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Frobenius splittings of toric varieties

Sam Payne

We discuss a characteristic free version of Frobenius splittings for toric varieties
and give a polyhedral criterion for a toric variety to be diagonally split. We apply
this criterion to show that section rings of nef line bundles on diagonally split
toric varieties are normally presented and Koszul, and that Schubert varieties are
not diagonally split in general.

1. Introduction

Fix an integer q greater than one. Let T = Spec Z[M] be the torus with character
lattice M , and let N be the dual lattice. Let 6 be a complete fan in NR, with
X = X (6) the associated toric variety over Z. Multiplication by q preserves the
fan and maps the lattice N into itself, and therefore gives an endomorphism

F : X → X.

Each T -orbit in X is a torus that is preserved by F , which acts by taking a point
t to t q . For example, if X is projective space, then F is given in homogeneous
coordinates by

[x0 : · · · : xn] 7→ [xq
0 : · · · : xq

n ].

If q is prime and k is the field with q elements, then the restriction of F to the
variety Xk is the absolute Frobenius morphism. Pulling back functions by F gives
a natural inclusion of OX -algebras F∗ : OX →֒ F∗OX .

Definition 1.1. A splitting of X is an OX -module map π : F∗OX → OX such that
the composition π ◦ F∗ is the identity on OX .

Standard results from the theory of Frobenius splittings generalize in a straightfor-
ward way to these splittings of toric varieties. See Section 2 for details.

If Y is a subvariety of X cut out by an ideal sheaf IY and π(F∗ IY ) is contained
in IY then we say that π is compatible with Y . If Y is a toric variety embedded
equivariantly in X , the closure of a subtorus of an orbit in X , then a splitting
compatible with Y induces a splitting of Y . We say that X is diagonally split if

MSC2000: primary 14M25; secondary 13A35, 14M15, 16S37.
Keywords: Frobenius splitting, toric variety, diagonal splitting, Koszul.
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there is a splitting of X × X that is compatible with the diagonal, for some q. Such
splittings are of particular interest; by classic arguments of Mehta, Ramanan and
Ramanathan, if X is diagonally split then every ample line bundle on X is very
ample and defines a projectively normal embedding.

Our main result is a polyhedral criterion for a toric variety to be diagonally split.
Let vρ denote the primitive generator of a ray, or one-dimensional cone, in 6. Let
MR = M ⊗Z R, and let the diagonal splitting polytope FX be defined by

FX = {u ∈ MR | −1 ≤ 〈u, vρ〉 ≤ 1 for all ρ ∈ 6}.

We write 1
q M for the subgroup of MR consisting of fractional lattice points u such

that qu is in M .

Theorem 1.2. The toric variety X is diagonally split if and only if the interior of
FX contains representatives of every equivalence class in 1

q M/M.

While the existence of a compatible splitting of the diagonal in X × X implies
that section rings of ample line bundles on X are generated in degree one, com-
patible splittings of large semidiagonals in products of multiple copies of X give
further information on these section rings. For example, if the union of 1× X and
X ×1 is compatibly split in X × X × X , where 1 is the diagonal in X × X , then it
follows from standard arguments that the section ring of each ample line bundle on
X is normally presented, that is, generated in degree one with relations generated
in degree two. For fixed n greater than one, let 1i be the large semidiagonal

1i = X i−1 × 1 × Xn−i−1,

for 1 ≤ i < n.

Theorem 1.3. Let X be a diagonally split toric variety. Then 11 ∪ · · · ∪ 1n−1 is
compatibly split in Xn .

In particular, if X is diagonally split then the union of 1 × X and X × 1 is com-
patibly split in X × X × X , so the section ring of any ample line bundle on X is
normally presented. Analogous results hold for any finite collection of nef line
bundles on X , as we now discuss.

For line bundles L1, . . . , Lr on X , let R(L1, . . . , Lr ) be the section ring

R(L1, . . . , Lr ) =
⊕

(α1,...,αr )∈Nr

H 0(X, Lα1
1 ⊗ · · · ⊗ Lαr

r ).

We consider R(L1, . . . , Lr ) as a graded ring, where the degree of

H 0(X, Lα1
1 ⊗ · · · ⊗ Lαr

r )

is α1 + · · · + αr . In particular, the degree zero part of R(L1, . . . , Lr ) is Z. Recall
that a graded ring R is Koszul if the ideal generated by elements of positive degree
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has a linear resolution as an R-module. See [Polishchuk and Positselski 2005] for
background on Koszul rings and further details.

Theorem 1.4. Let X be a complete, diagonally split toric variety, and let

L1, . . . , Lr

be nef line bundles on X. Then the section ring R(L1, . . . , Lr ) is normally pre-
sented and Koszul.

In particular, if X is diagonally split then the section ring of any ample line bundle
on X is normally presented and Koszul. Well-known open problems ask whether
every ample line bundle on a smooth projective toric variety gives a projectively
normal embedding [Oda 1997] and, if so, whether its section ring is normally
presented [Sturmfels 1996, Conjecture 13.19]. When the section ring is normally
presented, it is natural to ask whether it is also Koszul. Addressing these questions
and their analogues for singular toric varieties in as many cases as possible is one
of the main motivations behind this work.

Remark 1.5. The section ring R(L1, . . . , Lr ) associated to a finite collection of
line bundles is canonically identified with the section ring of the line bundle O(1)

on the projectivized vector bundle P(L1⊕· · ·⊕Lr ), which is also a toric variety. If
L1, . . . , Lr are nef and correspond to polytopes P1, . . . , Pr , then the Cayley sum
is the polytope associated to O(1). Cayley sums have also appeared prominently in
recent work related to boundedness questions in toric mirror symmetry [Batyrev
and Nill 2008; 2007; Haase et al. 2008].

Remark 1.6. Frobenius morphisms and their lifts to characteristic zero have been
used powerfully in several other contexts related to the geometry of toric varieties,
including by Buch, Lauritzen, Mehta and Thomsen [1997] to prove Bott vanishing
and degeneration of the Hodge to de Rham spectral sequence, by Totaro [199?] to
give a splitting of the weight filtration on Borel–Moore homology, by Smith [2000]
to prove global F-regularity, by Brylinski and Zhang [2003] to prove degeneration
of a spectral sequence computing equivariant cohomology with rational coeffi-
cients, and by Fujino [2007] to prove vanishing theorems for vector bundles and
reflexive sheaves. Frobenius splittings have also played a role in unsuccessful
attempts to show that section rings of ample line bundles on smooth toric varieties
are normally presented [Bøgvad 1995]. We hope that this work will help revive the
insight of Bøgvad and others into the potential usefulness of Frobenius splittings
as a tool for understanding ample line bundles on toric varieties.

We conclude the introduction with an example illustrating Theorem 1.2 for
Hirzebruch surfaces. As mentioned earlier, the proofs that section rings of ample
line bundles on Schubert varieties are normally presented and Koszul via Frobenius
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splittings involved compatible splittings of semidiagonals in (G/B)n . It has been
an open question for over twenty years whether Schubert varieties themselves are
diagonally split (see [Ramanathan 1987, Remark 3.6] and [Brion and Kumar 2005,
p. 81]). The following example gives a negative answer: the Hirzebruch surface
F3 is a Schubert variety in the G2-flag variety, and F3 is not diagonally split.

Remark 1.7. To see that F3 occurs as a Schubert variety in the G2-flag variety,
first note that for any G, G/B is a P

1-bundle over G/P , where P is a minimal
parabolic subgroup. If w = s1s2 is an element of length two in the Weyl group of
G, and P is the minimal parabolic corresponding to s1, then Xw is a P

1-bundle
over its image, which is a rational curve in G/P . In particular, Xw is a Hirzebruch
surface. Then Xs1 is a rational curve in Xw with self-intersection 〈α2, α

∨
1 〉, where

αi is the simple root corresponding to si , and α∨
i = 2αi/〈αi , αi 〉. See [Kempf 1976,

Section 2] for details. For G2, we can choose coordinates identifying the root lattice
with the sublattice of Z

3 consisting of those (a1, a2, a3) such that a1 +a2 +a3 = 0,
with simple roots α1 = (1, −1, 0) and α2 = (−1, 2, −1). Then Xs1 is a curve of
self-intersection −3 in Xw, and hence Xw is isomorphic to F3. See also [Anderson
2007] for a detailed study of the G2-flag variety and its Schubert varieties.

Example 1.8. Let a be a nonnegative integer, and let 6 be the complete fan in
R

2 whose rays are spanned by (1, 0), (0, 1), (0, −1), and (−1, a). Then X (6) is
isomorphic to the Hirzebruch surface Fa , the projectivization of the vector bundle
OP1 ⊕ OP1(a) [Fulton 1993, pp. 7–8]. Let q ≥ 2 be an integer. By Theorem 1.2,
X is diagonally split if and only if the fractional lattice points in the interior of
FX represent every equivalence class in 1

q Z
2/Z

2. The polytopes FX for different
values of a are shown below.

a = 0 a  = 1

If a is equal to 0 or 1, the interior of FX contains the half open unit square
[0, 1)×[0, 1), which contains representatives of every equivalence class in 1

q Z
2/Z

2.
Therefore, F0 and F1 are diagonally split for all q.

If a = 2, then FX is the parallelogram with vertices (±1, 0), ±(1, 1). For
0 ≤ m < q, the interior of this intersection contains the fractional lattice points
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(m/q, n/q) for (m −q)/2 < n < (m +q)/2. If q is odd, then these represent every
equivalence class in 1

q Z
2/Z

2. In particular, F2 is diagonally split for q odd.
If a is greater than two, then FX is the parallelogram with vertices (±1, 0),

±(1, 2/a). The only points in the interior of this intersection whose first coordinate
is integral, are of the form (0, y) for −1/a < y <1/a. In particular, the equivalence
class of (0, ⌊q/2⌋/q) in 1

q Z
2/Z

2 is not represented by any point in the interior of
this intersection. Therefore, Fa is not diagonally split for a greater than two.

a = 2 a > 2

(0, 1/a)

2. Preliminaries

Frobenius splittings were introduced and developed by Mehta, Ramanathan, and
their collaborators in the 1980s. The original paper of Mehta and Ramanathan is
exceedingly well written and remains an excellent first introduction to the subject
[1985]. Frobenius splittings were rapidly applied to give elegant unified proofs that
all ample line bundles on generalized Schubert varieties of all types are very ample
and give projectively normal embeddings whose images are cut out by quadrics
[Ramanan and Ramanathan 1985; Ramanathan 1987]. Inamdar and Mehta [1994],
and independently Bezrukavnikov [1995], later showed that the homogeneous co-
ordinate rings of these embeddings are Koszul. In characteristic zero, these results
are deduced from the positive characteristic case using general semicontinuity the-
orems. See the recent book of Brion and Kumar [2005] for a unified exposition
of these results, along with further details, references, and applications. On toric
varieties, the Frobenius endomorphisms lift to endomorphisms over Z, and it seems
easiest and most natural to work independently of the characteristic using these
lifted endomorphisms. One feature of this approach is that we can prove results
about section rings of toric varieties over Z, or an arbitrary field, by producing a
splitting of the diagonal in X × X for a single q .

We begin by considering the structure of F∗OX as an OX -module. As a sheaf of
groups, F∗OX evaluated on the invariant affine open set Uσ associated to a cone
σ ∈ 6 is the coordinate ring Z[Uσ ], which is usually identified with the semigroup
ring Z[σ∨ ∩ M]. However, the module structure on F∗ Z[Uσ ] is different from the
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action of Z[Uσ ] on itself. For this reason, we identify F∗ Z[Uσ ] with the semigroup
ring of fractional lattice points

F∗ Z[Uσ ] = Z[σ∨ ∩ 1
q M],

taking a monomial xu ∈ Z[Uσ ] to xu/q . The action of Z[Uσ ] on F∗ Z[Uσ ] is then
induced by the natural action of M on 1

q M , so

xu · xu′

= xu+u′

,

for u ∈ M and u′ ∈ 1
q M . If Y is a toric variety embedded equivariantly in X , then

a splitting π is compatible with Y if and only if the induced map

Z[Uσ ]
∼
−→ Z[σ∨ ∩ 1

q M]
π
−→ Z[Uσ ]

maps IY (Uσ ) into IY (Uσ ) for every σ ∈ 6.
We now summarize some basic properties of compatible splittings and their

applications to section rings of ample line bundles. Let X be a complete toric
variety, and let L be a line bundle on X . A splitting π of X makes OX a direct
summand of F∗OX and hence L a direct summand of L ⊗ F∗OX . By the projection
formula, L⊗F∗OX is isomorphic to F∗(F∗L), and we claim that F∗L is isomorphic
to Lq . To see this, note that there is a T -invariant Cartier divisor D such that L is
isomorphic to O(D) [Fulton 1993, Section 3.4]. The restriction of D to an invariant
affine open Uσ is the divisor of a rational function xu for some u ∈ M , and hence
the restriction of F∗D to Uσ is the divisor of xqu . It follows that F∗L is isomorphic
to Lq , as claimed. Now, since cohomology commutes with direct sums, π induces
a split injection

H i (X, L) →֒ H i (X, Lq),

for every i . Iterating this argument gives split injections of H i (X, L) in H i (X, Lqr
)

for all positive integers r . In particular, if H i (X, Lqr
) vanishes for some r , as is

the case when L is ample, then H i (X, L) vanishes as well.
The proofs of the following five propositions are essentially identical to the stan-

dard proofs of the analogous results for Frobenius splittings, and are omitted. See
[Brion and Kumar 2005]; Proposition 1.2.1, Theorem 1.2.8, and Exercises 1.5.E.1,
1.5.E.2, and 1.5.E.3, respectively, for the case where the line bundles in question
are ample. The extensions to nef bundles can be deduced following the arguments
in [Inamdar 1994], using the fact that any nef line bundle on X is the pullback
of an ample line bundle on some toric variety X ′ under a proper birational toric
morphism f : X → X ′.

Proposition 2.1. Let Y and Y ′ be toric varieties equivariantly embedded in X. If
Y ∪ Y ′ is split compatibly in X then Y , Y ′, and Y ∩ Y ′ are split compatibly in X.
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Proposition 2.2. Let Y be a compatibly split subvariety of X. If L is a nef line
bundle on X then the restriction map

H 0(X, L) → H 0(Y, L)

is surjective and H 1(X, IY ⊗ L) = 0.

Proposition 2.3. Let L1, . . . , Lr be nef line bundles on X. If the diagonal is com-
patibly split in X × X then the section ring R(L1, . . . , Lr ) is normally generated.

Proposition 2.4. Let L1, . . . , Lr be nef line bundles on X. If the union of 1 × X
and X × 1 is compatibly split in X × X × X then the section ring R(L1, . . . , Lr )

is normally presented.

Proposition 2.5. Let L1, . . . , Lr be nef line bundles on X. If 11 ∪ · · · ∪ 1n−1 is
compatibly split in Xn for every n then the section ring R(L1, . . . , Lr ) is normally
presented and Koszul.

3. Canonical splittings

Every toric variety has a splitting, and among all splittings of X there is a unique
one that extends to every toric compactification X ′ ⊃ X and lifts to every proper
birational toric modification X ′′ → X ′ of such a compactification. If q is prime
and k is the field with q elements, then the restriction of this splitting to Xk is
the unique Frobenius splitting that is canonical in the sense of Mathieu [Brion and
Kumar 2005, Chapter 4]. We now describe this canonical splitting, starting with
its restriction to the dense torus T .

Let π0 be the map of Z[T ]-modules from F∗ Z[T ] to Z[T ] given by

π0(xu) =

{

xu if u ∈ M,

0 otherwise.

The pullback map F∗ : Z[T ]→ F∗ Z[T ] is induced by the inclusion of M in 1
q M ; if

q is prime and k is the field with q elements, then the induced map k[T ]→ F∗k[T ]

may be identified with the inclusion of k[T ] in k[T ]1/q .
In particular, π0 ◦ F∗ is the identity, and hence gives a splitting of T .

Proposition 3.1. For any toric variety X , π0 extends to a splitting of X.

Proof. The composition π0 ◦ F∗ is the identity, and for each affine open Uσ , π0

maps Z[σ∨ ∩ 1
q M] into Z[σ∨ ∩ M]. �

Properties of this canonical splitting π0 are closely related to Smith’s proof [2000,
Proposition 6.3] that toric varieties are globally F-regular.

Proposition 3.2. The canonical splitting π0 is compatible with every T -invariant
subvariety.
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Proof. First we claim that π0 is compatible with the union of the T -invariant
divisors. To see this, note that the ideal sheaf I of the union of the invariant divisors
is given by

I (Uσ ) = Z[int(σ∨) ∩ M],

where int(σ∨) is the interior of σ∨. If u is a fractional lattice point in the interior of
σ∨ then π0(xu) is either zero or xu , and so is contained in I (Uσ ), which proves the
claim. The proposition then follows from Proposition 2.1, since every T -invariant
subvariety is an intersection of invariant divisors. �

However, if X is positive dimensional then the canonical splitting π0 of X × X is
not compatible with the diagonal 1. To see this, observe that if u ∈ 1

q M is not in
M , then 1 − xu ⊗ x−u is in F∗ I1, but

π0(1 − xu ⊗ x−u) = 1,

which is not in I1. To apply the standard techniques relating splittings to section
rings of ample line bundles discussed in Section 2, we must look for other splittings
of X × X , and X r for r greater than two, that are compatible with the diagonal and
the union of the large semidiagonals, respectively.

4. Splittings of diagonals

We now describe the space of all splittings of a toric variety and use this description
to characterize diagonally split toric varieties. First, it is helpful to consider the
structure of F∗OX as an OX -module in more detail.

Recall that an equivariant structure, or T -linearization, on a coherent sheaf F

on X is an isomorphism of sheaves on T × X ,

ϕ : µ∗
F → p∗

F,

where µ : T ×X → X is the torus action and p is the second projection, that satisfies
the usual cocycle condition [Brion and Kumar 2005, Section 2.1]. For example, the
natural equivariant structure on OX is given by 1⊗ xu 7→ x−u ⊗ xu . In general, the
push forward of an equivariant sheaf under an equivariant morphism does not carry
a natural equivariant structure. However, the equivariant endomorphism F has
the property that F∗OX is equivariantizable [Bøgvad 1998; Thomsen 2000]; it is
possible to choose an equivariant structure as follows. First, choose representatives
u1, . . . , us of the cosets in 1

q M/M . Let ϕ be the map from µ∗F∗OX to p∗F∗OX

that takes 1 ⊗ xu to xui −u ⊗ xu , for u in the coset ui + M . It is straightforward
to check that ϕ is an isomorphism and gives an equivariant structure on F∗OX , as
required.

A splitting of X restricts to a splitting of T , and two splittings of X agree if and
only if they agree on T , so we describe the space of all splittings of X in terms of



Frobenius splittings of toric varieties 115

splittings of T that extend to X , as follows. For fractional lattice points a ∈ 1
q M ,

let
πa : F∗Z[T ] → Z[T ]

be the map given by

πa(xu) =

{

xa+u if a + u is in M,

0 otherwise.

Lemma 4.1. The set of maps πa , for a in 1
q M , is a Z-basis for

Hom(F∗ Z[T ], Z[T ]).

Proof. The maps πa are independent, and the free generators xu1, . . . , xus for
F∗ Z[T ] can be sent to an arbitrary s-tuple of elements of Z[T ] by a suitable linear
combination of the maps πa . �

If we choose an equivariant structure for Hom(F∗ Z[T ], Z[T ]), as above, then the
maps πa form a T -eigenbasis. Therefore, a rational section

π = c1πa1 + · · · + crπar

of the sheaf Hom(F∗OX , OX ), with each ci nonzero, extends to X if and only if
each πai is regular on X . For a ray, or one-dimensional cone ρ in 6, we write vρ

for the primitive generator of ρ.

Proposition 4.2. Let Uσ be an affine toric variety. Then πa is regular on Uσ if and
only if 〈a, vρ〉 is greater than minus one for each ray ρ in σ .

Proof. The map πa is regular on Uσ if and only if it takes

Z[σ∨ ∩ 1
q M]

into Z[σ∨ ∩ M]. Suppose 〈a, vρ〉 is greater than minus one for each ray ρ in σ

and u is in σ∨ ∩ 1
q M . Either πa(xu) is zero or a + u is in M and 〈u, vρ〉 is a

nonnegative integer for all rays ρ in σ , and hence a + u is in σ∨. Therefore πa

extends to Uσ . Conversely, if 〈a, vρ〉 is less than or equal to minus one for some
ρ, then it is straightforward to produce points u ∈ σ∨ such that a + u is in M , but
not in σ∨. In this case, πa is not regular on Uσ . �

We follow the usual toric convention fixing K = −
∑

Dρ , the sum of the prime
T -invariant divisors each with multiplicity minus one, as a convenient represen-
tative of the canonical class. The polytope associated to a divisor D =

∑

dρ Dρ

is
PD = {u ∈ MR | 〈u, vρ〉 ≥ −dρ for all ρ}.

In particular, the polytope P−K associated to the anticanonical divisor is

P−K = {u ∈ MR | 〈u, vρ〉 ≥ −1 for all ρ}.
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The interior of the polytope P−K controls the space of OX -module maps from F∗OX

to OX as follows.

Proposition 4.3. The set of maps πa for fractional lattice points a in the interior
of P−K is a basis for Hom(F∗OX , OX ).

Proof. If a is not in the interior of P−K then 〈a, vρ〉 is less than or equal to minus
one for some ray ρ ∈ 6 and then πa is not regular on Uρ . Conversely, if a is in the
interior of P−K , then πa extends to every invariant affine open subvariety of X , by
Proposition 4.2, and therefore is regular on X . �

Remark 4.4. When X is smooth, Proposition 4.3 corresponds to the natural iden-
tification between Hom(F∗OX , OX ) and H 0(X, K 1−q

X ) given by duality for finite
flat morphisms [Brion and Kumar 2005, Section 1.3].

Proposition 4.5. A map
∑

caπa in Hom(F∗OX , OX ) is a splitting if and only if
c0 = 1.

Proof. Zero is the only lattice point in the interior of P−K ∩ M , so the image of xu

under π =
∑

caπa is equal to c0xu for u ∈ M . In particular, since F∗ maps xu to
xu in F∗OX , π ◦ F∗ is the identity if and only if c0 is equal to one. �

The set of splittings of X is an affine hyperplane in Hom(F∗OX , OX ) by Proposition
4.5. For any subvariety Y ⊂ X , the condition that π(F∗ IY ) is contained in IY cuts
out a linear subspace of Hom(F∗OX , OX ). So the set of splittings of X that are com-
patible with Y is an affine subspace of Hom(F∗OX , OX ), which may be empty. We
now prove Theorem 1.2, which gives a necessary and sufficient condition for the
space of splittings of X × X that are compatible with the diagonal to be nonempty.

Proof of Theorem 1.2. Suppose

π =
∑

ca,a′πa,a′

is a splitting of X × X that is compatible with the diagonal. Then the restriction of
π to the dense torus is a splitting compatible with the diagonal in T × T . For any
u ∈ 1

q M , we have
1 − xu ⊗ x−u

in F∗ I1, where I1 is the ideal of the diagonal in T ×T . Since π(1) is equal to one,
the restriction of π(xu ⊗ x−u) to the diagonal must also be equal to one. Now the
restriction of π(xu ⊗ x−u) to the diagonal is a Laurent polynomial in Z[T ] whose
constant term is

∑

a∈[u]

c−a,a,

where [u] is the coset of u in 1
q M/M . Since the polytope associated to −K X×X is

P−K X × P−K X , there must be a representative a of [u] such that both a and −a are
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contained in the interior of P−K X , which means that a is contained in the interior
of the diagonal splitting polytope

FX = P−K X ∩ −P−K X .

For the converse, suppose that every nonzero equivalence class [ui ] in 1
q M/M

has a representative ai in the interior of FX . Then

π1 = π0 +

s
∑

i=1

πai ,−ai

is a splitting, and we claim that π1 is compatible with the diagonal. To see this, note
that the ideal of the diagonal in Uσ ×Uσ is generated by the Laurent polynomials
1 − xu ⊗ x−u for u in σ∨ ∩ M . Then F∗ I1 is generated as a Z[Uσ × Uσ ]-module
by the

xb − xb · (xu ⊗ x−u),

as b = (b1, b2) ranges over 1
q (M × M) and u ranges over 1

q M . Now the restriction
of π1(xb) to the diagonal is xb1+b2 if b1 + b2 is in M and zero otherwise. In
particular, the restriction of π1(xb − xb · (xu ⊗ x−u)) to the diagonal vanishes, as
required. �

Proof of Theorem 1.3. Suppose the diagonal is compatibly split in X × X . Then
every nonzero equivalence class [u j ] in 1

q M/M is represented by a fractional lattice
point a j in the interior of FX , by Theorem 1.2.

A splitting of Xn is compatible with the union 11∪· · ·∪1n−1 if it is compatible
with each 1i . For u ∈ M , let u(i) denote the lattice point in Mn whose only nonzero
coordinate is the i-th one, which is equal to u. The ideal of 1i is generated by the
functions

1 − xu(i)
· x−u(i+1)

.

We claim that the splitting

π = π0 +

n−1
∑

i=1

∑

j

πa(i)
j −a(i+1)

j

is compatible with 1i for 1 ≤ i < n, and hence with the union 11 ∪ · · · ∪ 1n−1.
The proof of the claim is then similar to the proof of Theorem 1.2 above, and the
theorem follows. �

Proof of Theorem 1.4. Suppose the diagonal is compatibly split in X × X . Then
11 ∪· · ·∪1n−1 is compatibly split in Xn for every n, by Theorem 1.3. Therefore,
for any nef line bundles L1, . . . , Lr on X the section ring R(L1, . . . , Lr ) is normal
and Koszul, by Proposition 2.5. �
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Remark 4.6. Pairs of opposite lattice points u and −u in the polytopes associ-
ated to anticanonical divisors have also appeared in relation to the classification
of smooth toric Fano varieties. In particular, Ewald [1988] conjectured twenty
years ago that if X is a smooth toric Fano variety then FX contains a basis for the
character lattice M . Ewald’s conjecture has been verified for smooth toric Fano
varieties of dimension less than or equal to seven by Øbro [2007, Section 4.1].
However, it remains unknown in higher dimensions whether there exists a single
nonzero lattice point u in FX [Kreuzer and Nill 2007, Section 4.6].

Acknowledgments

This work grew out of an expository talk at a mini-workshop on normality of
lattice polytopes at Oberwolfach. I thank the organizers, C. Haase, T. Hibi, and
D. Maclagan, as well as the other participants, for the chance to be part of such a
stimulating event, and the MFO for their hospitality. While preparing this paper,
I benefited from helpful discussions with D. Anderson, D. Eisenbud, N. Fakhrud-
din, B. Howard, and A. Paffenholz, and from the referee’s thoughtful comments.
Finally, I am grateful to N. Lauritzen and J. Thomsen for pointing out that the
methods in a first version of this paper can be used to give the example of the
nondiagonally split Schubert variety presented here.

References

[Anderson 2007] D. Anderson, “Chern class formulas for G2 Schubert loci”, preprint, 2007. arXiv
0712.2641

[Batyrev and Nill 2007] V. Batyrev and B. Nill, “Multiples of lattice polytopes without interior
lattice points”, Mosc. Math. J. 7:2 (2007), 195–207, 349. MR 2008g:52018 Zbl 1134.52020

[Batyrev and Nill 2008] V. Batyrev and B. Nill, “Combinatorial aspects of mirror symmetry”, pp.
35–66 in Integer points in polyhedra—geometry, number theory, representation theory, algebra,
optimization, statistics (Snowbird, UT, 2006), edited by M. Beck et al., Contemp. Math. 452, Amer.
Math. Soc., Providence, RI, 2008. MR 2405763 arXiv math/0703456

[Bezrukavnikov 1995] R. Bezrukavnikov, “Koszul property and Frobenius splitting of Schubert va-
rieties”, preprint, 1995. arXiv alg-geom/9502021

[Bøgvad 1995] R. Bøgvad, “On the homogeneous ideal of a projective nonsingular toric variety”,
preprint, 1995. arXiv alg-geom/9501012

[Bøgvad 1998] R. Bøgvad, “Splitting of the direct image of sheaves under the Frobenius”, Proc.
Amer. Math. Soc. 126:12 (1998), 3447–3454. MR 99h:14051 Zbl 0902.14038

[Brion and Kumar 2005] M. Brion and S. Kumar, Frobenius splitting methods in geometry and
representation theory, Progress in Mathematics 231, Birkhäuser, Boston, 2005. MR 2005k:14104
Zbl 1072.14066

[Brylinski and Zhang 2003] J.-L. Brylinski and B. Zhang, “Equivariant Todd classes for toric vari-
eties”, preprint, 2003. arXiv math/0311318

[Buch et al. 1997] A. Buch, J. F. Thomsen, N. Lauritzen, and V. Mehta, “The Frobenius morphism
on a toric variety”, Tohoku Math. J. (2) 49:3 (1997), 355–366. MR 98j:14020 Zbl 0899.14026

http://arxiv.org/abs/0712.2641
http://arxiv.org/abs/0712.2641
http://www.ams.org/mathscinet-getitem?mr=2008g:52018
http://www.emis.de/cgi-bin/MATH-item?1134.52020
http://www.ams.org/mathscinet-getitem?mr=2405763
http://arxiv.org/abs/math/0703456
http://arxiv.org/abs/alg-geom/9502021
http://arxiv.org/abs/alg-geom/9501012
http://dx.doi.org/10.1090/S0002-9939-98-05000-X
http://www.ams.org/mathscinet-getitem?mr=99h:14051
http://www.emis.de/cgi-bin/MATH-item?0902.14038
http://www.ams.org/mathscinet-getitem?mr=2005k:14104
http://www.emis.de/cgi-bin/MATH-item?1072.14066
http://arxiv.org/abs/math/0311318
http://dx.doi.org/10.2748/tmj/1178225109
http://dx.doi.org/10.2748/tmj/1178225109
http://www.ams.org/mathscinet-getitem?mr=98j:14020
http://www.emis.de/cgi-bin/MATH-item?0899.14026


Frobenius splittings of toric varieties 119

[Ewald 1988] G. Ewald, “On the classification of toric Fano varieties”, Discrete Comput. Geom. 3:1
(1988), 49–54. MR 88m:14037 Zbl 0686.14042

[Fujino 2007] O. Fujino, “Multiplication maps and vanishing theorems for toric varieties”, Math. Z.
257:3 (2007), 631–641. MR 2008g:14092 Zbl 1129.14029

[Fulton 1993] W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies 131, Prince-
ton University Press, Princeton, NJ, 1993. MR 94g:14028 Zbl 0813.14039

[Haase et al. 2008] C. Haase, B. Nill, and S. Payne, “Cayley decompositions of lattice polytopes and
upper bounds for h∗-polynomials”, arXiv 0804.3667

[Inamdar 1994] S. P. Inamdar, “A note on Frobenius splitting of Schubert varieties and linear syzy-
gies”, Amer. J. Math. 116:6 (1994), 1587–1590. MR 96a:14055 Zbl 0819.14020

[Inamdar and Mehta 1994] S. P. Inamdar and V. B. Mehta, “Frobenius splitting of Schubert varieties
and linear syzygies”, Amer. J. Math. 116:6 (1994), 1569–1586. MR 96a:14054 Zbl 0817.14032

[Kempf 1976] G. R. Kempf, “Linear systems on homogeneous spaces”, Ann. of Math. (2) 103:3
(1976), 557–591. MR 53 #13229 Zbl 0327.14016

[Kreuzer and Nill 2007] M. Kreuzer and B. Nill, “Classification of toric Fano 5-folds”, preprint,
2007. arXiv math/0702890

[Mehta and Ramanathan 1985] V. B. Mehta and A. Ramanathan, “Frobenius splitting and coho-
mology vanishing for Schubert varieties”, Ann. of Math. (2) 122:1 (1985), 27–40. MR 86k:14038
Zbl 0601.14043

[Øbro 2007] M. Øbro, Classification of smooth Fano polytopes, PhD Thesis, University of Århus,
Århus, Denmark, 2007.

[Oda 1997] T. Oda, “Problems on Minkowski sums of convex lattice polytopes”, preprint, 1997.
arXiv 0812.1418

[Polishchuk and Positselski 2005] A. Polishchuk and L. Positselski, Quadratic algebras, Univer-
sity Lecture Series 37, American Mathematical Society, Providence, RI, 2005. MR 2006f:16043
Zbl 1145.16009

[Ramanan and Ramanathan 1985] S. Ramanan and A. Ramanathan, “Projective normality of flag va-
rieties and Schubert varieties”, Invent. Math. 79:2 (1985), 217–224. MR 86j:14051 Zbl 0553.14023

[Ramanathan 1987] A. Ramanathan, “Equations defining Schubert varieties and Frobenius splitting
of diagonals”, Inst. Hautes Études Sci. Publ. Math. 65 (1987), 61–90. MR 88k:14032 Zbl 0634.
14035

[Smith 2000] K. E. Smith, “Globally F-regular varieties: applications to vanishing theorems for quo-
tients of Fano varieties”, Michigan Math. J. 48 (2000), 553–572. MR 2001k:13007 Zbl 0994.14012

[Sturmfels 1996] B. Sturmfels, Gröbner bases and convex polytopes, University Lecture Series 8,
American Mathematical Society, Providence, RI, 1996. MR 97b:13034 Zbl 0856.13020

[Thomsen 2000] J. F. Thomsen, “Frobenius direct images of line bundles on toric varieties”, J.
Algebra 226:2 (2000), 865–874. MR 2001f:14095 Zbl 0957.14036

[Totaro 199?] B. Totaro, “Chow groups, Chow cohomology, and linear varieties”, preprint, 199?,
Available at http://www.dpmms.cam.ac.uk/~bt219/linear.dvi. To appear in J. Algebraic Geom.

Communicated by Vasudevan Srinivas

Received 2008-05-08 Revised 2008-10-15 Accepted 2008-11-22

spayne@stanford.edu Department of Mathematics, Building 380, Sloan Hall,

Stanford University, Stanford, CA 94305, United States

http://dx.doi.org/10.1007/BF02187895
http://www.ams.org/mathscinet-getitem?mr=88m:14037
http://www.emis.de/cgi-bin/MATH-item?0686.14042
http://dx.doi.org/10.1007/s00209-007-0140-5
http://www.ams.org/mathscinet-getitem?mr=2008g:14092
http://www.emis.de/cgi-bin/MATH-item?1129.14029
http://www.ams.org/mathscinet-getitem?mr=94g:14028
http://www.emis.de/cgi-bin/MATH-item?0813.14039
http://arxiv.org/abs/0804.3667
http://dx.doi.org/10.2307/2375060
http://dx.doi.org/10.2307/2375060
http://www.ams.org/mathscinet-getitem?mr=96a:14055
http://www.emis.de/cgi-bin/MATH-item?0819.14020
http://dx.doi.org/10.2307/2375059
http://dx.doi.org/10.2307/2375059
http://www.ams.org/mathscinet-getitem?mr=96a:14054
http://www.emis.de/cgi-bin/MATH-item?0817.14032
http://dx.doi.org/10.2307/1970952
http://www.ams.org/mathscinet-getitem?mr=53:13229
http://www.emis.de/cgi-bin/MATH-item?0327.14016
http://arxiv.org/abs/math/0702890
http://dx.doi.org/10.2307/1971368
http://dx.doi.org/10.2307/1971368
http://www.ams.org/mathscinet-getitem?mr=86k:14038
http://www.emis.de/cgi-bin/MATH-item?0601.14043
http://arxiv.org/abs/0812.1418
http://www.ams.org/mathscinet-getitem?mr=2006f:16043
http://www.emis.de/cgi-bin/MATH-item?1145.16009
http://dx.doi.org/10.1007/BF01388970
http://dx.doi.org/10.1007/BF01388970
http://www.ams.org/mathscinet-getitem?mr=86j:14051
http://www.emis.de/cgi-bin/MATH-item?0553.14023
http://www.numdam.org/item?id=PMIHES_1987__65__61_0
http://www.numdam.org/item?id=PMIHES_1987__65__61_0
http://www.ams.org/mathscinet-getitem?mr=88k:14032
http://www.emis.de/cgi-bin/MATH-item?0634.14035
http://www.emis.de/cgi-bin/MATH-item?0634.14035
http://dx.doi.org/10.1307/mmj/1030132733
http://dx.doi.org/10.1307/mmj/1030132733
http://www.ams.org/mathscinet-getitem?mr=2001k:13007
http://www.emis.de/cgi-bin/MATH-item?0994.14012
http://www.ams.org/mathscinet-getitem?mr=97b:13034
http://www.emis.de/cgi-bin/MATH-item?0856.13020
http://dx.doi.org/10.1006/jabr.1999.8184
http://www.ams.org/mathscinet-getitem?mr=2001f:14095
http://www.emis.de/cgi-bin/MATH-item?0957.14036
http://www.dpmms.cam.ac.uk/~bt219/linear.dvi
mailto:spayne@stanford.edu

	1. Introduction
	2. Preliminaries
	3. Canonical splittings
	4. Splittings of diagonals
	Acknowledgments
	References

