— gBand {r,l;} in A such that a = Y r;f(l;a), for all a. For, by the
comment in the proof of (¢) = (a), (i) implies F o G = id, and thus F' is surjective.
Since A = B(™ for some n, it follows that Homp (A, B) = Homp(B, B)(™ = B(™)
and so dim A = dim Homp (A, B). Thus F is bijective, and so B C A is f-Frobenius.

A major example of (-Frobenius extensions is given by any pair B C A of
finite-dimensional Hopf algebras; this is essentially [Sch 92, 3.6 II]. We give here a
shorter proof of this fact, and also obtain some new information about the form of
the automorphism 3, the map f, and the dual bases.

We fix the following notation. Let A be a finite-dimensional Hopf algebra, fa
a right integral in A*, and ¢ € A such that f4 — t = ¢ (that is, fa(ta) = e(a), for
all a € A). We may choose t in this way since by the Larson-Sweedler theorem [LS]
fa is a generator for A* as a (cyclic) right A-module. As noted in the introduction,
it follows that ¢ € f; Let « € A* be the (right) modular function for A; that is,
at = a(a)t, for all a € A.

Parts of the next lemma are known: the fact that A is Frobenius is in [LS],
and the form of the dual bases and the Nakayama automorphism 7 were shown in
[OSch] under an additional hypothesis.

1.5. Lemma. Let A be any finite-dimensional Hopf algebra with fa,t, and « as
above. Then A is a Frobenius algebra with Frobenius homomorphism fa and dual
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bases {Sta,t1}. The Nakayama automorphism n: A — A has the following form:
na) = S(a—a)=(5"a) —a,
@) = Sfa—a)=(S%)—a”!

for all a € A. It follows that n has finite order dividing 2 dimy, A.

Proof. Since fa is a right integral of A*;a «— fa = fa(a)la, for all a € A. It
follows that

> (Sta)fa(tra) = > (Sts)faltiar)tzas
= ZfA(tal)ag = Za(al)ag =a,

and thus {?tg, t1} are dual bases of A and f4 is the Frobenius homomorphism.
Now replace a by n(a) in the above formula:

n(a) =Y (Sta) faltin(a)) =Y _(Stz)fa(at),

since f4 is the Frobenius homomorphism. Thus

S%(n(a)) = ZfA(atl)(StQ) = ZfA(&ltl)&ztz(Stg)
= ZfA(alt)ag Za(al)agza_a.

Hence n(a) = ?2(0, — «). Since oS’ = a, it follows that n(a) = (§2a) — .
Similarly, using @S = a~! and aS? = «, it follows that 7 1(a) = S%*(a — a~1) =
(S2a) — a7, for all a € A.
We now consider the order of n. First, for a € A,
@) = (S0 —a)—a
= (§4a) — a?.

By induction it follows that n™(a) = (§2na) — a”. Since a € G(A*), the order of «
divides n = dim A [NZ] and so " (a) = §2n(a,); similarly the order of the modular
function for A*, ¢ € A** = A, divides n. Since S*(a) = c¢(a™! — a — a)c™! by
Radford’s therorem [R 76], it follows that S%" = id. Thus 7*"(a) = §4n(a) = a,
and so the order of n divides 2n. O

We remark that as a consequence of Lemma 1.5, f4(St) = 1. For, set a = St in
the dual basis formula in the proof. Since St € fi, this gives Stfa(St) = St, and
so fa(St) =1.

Now assume that B is a Hopf subalgebra of A; let tp be a right integral in B

and let ap € B* be the right modular function for B. Since A is free over B, by
[NZ], we may write

t=ts=Atp
for some A € A.

1.6. Definition. Let B C A be finite-dimensional Hopf algebras, with right mod-

ular functions a4 and ap and Nakayama automorphisms n4 and np respectively.
Let

X =aaxag' € Alg(B, k)
and
B=ng' ona € Aut(B),
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where here a4 and n4 are the respective restrictions to B. Then y is the relative
modular function and G the relative Nakayama automorphism.

It is easy to see that the Nakayama automorphism of A restricts to an automor-
phism of B and that 3(b) = Xx(b1)ba = b — ¥, using the formulas in Lemma 1.5.

1.7. Theorem. Let B C A be finite-dimensional Hopf algebras, and consider A
as a left A = AJABY-comodule via the induced coaction. Choose fa € f: and

ta € f: such that fo —ta=¢. Lettp € f;, and write t4 = Atg. Then B C A is
a (-Frobenius extension, with

(a) automorphism 8 : B — B given by § = 77;1 on,, the relative Nakayama
automorphism as in 1.6,

(b) Frobenius homomorphism f: A — B, via f(a) = 3. fa(a1Stp)az,

(c) dual bases {SAy, A1}, where A = (SA) — a~' =7~ 1(SA).

Proof. We first note several consequences of the fact that A is free over B [NZ].
Setting A = A/ABT, we may consider A as a left A-comodule in the natural way;
it follows that B = ““4A (as in 2.4 (b)). Also by Remark 1.4 (d), it will suffice to
show that the given dual bases satisfy 1.3 (c) (i).

The fact that B = °“4A implies that Imf C B. For, the comodule map
p:A— A® Ais given by p = (1 ®id) o A. Writing u = Stp, we have:

p(fla)) = (r®id)o A} falaru)as)

Y- falaiu)az @ as

> falarur)aze(uz) ® as

> falayuy)azus ® ag  since ug € B
> au— fa®ap

> falau)I ®az  since fu € f:*
1® f(a).

Thus f(a) € B
Since u € f;, for all b € B we have

ZfA arbyu)azby = ZfA (a1e(br)u)azbs = f(a)b
and so f is a right B-map. On the left, using the Nakayama automorphism 74,

flba) = 37 fa(braru)boaz = 3 fa(aruna(b))bzaz

> fA(alu ag'(na(br)))baaz

Eof (S (b1 — aq))bafalaiu)as by Lemma 1.5
> aa(br)ag! (b2)bsf(a)
= Y x(b1)baf(a) = B(b)f(a).

Thus f is a left S-twisted B-map.
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It remains only to check 1.3 (c) (i) for the dual bases {SAs, A1}, where n(A) = SA
and t4 = Atg. Now for a € A,

2 (SA2)f(Ara) = 3 2(SA3)fa(Ara1Stp)Azas
ZfA(AlalStB) (AQ)CLQ
> fa(AaiStp)ag
> falaiStpn(A))as

(

(

S fa(a1S(Atp))ay by the form of n(A)
Sfa a1St)as

> fa(e(a1)Sta)az  since Sty € fi
fA(gtA)a =a

since fa(Sta) = 1 by choice of t4 with respect to fa, as noted after Lemma 1.5.
Thus B C A is §-Frobenius. O

1.8. Corollary. Let B C A be finite-dimensional Hopf algebras. Then the follow-
ing are equivalent:

(a) B C A is a classical Frobenius extension;

(b) B =1id, where (3 is the relative Nakayama automorphism as in 1.6;

(¢) aalp = ap, where as and ap are the right modular functions for A and B,
respectively.

Proof. (¢) = (b) by the form of x in Definition 1.6, and (b) = (a) is trivial. Thus
it remains to prove (a) = (c¢). The argument is the same as that in [OSch, 4.8,
(2) = (3)] : since A is both Frobenius and §-Frobenius, there exists an isomorphism
¢:A— 5-1A from A as an ordinary (B, A)-module to A as a left f~!-twisted
(B, A)-module. Let u = ¢(1); then u is a unit in A, with inverse w = ¢~ 1(1). It
follows that for all b € B,

ub = ¢(1)b = ¢(b) = 671 (b)o(1) = 57 (b)u.

Applying e, we see that £(b) = (871(b)), for all b, since e(u) # 0. Thus 8 = .
But since 5(b) = > x(b1)ba, it follows that e3 = x. Thus x = . Now by 1.6 again,
the restriction of the modular function of A to B is the modular function of B:
a|B = apB. (|

We remark that this result is reminiscent of a classical result on locally compact
groups [We, Ch. II, Sec. 9]: if G is such a group and L a closed subgroup of G,
consider the locally compact topological space X = G/L of left cosets of L in G; G
acts on X by left translation. Then X has a non-zero G-invariant Radon measure
< the modular function for G restricted to L is the modular function for L.

1.9. Example. Let H be any finite-dimensional Hopf algebra and D(H) its Drin-
feld double [Dr 86]. Following the relations for D(H) given in [R 93], we may write
D(H) = H*°P i< H; thus D(H) = H**°P ® H as coalgebras, and the multiplica-
tion is given by H*°P and H acting on each other via the right and left coadjoint
actions. See also [M, 10.3.5] for details. In particular we may consider H C D(H),
via H = ¢ a1 H, and apply the above results to this extension, which is always
B-Frobenius by Theorem 1.7.

By [R 93], D(H) is always unimodular, and thus a« = ¢ in A = D(H). Conse-
quently, for x as in Definition 1.6 and Theorem 1.7, x = (ag)~!, where ag is the
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right modular function for B = H. It follows that the automorphism (3 is given by

h) = ag' (h1)hs

for all h € H. Thus, as in Corollary 1.8, the extension H C D(H) is Frobenius
& ap = ¢ < H is unimodular. This last fact is also noted in [CMZ, Cor.4.5]. We
may also describe the Frobenius homomorphism f as follows. Using Theorem 1. 7(b)
and Example 1.12, we see that f(a) = > A(@1)az, where A € fr . Now, D(H) =

D(H)/D(H)H™ = H*°P as coalgebras, and thus a right 1ntegra1 )\ in D(H) >~ Hep
corresponds to a left integral in H. That is, we may write A = u € fH. Then

for an element v <t h € D(H), where v € H**°P h € H, we have \(yh) =
Ay e(h)l) = e(h)y(u), and thus

flypah) = 3" A2 > hy)(y1 24 ho)
> v2(u)y > h
= Y (u—7)>xth=~v(u)exh.
Thus in fact f : D(H) — ¢ <t H & H; one may check that f is a left S-twisted
map.

We may also find a dual basis for D(H) over H. For, let A be a left integral in
H* P and tp a right integral in H. Then t = A >ty is a (left and right) integral
in D(H) [R 93]. Since a = ¢ in D(H), Theorem 1.7 (c) gives that A = SA. Thus
the dual bases are {SAg, A1} = {A1, SAs}.

We next turn to studying more general conditions which will guarantee that a
given extension B C A is (-Frobenius. Although we may no longer have actual
integrals in A and B, the hypotheses we use involve the existence of integral-like
elements, as used in [Sch 92]. If A is any augmented algebra with augmentation

e: A—k, let f; (respectively fi) denote the space of right (left) integrals of A.

1.10. Definition. Let W be a Hopf algebra, U C W a Hopf subalgebra, and
W = W/WU" the (left) quotient coalgebra; note that W is an augmented algebra
by evaluation at 1. Then the extension U C W is of (right) integral type if

(a) there exists 0 # \ € f%,

(b) there exists A € W such that A\ «— A =& on W,

(¢) there exists x € Alg(U, k) such that A — u = x(u)A, for all u € U.

Note that (b) means that A(A - @) = AM(Aw) = (W) = (w), for all w € W (in
particular A(A) = 1); alternatively, f%* — W = W". Similarly (c¢) means that
AMuw) = x(u)A(w), for all uw € U,w € W; or alternatively A — U = k.

Similarly we may define an extension U C W to be of left integral type by using
W = W/U+W and assuming there exist 0 # A € le* , A, and y with the appropriate
properties. In either case the hypothesis generalizes properties of normal Hopf
subalgebras.

1.11. Example. Let U be a normal Hopf subalgebra of W of finite index (that
is, dim W is finite). Then U C W is of right and left integral type. For, since U
is normal, UtW = WU and W = W/WU™ is a finite-dimensional Hopf algebra.
Thus W is also a finite-dimensional Hopf algebra, and so by the Larson-Sweedler
theorem contains a right (left) integral A # 0; moreover A — W = W". Thus there
exists A € W such that A — A = ¢; in fact A is a right integral in . Choose
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A € W to be any pre-image of A; then (b) holds. For (c), we may choose y = ¢.
For, if u € U and w € W, then uw = e(u)w since UtW = WU+ = 0. Thus
A—u=¢(u)\ forallu e U.

In fact U C W is always of (right and left) integral type if W is finite-dimensional.

1.12. Example. We reconsider the case of finite-dimensional Hopf algebras of
Theorem 1.7. It is not difficult to check that we may use A € A" defined by
A@) := fa(aStg), and that A and x are exactly as given in 1.7. Thus any such
extension is of right (left) integral type. This fact was shown in [Sch 92], though
without the explicit formulas for A, A, and x.

1.13. Example. We show in Corollary 4.9 that any extension B C A of pointed
Hopf algebras of finite index is always of integral type.

The importance of integral-type extensions comes from the following result of
Schneider. Recall that if A is a left W-comodule viao : A = W®@Aand 7 : W — W
is a coalgebra morphism, then A has an induced left W-comodule structure via
(r®id)oo.

1.14. Theorem ([Sch 92, 3.3]). Let W be a Hopf algebra with bijective antipode,
let U be a Hopf subalgebra such that U C W is a faithfully flat extension of right
integral type, and let W = W/WU™. Let A be a left W-comodule algebra such that
coWA C A is W-Galois, and let B = WA, where A has the induced W -comodule
structure. Then B C A is a B-Frobenius extension.

In particular the Frobenius homomorphism f : A — B is given by f(a) =
S X@-1)ag, for all a € A, and the automorphism 3 : B — B is given by B(b) =

S x(b_1)bo, for all b € B, where A and x are as in Definition 1.10.

In fact the result in [Sch 92] is stated for extensions of left integral type; the
present version follows from that one by using H := WP <P H' .= U°P P and
the right H-comodule algebra A°? — A° @ W°P <°P determined by 0 : A — W ® A.

2. BICOMODULE ALGEBRAS AND BI-(GALOIS EXTENSIONS

Since we wish to show that in a Frobenius extension B C A, certain well-behaved
subalgebras S C R are also Frobenius, we introduce in this section the kind of
extensions we will be looking at. We first consider a more general situation.

2.1. Definition. Let C' and D be k-coalgebras and A a k-vector space.
(1) Ais a left (C, D)-bicomodule if
(a) A is a left C-comodule, with coaction 0: A — C® A,
(b) A is aright D-comodule, with coaction p: A — A® D, and
(¢) pis aleft C-comodule map (equivalently, o is a right D-comodule map).
That is, the following diagram commutes:

A = C®A
Pl |a®e
A®D g C®A®D

(2) Now assume that C' and D have grouplike elements ¢y and dy respectively.
Then we may define the coinvariants of A with respect to these grouplikes to be

“CA={acA|o(a)=co®a} and AP ={ac A|c(a) =a®dy}.

Then the set S = (°> ©A) N (A% P) is the set of bicoinvariant elements.
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(3) If also C' and D are bialgebras and A is an algebra, then A is a (C, D)-
bicomodule algebra if o and p are algebra maps.

2.2. Remark. (a) An easy example of a bicomodule is given as follows: Let A be
any coalgebra, and C and D two quotient coalgebras of A. Then A becomes a right
D-comodule and a left C-comodule via the induced coactions, and it is easy to see
that A is a (C, D)-bicomodule.

(b) If a € A, then we may write o(a) = > a_1 ® ag € C ® A and p(a) =
d>ap®a; € A® D. This double usage of ag is justified since the compatibility
condition 2.1 (c) allows us to write

(id ® p)o(a) = (o ®@id)p(a) = Za_l ®ag R a.

In the next two lemmas we relate the comodule structures of various subcomod-
ules of coinvariants of a bicomodule A.

2.3. Lemma. Suppose C and D are coalgebras with grouplikes c, and dy (as in
Definition 2.1(2)). Let A be a (C, D)-bicomodule and set B = “°“A and E =
A D Then:

(a) B is a right D-comodule via p,

(b) E is a left C-comodule via o;

(c) set S=BNE; then S=B®°P = «CF,

Proof. (a) First note that A ® D is a left C-comodule via o ® id. Moreover B =
¢ C A implies that ©°“(A® D) = B® D. Now if b € B, then (b) = ¢o ®b. By the
bicomodule property,

(0 ®@id)p(b) = (id® p)o(b)
= (id @ p)(co @ b) = co @ p(b).

Thus p(b) € “°“(A® D) = B® D.

(b) This is similar, using (C ® A)*°P =C @ E.

(c) Since E is a left C-comodule by (b), BNE = (°“A)NE = “°°“E. Also B
is a right D-comodule by (a), and so BN E = BN (A« P) = B«?P. O

We next require a known lemma [Sch 92, 1.3] although we sketch a proof for
completeness, since we are working on the other side. Recall that if W is a Hopf
algebra, U C W is a right coideal subalgebra if U is a subalgebra and AU C U@ W.
It follows that WUT is a coideal and a left ideal of W, and we have the canonical
quotient map

pW —W :=W/WuU".
W is a coalgebra and a left W-module, and W is a left W-comodule via the induced
coaction.

2.4. Lemma. Let W be a Hopf algebra and U C W a right coideal subalgebra such
that U C W is faithfully flat. Then

(a) the Galois map v : W @u W — W @ W given by x @ y +— >. %1 @ a2y is
bijective, and

(b) U= cWw.

Proof. We follow the argument in [Sch 92, 1.3], switching from left to right.
(a) The map ~ is a bijection since it has the inverse 7 : 7@ w +— Y _ v1 ® (Sv2)w,
for all v,w € W, where here S is the antipode in W.
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(b) This will follow from the commutativity of the diagram

U < W % WegW

in

1 [ ey
oW o W W Wew

P
z,y € W. The top row of the diagram is exact since U C W is faithfully flat
[Wa, Th.13.1], and the bottom row is also exact. But then U = Ker (Ay,,i2) =
co WW D

We now specialize to the following situation. Let W and H be Hopf algebras, U a
Hopf subalgebra of W, and let W be as above. If A is a (W, H)-bicomodule algebra,
then A is a (W, H)-bicomodule in the natural way, via@ = (u®id)oo : A — W®A,
and the W-coinvariants ©°"V A are a subring of A since W is a left W-module. From
now on we use the notation

R=A®H p— W4 §_ ROB.

By Lemma 2.3, S = < WR = B®H._ We next show that these subrings are
U-comodules.

2.5. Lemma. Assume U C W is a faithfully flat extension of Hopf algebras, and
let W,A,B,R, and S be as above. Then:

(a) B is a left U-comodule via o,

(b) S is a left U-comodule via o.

Proof. (a) We first show that 0~ '(U ® A) = B. Choose a € 0~ (U ® A). Then
(n®id)o(a) =T ®a, and thus a € “°VA = B. Hence o~ (U ® A) C B.
On the other hand, choose b € B. By Lemma 2.4, U = ©° WW, and thus
coW(W @A) =U ® A, where W @ A is a W-comodule via Ay, @ id. Now
(Ay ®@id)o(b) = (p®id*)(Aw @id)o(b)
= (u®id?)(id ® o)o(b) since o is a comodule map
=2 b1 ®(bo)-1® (bo)o
=1®o(b) sincebe WA,

Thus o(b) € V(W @A) =U®A, andsobec o ' (U® A).

Now note that if U C W is any inclusion of coalgebras and A is a left W-
comodule via 0 : A — W @ A, then 0~1(U @ A) is a left U-comodule. In our case
this means that B is a left U-comodule.

(b) Recall that S = RN B by Lemma 2.3. The result now follows since ¢(S) C
o(R) C W ® R by 2.3 (b) and since o(S) C ¢(B) C U ® B by (a) above, for then
o) CcWeRNU®B) =U®(RNB)=U®S. O

We now come to the situation we wish to study. Note that “°WA C A is left
W-Galois if the map A®cow 4 A — W® A given by x®y — > x_1 ®xoy is bijective;
when Sy is bijective this is equivalent to * ® y — Y. z_1 ® yxo being bijective.
Thus A is left W-Galois <= AP is right W “°P-Galois. The second map will
be used later on.

2.6. Definition. Let W and H be Hopf algebras with bijective antipodes, U C W
a Hopf subalgebra such that U C W is a faithfully flat extension of algebras, and A a
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(W, H)-bicomodule algebra. As above, set W = W/WU*+,B = ©°WA R= Ac°H
and S = RN B. Assume:

(a) R C A and S C B are faithfully flat H-Galois extensions, and

(b) WA C A is a W-Galois extension.

Then (U, W, H, A) is called a faithfully flat bi-Galois extension.

We represent this situation in the following commutative diagram:

S ¢ B 2 BeH
N n n
R c A é A®H
7l
WoA

We note that bi-Galois extensions have also been studied recently by Schauen-
burg [Sh] in the following special case: U = k1 (so W = W) and B = R = k; that
is, the coinvariants in A for both W and H are trivial.

In all of our applications, we consider the following case:

2.7. Main Example. Let H and A be Hopf algebras with bijective antipodes and
a surjective Hopf algebra map w : A — H. Suppose B is a Hopf subalgebra of A
such that B C A is faithfully flat and such that # : B — H is also surjective.
Consider A as a left A-comodule via ¢ = A4 and as a right H-comodule via
p=(id®m)o s Nowset R=A°H and S = B H. Using W = A and U = B,
we have W = A = A/AB™T, and so B = “°“4A by Lemma 2.4 (a). Because of these
simplifying assumptions, (B, A, H, A) will be a faithfully flat bi-Galois extension
provided R C A and S C B are faithfully flat H-Galois extensions.

We express this in the diagram

S ¢ B & H
N N I

R c A 5 H

One property which will guarantee that the H-Galois extensions R C A and
S C B are faithfully flat is the existence of a total integral, that is, a right H-
comodule map I' : H — B such that I'(1) = 1; see [KT] or [Sch 90]. We consider
two important special cases in which this property holds:

(a) The extension S C B is cleft; that is, such a I' : H — B exists which is
(convolution) invertible. This is equivalent to assuming that A and B are crossed
products; that is, A = R#,H and B = S#,H, for some invertible cocycle o :
H® H — S. In fact this will happen whenever A is finite-dimensional or pointed,
by [Sch 92]. Cleft extensions will be considered further in Section 4.

(b) Assume in addition that I : H — B is a Hopf algebra map such that «T" = id;
that is, B is a Hopf algebra with a projection. It now follows by Radford’s theorem
[R 85] that B = S * H, a biproduct; similarly A = R+ H. The above diagram then

becomes
s c s«H E'§m
(2.8) N N I
e®id

R ¢ R«xH —» H
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This is the situation discussed in detail in Section 5: that is, S C R are Hopf
algebras in the Yetter-Drinfeld category £YD.

In fact the situation in (b) will always occur in the set-up of Example 2.7 when-
ever S = k. For, R C A being H-Galois means that the Galois map v: A®pr A —
A® H given by a ® b — > ab; ® w(by), for all a,b € A, is bijective. Tensoring
on the left by k = A/A™ as a right A-module, we see that k ®g A & H, given by
1® b 7(b). Restricting this map to the H-Galois extension k C B, we see that
7 restricted to B is an isomorphism. Thus B & H, and there exists a Hopf algebra
map I' : H — B C A such that nT" = id.

We record some general facts about the situation of our main example.

2.8. Proposition. Let (B, A, H, A) be a faithfully flat bi-Galois extension as in
Example 2.7, with R = A and S = B« . Then:
(o) R®s B = A via multiplication,
(b) B®g R = A via multiplication,
(¢c) Let R=R/RSt and A= A/AB*. Then R = A, as left R-modules and
right S-modules, via the map induced by the inclusion R C A.

Proof. (a) Let M be the category of right (B, H)-Hopf modules. Since S C B is
H-Galois and faithfully flat, by [Sch 90] there is a category equivalence Mg = M,
given by M +— M ®g B and V + V< for M € Mg,V € M. Now A € MY
using the given H-comodule structure p: A — A® H, and A°®H = R; hence using
M = R, the map R®g B — A, given by r ® b+ rb, is a bijection.

(b) This is similar to (a), using the equivalence s M S M.

(c) First note that given any S-module M and ideal I of S, M ®gS/I = M/M]I.
Thus using I = ST, we have M ®g k = M/MST. We apply this fact for M = R
and use R®g B = A from part (a): R/RST 2 RRsk 2 RQsBRpk 2 AQpk =
A/ABT. O

3. FROBENIUS EXTENSIONS OF SUBALGEBRAS

In this section we prove our main result about when the coinvariants in a bi-
Galois extension are (-Frobenius.

We recall the notion of bi-Galois extensions from Definition 2.6: U C W and
H are Hopf algebras with bijective antipodes, A is a (W, H)-bicomodule algebra,
W =W/WUt,R= A" B= WA and S = RN B, with various Galois and
faithful flatness assumptions. The diagram in 2.6 may be helpful. Part (a) of the
theorem is due to Schneider, as noted in Theorem 1.14.

3.1. Theorem. Let (U, W, H, A) be a faithfully flat bi-Galois extension, and as-
sume that U C W is of right integral type, with A and x as in Definition 1.10.
Define

JiA=B by f(@) =%
B:B— B by B(b):=5

foralla € A,b € B. Then:
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(a) B C A is a B-Frobenius extension with Frobenius map f.

(b) S C R is a Br-Frobenius extension with Frobenius map fr, where
frR: R— S and Br : S — S are the restrictions of f and B to R and S.

(c) We may choose dual bases as follows:
Lety: AQeowyq A=W R A, via xRy — > y_1® xyo, be the Galois iso-
morphism, and let r;,l; € A, 1 <i <mn, be such that y(>}_r; @1l;) =A®1.
Then {r;,l;} are dual bases of B C A.

Moreover, there exist x;,y; € R, 1 < j <m, such that

x@y: Tz®lz ZTLAﬁ@BAa
J J
j 4

and all elements {x;,y;} having this property are dual bases of the Br-Frobenius
extension S C R with respect to fr (and of the B-Frobenius extension B C A).

Proof. (a) This is Theorem 1.14, which was shown by constructing dual bases and
using part (¢) of Proposition 1.3.

(b) We make three preliminary observations.

(1) f and g restrict to fr and Bgr:

First, if a € R, then f(a) = > A(@-1)ao € R since 0(R) C W ® R by Lemma 2.3
(b), with C' = W, D = H, and E = R. Similarly, if b € S, then 8(b) = > x(b_1)bo €
S since 0(5) C U ® S by Lemma 2.5 (b).

Note that x : U — k is an algebra map by 1.10 (c), and hence both 5 and 8 are
algebra automorphisms of B and S, respectively, with inverse b — > x(Sb_1)bo.

(2) Rg is flat:

For X € gM, the functor

X—ARs X2 ARrBRs X 2ARrR®s X

is exact since Bg is flat by the bi-Galois extension hypothesis and Apg is flat since
B C A is f-Frobenius, by (a). Since also R C A is faithfully flat by the bi-Galois
hypothesis, it follows that X — R ®g X is exact.

(3) R, ®s A — Ag®p A, viar ® a — r ® a, is bijective:

Note that

Rg, ®s A= R®g 5E1A’ via r®a—r®a, by 1.2(b), and
Bg®p A= 51A, via b®a— 71 (b)a.

Thus
Rp, ®s A= R®g B;A%R@JsBﬁ ®p A=Az ®p A,

where the last isomorphism is Proposition 2.8 (a).
We now prove (b) by applying Proposition 1.3(b). Define F' and F' in terms of
f and (§ and also Fr, Fr in terms of fr and Br; that is,

Fr: R — Homs(Rs,Ss) via Fr(z) = (fr)z, and
Fr: Rg, ®s R — Homg(Rs, Rg) via Fr(z®y)(a) =xf(y a).

By 1.3 and part (a) above, F' and F are bijective, and we must show that Fr
and Fgr are bijective.
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To check that Fr is bijective, we claim that the following diagram commutes:

p
R —

R C A A®H
| 1 ) 1
Homy(id,p)
Homs(Rs,Ss) — HOmS(RS,BS) HOmS(RS,BS ®H)
Homid,iq)

where ¢(a)(r) := f(ar) and ¥(a ® h)(r) := f(ar) ® h. Clearly the left square
commutes since both directions give r — (z — f(rz)), and similarly the right
lower square commutes, with a — (z — f(az) ® 1). It remains to consider the
upper right square. If a € A, then ¢p:a— P> ao®@a1) = (x — > flaox) ® a1)
and Hom(id, p)¢ : a — (x — f(ax)) — (z — p(f(ax))). But now

p(flaz)) = p(>°AN@=17=1)aozo)
= > A@=7=1)(ao)o(z0)o @ (a0)1 (7o)
> A@=1z=1)(a0)ozo ® (ao)1
= Z)\(( 0)-12-1)(ao)ozo ® ay
= > flaoz) ® as,

where the third equality follows since € R implies z¢ € R (since o(R) C W® R by
Lemma 2.3 (b)) and thus p(z¢) = 7o ® 1 since R = A # | and the fourth equality
follows from the bicomodule condition. Thus the diagram commutes.

Now, the top row is exact since R = A ; the bottom row is exact since
S = B¢ H and since Homg(Rs, —) is left exact.

¢ is bijective, since R ®s B — A is bijective by Proposition 2.8, and hence

¢: AL Homp(Ap, Bp) = Homp(R ®s B, Bg) = Homg(Rs, Bs)

is bijective since F' is bijective.
Finally, 1 is bijective. For,

F®id o
1/) cAQH — HOHlB(AB,BB)@H — HOmB(AB,BB®H) = Homs(Rs,Bs®H)

where the last isomorphism follows from R ®g B = A as above and the middle
mapping is given by ¢ ® h — (a — p(a) ® h); it is an isomorphism since Ap is
finitely-generated projective by part (a). Thus 1 is bijective, and so F'g is bijective
using the diagram.

Now we show that Fg is bijective. We claim that the following diagram com-

mutes:
id®p
_
Rg, ®s R C Rg, ®s A Rg, ®s A® H

B 5 id®iy ~

Fr | ¢ 1y
Homygid,p)

Hom(id,i)
Homs(Rs, Rs) — Homg (Rs, As) Homg (Rs, As ® H)

Hom(id,iq)

where 7 : R C A is the inclusion map,

Sz @ y)(r) =z f(yr), and P(z ®y @ h)(r) =z f(yr) @ h.

The left square commutes since both possibilities give x @ y — (r — xf(yr)), and
similarly the right lower square commutes, with t @ y — (r — zf(yr) ® 1). It
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remains to consider the right upper square. For = € Rg,,y € A, we have

do(idep):zoy— ) x@yo@y)=(r— Y zf(yor) @)
The fact that Hom(id, p) o ¢ gives the same result follows using p(f(yr)) =
> flyor) ® y1, which we showed above in the argument for Fr. Thus the dia-
gram commutes.

The upper row is exact since, first, R = A° ¥ implies R C A = A® H is exact,
and second, Rg, is flat as a right S-module (since X3 ®5Y = X ®g g-1Y for all
S-modules X and Y by 1.2 (b), and hence X flat as an S-module implies Xz is
also flat over 5).

The lower row is also exact, since in fact R C A Z A ® H is exact as (R, R),
and hence (5, S)-bimodules, and because Homg(Rg, —) is left exact.

Next, ¢Z and 15 are bijective. ¢Z is bijective since it is the composition of the

isomorphisms

Rp, ®s A = Ag®p A by (3)

L

HOIHB(AB, AB)

Il

Homs (Rs, As)

where the last isomorphism is induced by R ®s B = A, which is 2.8(a). ’QZJ is the
composition of the isomorphisms

Rg,@s A®H = Az@pA®H by (3)again
iy HOInB(AB,AB)(X)H
>~ Homp(Ap,Ap ® H) since A, is fin. gen. projective

Homg(Rg,As ® H) by 2.8(a) as above.

Using the diagram, it now follows that Fg is bijective, proving (b).
(¢) The following diagram commutes:

Fg

Rg, ®s R Homs(Rs, Rs)
g l lHom(id,i)

F
Ag®p A —>HOInB(AB,AB) %Homs(Rs,As)

where the lower right isomorphism is induced by R®g B = A and the map g is the
isomorphism of (b) (3) restricted to Rg, ®g R.

Now by Proposition 1.3 and the proof there of (b) = (c), it follows that if B C A
is a (B-Frobenius extension with Frobenius homomorphism f, and F is as above,
then {r;,1;} are dual bases & F(3.1r; ® I;) = ida < S rif(lix) = z, for all z € A,

where we consider Y 1, ®l; € Ag ®@p A.
It follows that if {r;,l;} are chosen in A such that (3} r; ® [;) = A® 1, then
{ri,1;} are dual bases of B C A. Indeed, for all x € A,

orifliz) = Yo riA((li)-12-1) (1 )oo
SAAz_q1)zo since Y (Li)—1p@ri(li)o=A®1
= Ye(x_q)xo = 2.
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Now by (b), since S C R is f-Frobenius, there exist dual bases {x;,y;} of S C R;
thus Fp(3.x; ®s y;) = idg by the above. By commutativity of the diagram, it
must be that g(>"z; Qs y;) => . 2; @py; = .1 ®1; in Ag ®p A.

Finally, given {r;,(;} dual bases for B C A, assume that {x;,y;} are elements of
R such that Y z; ®y; => 7 ®1; in Ag ®p A. Then

Z;UJ@ByJ Zn@)l =idy.

Since the above diagram commutes, it follows that Hom(id, ) Fr(Y z; ®s y;) = i
and thus that Fr (> z;®gy,) =idg, since Hom(id, 1) is injective and Hom(id, i) (idg)
=4. Thus {z;,y;} are dual bases of S C R. O

3.2. Remark. In the theorem, 37! can be described as the restriction of a function
which is defined on A and not just on B. For

“a) = Z/\( S(a_1)N)ag, for alla € A,
ﬁ Yab) = p~Y(a)371(b), forall a€ Abe B.

Consequently > 37! (z;)y; = e(A), where {z;,y,} are as in Theorem 3.1(c).
J

Proof. (a) First note that for b € B,371(b) = > x(Sb_1)A(A)by = > x(Sb_1)bo
using the form of 3 in Theorem 3.1 (and 1.14) and the fact that A(A) = 1, as noted
after Definition 1.10. Consequently 371(3(b)) = b since x is multiplicative. Now
foralla € A,b € B,

pHab) =

S(alb_l)K)aoﬁo
Sb_ 1))\(Sa_1A)a0b0 by 1.10 (C)
~(a) 22 x(Sb-1)bo
)
B

6 1
= f7Ha)B7H(b).
(b) Now by (a), the map Aﬁ ®p A — A, viaz @y — B (x)y, is well-defined,
and thus Zﬂ_l(xj)yj ZB Lr)l.

J

Recall we have chosen {n, li} so that y(Q_omi ®@ 1) = > (li)-1 ®@7i(li)o = A @ 1.
Under the map W ® A - W ® A, via w®a — Y a_15w ® ag, we see that
A®1+— SA® 1. It follows that

'Y(Zli ®r;) = Z(n)_l ® (13)ol; = SA® 1.

Now
SOl = X AS((ri)-1)A)(ri)ol
= AS(SA)A)
= A(A-K):s(A) by 1.10 (b). O

We consider the case of our main example, 2.7, and show that more can be said.
The reader should compare this result with Theorem 1.7.

3.3. Corollary. Assume we are in the situation of Example 2.7, that is, B C A
and H are Hopf algebras, B C A is a faithfully flat extension, m : A — H is a
Hopf surjection which is also surjective when restricted to B. Let R = A®H and
S = B ysing the H-comodule structure induced on A and B by 7. Assume that
R C A and S C B are faithfully flat H-Galois extensions, and that B C A is of
right integral type. Then S C R is B-Frobenius, with 3 and f as in Theorem 3.1,
and:
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(a) The element A € A(=W) in 1.10 (b) can be chosen in R.
(b) Dual bases of S C R may be found as follows:
There exist x;,y; € R,1 <14 <m, such that in Ag ®p A,

dei KUY = Z§A2®Al-

More generally, for any r € R, there exist x;,y; € R such that in Ag @p A,

in@yi:Z§T2®rl'

In particular {SAa, A1} are dual bases for B C A, and {x;,y;} are dual bases for
S CR.

Proof. Using W = A and U = B, we see that the assumptions imply that (B, A, H, A)
is a faithfully flat bi-Galois extension. Thus Theorem 3.1 applies.

(a) By 2.8 (b), A = BR; hence there exist b; € B,u; € R,1 < i < n, such that
A =" bu;. Then, using 1.10 (b) and (c),

’

e=XAA=> (A-bu; =Y xb)A-ui =AY x(bi)ui=A- A,

where A" = > x(bi)u; € R.
(b) Given r € R, and any z € R,

F(XSra@rm)(z) = X(Sra)f(riz)
= > 52"3)(@)7‘22’2 by the definition of f
= 2 (Sr3)raA(Fizn) 22

Thus F(3. Sry @ r1) € Homg(R, R).

By the diagram used in the proof of Theorem 3.1 (c), it follows that > Sre ® r;
lies in the image of Rg, ®s R under g; that is, Y. Sre ® r1 = 3. 2; ® y;, for some
i, Y; € R.

The first statement now follows, choosing A € R as in (a), or using Theo-
rem 3.1(c) since under the Galois map v : A® A — A® A given by 2 ® y —
STy ® 2y, we have (3. SA2 @ Ay) = A® 1. O

4. EXTENSIONS OF INTEGRAL TYPE

It is clear from Theorem 1.14 (from [Sch 92]) and from our Theorem 3.1 that it
is important to find conditions which guarantee that an extension of Hopf algebras
is of integral type. We do this here by generalizing the methods of Larson and
Sweedler [LS] to cleft extensions of finite index. In fact we consider a more general
situation than that of Hopf subalgebras; for most of what we do, a right coideal
subalgebra will suffice.

As in Section 2, let K be a right coideal subalgebra of the Hopf algebra H and
let H= H/HK"; H is a coalgebra and a left H-module.

4.1. Definition. Let K C H be a right coideal subalgebra of H and let H =
H/HKT. Theni[ has a right normal basis over K if H = H ® K as right K-
modules and left H-comodules. Here H has the induced left H-comodule structure.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



4876 D. FISCHMAN, S. MONTGOMERY, AND H.-J. SCHNEIDER

4.2. Remark. If H has a right normal basis over K, then H is free over K, and so
K C H is right faithfully flat. Thus, by Lemma 2.4 we know that K = HH and
that the Galois map v: H®x H — HQ H,viaz®y — Y T @ xay, is a bijection.

In addition, the Galois map 7 is also a bijection, when applied to H ®j K:
v: H® K — HOzH.

This last fact is dual to Lemma 2.4(a) and requires K = 7 [,

Similarly, one could define a normal basis property given a quotient left module
and coalgebra of H. We next require a known lemma [T 79, Theorem 1], although
we sketch a direct proof for completeness.

4.3. Lemma. Let H = H/I be a quotient coalgebra and left H-module. Define

K = CO_ﬁH, a right coideal subalgebra. Assume H = H ® K as right K-modules
and left H-comodules. Then I = HK™, and so H has a right normal basis over K
as in Definition 4.1.

Proof. This is dual to Lemma 2.4(b), since H is left H-faithfully coflat. For, con-
sider the diagram

HeK . H — H/HK?"

—
I | l
e®1
HOzH H — H/I
1®e
Note that HK™ C I, and hence the diagram is commutative. O

4.4. Remark. In the situation of Definition 4.1, the following are all well-defined
categories of Hopf modules:

gMa HMﬁa Mga KMH

For, a k-space M is in EM if it is a left H-module, a left H-comodule via p :
M — H ® M, and p is a left H-module map. This is well-defined since H is a left
H-module; similarly for 7M. The second two are well-defined because K is a
right coideal subalgebra.

We require some known facts about Hopf modules.

4.5. Proposition ([Sch 90|, [MD)). Assume that H is H-cleft, with K = <7 H.
Then the following are inverse equivalences:

(a)
M S BEM,
M — Heg M,
coﬁv —y V

In particular, for any V EEM, H® ‘;gﬁv — V' is an isomorphism, where - is the
action of H on V.
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MHE s MY,
M — MOy H,
V.=V/VK+t « V.

In particular, for any V. € MLV — VDﬁH is an isomorphism, given by the
comodule structure of V.

Proof. (a) is a special case of [Sch 90, 3.7], since K C H is faithfully flat, and (b)
is a special case of [Sch 90, 4.7].
(a) and (b) also follow from [MD] using v and its dual in 4.2. |

We consider various structures on duals of (co)modules.

4.6. Definition. (a) Transposed (co)actions: If A is an algebra and V a left
A-module, then V* = Hom(V, k) becomes a right A-module via (f -a)(v) := f(av),
for all v € V. V* is called the transposed A-module; similarly for right A-modules.
Note that if A acts on V = A by left multiplication, then the transposed action
of A on A* is simply f-a = f — a, as discussed in Section 0.
Dually, let C be a coalgebraand V — V®C, v +— > vg®u1, a finite-dimensional
right C-module. Then V* is a left C-comodule via V* — CQV*, f— Y f_1® fo,

where for all v € V,
> fo(0)f-1 =Y flwo)ur,

V* is called the transposed C-comodule. Similarly we may begin with a finite-
dimensional left C-comodule.

(b) Contragredient (co)actions: Let H be a Hopf algebra. If V is a left
H-module, then the contragredient left H-module structure on V* is defined by
(h - f)(v) == f((Sh) -v), for all v € V. Similarly we may begin with a right
H-module.

Note that if H acts on V = H by left multiplication, then the contragredient
left H-action on H* is h- f = f — Sh.

If V is a finite-dimensional right H-comodule, then the contragredient right H -
comodule structure on V* is defined by f+— Y fo ® Sf_1, where f — Y f_1 ® fo
is the transposed left comodule structure above. Similarly we may begin with a
finite-dimensional left H-comodule.

4.7. Lemma. Let H be a Hopf algebra, K C H a right coideal subalgebra, and
H = H/I aleft H-module coalgebra quotient.

(a) Let V € gMH withdimV < co. Then V* € LM, where V* is the transposed
H-comodule and the contragredient H-module.

(b) Let V € gk M with dimV < co. Then V* € ML, where V* is the contra-
gredient H-comodule and the transposed K-module.

Proof. (a) This is similar to the Larson-Sweedler argument [LS]. Let 6y : V —
V@H, v Yv®uv, and dy- @ VF — HRV* via f — Y. f1 ® fo, be
the H-comodule structure and its transpose, as in 4.6. We must show 8y (h- f) =
Shif-1®hg-fo, forall f € V* h € H, where h- f is the contragredient H-module
action. That is, for all v € V', we need

> (ha- fo)(@)(ha - fo1) =D (B f)(vo)r
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or equivalently Y fo((Sha) - v)(h1 - f—1) = f(Sh-vo)v1. Now
ST fo((She) -v)(hy - f—1) = > hi-(f((Sha)-v)o)(She-v)1) by 4.6(a)

= S"hy-(f((Shs)-vo)(Shy - v1)) since V e gMH

= > f((Sh) - vo)us.

(b) This is dual to (a). Let Ay : V - V®H, v— > vg®v, and V* —
HV* f— > f-1® fo, be the H-comodule structure and its transpose. Then
Ay« :V* - V*@H, fr Y fo®Sf_1, is the H-comodule structure of V* € ML

We must show that Ay (f - k) =3 fo- k1 ® (Sfo1)ke, forall k € K, f € V*;
that is, for all v € V|

> (fo - k) @)(Sf-1)kz =D _(f - k)(vo)Sur,
Zfo Sf_ Zf k - ’UO S’Ul

S ok 0)(Sfoke = X F((ks - 0)0)S((ks - v))ke by 46(1)
= > f(k1-v0)S(ky - v1)ks since V € gMH
Zf(k 'UQ)SUl

or equivalently

Now

|

We return now to the situation of Definition 4.1. That is, K is a right coideal
subalgebra of the Hopf algebra H, and H = H/HK™*. Then H is an algebra,
since H is a coalgebra; moreover H_ is augmented via f — f(I), and thus we may
discuss the existence of integrals in H'. Note also that H is a right H-module,
considered as the transposed right H-module of H considered as a left H-module.
That is, given f € H , h € H, and g € H, we have (f - h)(7) = f(hg).

The following theorem lays the foundation to give cases of extensions that are
of (right) integral type.

4.8. Theorem. Let H be a Hopf algebra, K a right coideal subalgebra, and H =
H/HK™ as above. Assume H has a right normal basis over K, and that dim H <
0o. Then:

a) f;* is one-dimensional, with basis A # 0.

(
(b) There exists A € H such that A\ — A =¢ on H.
(c) There exists x € Alg(K, k) such that X\ — Sk = x(k)X for all k € K.

(d) H" is a Frobenius algebra.

Proof. First, H € HME, where the right H-comodule structure is given by A,
that is,_ﬁ — H®H viah — Eﬁl ® Eg, and H is a left H-module as usual. Thus
H' € ¥ M by Lemma 4.7(a), and so, by Proposition 4.5,

(%) Hex “PH —H
is an isomorphism. H' is the transposed H-comodule; hence
“HH = {peH |VheH ¥ po(he-1=eMmT}
= {peH |[VheH, p(h)1 =3 ¢(hi)h2)} by 4.6(1)

fr
= .

H
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where the last equality follows as noted in Section 0.
Also H 2 H® K as right K-modules and left H-comodules by assumption. Thus
using (*), we obtain

(%) F*gH@;K/ g(ﬁ@K)@;(/ gﬁ@/ :
m w w
where the isomorphism is as left H-comodules. The result now follows:

(a) Clearly f; is one-dimensional (hence in particular non-zero), since dim H =
dimH" < co. Pick 0 £\ € [5-

(b) Since H ®k f; — H s surjective, given by h@ A +— h- A = X — Sh, it
follows that there exists A € H such that A — SA = ¢ on H. Pick A = SA; then
A—A=¢conH. .

(c) Since f; = coHF" ¢ M, it follows that f; — SK = f; . and so there
exists ¥ € K* such that A — Sl = x(I)A VI € K. Note that by its definition, x
must be in Alg(K, k).

(d) First, we see that (x%) determines an isomorphism ¢ : H — H  of left
H-comodules.

Taking transposes, ¢* : (F*)* — H is an isomorphism of left H -modules
(for since C' = H is finite-dimensional, any finite-dimensional left C-comodule V
dualizes to a left C*-module; that is, V. — C® V gives C* @ V* — V*). Now since
H ~H" as ﬁ*—modules, H" is Frobenius. O

It may be useful to describe these isomorphisms more explicitly. Let A be a
basis of [" . For h € H, the action of h on X in the isomorphism (x) is given by
-

h-X = X+ Sh. In (%) we have identified H as a subspace of H via the cleft
map. That is, let v : H - H® K = H via h — h® 1. Then ¢ is given by
h—= X — (Sv(h)).

Now consider the isomorphism ¢* : H — F*, where H  is a left H -module by
left multiplication. The left H " -module structure of H s transposed to the right
H -module structure defined by multiplication on H" as noted above; explicitly,
the transposed H-comodule structure H — H @ H | g+— Y. g-1® go, is defined
by S go(h)g_1 = 3. g(h1)ha, for all h € H. Thus, the dual H -module structure
on H' is given by

ﬁ* ® ﬁ** _ F**7

e e = (g2 fg-1)e(9))-
This action is in fact f — ¢. For, note that for all h € H, 3 f(9-1)go(h) =
>_9(h1)f(h2) = gf(h), and so 3 f(g-1)go = gf. Thus

(f-o)g) = X flg-1)elg) = o3 f(9-1)90)
= ¢laf) = (f = »)9),
which is what we would expect.
Part (b) of the next result has already been shown in Example 1.12. Part (c)
extends work of [Sch 92], where it was shown that when H is pointed then K C H
is H-cleft.

4.9. Corollary. Let H be a Hopf algebra, K C H a Hopf subalgebra, and H =
H/HK™ as above. Assume that H is finite dimensional, and that either
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(a) H has a right normal basis over K and the antipode of K is bijective, or

(b) H is finite-dimensional, or

(¢) the coradical of H is cocommutative.

Then K C H s of right integral type and is a (3-Frobenius extension. Moreover,
H" is a Frobenius algebra.

Proof. (a) Since H has a right normal basis over K, Theorem 4.8 applies. Noting
that K is a Hopf subalgebra, we see that SK C K, and so we may take y = Yo S
to get 1.5 (c¢). Thus K C H is of right integral type.

(b) This is a special case of (a), since by [Sch 92, 2.4(2b)], K C H is H-cleft
whenever H is finite-dimensional. But cleftness implies the normal basis isomor-
phism.

For case (c), let k denote the algebraic closure of our base field k and consider
K =k®K C H =k® H. Now H' is pointed, and thus K’ ¢ H' is H'-cleft by
[Sch 92, 4.3(2)]. Thus Theorem 4.8 applies to give that K’ C H' is of right integral
type, and that H'" is a Frobenius algebra.

However H' = H'/H'(K')* =~k ® H as coalgebras, and so k @ H = H' as
algebras. Thus H is Frobenius, and f; is one-dimensional. The other properties
also clearly descend from K’ € H' to K C H. Thus K C H is of right integral
type.

Finally, when Hj is cocommutative K C H is faithfully flat by [T 72]. It now
follows by Theorem 1.14 with A =W = H and B = U = K that in all these cases
K C H is pB-Frobenius. O

The next result can be considered a “dual version” of Theorem 4.8.

4.10. Theorem. Let H be a Hopf algebra, K a right coideal subalgebra, and H =
H/HK*. Assume H has a right normal basis over K and that dim K < co. Then
(a) K* := K*/K* - Kt is one-dimensional, and
(b) K is a Frobenius algebra.

Proof. First, note that K € g M, where the H-comodule structure is given by
A : K — K® H. Thus by Lemma 4.7(b), K* € M where K acts on K* via —.

Now
K* ~ K+*OpH by 4.5(b) with M = K*
~ K*Oxp(H®K) by the normal basis isomorphism
= K*®K,

where the isomorphisms are as right K-modules. The isomorphism K* — K*®K
is given explicitly by f +— > fo ® ¢(f1), where ¢ : H — K defines the normal basis
isomorphism H = H @ K, via h — S hi @ p(ha).

Since dim K = dim K* < oo, clearly dim K* = 1, proving (a). Since K* = K as
right K-modules, K is Frobenius, proving (b). |

All of this section could have been proved on the other side as well. The next
corollary will be used for Corollary 5.8, where it is needed on the other side, so we
will state and prove it on the other side here.

4.11. Corollary. Let A and H be Hopf algebras and w: A — H a surjective Hopf
algebra map. Consider A as a right H-comodule via © and define R := A%,
Assume that dim R < oo and that there exists a right H-colinear and invertible
map v: H— A. Then
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(a) R is a Frobenius algebra and has non-zero left integrals and right integrals.
(b) Choose 0 #t € f}: Then (t) # 0 < R is separable.

Proof. (a) More generally, let A — A = A/I be a quotient right A-module and
coalgebra and assume there exists v : A — A which is right A-colinear and invert-
ible. Let R := A4, a left coideal subalgebra of A, and assume that dim R < cc.
Then by [MD, (1.4),(1.5)],

R®A— A, given by r®aw ry(a),

is bijective, left R-linear, and right A-colinear. By Lemma 4.3, ] = Rt A, and so
Theorem 4.10 (on the other side) applies. Thus R is Frobenius. The algebra R is
augmented via the restriction of €4, so f; is one-dimensional since it is the right
annihilator of R*; similarly for fli

(b) If R is separable, then R = k splits, as right R-modules, and thus £(¢) # 0
forO0#£t e f;

Conversely, we first show that S%(R) C R. To see this, first note that 7 is a

Hopf algebra map, so in particular mo Sy = Sy o m, where Sy is the antipode for
H. Thus, Vr € R,

(71 ®id)ASAr = (7 @ id) Z S2r1 ® S4re = Z(SH)QTF(Tl) ® S4ry = 1® S3r,

and so S3(R) C R
Now part (b) follows from the next lemma, which is [K, 5.2] on the other side.
We give the argument for completeness.

Lemma [K]. Let R C A be a finite-dimensional left coideal subalgebra of A such
that S*(R) C R. Let 0 #t € [" such that e(t) = 1. Then

(a) > rSt1 @ta = St1 @tar, for allT € R,

(b) > 5t1 ®ts € R® R.
In particular, R is separable, since Y (St1)ta = (t) = 1.

Proof. (a) Indeed,

NSt @tor = Y. r1S(tire) ® tors
= > r1S((tr2)1) @ (tr2)2
Sor(Sth) @ ta,

since t is a right integral.
(b) Write At = )" t1,; ® ta,;, where {t2;} is a k-basis of R, and consider X =

> k(St1;). Then RX C X by (a),and also 1 € X, since 1 =&(t) = > S(t1(St2)) =

3" S52%(t2)St, € RX, because to € R. Hence R C RX C X, and so R = X, since

dim X < dim R by construction. Thus > St; ®t2 € R® R. O
5. HOPF ALGEBRAS IN YETTER-DRINFELD CATEGORIES

Let H be a Hopf algebra with a bijective antipode. The Yetter-Drinfeld category
HYD is the braided monoidal category whose objects M are both left H-modules
and left H-comodules and satisfy the compatibility condition

(5.1) > ham_y @hy-mo =Y (h1-m)_1hy ® (h1-m)o
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for all h € H, m € M. The braiding 7: V@ W — W ® V in this category is given
by

(5.2) T(v@w) = Z v_1-w ® vp.

For details, see [Y]. Now, R € HYD is a bialgebra in this category if it is both
an algebra and a coalgebra, and the bialgebra structure maps are all category
morphisms. Moreover, A g must be multiplicative in gyD, using 7 on R® R; that
is

(5.3) Ag(rs) =Y _r'((r*)-1-s") @ (r*)os”,

where Agr(r) = >_r! ® r? denotes the comultiplication of R. For a given H, an
R which was an algebra and a coalgebra in M and in M, and satisfied the
compatibility conditions (5.1) and (5.3), was called admissible in [R 85]. The fact
that this is the same as R being a bialgebra in ZYD is noted in [Mj]. Given such
an R, we can form Radford’s biproduct A = Rx H [R 85, Theorem 1], which is a
usual bialgebra. As an algebra, A = R H is the smash product R#H, and as a
coalgebra it is the smash coproduct, that is

Aa(rxh) = "(r'*(r*)_1h1) ® ((r*)o  ha).

R is a Hopf algebra in £ YD if it has an antipode Sg, that is, a convolution inverse
to the identity. R H is then a Hopf algebra with antipode given by S(r x h) =
S (1%xSk(r_1h))(Sgrro*x1) [R 85, Theorem 2]. Sg is a map in £ YD, so it is both H-
linear and H-colinear. For details of these constructions, see also [M, Section 10.6].
Note that under A 4, R is a left coideal subalgebra of A, but not a subcoalgebra.

Now let S C R be an extension of Hopf algebras in the Yetter-Drinfeld category
AYD. Set A=W =RxHand B=U = SxH,0 = Ay and p = id ® Ay,
and assume that A is left or right faithfully flat over B. Then R = A and
B= 44, where A=W = (RxH)/(Rx H)(Sx H)*. In fact A~ R = R/RS™;
see Lemma 5.5 below.

Note that we now have a Hopf algebra surjection 7 : Rx H — H, rxh — eg(r)h,
and so also have the commutative diagram as in Example 2.7 (b),

S ¢ S«H 5 H
(5.4) N N [

R ¢ RxH > H

This diagram will be used frequently in the following sections.

Now S C S+ H and R C R H are faithfully flat H-Galois extensions, and
k= 44 C Ais A-Galois; thus (S« H,R H,H, R x H) is a faithfully flat
bi-Galois extension.

5.5. Lemma. Let S C R be an extension of Hopf algebras in the category LYD.
Then RS is a coideal of R. If also B C A is left or right faithfully flat, then the
inclusion R C A induces an isomorphism of coalgebras R = A.

Proof. We first check that RS™T is a coideal of R; note that there is something to
prove here since Ay is not a usual algebra map. Thus, choose r € R, s € S*. Since
ST is a coideal of S, and S is a subcoalgebra of R, we have Ars € S®ST+ST®S.
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Since S is in YD and eg is an H-module map, if follows that H - S* C ST. Then

Ap(rs) =2 rH((r*)-1-s') @ (r*)os®
€L ((r?)-1-8) ® (r)oST + L rH((r)-1 - 5%) ® (r2)oS
€ER®RST+ RST®R.

Thus RSY is a coideal and R = R/RS™ is a coalgebra.

Now assume the faithfully flat hypothesis. Then by the above remarks, we are in
the situation of 2.7, and thus Proposition 2.8 applies. Consider R C A viar — rx1.
Then

Balr=1) =3 (( % (L x (17)-1)) ® () * 1).

Thus the inclusion R C A is a coalgebra isomorphism. O

We write the H-comodule structure of Rasbp:R— HQR, 7+— > .1_1 Q0.
We say S C R has finite indez if R = R/RST is finite dimensional.

5.6. Theorem. Let S C R be an extension of Hopf algebras of finite index in
gyD, and let A= RxH and B=S*H. Assume that A has a right normal basis

over B and that R, S and H have bijective antipodes. Then fﬁ: = kX for some

A # 0, we may choose A € R such that A — A = ¢, and there exist x,, € Alg (H, k)
and x € Alg (S, k) such that

A7) = xy (WAF)  and  A(ST) = x(s)A(7),
forallre R, s€ S, and h e H.

Consequently S C R is B-Frobenius, where 8 : S — S and the Frobenius homo-
morphism f: R — S are given by

B(s) = 2 x(51)x ((s*)=1)(s%)o,

fr) =32 A0)r?,

for all s € S, r € R. Moreover, dual bases (with respect to f) are given by
{Sr((A%)0), xu ((A%)-1)SH((A?)—2) A1}

Proof. Since A has a right normal basis over B, B C A is of right integral type, by
Corollary 4.9. Since R C A = R+ H and S C B are faithfully flat, Theorem 3.1
and Corollary 3.3 apply to give j; = f; = k), for some A #0,and A€ R, x €
Alg (B, k), such that A\ — A =¢ and A — b= x(b)A, for all b € B.

Moreover S C R is -Frobenius, with 8(s) := > x(s1)s2, for all s € S, and the
Frobenius homomorphism f(r) := > A(71)re, for all » € R. Dual bases of B C A
are given by {SA2, A1}.

The difficulty is that these descriptions of 3, f, and the dual bases use A 4 and
not Agr. To express them in terms of Ag, we use [R 85, Theorem 3]. That is,
A = Rx H has a projection w onto H, so that there exists v : H — A, a Hopf
algebra map, satisfying 7y = idy. In our case, clearly v(h) = 1 h; in particular,
v(H) C B. Then A H = R is a coalgebra, via

Ag(r) = Zrl ®@r? = ZTWW(SATQ) 13,
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an H-module algebra via
her:= Z Y(h1)ry(Smh2),
and an H-comodule algebra via

ZT‘_l X rg = Z?T(T‘l) X 1ro.

The antipode on R is Sgr := > ym(r1)Sare, with inverse Spr = Z(?Arz)vﬂ'(rl),
where the antipode S of A is bijective. See [R 85, p. 337].

First note that y,, = x, 0. Using R = A/ABJr we get
Ahor) = ME () (Srhs))
= A v(h1)re(v(Suh2))) since v(H) C B
= Aly(h)r)
= xX(v(R)A[T).
We can now check the formulas for 5 and f. Using Ag as above, for all s € §
we have

and for all 7 € R,
> /\(1“_1)7"2 = Y Mriyn(Sare))rs
= Y AMrie(yw(Sarz)))rs as y(H) C B
= > A2 = f(r).
Finally, the fact that the dual bases {S4A2, A1} can be rewritten as the desired

elements in the statement of the theorem follows from the next lemma. We would
like to thank N. Andruskiewitsch for help in the computations in the lemma.

5.7. Lemlna. In Ag ®Bi4’ we have, for allT € R, B
(a) X2 Sara @r1 =3 (Sars)yw(ra) @ x(y7(rs)) (yw(Sarz))r

(b) 3 Sars @11 = 3 820 @ X, (1)) S () ) 7.
Proof. For (a), since v(H) C B,

ZgATz Xry = Z(EATA)'WT(TB)'YT"(SAT?) X1y
S (

= Y(Sara)ym(rs) @ B~ (yw(Sarz))ri.
Since B~ (ym(Sara)) =3 X_l(’}/ﬂ'(gA’l”g))")/ﬂ'(SATQ), it follows that
Y Sars@ri =y (Sars)ym(ra) @ xym(ra)y(m)(Sar)r1.
(b) Since Agr =>_rt@r? = Zrlfw(SArg) ® r3, it follows that
Z @) 2@ ()1 (%) = Z rym(Sars) @ T(r3) @ w(ry) @ rs.

Thus

Sr(r?)o @ X, ((1%)-1)S, ((r*)-2)) - 7

Sare)ym(rs) @ xy(m (4))5;( (r )) (riym(S,r2))

Sarr)ym(re) @ xy(mrs)v(S, (777”4))7”1777(5 r2)7(S Sy (773))

S 415)ym(ra) @ x(y7(rs))ym(Sra)r

This finishes the proof of the lemma. O
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Note that the hypotheses of Theorem 5.6 are always satisfied if either A = Rx H
is finite-dimensional or A is pointed. In either case, A is A-cleft by [Sch 92] and
thus has the normal basis property (see also Corollary 4.9).

As a corollary, we obtain analogues of the Larson-Sweedler results [LS] for ordi-
nary finite-dimensional Hopf algebras.

5.8. Corollary. Let R be a finite-dimensional Hopf algebra in HYD. Then R is a
Frobenius algebra, and f; is one-dimensional. If 0 #t € f;, then e(t) # 0 < R is
a separable k-algebra.

Proof. Let A = R* H, the biproduct as above; A is a Hopf algebra. Then 7 :
A — H, via r x h + &(r)h, is a surjective Hopf algebra map with R = A H,
Thus 7 is split, via v : H — A, h — 1% h. The result is now a special case of
Corollary 4.11. O

In fact Theorem 5.6 gives more information in this case: the Frobenius homo-
morphism f : R — k is given by f(r) = Y, A(r!)r? = A(r) (since f(r) € k), and
dual bases for R (with respect to f) are given by

{5:((t)0)s X (t*)=1)S, (%) =2) - t'}.

We remark that it is quite complicated to prove directly the equations showing
that the given elements in Theorem 5.6 are dual bases. The direct proof, entirely
inside ZJJD, is difficult even for the special case above when R is finite-dimensional
and S = k. If also H is finite-dimensional, then the computations simplify slightly
and we have an explicit formula for x g, as we see next.

5.9. Remark. Let H be finite-dimensional; we give an elementary proof of Corol-
lary 5.8 as well as an explicit formula for x,. For then A = R x H is a finite-
dimensional Hopf algebra, so it is a Frobenius algebra. Since A is free over R on
both sides, it follows that R is also Frobenius. If 0 # ¢ € f; and u € f;, then one

can check directly that w =t xu € f:, using that ep is an H-module map.
Now for any h € H,
as(h)w = hw = Z(hl ) x hou = Z(hl -t)ap (he) * u,

and thus as(h)t = > (hy - t)ag(he), where ay and apy are the right modular
functions for A and H, respectively. It follows that h -t = x g (h)t, where

-1 *
Xu :aAlH*O‘H €H".

Since ep is an H-module map, it follows that eg(h - t) = eg(h)er(t) = x(h)er(t).
Thus if er(t) # 0, it follows that x,, = ey and so t € R¥. Using this fact, a twisted
version of the usual Maschke argument shows that Y ¢; ® Sta centralizes R. To see
this, first note that since R is Frobenius, f; is one-dimensional, and thus (as for

usual Hopf algebras) ¢ is also in fli since €(t) # 0. Using (5.3), it then follows that

for all r € R,
" Apt@r =Y Ap(Ee( )@’ =) Agr(r't)®1r?
= ()1 ) @ ()t ©1.

Also
() e(W)AE) = Ae(h)t) = Ag(h-t) =h-Alt) =D hy-t' @ hy - 12,
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for all h € H, since t € R”. Now for any r € R, we have

St (St = > rH ()1 th) @ S((r*)et?)r® using (x)
Do)t @ S((r7) -1 - )S((r7)o)r
= > rtt @ (St)e((r?)-1)S((r*)o)r® using (wx)
> ottt @ (St2)(Sr?)r
= > rt'e St

Since Y t1St2 = e(t) # 0, it follows that R is separable.
We will see in Example 5.12 that if R is not separable, then x gz can be non-trivial
and t ¢ R,

5.10. Example: Graded Hopf algebras. Let H = kG, where G is an abelian
group with a bicharacter { | ) : G x G — k*, and consider the category of kG-
comodules ¥ M. Recall that ** M is just the category of G-graded k-modules;
moreover it is contained in the Yetter-Drinfeld category 2YVD, for H = kG, since
any M € *9M is also a left kG-module via g -my, = (g|h)my, for all g,h € G
and my, € My, the h-component of M. Then for G-graded modules V' and W, and
homogeneous elements v € V; and w € W}, the twist is given by

T: VW ->WeV, vikvw — (glh)w @ v.
For A and B G-graded algebras, A ® B becomes an associative algebra via
(ma®@mp)o(id®7T®id): A BRA® B — A® B.

R is a G-graded Hopf algebra if it is both a G-graded algebra and a G-graded
coalgebra, if A is multiplicative in *“ M using the above multiplication in A ® A,
and if the antipode S is a map in ** M. It will then follow that the biproduct
A = Rx kG is an ordinary Hopf algebra. If S C R are G-graded Hopf algebras,
diagram (5.4) becomes

S c S«kG 5 kG
N N [

R c RxkG 5 kG

As a special case, we will consider extensions U(K) C U(L) of G-Lie coloralge-
bras in Section 6. We also consider an old example of Radford:

5.11. Radford’s example revisited. We reconsider the example of Radford
[R 85, Section 4]. We first rewrite it in the language of graded Hopf algebras,
which we believe simplifies the exposition, and then compute for it the data in
Theorem 5.6. Let G = Z,, and assume that the base field k contains a primitive
nth root of 1, say w. Define

(|):Zpy xZp —k* Dby (i]j)=w",

for all 4,j € Z,. Then ( | ) is a bicharacter on Z,, so as above it determines
a braiding on the category of Z,-graded modules: if M = @iezn M; and N =
@jezn Nj, and m; € M;, nj € Ny, then

T:M®N—-N®M isgiven by m; ®n;— w(n; ®@m;).
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Radford’s example (in the case m = 1) is defined to be the k-algebra

+1

R="Fk(uo, - ,up—1 | wu; =0, i#j, and u]" =au;, i=0,---,n—1)

where the scalars «; € k* will be determined below. Note that for all ¢, e; = 041-_1
n—1

is an idempotent and 1, = > e;. Thus as an algebra, R = @?:_015’1», where S; =
i=0

n
U,

k—span{u{ | j = 1,---,n}, and so dim R = n?%. If also ai_l/n = B; € k, then
(Biu;)™ = e; and so S; = kZ,, for all i. R becomes a Z,-graded algebra by defining
degree(u;) := i. That is, R = @ R;, with R;Rj C R;{j(mod n), Where R; =
k-span{u® | kj =i (mod n)}.

€L

We next consider R as a graded coalgebra. Define

n—1

Au; = Z u @ u;—;  and E(uz) = 6071',
=0

forall i = 0,---,n —1. Thus Au; € > R ® R;—;. We define A(uf) so that A
1

becomes a graded-multiplicative map on R. Using induction, this means that

A(ul-“) = (Aui)k (where we use the graded product on R ® R)

K3

n—1
— Z wHEDAF2E A (1) kg b
=0

n-l k(k—1)
=D WO ol
1=0
For k = n + 1, (x) must be compatible with the relations u;-”l = o4u; in R.

Solving, we see that a necessary and sufficient condition on the «a; for A to be
graded-multiplicative is that

n(n+1) l(l_l)
(%) a; = w2 oG,

n(n+1) . . n(n+1)
=landifniseven,w™ 2z = —1.

foralli,{ =0, ---, n—1. Nowifnisodd, w
Summarizing, we have:

Proposition. With generators and relations as above, R is a Z,-graded bialgebra
provided we can find a; € k* such that

(1) a; = quevi—y, all i1, if n is odd, or

(2) i = (=)' Deya;_y, all i, if n is even.
Moreover R =2 (kZ,)™ as an algebra if ai/n €k, for all i.

Example. If n is odd, condition (1) is satisfied by setting a; = w'. If n is even
and k contains a primitive 4! root of 1, condition (2) is satisfied by setting a :=

(_1) i(n2771)
-1 ,n

Now R becomes a Z,-graded Hopf algebra by defining Sgpu; = a;, ' ,ul’"}; note
that Sgu; C R; since (n — 1)(n — i) =4 (mod n). Sg is extended to R as a graded
(anti-) homomorphism; then for 1 <k <n

Sn(uf) = (an—1) " (Hup =k

w'. We continue with these assumptions on k and the ;.
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We check that Sg *id = € on wu;:

n—

: = 0 if i#£0
(Sg *id)(u;) = ;(Sul)ui_l = lzo:a;iluz:llui_l = { 1t izo0
= 61'7() = 6(’&1)

Radford shows that Sk has order 2n. However in the biproduct A = R+ H =
R#kZ,, we have S% = id, and thus A is involutory.

Thus we have constructed a semisimple graded Hopf algebra which is not a usual
Hopf algebra, since A g is not an algebra map in the usual sense. Such an example
is not possible if we use R = u(L), the restricted enveloping algebra of a restricted
Lie superalgebra L = Lo @ L1, which is a Zs-graded Hopf algebra. For in that
case, it is shown in [Be] that u(L) is semisimple only if L; = 0; that is, u(L) is an
ordinary Hopf algebra.

We now turn to the data in Corollary 5.4 and Theorem 5.6. First, it is easy to

n
see that t = Y uf is a two-sided integral for R, since tu; = 0 = e(uy) if j # 0, and
k=1

n
tug =t = e(up)t (since ap = 1 implies uf ™ = ug). Now (t) = 3 e(ug)* =n #0
k=1
in k, as predicted since R is semisimple.
Next we compute the dual bases for R. In this case, the formula in Theorem 5.6
simplifies considerably. For, we may choose A to be any (right) integral in R; thus

let A =t as above. Since R is semisimple, xg = ¢ from Remark 5.9; thus the dual
bases after Corollary 5.8 become

{Sr((t*)0), Su((t*)-1) - t'}.
More specifically,

n n—1
Agrt = ZAR(UIS) = Z Zw_lz(g)uf ® Uﬁ—z-
k 1=0

k=1

Since S is the composition inverse of S, it is easy to see that

S(uk_,) = ocn_iw_iz(g)u?_k.

n—1

For t> = uk_, € R_j, we have (t?)g = t? and (t?)_1 = —lk. Then the dual bases

for R are
_s2(n _
{an_iw (%) —l—u;‘ k, uf}

5.12. Example. Again we consider a Z,-graded Hopf algebra, with the same
bicharacter on Z,, as in Example 5.11, and thus the same braiding. Let
R=k[z|z" =0].

R is a Z,-graded algebra by setting R; = kx?, and it is also a Z,-graded coalgebra
by setting Agrr =2 ® 1+ 1® 2 and ¢(z) = 0 and extending multiplicatively using

the twist map. Thus
k

Aka _ Z |:]::| in ®$k—i7
q

i=0
where [’; } is the g-binomial coefficient using ¢ = w. R is a Z,-graded Hopf algebra,
q
with .
Sr(z") = (=1)Fw(z) gk,
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It is easy to see that ¢t = 2" ! is a left and right integral for R. As in Exam-
ple 5.10, Zy, acts onry € Ry Viaf-rjf =(i|j)r;= wijrjf. Then i-t = W™=Vt = w7t
Thus using Remark 5.9, we see that xg (i) = w™". In particular, yg # ey and
t ¢ RC.

Using the comment after Corollary 5.8, we can find dual bases for R. Since

n—1 1
ARt _ ARZIIn_l — Z |:7’L _ :| in ®xn—l—i
i=0 ol

and since ' € Rz, the dual bases are

{gR(x"_l_i)a xu(n—1-10)Sg(n—1-10)- [n i 1]wxi}

7

for all 7. Simplifying, the right-hand terms become

Together with the above formulas for S and the action, this gives the dual bases:

{(_l)n—i—lw—(";’l)xn—i—l’ {” - 1} w—i2+lxi} .
¢ w
We remark that in this case, A = R x H is just the Taft algebra of dimension
n? [Tf]. For, writing Z, = (g) multiplicatively, we have g -z = grg~! = w™lz, or
zg = wgz. In the Hopf algebra A, g € G(A) and Apz=2z® g+ 1® .

6. LIE SUPERALGEBRAS AND LIE COLORALGEBRAS

We now apply our main theorem to recover the result of Bell and Farnsteiner
[BF] concerning when an extension U(K) C U(L) is 8-Frobenius, where K C L are
Lie superalgebras. Moreover, with very little extra work, we generalize their result
to enveloping algebras of Lie coloralgebras. For basic facts on Lie coloralgebras, see
[Sche] or [BMPZ].

Thus as in Example 5.10, let H = kG, where G is an abelian group (written
multiplicatively) and ( | ) : G x G — k* is a symmetric bicharacter; that is, { | )
is a bi-homomorphism and satisfies (g|h)~* = (h|g), for all g,h € G. Then a

G-Lie coloralgebra with respect to ( | ) is a G-graded vector space L = @ L4
geG

with a G-graded k-linear binary operation [ , |: L ® L — L such that for any
x € Lg,y € Ly, z € Ly,

(1) [z,y] = —(glh) [y, z], and

(2) (o), y, 2]) + (BlDIz [z, ] + {glAMy, [2,2]] = 0. These are the graded ver-
sions of anti-symmetry and the Jacobi identity, respectively. A universal enveloping
algebra U (L) of L exists [Sche], and a PBW theorem holds for U(L). However, to
describe it, we need more notation.

First, by the symmetry of ( | ), we have (g|g) = %1 for each g € G, and thus
G = G4 UG_, where

Gy={9€G|{glg) =1} and G_={ge G| (glg) = —1}.

Then L =L, ®L_,where Ly = @ Lyand L_ = @ L_;notethat [Ly,L4]C
geG 4 geG_
Ly and that [L_,L_]C L.
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For the special case of Lie superalgebras, in which G = Zy = {0, 1}, the bichar-
acter is given by (g|h) = (—1)9"; note that here we write G’ under addition. Thus
G4 = {0} and G_ = {1}, and so Ly = L, which is an ordinary Lie algebra, and
L_=1,.

In general a G-homogeneous basis of L can be written as X = X U X_, where
X, is a basis of Ly and X_ is a basis of L_; in a total ordering of X, we assume

that y <z forall y € X, and x € X_.

6.1. PBW Theorem ([BMPZ, p.85]). Assume that char k # 2,3 and let X =
X, UX_ be a G-homogeneous basis of the G-Lie coloralgebra L. Then the universal
enveloping algebra U(L) has a G-homogeneous basis over k consisting of 1 and all

monomials of the form

ny, ne Nk . .. )
Yiys Yig Yy, i1 Tja Lj,

where yi, <y, < - <y i Xpoand x5, < xj, <o <wj in X, and n; > 0.

For the rest of this section, assume that char k # 2,3 and that K C L are G-Lie
coloralgebras. Since we wish to consider the situation when [U(L) : U(K)] < oo,
it follows from the PBW theorem that we must assume that Ly C K C L, or
equivalently that K = L4, and that [L : K] < co. We now follow the notation in
[BF], used there for Lie superalgebras.

Fix homogeneous elements x1, - - - , x, € L_ whose cosets {z;+ K} form a basis of
L/K; note that [L : K] =n. Let F = {0, 1}" be the set of multi-indices of length n;
in particular let 1 = (1,1,--- ,1) and 0 = (0,---,0). For any I = (i(1),--- ,i(n)) €
F, we define

o = 20 i),

thus x° = 1 and x* = 2129 - - - 2,,. Also define |I| := " i(l), the weight of I; J < I
=1

if j(I) <i(l) forall i =1,--- ,n. By the PBW theorem, every element u of U(L)
can be written uniquely as
u= Z urx!

IeF
where u; € U(K). U(L) has a filtration via V(m) := > U(K)(L-) note that
i=0
V(n) =U(L). V(m) is also a right U(K)-module, and again by PBW,

vim)= P vrx' = P xuE).

[I|<m [|<m

We now put this setup into the format of Theorem 5.6. The Hopf algebra
in question is H = kG. H acts on U(L) as in Example 5.10: for any g € G
and homogeneous element z € U(L)p,g -z = {g|h)z. Thus in the smash product
U(L)xH, (1xg)(zx1) = (g-2)*g = (g|h)z*g. We abbreviate this by gz = (g|h)zg.
The diagram of 5.10 becomes

S=UK) — B=UK)xkG 5 kG
N N I
R=U(L) — A=UL)xkG 5 kG,

By Lemma 5.5, we know that A = A/AB* = R = R/RS" as coalgebras. Moreover
dimy, A = dimy R = 2", and A = R has k-basis {xI|I € F}. Since the coalgebra

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



FROBENIUS EXTENSIONS OF SUBALGEBRAS OF HOPF ALGEBRAS 4891

structure of R is induced from that of R, Arz = 2® 1+ 1 ® z for each z € L, and
Apg is graded-multiplicative, it follows that
AF = Z Oé[)JX_J® XI_J7
J<I

for some scalars a7,y € k. Now A" has a basis {f|I € F} dual to the {x!}; that
is, fr(x7) = 61,5.

6.2. Proposition. The extension U(K) x kG C U(L) x kG is of (right) integral
type. The data A and x of Definition 1.10 may be constructed explicitly as follows:
(a) A € I.(A") is given by X\ = f1.
(b) To define x € B*, we proceed as follows:
(i) Define ad : K — gl(L/K) = gl (k) by ad(b)(y + K) := ad(b)(y) + K =
[b,y] + K, forbe K,y € L. Now let
tr (ad(b)) for b€ K,
X(b) ==
0 for be Ky, g # 1.

X s a morphism of Lie coloralgebras, and so extends to a homomorphism U(K)—k.
(ii) For g € G, define
x(9) = (glg192" - gn),
where the x; € Lgy,, for g; € L_, are the homogeneous basis of L/K fized above.

Proof. (a) First, since U(L)*kG is pointed, the extension is of right integral type by
Corollary 4.9. The algebra structure of A s given by convolution, determined by
A (given above) on A = R. Define fi eER by f; = fr, for I = 0,---,1,0,---,0);
that is, with a 1 only in the i*" position. One may check that ff =0, for all ¢, and
that flfj = <gj|gi>fjfi = f(i+j), for i < j, where I = (i + j) has a 1 in the i and
40 position. It follows that
R =4 =k(fi,-,fu| f =0forall i, flfj = (gj|gl)fjfl for all ¢ # j)

with identity element €. A" s augmented via evaluation at 1; thus ( fi,T> =0, for
all 4. It is now straightforward to see that f; is a right integral i@*.

(b) We must check that for all b € B and w € W = A, Abw) = x(b)A\(w).
First, since A is a left A-module, it suffices to check this for w such that @ is a
basis element of A, that is, w = x!, for some I. Moreover, we may assume that
be U(K), for if b = zx g, where z € U(K) and g € G, then gw € kwg and thus
bw = (2 x g)w € kZw.

If |I| < n, then bw € V(m) = @ x'U(K) for m < n, and so A(bw) €

[J|<m
> AMx'U(K)). However if ¢ € U(K), then x7c = £(c)x’ and thus A\(x/) = 0 by
[J|<m
(1), since A = f1 and |J| < n. Thus A(bw) = 0 = x(b)A(w) and there is nothing to
prove.

We may therefore assume that |I| = n and that w = 129z, = x!. First

consider the case that a = g € G. Then, assuming x; € Ly,,

9T In = <9|91>11?1ga:2 Ly = e
= {(9l91){glg2) - - - {glgn)T122 - - - T0g
= {(9lg192- " gn)x1 " - Tng.
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Thus
AMgw) = (glg1- - gn)NTTT0g)
= (glg1--- gn)A@) = x(9)1,
since g € kG C U(K) x kG and £(g) = 1. This shows (ii).
Now assume that b € K; in fact we may assume that b is homogeneous, say
be K. It follows that

(%)
br1x -z = [byxi]ze--xy + (glg1)x1[b,x2] Ty
+ . + <g|gl .. .gn_1>xl .. .xn_l[b’ xn] + <g|gl .. gn>xl .. .xnb'

This relation is easy to check using [b, x;] = bx; — (g]g;)x:b. Note that x1 ---z,b =
e(b)T1 - @, = 0 and thus we may ignore the last term. If b € K_, then [b, ;] €
[L_,L_] C Ly = K. Thus each term

x1 - mi[b,wiv1] - xn € V(n—1)

and so we see immediately that A(bxy ---x,) = 0. This agrees with our definition
of x(b) =0 for b ¢ K;.
We may therefore assume that b € Ky. Now consider the map ¢ : K — ¢gl(L/K)
given by ¢(b)(z; + K) = [b,x;] + K, and write [b,z;] = > «oy;2; + K; that is,
J

¢(b) has matrix [ay;]. Now for any ¢ € K,Z1 - Zi¢ZTitz - &n € V(n—1), and
we know A(V(n — 1)) = 0 by the above. Similarly, since 2?2 € K for all i, and
[x;,2;] € [L_,L_] C Ly = K4, any monomial m obtained from w by replacing
some xy, by x;, k # i, satisfies m = 0 mod V(n—2) C V(n—1), and thus A(7n) = 0.
Using these observations in (x), we see that

Abxy - xn) = (a11 + (glgr)aze + - +(glg1 - gn—1)nn)ANT1T - T0).

Now if g # 1, then [b,z;] € Ly, # Lg,, and so oy; =0, forall i = 1,--- ,n. It follows
that A(bzy - -x,) = 0= x(b)1. Thus we may assume g = 1. But now (g|h) =1 for
all h € G, by properties of the bicharacter, and so

bz xp) = (Q11 + az2 + - + ann)A(W) = x(b)1.
Thus x(b) = trace (ad(b)), proving (i). O

We note that the remaining piece of data in Definition 1.10, namely A, does
not seem to be easy to compute explicitly. This is analogous to the difficulty of
computing the integral in a restricted enveloping algebra of a (usual) restricted Lie
algebra.

6.3. Corollary. Assume K C L are Lie coloralgebras such that Ky = Ly and
[L : K] < co. Then U(K) C U(L) is a B-Frobenius extension. The Frobenius
homomorphism f : U(L) — U(K) is given by f(r) =3 f1(r1)r2, for all v € U(L),
where Ny (r) = > r @r? and fy is the integral in U(L)*, as in Proposition 6.2.
The automorphism (: U(K) — U(K) is given as follows:

5( ):{ b+ tr(ad(b)) if be Ky, for ad(b) € gl(L/K)
(glg1 -+~ gn)b if b€ Ky, for g #1,

where {x; + K},i=1,---,n, x; € Ly,, form a basis for L over K.
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Proof. The first part of the corollary follows from Proposition 6.2 and our main
theorem, 3.1, since U(K)xkG C U(L)*xkG is a (B, A, H, A) faithfully-flat bi-Galois
extension, with H = kG, A = U(L)xkG,B =U(K)*xkG,R=U(L), and S = U(K).
Thus U(K) C U(L) is a B-Frobenius extension, with 8(b) = > x(b_1)bo, where
X is described as in 6.2. The Frobenius homomorphism is f = f1, the integral in
m*, since A = R by Lemma 5.5. Note also that we may use A7) (r) in f rather
that A4(r) by Theorem 5.6. Thus we need only check what 8 does to elements of
K.

For any b € K, Arb =b®1+1®b. Passing to B = U(K) x H, we have
A b = > (b1*x(b2)-1)®((b2)ox1). The kG-comodule structure on K gives b — g®b
if be Ky, and thus Apb=0®1+g®b. Thus:

(a) if b€ K1, B(b) = x(b) - 14+ x(1)b=b+ x(b) - 1 = b+ tr(ad(h)) - 1, and

(b) if b € Ky, for g # 1, then

Bb) =x(b) -1+ x(9) - b=0+ (glg1 - gn)b.
Thus (3 is as claimed. O

6.4. Remark. (1) When K C L are Lie superalgebras, we recover Bell and Farn-
steiner’s result [BF]. For then G = Zy = {0,1}, and we see that our x is exactly
their A on K itself. For the automorphism 3, note that when g =1, (g|g1 - gn) =
(I1") = (=1)", where n = dim(L/K), and thus 8(b) = (—1)"b if b € K,. When
g="0,8(0) =b+ x(b)l for b € K, as before. This agrees with the automorphism
a in [BF].

(2) If K is a Lie ideal of L, that is [K,L] C K, then one might expect as in
Example 1.11 that the extension U(K) C U(L) is actually Frobenius, and not just
(B-Frobenius (for when K and L are ordinary Lie algebras, K a Lie ideal of L implies
that U(L) is a normal Hopf subalgebra of U(L)). However, this is not the case.
It is true that ad(b) = 0, for b € K;, and thus 3(b) = b, as in Corollary 6.3. But
if b € Ky, for g # 1, then B(b) = (g|g1--- gn)b as before; thus 4(b) = b only if
(g9]lg1 - - - gn) = 1. For the case of superalgebras, this happens < n is even.

The difficulty here is that U(K)x kG is not, in general, normal in U(L) x kG, for
U(K) is not a Hopf subalgebra of U(L) » kG under the new comultiplication.

NOTE ADDED IN PROOF

M. Takeuchi has pointed out to us a more conceptual approach to Theorem 3.1.
He defines a (-H-Frobenius extension to be an extension B C A of right H-
comodule algebras, which is §-Frobenius with Frobenius map f, such that g and
f are H-colinear. For example B C A in our 3.1 is 8-H-Frobenius, and U C W in
our 1.14 is -W-Frobenius. In the other direction he shows that if U C W is a right
coideal subalgebra of the Hopf algebra W and if the extension is -W-Frobenius,
then it is an extension of right integral type.

Takeuchi proves the following: let B C A be [-H-Frobenius, with R = A®H
and S = B®H  and assume the following functor is a category equivalence:

Mg — MH
M— M ®s B.

Then S C R is a 3-Frobenius extension.
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Theorem 3.1 is a consequence of this result. Takeuchi’s approach has been used
by Y. Doi in “A note on Frobenius extensions in Hopf algebras”, to appear in
Communications in Algebra.
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