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Abstract: Any avtomorphism of the Dynkin diagram of a symmetrizable Kac-Moo-
dy algebra g induces an automorphism of g and a mapping ., between highest weight
modules of g. For a large class of such Dynkin diagram automorphisms, we can de-
scribe various aspects of these maps in terms of another Kac-Moody algebra, the
“orbit Lie algebra” §. In particular, the generating function for the trace of 7., over
weight spaces, which we call the “twining character” of g (with respect to the auto-
morphism), is equal to a character of §. The orbit Lie algebras of untwisted affine
Lie algebras turn out to be closely related to the fixed point theories that have been
introduced in conformal field theory. Orbit Lie algebras and twining characters cou-
stitute a crucial step towards solving the fixed point resolution problem in conformal
field theory.

1. Introduction

In this paper we associate algebraic structures to automorphisms of Dynkin diagrams
and study some of their interrelations. The class of Dynkin diagrams we consider are
those of symmetrizable Kac-Moody algebras [1]. These are those Lie algebras which
possess both a Cartan matrix and a Killing form, which includes in particular the
simple, affine, and hyperbolic Kac-Moody algebras.

An automorphism of a Dynkin diagram is a permutation of its nodes which leaves
the diagram invariant. Any such map divides the set of nodes of the diagram into
invariant subsets, called the orbits of the automorphism. We focus our attention on
two main types of orbits, namely those where each of the nodes on an orbit is either
connected by a single link to precisely one node on the same orbit or not linked to any
other node on the same orbit. If all orbits of a given Dynkin diagram automorphism
are of one of these two types, we say that the automorphism satisfies the linking
condition. Except for the order N automorphisms of the affine Lie algebras A')_ "
all diagram automorphisms of simple and affine Lie algebras belong to this class.

* Heisenberg fetiow
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1.1. Orbit Lie algebras. In Sect. 2 we show that for any automorphism satisfying the
linking condition one can define a “folded” Dynkin diagram (and associated Cartan
matrix) which is again the Dynkin diagram of a symmetrizable Kac-Moody algebra.
The folded Dynkin diagram has one node for each orbit of the original diagram, and
there is a definite prescription for the number of links between any two nodes of
the folded diagram. If the Kac-Moody algebra corresponding to the original Dynkin
diagram is g, we denote the algebra corresponding to the folded Dynkin diagram by
§ and call it the orbit Lie algebra. We show that the folding procedure preserves the
“type” of the Kac-Moody algebra, where the type of a symmetrizable Kac-Moody
algebra can be either “simple”, “affine”, “hyperbolic”, or “non-hyperbolic indefinite”.
(However, “untwisted affine” and “twisted affine” are not separately preserved.)

Any automorphism of a Dynkin diagram (not necessarily satisfying the linking
condition) induces an outer automorphism of the associated Kac-Moody algebra g.
This is described in Sect. 3. For simple, affine and hyperbolic algebras the induced
automorphism is unique. In the case of simple Lie algebras, these outer automorphisms
are well known; they correspond to charge conjugation (for g = A, (n > 1), Dy
(n > 1), and Es), to the spinor conjugation of Dy, (n > 2), and to the triality
of Dy. The induced outer automorphisms of untwisted affine Lie algebras are either
the aforementioned ones (inherited from the simple horizontal subalgebra), or certain
automorphisms related to simple currents [2] of WZW theories (i.e. conformal field
theories for which the chiral symmetry algebra is the semidirect sum of the untwisted
affine Lie algebra and the Virasoro algebra), or combinations thereof.

1.2. Twining characters. The automorphism of g induces a natural map on the weight
space of g. We can also employ the action on the algebra, in a less straightforward
manner, to obtain an action, compatible with the action on the weight space, on the
states of any highest weight module of g. We can therefore define a new type of
character-like quantities for these modules by inserting the generator of the automor-
phism into the trace that defines the ordinary character. We call the object constructed
in this manner the twining character of the highest weight module; its precise defi-
nition is presented in Sect. 4.

Trivially, the twining character vanishes whenever the highest weight is changed
by the automorphism. As a consequence, our interest is in those highest weight mod-
ules whose highest weight is not changed by the automorphism; we call these spe-
cial modules the fixed point modules of the automorphism and refer to their highest
weights as symmetric g-weights. For fixed point modules, the twining character re-
ceives a non-vanishing contribution from at least one state, namely the highest weight
state, but it is far from obvious what happens for all the other states of the module.
Note that the weight of a state does not provide sufficient information for answering
this question. Rather, the action of the automorphism also depends on the specific
way in which the state is obtained from the highest weight state by applying step
operators, as the automorphism acts non-trivially on these step operators.

There is one interesting class of automorphisms for which only the highest weight
state of a fixed point module contributes to the twining character. These are the order
N automorphisms of the affine Lie algebras A%)—l- In this particular case the Serre
relations among the commutators of step operators conspire in such a way that all
other states in the Verma module (and hence also in the irreducible module) cancel
each others’ contributions to the twining character. This statement will be proven in
Sect. 7 (following a route that does not rely on the explicit use of the Serre relations
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and hence avoids various technical complications). Note that these automorphisms
do nor satisfy the linking condition. Rather, all NV nodes of the Dynkin diagram of
Ag,)_l lie on the same orbit of this automorphism, and hence each node on the orbit
is connected to two other nodes on the orbit. Correspondingly, there is no associated
orbit Lie algebra (formally one obtains the “Lie algebra” which has the 1 x 1 Cartan
matrix A = (0)).

The main result of this paper, proved in Sect. 5, concerns the fixed point modules
of Dynkin diagram automorphisms which do satisfy the linking condition. We prove
that these modules are in one-to-one correspondence with the highest weight modules
of the orbit Lie algebra §, and that the twining characters of the fixed point modules
(both for Verma modules and for their irreducible quotients) coincide with the ordinary
characters of the highest weight modules of §. Note that we are not claiming that the
orbit Lie algebra § is embedded in the original algebra g. We can show, however,
that the Weyl group of § is isomorphic to a subgroup of the Weyl group of ¢. This
observation plays a key role in the proof, as it enables us to employ constructions that
are analogous to those used by Kac in his proof of the Weyl-Kac character formula.

In Sects. 6, 8 and 9, we specialize to the case of untwisted affine Lie algebras and
those automorphisms which correspond to the action of simple currents. In Sect. 6
the action of such automorphisms is described in some detail, using the realization of
affine Lie algebras as centrally extended loop algebras. We find that for this special
class of automorphisms the characters of §, and hence also the twining characters, have
nice modular transformation properties. In Sect. 8 it is shown that the modification of
the irreducible characters of §, and hence of the irreducible twining characters of g,
that is required in order to obtain these nice modular transformation properties, differs
from the modification of the irreducible characters of g only by an overall constant.
Finally, in Sect. 9 we comment on those cases where the orbit Lie algebra is one of
the twisted affine Lie algebras BY rather than an untwisted affine algebra.

1.3. Fixed point resolution. Our main motivation for introducing and studying twining
characters stems from a long-standing problem in conformal field theory, namely the
“resolution of fixed points”. Twining characters and orbit Lie algebras constitute
important progress towards solving this problem. This will not be discussed further in
the present paper, except for the following brief explanation of the relation between
the two issues.

The fixed point resolution problem can be divided into two aspects. The first
aspect is the construction of representations of the modular group; the second is the
description of representation spaces of the chiral symmetry algebra whose characters
transform in these representations of the modular group. For theories with an extended
chiral symmetry algebra, one tries to achieve the construction of representations of the
modular group by starting from the modular transformation matrices S and T of the
original, unextended chiral algebra. One then typically finds that certain irreducible
modules appear in the spectrum more than once or appear only in reducible linear
combinations; it follows in particular that the original matrix S does not contain
enough information to derive the matrix Sey of the extended theory. If the extension
of the chiral algebra is by simple currents (the corresponding modular invariants are
often referred to as “D-type invariants™), these reducible modules originate from fixed
points of these simple currents.

By requiring the characters of the extended theory to have the correct modular
transformation properties, one learns that the missing information is supplied by an-
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other matrix § , which is defined only on the fixed point representations and together
with a diagonal matrix 7" again generates a representation of the modular group; 7 is
simply T restricted to the fixed points. By studying the spectrum of 7" and comparing

it to known conformal field theories, conjectures regarding $ could be made for most,
though not all, simple current invariants for untwisted affine Lie algebras. Indeed, it

was found in [3, 4] that in all cases except Bg) and CSL) at even levels, 70" is equal up
to an overall phase to the T-matrix of another untwisted affine algebra. One may call
this the “fixed point algebra” (as we will see in a moment, this is a more appropriate
name than the term “fixed point conformal field theory” that was chosen in [3, 4]).

The second aspect of the fixed point resolution problem is closely related to the
“field identification” in coset conformal field theories. From the point of view of the
modular group, this can be described in terms of an “extension of the chiral algebra
by spin-zero currents”. As far as the matrix S is concerned we are then in exactly
the same situation as discussed above. However, if the field identification currents
have fixed points, then there is an additional problem: formally one either obtains a
partition function with more than one vacuum state, or, if one normalizes it, a partition
function with fractional multiplicities for the fixed point states. The solution to the
latter problem is that the various irreducible components of the reducible module that
is associated to the fixed point possess in fact different characters. The difference of
these characters must then transform like a character with respect to the new modular

o
matrix S.

This implies that for field identification fixed points the characters of the coset
theory are not simply equal to the branching functions of the embedding of affine Lie
algebras, which are merely sums over the characters of the irreducible components.
It may seem that writing down the correct irreducible characters requires additional
information that is not directly provided by the Lie algebras g and h defining a coset

theory #°(g/h). This additional information is contained in the matrix $ and in the
character modifications.

As already mentioned, some of the diagram automorphisms introduced above are
closely related to the action of simple currents. Simple currents act as a permutation
on the modules of the chiral symmetry algebra. More precisely, their action is defined
via the fusion rules of the conformal field theory. On the other hand, an action of
simple currents on the Hilbert space of states of the theory could so far not be defined,
nor was it required for the purpose for which the simple currents were used, namely
the construction of modular invariants. In the special case of WZW models, simple
currents act by permuting the integrable highest weight modules of the underlying
affine Lie algebra. Since the action of some of the diagram automorphisms on highest
weights is identical to this simple current action, and since the action of diagram
automorphism is defined on individual states, the results of the present paper provide
a natural definition of the simple current action on the entire Hilbert space.

In the application to field identification in coset models, this should enable us
to prove that identified fields are really identical as modules of the chiral algebra.
The action on fixed point modules is more interesting still. In this case the module
is mapped to itself, and as the mapping has finite order N, the module splits into
invariant subspaces of eigenvectors with an N™ root of unity as eigenvalue. These
eigenspaces are natural candidates for the irreducible modules. The twining charac-
ters are then natural ingredients for the character modifications. Note, however, that
although the twining characters of untwisted affine Lie algebras are non-trivial, no
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character modifications (for the Virasoro-specialized characters) are required for the
D-type modular invariants of the WZW theories which are associated to the affine Lie
algebras. This already shows that more work will be needed to make all this precise;
we plan to analyze this situation in detail in a separate publication. The effort will be
worthwhile, however, since in this formalism we should be able to derive the char-
acter modifications for a coset theory &°(g/h) in terms of the twining characters of
the Kac-Moody algebras g and h rather than having to introduce them as extraneous
objects as was done in [3, 4].

An obvious candidate for the fixed point resolution matrix $ is the modular
transformation matrix S of the orbit Lie algebra §. Indeed, in [3, 4] the relation

between the matrix 7' and the spectrum of the WZW theory based on an affine
algebra g was proved by applying a folding procedure to the weight space metric
(the inverse of the symmetrized Cartan matrix) of the horizontal Lie algebra §. For
all simply-laced algebras and also for C5,,,; at even levels this folding procedure is

equivalent to the one discussed here, and consequently S = $ in these cases. In other
words, the fixed point algebra is equal to the orbit Lie algebra defined here.

As remarked above, the folding discussed here does not necessarily map untwisted
to untwisted affine algebras. This turns out to be relevant for the remaining cases,
ie. for B, and C5). Here a “fixed point conformal field theory” could only be
identified for odd levels k = 2p + 1, namely the WZW theory based on C! at level
p in both cases. For even levels k = 2p, the fixed point spectra for BS»L and 052
were shown to differ by an overall constant, but they could not be identified with any

known conformal field theory, apart from a few special cases. (These spectra were

denoted as .7, , in [3, 4]. Meanwhile, the matrix S has also been constructed in
an indirect manner, using rank-level duality in N = 2 supersymmetric coset models
[6].) A natural solution now suggests itself, namely that again the fixed point algebra
is equal to the orbit Lie algebra, just as in all other cases. Applying our folding
procedure, we find that the orbit Lie algebra is in fact a twisted algebra, namely A(lz)

(for n = 1) or B?.! The fixed points of B(), and C{! at level k" are in one-to-one
correspondence with the representations of B at level k.

The modular transformations for characters of twisted algebras do not always close
within a given algebra. Rather, typically the characters of one algebra are mapped to
those of a different algebra. In fact, A? and B? are precisely those twisted affine
Lie algebras whose characters possess well-defined modular transformations among
themselves, and just as for untwisted algebras, these transformations preserve the
level of a module [1]. Remarkably, the modular matrix 5 of B®), respectively A(lz),
appears to provide the correct fixed point resolution for even as well as odd levels.
Indeed, S at level k is related in the correct way to the matrices S of C at level p
(for k =2p+ 1), respectively B, , (for k = 2p). At present we do not have a general
proof that these matrices resolve the fixed points correctly, but we have checked it
for algebras of low rank at low level.

1.4. Organization. Let us briefly summarize how this paper is organized. There are
two main results, which concern the automorphisms of Dynkin diagrams satisfying
the linking condition and the order N automorphisms of the affine A(I\l,)_l Dynkin
diagrams, respectively. These two theorems are stated at the end of Sect. 4; the

! Here we use the notation of [5]; in the notation of [1], these algebras are called A;ZT)L
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former is proven in Sect. 5 (some details are deferred to Appendix A), and the latter
in Sect. 7. In the earlier sections, various concepts which are necessary for being
able to formulate our theorems are introduced, such as the folding of Cartan matrices
(Sect. 2), the induced automorphisms of Lie algebras and the concept of an orbit
Lie algebra (Sect. 3), and the maps induced on Verma and irreducible modules as
well as the concept of their twining characters (Sect. 4). The remaining Sects. 6, 8
and 9 contain further details about the special case of affine Kac-Moody algebras, in
particular about modular transformation properties, which are relevant for applications
in conformal field theory.

2. Folding Cartan Matrices

2.1. Dynkin diagram automorphisms. In this paper we consider symmetries of in-
decomposable symmetrizable Cartan matrices. A symmetrizable Cartan matrix is by
definition a square matrix A = (A% )i jer» Where I C Z is some finite index set,
satisfying the properties A%J € Z, Ab* =2, A% <0 for i # j, A% =0 iff A7* =0,
and that there is a non-singular diagonal matrix D such that DA is symmetric. To
any symmetrizable Cartan matrix there is associated a unique Lie algebra g with an
invariant bilinear form (-|-): g x g — g (see [1] and Sect. 3). The Dynkin diagram
of g is defined as the graph with | /| vertices which has coincidence matrix 2- 1 — A,
with 1 the identity matrix. The Dynkin diagram is connected iff A is indecomposable.

By an automorphism of the Dynkin diagram of g (or of the associated Cartan
matrix) we mean a bijective mapping w: I — I satisfying

AVHOT = A Q2.1

for all ¢, 7 € I. We denote by N the order of w, i.e. the smallest positive integer such
that &N = id (N is finite since I is finite), and by

N; = | {i, i, ., N T1Y (2.2)

the length of the w-orbit through <. Also, let I denote a set of representatives for
the orbits of w. It will be convenient to fix the choice of these representatives once
and for all; for definiteness we choose the smallest representatives of the orbits (for
a given labelling by I C Z),

I={icI|i<&™ for1<n<N-1}. (2.3)

We will now show that a large class of automorphisms w of symmetrizable Cartan
matrices can be used to “fold” the Cartan matrix A such as to obtain another matrix
A which is again a symmetrizable Cartan matrix. In particular, with the exception of
the automorphism of order IV of AS\I,LI, all diagram automorphisms of all simple and
affine Lie algebras belong to this class.

2.2. The folded Cartan matrix. For any given automorphism & of an indecomposable
symmetrizable Cartan matrix A and any ¢ € I let us define the integer

N;—1

N-—1
N; "y 0
=3 YA e Y A .
> ’ N =0 I=1 (24)
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In the following we restrict our attention to the class of those automorphisms w which
satisfy the relation
8, <2 foralliel, (2.5)

to which we will refer as the linking condition. As the last sum in (2.4} is non-positive
and integer, this means that s; is either 1 or 2. Since each contribution to that sum is
non-positive, in the case s; = 1 we have

Al =g 2.6)

whenever [ # 0 mod N;, and accordingly the restriction of the Dynkin diagram of ¢
to the orbit of 7 is isomorphic to the Dynkin diagram of the direct sum of N, copies
of A;. For s; = 2, there is exactly one m, 1 < m < N; —1, such that A"%* = —1. In
this situation we have &w™i = &~ (otherwise A® " »% = A" would be negative
as well, leading to a contradiction with the assumption (2.5)). This implies that in
this case /V; and hence also N are even; the restriction of the Dynkin diagram of g
to the orbit of 4 is then isomorphic to the Dynkin diagram of the direct sum of V;/2
copies of Aj;.

Next we introduce a |I|x|I|-matrix A that is obtained from A by folding it in the
sense of summing up the rows of A that are related by w and multiplying them by
8, and afterwards eliminating redundant columns; thus we define

Ny &=
A . o LVi wtig
AP = SZ—N IE—O AY I 2.7

for i, j € I. From the indecomposability of A it is obvious that A is indecomposable
as well. We claim that A is also again a symmetrizable Cartan matrix, i.e. that it
satisfies the following five properties:

a) A% =2 foralliel,

b) AW ez foralls,jel,

¢) A <0 foralls,jel, i#j,
d) AW =0« Aii=0,

e) there is a non-singular diagonal matrix D
such that B := DA is symmetric.

2.8)

Let us prove the relations (2.8) consecutively. First, under the assumption that the
linking condition (2.5) holds, we have

At =g,3-35)=2, (2.9)

which proves (2.8a). The property (2.8b) is fulfilled because in fact we only add up

and multiply integers, as is made manifest by rewriting (2.7) as

N;—1
Avi =6 3 A (2.10)

=0

Next we observe that if 4, j € I are different, then 7, j € I lie on different orbits of
w. As a consequence, Wl # w™j for all I,m, and hence, as A is a Cartan matrix,
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A9'59™5 < 0 for all I, m. Thus in particular the sum on the right-hand side of (2.10)
is also smaller than zero, which proves (2.8c). Further, since all terms in the sum
(2.10) are non-positive, A% = 0 implies that A%'"3 = 0 for all I. Because of (2.1)
this means that also A»%'J = 0 for all [. Since A is itself a Cartan matrix, this in turn
implies that also A% vanishes for all . Thus

N;—1
A= 3 iz, @2.11)
=0

and hence we obtain the property (2.8d).

Finally, we know that there is a non-singular diagonal matrix D = diag(d;) such
that B := DA is symmetric. This matrix is unique up to scalar multiplication, and
we can choose d; > 0 for all ¢ € I. To verify (2.8e), we first show that d; = d;
for all ¢ € I. To this end suppose that we are given a matrix D which has the
required properties. Then we define the “orbit average” D of D as follows. For any
[=0,1,...,N — 1 we set Dy, := diag(d,,), and then define D= Z{ZO_I Dyy. The
automorphism property of w implies that By, := DA satisfies

By = dyi; AW = dy AV = B (2.12)

This shows that By is symmetric, and hence B := DA = Eﬁo— ! By is symmetric as
well. Thus D possesses all the properties required for D, so that by the uniqueness
of D it follows that D o D. This proves that d; = d;;,; for all © € I, as claimed. Next
we define D as 5 5

D =diagd)), d;:= —51— % d; . (2.13)

Clearly, D isa non-degenerate diagonal matrix with positive diagonal entries. Further,
the entries of B := DA read

nig_ IV i e wtij 1= Wit 1 &= il
B = NdiA’J=diZA ’J=—]\72dwli,4 : J=NZB s
1=0

e 1,i7=0 Li'=0

(2.14)
This shows that the matrix B is symmetric, and hence completes the proof of (2.8¢).
As we will see below, the formula (2.14) encountered in this proof is also interesting
in its own right; it describes the relation between the invariant bilinear form of g and
that of the orbit Lie algebra § that will be defined in Subsect. 3.3.

2.3. Type conservation. Symmetrizable Cartan matrices belong to one of the following
three classes (compare e.g. [1, §4.U3]: they are either of finite, affine or indefinite fype.
We are now going to show that A as obtained from A by the prescription (2.7) is of
the same type as A.

If A is symmetrizable and the bilinear form given by B = DA is positive definite,
then A is said to be of finite (or simple) type. Now for any vector % = (i;);.y we
have by (2.14) the relation

N;—1 Nj—l

> Bua =g Y S Y B4 iy, = NS Biiuuy,  (2.15)

i,jel i,jel 1=0 1'=0 ijel
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where u; = 1i;,m;/N; with m chosen such that w™i € I. Asa consequence, if B is
positive definite, then so is B, and hence A is of finite type as well.

If A is symmetrizable and the bilinear form B is positive semidefinite and has
exactly one eigenvector with eigenvalue zero, then A is of gffine type. The components
of the left respectively right eigenvector of A with eigenvalue zero,

Za AW =0 = ZA”@ (2.16)

=0

are thus unique once the normalization of the eigenvector is specified (in (2.16), we
set I = {0,1,...,7}, which is the conventional labelling in the affine case). Fixing
the normalization in such a way that the minimal value (denoted by a¢ and qay,
respectively) is equal to 1, the components a; and a) are called the Coxeter labels
and dual Coxeter labels of A, respectively. In the affine case (2.14) implies that B is
either positive definite or positive semidefinite.

Now by (2.16) and the invariance (2.1) of the Cartan matrix, the vector with
i component @, is also a right eigenvector with eigenvalue zero and hence is
proportional to the vector of dual Coxeter labels, and an analogous statement holds
for the Coxeter labels. The fact that w has finite order (together with the positivity of
the (dual) Coxeter Iabels) then implies that

Qi = Q5 , al; =a 2.17

for all 1 € I. It follows that the vectors with entries

. K . N; Ly
4 = . ai, a; = FZ ay foriel, 2.18)

with s = max;er{s;}, satisfy
=N
a b = 2T AWTRT o AL —
EGZAZJ = Z Z s i a; AY Y = SZGZA” =0 (2.19)
il iel 1=0 i€l

and 2

ZAZ,]V\/ _ Z Z J Aw i,J Jv =gy —t ¥ ZAM . (2.20)

jel jel =0 jer

In particular there is an eigenvector of B with eigenvalue zero, i.e. B is positive
semidefinite rather than posmve definite. Also, the elgenspace of B to the eigenvalue
zero is one-dimensional, since if ¥ with entries ¥;, ¢ € I, is an eigenvector of B
to the eigenvalue zero, then the vector v with entries v; = ]\1,1, Dts, With [ such that

w'i € I, is an eigenvector of B to the eigenvalue zero, which is, however, unique up
to normalization.

Finally, a symmetrizable Cartan matrix is said to be of indefinite type if it is
neither of finite nor of affine type. Let us show that if A is of indefinite type, then A
is also of indefinite type. By Theorem 4.3 of [1], A is of indefinite type iff

2 The chosen normalization of a; proves to be convenient for the treatment of the affine case. In the
general case, with this specific normalization the coefficients &Y are, however, not necessarily integral.
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1. there is a vector u with strictly positive components, such that uA has strictly
negative components, and

2. the fact that a vector v and vA both have positive components implies that v is
the zero vector.

To show that the first condition is fulfilled for the folded Cartan matrix A, assume
that u is a vector with strictly positive components for which ©A has strictly negative
components. Clearly, the vector ' with ™ component %/ = u,,; shares these properties
of u, and hence we can assume without loss of generality that u; = wu,;. We then
define ¥, := u;/s;; this is positive as well, and also obeys

> A =Y u AW <0 forall jel. (2.21)

iel iel
To show that the second condition is fulfilled, we assume that ¢ is a vector such that
$A>0 and ©>0. (2.22)

Define a vector v by v; := 8;;,; for ¢ € I, where [ is chosen such that @i € I. Then
v fulfills the conditions (2.22) with A replaced by A. Since A is by assumption of
indefinite type, v and hence also ¢ have to vanish. Together, these results imply that
A is of indefinite type as well.

We have thus shown that the matrix A that is obtained by the folding prescription
(2.7) is always of the same type as the Cartan matrix A.

A particularly interesting subclass among the Cartan matrices of indefinite type
is given by the hyperbolic Cartan matrices. These are characterized by the additional
property that any indecomposable submatrix of the Cartan matrix A that is obtained
by deleting any row and the corresponding column of A is of finite or affine type.
Again one can show that if A is hyperbolic then the same is true for A. Namely,
the pre-image (under the folding) of any proper subdiagram of the Dynkin diagram
of A is a subdiagram of the Dynkin diagram of A, which, as A is assumed to be
hyperbolic, is of finite or affine type. But as we have just seen, these diagrams are
mapped to diagrams of affine or finite type, and hence the subdiagram of A has to be
of affine or finite type as well. This shows-that also Ais hyperbolic.

2.4. Simple Cartan matrices. In the next two subsections we will list all automorphisms
of all simple and affine Dynkin diagrams explicitly. The numbering of the nodes of the
Dynkin diagrams is taken from [3, p.43]. Below we write g and § for the Kac-Moody
algebras which have Cartan matrix A and A, respectively (§ will be called the orbit
Lie algebra associated to g and w, see Subsect. 3.3 below).

The non-trivial automorphisms of the Dynkin diagrams of simple Lie algebras are
as follows. For A,, D, and Eg there is a reflection which we denote by -y; it acts as
i —=r+1—iforA.,asr— 1« r,ir—ielse, for D,,andas 1< 5, 24 3—
3, 6 — 6 for Fs. In addition, for D, there is the triality g3, an order three rotation
which acts as 2+— 2, 1 —» 3 — 44— 1.
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The algebras § for the cases when g is simple are listed in Table (2.23); this is in
fact a well known list, as § plays an important role in the realization of the twisted
affine Lie algebras as centrally extended twisted loop algebras [1].

g w N g

Aspi1, n>0 v 2 Bpn

Dy p3 3 G

Do nss 7 2 Com (2.23)
Es v 2 F

Ay vy 2 C,

In this table we have separated the A,, case from the others because in this case we
have s, =2 (and s; = 1 else), whereas in all other cases all the s; are equal to 1.

2.5. Affine Cartan matrices. The relevant automorphisms w for affine Lie algebras are
the following. For g = A", the automorphism group of the Dynkin diagram is the
dihedral group %,,; which is generated by the reflection y: i+ n+1—¢mod n+1
and the rotation o, : 7 — ¢+ 1 mod n+ 1 which is of order n + 1. Among the
powers o/, ;, only those need to be considered for which [ is a divisor of n+ 1 so
that the order is N = (n + 1)/L.

For g = D the automorphism group is generated by the “vector automorphism”
oy, the “spinor automorphism” ¢ and a conjugation . oy acts as 0 — 1, r < r —1
and i — 1 else, and hence is of order two; the map y actsas r <> r — 1 and i +— ¢
else. If r is even, o, acts as 7 — 7 — 1 and hence has order two, while for odd r
the prescription ¢ — r — ¢ only holds for 2 < ¢ < r — 2 and is supplemented by
Or—7r—~1—7r—1m 0,so that g, has order 4, If r = 4, then the automorphism
group is larger, namely the symmetric group .%; it contains as additional symmetries
an order four rotation p4, which acts as 0 — 1 +— 3 +— 4 — 0, 2 — 2, and an order
three permutation p3, acting like 1 = 3—4+— 1,2+~ 2 and 0 — 0.

For the untwisted algebras g = B{", C and E{" and for the twisted algebras g =
B® and C®, there is only a single non-trivial automorphism ~ which is a reflection.
For g = Eél) the automorphism group of the Dynkin diagram is the symmetric group
K, it is generated by the order three rotationg: 1 —5—0—1, 24+ 6 —
2, 3 — 3 and the reflection y: 1+— 5, 2— 4, 3— 3, 6 — 6, 0~ 0. Finally, for
g=E®, F GV and for the remaining twisted algebras, there are no non-trivial
Dynkin diagram automorphisms at ali.
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g9 w N g
AD @ )N N<ndl AR
PN 2 B
BY oy 2 B®
BY 2 BY
C’gl) o 2 Bg)
ciP o 2 AP
Cg ) Y 2 Cffil
Y s A
Y n e
Dgll) oy 2 C’Slz
D %1 ) Y 2 Cff 11
DY o 2 B @29
D 5113 sy 4 Bff)_l
EP o 3 G
By y 2 FP
EP o 2 FY
A5 o 2 B®
A(2172+1 On+17Y 2 ngl )
B§2n)+l Y 2 Bﬁf )
ng)ﬂ o 2 cy
Dgg-rl Os 4 Cr(zl)—l
DSy o5 2 cw
AL Ol n+l {0}

Notation of [1] ‘ AP AP AD | DY

n+l

(2) (3)
E® DS

Notation of [5] ‘ AP Bp®» c® B® EF® GP
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Let us remark that the notation has been chosen such that for the untwisted affine
algebras, v implements charge conjugation, while ¢ corresponds, in conformal field
theory terms, to a simple current [2].

We list § for these automorphisms in Table (2.24). In this table we again separate
the cases where all the s; are equal to 1 from the others. Also, there is a single
series of automorphisms which do not obey the linking condition (2.5), namely for
any N > 2 the automorphism of the Dynkin diagram of A(J\lj)_1 that has order IV;
this series is displayed in the last row of the table. In this case, which will be treated
separately in Sect. 7, there is only a single s, which takes the value zero, and the
prescription (2.7) formally yields a one-by-one matrix with entry zero.

Also, in the table we use the notations of [5, p. 95] for twisted affine algebras; the
relation with the notation of [1, p.55] is indicated below the table.

2.6. Hyperbolic Cartan matrices. One can, of course, compile an analogous list for
the hyperbolic Lie algebras as well. However, the number of these algebras and their
automorphisms (satisfying the linking condition) is rather large, and hence we refrain
from presenting this list here. Let us just mention that the result that along with g also
g is a hyperbolic Lie algebra may be easily verified case by case. As a by-product,
this provides a check on the completeness of the list of hyperbolic Lie algebras that
has been given in the literature. 3

3. Lie Algebra Automorphisms

In this section we show that any automorphism w of finite order of the Cartan matrix
A induces an automorphism of the same order of the Kac-Moody algebra g which
has Cartan matrix A. To this end we first sketch how ¢ can be constructed from
the Cartan matrix [1]. Then we show how w induces an automorphism w of g and
investigate to what extent this automorphism is unique.

3.1. Symmetrizable Kac-Moody algebras. To any symmetrizable Cartan matrix A
there is associated a Lie algebra, denoted by g = g(A) and called a symmetrizable
Kac-Moody algebra, which is unique up to isomorphism [1, Prop.1.1]. g is con-
structed from A as follows. Denote by n the dimension and by r the rank of the
matrix A. We introduce a complex vector space g, of complex dimension 2n — 7.
Next we choose n linearly independent elements H* of g, and n linearly indepen-
dent functionals o® € g* (called the simple roots of @), such that o(H7) = A%J
for i,7 =1,2,...,n. This choice is unique up to isomorphism.

The Kac-Moody algebra g is then the Lie algebra that is generated freely by the
elements of g, and 2n further elements B = EX? withie I = {1,2,...,n},
modulo the relations

[z,y]1=0 forall z,y € 9o,
[z,EL]=4+aP(x)EL forallze€g,,
(adp)' 4" BL =0 fori],

3 In fact, the classification of hyperbolic Lie algebras presented in [7] turns out to be not quite complete.
We thank C. Saclioglu for a correspondence on this issue.
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where the map ad,, is defined by ad(y) := [z, y]. Thus the subspace g, is an abelian
subalgebra of g; it is called the Cartan subalgebra of g. Also, g has a triangular
decomposition

9=0+: 99 99—, (3.2

where g.. are subalgebras and generated freely by the E%. modulo the relations in the
last line of (3.1), which are known as the Serre relations.

The algebra § := [g,g] is called the derived algebra of g. It contains all central
elements and has a triangular decomposition

§=19,91=9: 8- D9, (3.3)

where §, is the span of the elements H*, i = 1,2, ...,n. Thus §, C g, is the Cartan
subalgebra of §, and the derivations, i.e. the generators of a complement of § in g,
span a complement of §, in g,. We will also denote by g the common kernel of all
the simple roots @ (and hence of all roots, since any root « is a linear combination
of the o). gy is a subspace of §o.

By definition, the non-degenerate bilinear form of g satisfies

(H'|z)=d; o (x) forall z € g, (3.4)
with d; as defined after (2.11), and hence in particular

(H'| HYy=d; A% =B% fori=1,2,..,n. (3.5)

3.2. Induced outer automorphisms. We are now in a position to construct an auto-
morphism w of g using any symmetry & of the Dynkin diagram of g. We start by
defining w on the generators &% of gy:

Ww(E) = EY". (3.6)

Because of (2.1) this mapping preserves the Serre relations, and hence it provides
automorphisms of both g, and g_. Further, the automorphism property of w implies
that it has to act on the H* as

w(H*) = w((E, EV ) = [EY, B¥" = HY (3.7)

This way we have constructed a unique automorphism of the derived algebra § of
g. This automorphism has the same order N as the automorphism w of the Dynkin
diagram. To show how w acts on the rest of the Cartan subalgebra of g, i.e. on the
derivations, requires a bit more work. To this end it is helpful to work with a special
basis of g,.
Since aW(HY) = A = AYH@T = o @D(H@T) and since the H span §,, for all
z € §, we have } A
ad“w(x) = aP(2). (3.8)

Hence the subspace g, is mapped by w bijectively to itseif. We can therefore diag-
onalize w on g, and choose a basis of n — r eigenvectors K, a =1,2,...,n— 1,
such that

w(K*) ="K, 3.9

where
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¢ :=exp (-21—\/,711 (3.10)

is a primitive N™ root of unity. We can extend the basis of gy to a basis of §, by
adding further eigenvectors of w on §,, which we denote by J?, p=1,2,...,7. We
write

w(JP)="? JP | (3.11)

and denote the span of all J? by g ;. Clearly, the restriction of the invariant bilinear
form to g; is non-degenerate. Moreover, we find that

(K*|2)=0 forallz € g,. (3.12)
This holds because writing K* = Z?:x k§H 7 we have
0=a(K* = klaP(H)=) Akd (3.13)
j=1 =1

for all i = 1,2, ..., n, so that the invariant bilinear form obeys

(H | K*)=> r2(H |H)=> d;A"k?=0 (3.14)
j ;

foralli=1,2,...,n.
Using the fact that the invariant form is non-degenerate on g,, we conclude that
there are n — r unique elements D® of g, such that

(D*|K%) =§% forall 1<a,b<n-—r,
(D*|D% =0 forall 1<ab<n-—r, (3.15)
(D*|JP)=0 forall 1<a<n-r 1<p<r.

The elements D° are linearly independent and span a complement g, of §, in go.

We can now study the action of w on the derivations D®. To this end we first
show that w(D%) is again an element of the Cartan subalgebra g,. Namely, let us
start from the most general ansatz w(D?%) = h + Za,z faxEo"e, where h € g, and
the elements £ are generators of the root space for the root o (thus the number
of possible values of the index ¢ equals the (finite) dimension of this root space).
Assume now that £, ¢ # 0 for some root o > 0 (the argument for « a negative root
is completely parallel) and some £. The step operator E—* is an element of g_, and
hence so is w™I(E~%*). Because of D® € g, and the fact that w is an automorphism
of g, this implies that [D?%, w~"(E~*%)] and [w(D%), E~%*] = w([D?,w Y (E~*%)])
are elements of g_, too. On the other hand, we have [E®¢, E=P4'] = §, 364 ph™*
with non-vanishing h*¢ € g, so that by inserting the ansatz we made above we
“find that the element [w(D?%), E~**] of g has a component &, ,h%* in g,. This is
a contradiction, and hence the assumption that &, ; # 0 is wrong. Thus we conclude
that w(D%) € go.

We can therefore make the general ansatz

w(D?) = > (UEDP + (VKD + Y WaJP. (3.16)
b=1 p=1
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Here in the second term we have introduced an explicit phase factor, which will
simplify the discussion below. We now impose the condition that w preserves the
invariant bilinear form, i.e. require that (W(D?) | w(JP)) = 0 = (W(D?*) | w(D?)) and
(W(DY|w(K®)=6% forallp=1,2,...,7, a,b=1,2,...,n —r. Inserting the ansatz
(3.16), the first of these conditions reads

0= (D | w(IP) =™ (Y WgJe | JP) (3.17)

g=1

for all p = 1,2,...,7. As the metric on g; is non-degenerate, this implies that W
vanishes. The second requirement then amounts to

6% = (W(D%) | w(K®) = Z Use™(De | Kb = Ug¢™. (3.18)

c=1
Thus the ansatz (3.16) for w(D?*) gets reduced to

w(D%) = D% + Z VECK® . (3.19)
b=1

The last requirement then constrains the matrix V'; we obtain
0= (WD |wD) =V +V7, (3.20)

i.e. V has to be an antisymmetric matrix.

To summarize, we have shown that the only freedom we are left with consists
in adding terms proportional to central elements to w(D®), and that this freedom is
parametrized in terms of an antisymmetric (n —r) X (n — r) matrix. In the particularly
interesting cases where g is simple, affine, or hyperbolic, there is thus no freedom left
at all; in the simple and hyperbolic cases there are no derivations, while in the affine
case no term with the central element K appears (the only antisymmetric one-by-one
matrix is zero) so that just w(D) = D.

We can restrict the freedom in w(D) even more by imposing the requirement that
w has order N also on the derivations D®. The relation (3.19) implies that

n—r l

wl(Da) — C_lnaDa + Z ‘/ba(z gtnb—(l—t)na)Kb i (321)

b=1 t=1

It follows that w has order N if and only if V}* vanishes whenever n, = —n, mod N.
It is also clear that these constraints always possess the trivial solution V' = 0.

From the invariance of the bilinear form on g, it follows that w as defined above
is in fact an automorphism of g. The only identity that still has to be shown to this
end is that o?(D?) coincides with o“9(w(D?)); this follows by

a(D*) = %(HHD“) = % (H* |w(D*) = a“?(w(D%).  (3.22)

From now on we will assume that V' has been chosen such that w has in fact order
N on all of g. We will refer to such an automorphism which respects the triangolar
decomposition as a strictly outer automorphism or as a diagram automorphism of Q.
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The first of these terms is appropriate because any such automorphism is indeed outer,
as can be seen e.g. by the fact that (compare Sect. 4 below) it induces a non-trivial
map on the representation ring of g, whereas inner automorphisms do not change the
isomorphism class of a representation.

3.3. Orbit Lie algebras. We denote by § the symmetrizable Kac-Moody algebra that
has A as its Cartan matrix and call § the orbir Lie algebra that is associated to the
Dynkin diagram automorphism w, respectively to the automorphism w of ¢ that is
induced by w. We would like to stress that § is nor constructed as a subalgebra of
g; in particular it need not be isomorphic to the subalgebra of g that consists of
those elements which are mapped to themselves by w. There does exist, however,
a subalgebra g of g (to be described elsewhere) which is pointwise fixed under w
and whose Cartan matrix is closely related to the Cartan matrix A of §; namely, the
transpose of the Cartan matrix of § is equal to the matrix (A%)” that one obtains when
applying our folding procedure to the transpose A! of the Cartan matrix A of g.

Later on, we will use this orbit Lie algebra to describe aspects of the action that
w induces on irreducible highest weight modules of g. To this end, we need to set
up some relations between g and §. In preparation for these considerations, we first
show that there is a close relation between the Cartan subalgebra §, of the orbit Lie
algebra and the eigenspace g of w to the eigenvalue ¢° = 1 in g,. This relation
is described by a map P, which is defined as follows. First consider the subalgebra
g9 = g® NG, of g¥. The elements of § are those elements h = > 7 v; H® of
@, which are fixed under w, w(h) = h, which implies that v; = v, for all [. To any
such h we associate the element

R (h) = GH' (3.23)
iel
of gcjo, where
’Lv)i = Ni’Uz’ (324)

for all i € I. It is obvious that the map P,, is an isomorphism between §© and §, .
Moreover, the invariant bilinear forms on §& and g, satisfy

1
(h|R)= ~ @) | B, (h") (3.25)

for all h, ' € §©. To prove this relation, it is sufficient to check it on a basis of §.
As a basis, we choose

Bo= L NZ_:I gz L Nil HO' (3.26)
NS Ni 3 '
for i € I. Then we have p_(h?) = H?, and we can use (3.5) to find
R TS IV | . .
(B | W)= 5 30 B = B = (0, () | (). 3.27)

Li'=0

Next we show that P, yields a one-to-one correspondence between central ele-
ments in §© and central elements of §. First note that K = Sy ki H" is central
iff
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D Aki=0 forall jel. (3.28)
iel
Now (3.28) implies that
> ANk = Njs; » Ak =0 forall jel, (3.29)
icl iel

and hence also the element P (K) = Zief k,H? of g, with %; := N;x;, is cen-
tral. Conversely, with K also the pre-image P 1(K) is central. This result shows in
particular that the dimension of g(;? is precisely |I| — #, where 7 is the rank of A.
Finally we can continue the range of definition of P, to all of g such that (3.25)
is still valid: we use again the basis of eigenvectors of w introduced in Subsect. 3.2.
Given the derivation D?, consider the projection P_(K?) € § of the corresponding
central element K € g. Since the bilinear form on §, is non-degenerate, for each

D*® e g(g) we can define P_(D?) to be the unique derivation in §, for which

(@, (D% | B, (D) =0,  (2,(D% | P, (K")=Ns" (3:30)

for all Kb ¢ gg?, and

(DY | Py (x)=0  forall z € g (3.31)

(the factor of NV in the second of the conditions (3.30) ensures that the relation (3.25)
between the invariant bilinear forms on §© and §, extends to all of g© and §s).
This completes the definition of P,.

We can use the action of w to define a dual action, denoted by w*, on the space
g5 that is dual to g, i.e. on the weight space of g, namely as

(W*B)(@) := fw ™ z) (3.32)

for all 3 € g% and all x € Q.. The natural correspondence between g and the Cartan
subalgebra §, of § implies a corresponding relation for the dual spaces, the weight
spaces. We therefore have a bijective map

pr: g —gt© (3.33)
between the weights of § and the weights A\ € g*©, i.e. those weights of g that
are fixed under w*, w*A = . We will refer to the elements of g*© as symmetric
g-weights. For brevity, we will also often denote the pre-image P*X~}(\) € §X of
Aeg@ by X
By duality, the invariant bilinear form on g’ defines an invariant bilinear form on
g=®, and analogously for §. The relation (3.25) between the restriction of the invariant
bilinear form on g and the bilinear form on §, therefore implies an analogous
relation between the bilinear form on symmetric weights A € g*© and the one on
§-weights: 4
Aw=N-C'W[ ' @W=N-Q|b. (3.34)

As for Eqns. (3.34) and (3.25), the following remark is in order. For an arbitrary symmetrizable
Kac-Moody algebra there is no canonical normalization of the invariant bilinear symmetric form. On the
other hand, in (3.34) and (3.25) the relative normalization of these forms on g and § has been fixed in a
convenient way. This can be in conflict with the conventional normalization as soon as g, and along with
g also @, is simple or affine.

4
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4. Twining Characters

4.1. The map 7,,. Let V be a vector space and
R: g— End(V) 4.1

a representation of a Lie algebra g by endomorphisms R(z): V — V. Any automor-
phism w of g induces in a natural manner a map on the g-module (V, R). Namely,
via

R¥(x) = R(w(z)) 4.2)
for all z € g, the action of w provides another representation R“ of ¢. This is again
a representation of g in End(V). To describe the structure of the module (V, R%)
in more detail, we first note that the construction does not change V as a vector
space. However, this identity between vector spaces in general does not extend to
an isomorphism of g-modules, i.e. in general the map does change the (isomorphism
class of the) module.

Here we are interested in the case where w is a strictly outer automorphism
and where the module is a highest weight module. If the highest weight module
with highest weight A is a Verma module, we denote it by (V, R,), while if it is
the irreducible quotient of (V, Rx), we write (#, R,). A natural basis of a highest
weight module consists of eigenvectors of the action of the Cartan subalgebra g, C g.
Both for Verma and irreducible modules, the eigenspaces Wi,y C V of weight A with
respect to the action of R“(g,) coincide with the eigenspaces with respect to the
original action R(Q.).

Further, recall that the action of w preserves the triangular decomposition (3.2)
of g, i.e. not only maps the Cartan subalgebra to the Cartan subalgebra, but also the
generators for positive (negative) roots to generators for positive (negative) roots. As
a consequence, (V, Z4) is again a Verma module. Moreover, since w maps g, to
J+, the sets of primitive singular vectors, i.e. those vectors which are annihilated by
the enveloping algebra U(g,), of (V, R,) and (V, R%) coincide. Now an irreducible
highest weight module 7%, has a s1ng1e primitive smgular vector, namely its highest
weight vector, and hence the previous observation implies that (9%, R%) is again an
irreducible highest weight module.

To obtain a more detailed description of the relation between (V, R4) and (V, B%)
(respectively (9%, R4) and (9%, R4)) as g-modules, we note that the highest we1ght
vector in both modules is the same element of the underlying vector space V (respec-
tively .7%). However, as an element of the module, its associated weight has to be
transformed by the map w* defined by (3.32), so that in fact the highest weight vector
Upw. € V has highest weight A in (V, R,4), but highest weight w*A in (V, RY). We
thus conclude that as a module, (V, R,) is isomorphic to the abstract Verma module
V4 (and hence (9%, R,) is isomorphic to the irreducible quotient .5% 4, the irre-
ducible highest weight module with highest weight A), while (V, R%) and (%%, RY)
are isomorphic to V,,» 4 and .F% ,« 4, respectively:

For simple Lie algebras and affine Lie algebras other than Bﬁl) one usuall;/ fixes the normalization by
requiring that the long roots have length squared 2 [1, (6.4.2)], while for Bn one normalizes the bilinear
form such that the roots have length squared 1, 2 or 4. If one sticks to this normalization, then the factor NV
in Eqns. (3.25) and (3.34) must be replaced by a different factor N’ in the following cases: for g = Ajp,
for g = A(Zl) with the order two automorphism ~, and for g = B(Z) .y one has N/ = 2N = 4, while for

the order two automorphism of C® one has N’ = N, /2 =1, and for the order four automorphism o7y of
D(l) .1 one needs N/ =2N =8,
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(V,Rp) EV,, (V,R%) = Vyra,

4.3)
(‘%7 RA) = ‘%A 3 (%7 Rﬁ) = %W*A .

Via these isomorphisms, one and the same element v of the vector space V'
(respectively .F#) is identified with an element v’ of V,; and another element v of
Vi« 4 (respectively of 7% 4 and 5% ,« 4). In other words, the automorphism w induces
maps 7,,: Vi — V§{ and 7,: B4 — FEY acting as v’ — " (for simplicity we
use the same symbol for the map on the Verma module and its restriction to the
irreducible quotient). By definition, this map 7,, thus satisfies

Tw(RA(@) - v) = Ry A(w(@)) - 7, (V) 4.4)

for all z € g and all v € V), (respectively .7, ), i.e. the diagrams

R R
Va A9 Ly, Ty @ L o,
Tw l, l Tw and Tw J, l Tw (45)
R * R,x A(
Vw*A Alw(z) Vw*A %w*/l Alw(@)) *%w*/l

commute. As (4.4) generalizes the defining property of an intertwining map, we will
refer to the relation (4.4) as the w-twining property of 7,. Also note that for any
weight A of the module, the action of 7, restricts to an action

Wiy = Wy (4.6)

Tw|Wm:

on the (finite-dimensional) weight space W(y.

4.2. Twining characters. Of particular interest in applications, e.g. in conformal field
theory, are those irreducible highest weight representations for which w*A = A; in the
physics literature they are known as “fixed points” of the diagram automorphism [4].
While 7, is generically a map between two different irreducible modules, in this case
it is an endomorphism of a single irreducible module. > In this situation the following
definition makes sense. For any strictly outer automorphism w of g let us define the
automorphism-twined characters, or, briefly, twining characters WA(“’) of a Verma
module V4 and X(A"’) of its irreducible quotient H#,, as follows. They are (formal)
functions on the Cartan subalgebra g,, defined analogously to ordinary characters,
but with an additional insertion of the map 7, in the trace. Thus in the case of Verma
modules the twining character WA(“) reads

w) 9 - ¢
z;\ ‘
A %(w)(h) = trV4 T e2miRa(h) , @.7)

and analogously the twining character X(/f) of the irreducible module is given by

W) . 9o - ¢

A 4.8)

XPh) = trg, 7, edmRa®)

3 As a consequence, we will always be dealing with a definite representation R, and correspondingly
often simplify notation by writing = in place of R(x).
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These twining characters are majorized by the ordinary characters, and hence in
particular they are convergent wherever the ordinary characters converge. Note that
generically some contributions to the twining characters have non-zero phase, so that
instead of using the term character one might prefer to call these objects character-
valued indices. However, by the identifications (4.16) and (4.17) below, it follows that
the expansion coefficients of the twining characters are still non-negative integers.

The twining character can be interpreted as the generating functional of the trace
of the map 7, restricted to the various weight spaces. Taking the trace separately on
each weight space and extending the definition of the weights as functionals on g, to
formal exponentials, e?™*(h) := exp(2wiA(h)), we can rewrite the twining character
%(“’) in the form

T = Z m{e?A | “4.9)
A<A

and analogously for the twining character X’ of the irreducible module. Here m{’

denotes the trace of the restriction of 7, to the (finite-dimensional) weight space Wy,
of weight A, and we write A < A iff A — X\ is a non-negative linear combination
of simple roots. Because of the trace operation, the coefficient mf\“’) can be different
from zero only for A € g*©, i.e. only if A is a symmetric weight. Hence we can
restrict the sum in (4.9) to symmetric weights.

Combining the cyclic invariance of the trace and the w-twining property (4.4) of
7., We also learn that

XW(h) = 3, 7. e2riRath) - 3, 2miR AR

27miR A (w(h (w) (4.10)
= 11 g, T AW = X (wi(h))

for the character of the irreducible module, and an analogous result holds for the
character of the Verma module.

4.3. Eigenspace decompositions. In the discussion in Subsect. 3.3, the eigenspace g
in g, to the eigenvalue ¢° of w played an important role. Similarly, when analyzing
the properties of twining characters, it proves to be convenient to decompose elements
of g, into their components in all eigenspaces g (to the eigenvalue (') of w. Also,
the map w* on the weight space has the same order /N as w, and hence we can

decompose the weight space into eigenspaces gZ(j ) of w* to the eigenvalue (7,

N-1 '
a=Ppa. (4.11)
7=0

The elements of the subspaces of g’é(j ) can be characterized by the fact that for any

[ different from —j mod N, their restriction on g vanishes. To see this, consider

arbitrary elements 8 € g;% and = € g?. Then we have

Bx) = (W*B)wz) = (TMB(2), (4.12)

which shows that 8(z) has to vanish whenever j +[ # 0 mod N. Conversely, if an
element 3 of g% vanishes on all elements of g, except for those of g{, then by

decomposing any element h € g, into its components in the various eigenspaces ggj)
according to h =3, hY with w(h¥) = (IhY, we find that
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W*BMR) = Bw™"'h) = BD) =B, (4.13)

and hence that g € gi(~¢ med V),
Consider now the twining character in the formulation (4.9), i.e. %(w)(h) _

e mEe?™ A (h), and decompose h € g, into its components k%) as above. As
only symmetric weights contribute in (4.9), the relation (4.12) can be employed in a
similar manner as above to conclude that

%(w)(h) - Z)\SA m()é\d) eZ'rri)\(Zj h(j))

(w) : <~ [6)] (w) ; ©) (4.14)
= Z my” exp [2ni Z MAN)] = Z my” exp [2mi A(R™)] .
A<A =0 A<A
Thus we have
7, (h) = 7 (), (4.15)

and analogously for the twining character X(A‘”) of the irreducible module. In other

words, the twining characters depend on h € g, non-trivially only through its com-
ponent in the subspace g of the Cartan subalgebra g, that consists of fixed points
of w. Correspondingly, from now on we will consider the twining characters just as
functions on g,

4.4. The main theorems. We are now in a position to state the main result of this
paper. Recall that there is a natural mapping P, (3.23) from g to §., which induces
a corresponding dual map P} (3.33) between the respective weight spaces. Let w
satisfy the linking condition (2.5), and let A be a symmetric g-weight. Then we have

Theorem 1: a) The twining character %(w) of the Verma module of g with highest
weight A coincides with the ordinary character of the Verma module with highest
weight PX~1(A) of the orbit Lie algebra § in the sense that

Z3(B) = B )@ (). (4.16)

b) The twining character X(/f) of the irreducible g-module with dominant integral
highest weight A coincides with the ordinary character of the irreducible module with
highest weight P*~'(A) of the orbit Lie algebra § in the sense that

X$(h) = X1 4By () - 4.17)

As already mentioned, the linking condition (2.5) is in fact satisfied for all diagram
automorphisms of all affine and simple Lie algebras with the exception of the order
N automorphisms of A% ,. In these exceptional cases for any value of the level

there is only a single highest weight A on which P¥~! is defined. These cases can
still be treated with our methods; they are covered by

Theorem 2: In the case of g = A(Nl)_1 and the outer automorphism of order N, the

coefficients mg‘\”) in the expansion (4.9) for the twining character of both the irreducible

and Verma modules obey
m{’ =0 for \# A4, (4.18)
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i.e. except for the contribution from the highest weight vector, all contributions cancel
against each other.

Theorems 1 and 2 will be proven in Sect. 5 and Sect. 7, respectively. In Sect. 7
we will also present the explicit expression for the twining character for AS\I,)_I with
respect to the order N automorphism.

5. The Twining Character and the Weyl Group w

Our proof of Theorem 1 proceeds in several rather distinct steps which are inspired
by Kac’ proof of the Weyl-Kac character formula (see e.g. [1, pp.152,172]). An
additional crucial ingredient of the proof consists in the identification of a natural
action of W, the Weyl group of the orbit Lie algebra §, on the twining characters.

5.1. The action of the Weyl group W. We have seen that in the description (4.9) of
the twining character only weights lying in g*@ contribute, and that this part of the
weight space of g is isomorphic to §¥ via the map P*. Hence we can employ P to
push the action of T on §* to an action of W on g%©@.

To describe the Weyl groups explicitly, we denote by w; the fundamental reflec-
tions which generate the Weyl group W of g, i.e. the reflections of the weight space
of g with respect to the hyperplanes perpendicular to the simple roots o?, and analo-
gously by w; the fundamental reflections for §. Now for any fundamental reflection ;
of W we can find an element of the Weyl group of g, to be denoted by ;, which acts
on g*© precisely like ; acts on %, i.e. which satisfies PX~1(0;(\)) = W;(PE~1(N)
for all A € g*©@. We will denote the mapping which maps ; to i; by Py,

Py Wiy, Pw @))A) = BN = B5@:@57 ). (5.1

Moreover, we will see that ; commutes with w*.
Let us first deal with those fundamental reflections «; for which the integer s;
defined in (2.4) is s; = 1. In this case define

N;—1
Wi = ] wou- (5.2)
1=0

Note that because of s; = 1 we have A»¥'¢ = 0 whenever i # &', so that w,:; and
w,,v; commute, and hence the product in (5.2) is well-defined. The fact that w,,; and
w,, commute also ensures that zf)f = id, and that ®; commutes with the induced
automorphism w*. This implies in particular that the action of ; respects the orbits
of w*. For s; = 1 we also have (& | a@'?) = 0, so that the action of w; on g-weights

A reads
N;—1

DN =A— Y (A o@Dyl (5.3)
1=0
Let us now describe how ; acts on the positive roots of g. We have

n . W1 1.
D0 D) = wy (@@ V)= —a@ D (5.4)
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while @; maps any positive root which is not on the w*-orbit of o to a positive root
which is also not on that orbit. This can be seen as follows: let 3= 37 70l be a

positive root which is not on the orbit of &®. Then there is some index j, which is
not on the orbit of i, j % W', for which n; is strictly positive. Since the only effect

of 10; on S is to add terms proportional to the o@D,
n Ni—l .
Di(B) =Y o+ Y ga?, (55)
=1 I=1

the expansion of ;(f3) in terms of simple roots still contains the term n;a". Since
w;() is again a root of g, and since one coefficient is positive, it is again a positive
root of g. Moreover, since n; # 0 it is clear that it cannot be on the orbit of o®.

To deal with the case s; = 2 we first recall that in this case N; is even and that
the restriction of the Dynkin diagram of g to this orbit is the Dynkin diagram of
N; /2 copies of the simple Lie algebra A>. As a consequence, in the sequel we can in
fact restrict ourselves to the case N; = 2. Otherwise we first treat the automorphism
w™Ni/2, which has order two and possesses IV; /2 orbits each of which corresponds to
the Dynkin diagram of A,. On the set of orbits of w¥:/2, the automorphism w induces
an automorphism o’ of order N,/2; all orbits with respect to this automorphism w’
have s = 1.

For N; =2 and s; = 2 we define

’Lf)i =W Wy Wi . (56)

Clearly, w; has order 2, #? = id. Since A%“* = —1, we also have (w;w,;)* = id and
hence

Wi = WeiWiWes = WiWe Wi = W - (5.7

This implies that again 1; and w* commute. The action of @; on the roots of our
main interest reads

’Lf)i(a(i)) = _qWd , u%(a(wi)) - —a(i), wi(a(i) + a(dﬂl)) - __(a(i) + a(“"")), (5.8)

while any other positive root is again mapped on a positive root different from
a®, o/? and o + o“?. This can be checked explicitly by using arguments which
are completely parallel to those used in the case s; = 1.

Finally, we again compute the action of @; on weights in gX®. For any such
g-weight we have (\|a®") = (\|a“9V) =: [, and hence

Wi(N) = wiwgwi(N) = wiwg (A — la?)

, - . g (5.9
= w;(\ — la® — 21a@D) = A = 21 - (@@ + o¥?).
We can summarize the formule (5.3) and (5.9) by
i 1V i
W) =\ —s; - Z A o@Dy (5.10)
1=0

Let us check that the prescription (5.10) indeed describes the mapping Py defined
by (5.1). Knowing how B, acts on (., it is straightforward to determine how P acts

on §2. Let us first compute the action of P* on the simple coroots &®" := d; 3®. We
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observe that the invariant bilinear form on the orbit Lie algebra § identifies §, with
its weight space §* in such a way that a®” corresponds to H*. Also, since w leaves
the bilinear form invariant and (P_h |P_h') = N(h|h'), the identification of §, with
g* corresponds to identifying the maps P, and P*~! up to a rescaling by N. As a
consequence, the dualization of the identity PW(ZiZ"I H'%) = N, reads

vo NN
pr(@a®") = = Z Q@ (5.11)
v =0

Using the relation (2.13) between d; and d; and the fact that P’ is a linear map, we
can also compute the action on the simple roots,

N;—1
. . Iy
PH&®) = d%p;(d@”): sie y . o, (5.12)
=0

With these results, the formula (5.1) for 0;(\) becomes

@0 =By @i V) =5~ A]a07) a®)

N;—1
. vl
=A— FAR5ED) 5 Y ol
=0
N-1 N;—1 (5 13)
1 N S INY Sl .
=)\_1_v E ‘]Vi()\la(wz) )Si E a(‘“)
=0 =0
N;—1
RN Wb
=A=si- ) (A\a¥P)a¥?,
=0

Thus @;(A) as defined in (5.1) coincides with (5.10), as promised. In short, both for
s; = 1 and for s; = 2 we have shown that we can represent the generators of the Weyl
group W by elements of W which commute with w*.

Of particular interest is the case where the g-weight on which @, acts is a Weyl
vector of g, i.e. an element p of g* which obeys p(H") =1 for all i € I. In this case
(5.10) reads

Ni—1
Dil)=p—s; Y o@D (5.14)
1=0

5.2. W as a subgroup of W. We can now define W as the subgroup of W that is
generated by the elements @; of W that are defined by (5.10). In this section we show
that W is in fact isomorphic to W, the Weyl group of the orbit Lie algebra §, or in
other words, that the map Py which maps ; to @; as defined in (5.1) extends to an
isomorphism of the groups W and W. The proof involves a few lengthy calculations
which will be described in detail in Appendix A.

First recall that the Weyl group W can be described as a Coxeter group, namely
as the group that is freely generated by the generators @; modulo the relations
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() = id forall iel,
. y (5.15)
(Wyw;)™9 =id forall ¢,j€l,i#j.

The integers 77;; take the specific values my; = 2,3,4,6 for AW/ A9 = 0,1,2,3,
while for A»7 A9 > 4 one puts mh;j = 0o (and uses the convention that °° = id for
all z).

We have to show that the generators w; obey exactly the same relations. Above
we have already seen that the ¥; square to the identity; thus, denoting by 77;; the
order of @;w; in W, it remains to be shown that /h; = mh;;. To see this, we first
prove that 7h;; is a divisor of 7#2;; (and hence a fortiori 72;; > 17,;). Namely, assume
that (;w;)™4 € W is the identity element of W; then in particular it acts as the
identity on the subspace g5 of g*. Hence by construction also (b;w;)™4 € W acts
as the identity on the weight space of §; this means that it is the identity element of
W, which in turn by (5.15) implies that 7i;; must a divisible by 7.

The inequality 72;; > 7h;; automatically proves our assertion for A%7 A%% > 4.
In the remaining cases, one can show in a case by case study that in fact already
(Wi Y™ = id, which then concludes the proof of the isomorphism property of Py .
These calculations are straightforward, but somewhat lengthy, and accordingly we
present them in Appendix A.

For later convenience, we also introduce the homomorphism € from W to 7, =
{+1} that is induced by the sign function & on W,

() = &Py (D)) . (5.16)

Note that ¢ is typically different from the sign function that T inherits as a subgroup
from the sign function € of W.

5.3. The action of W on the twining character of the Verma module. We now consider
the action of W on the twining characters. As W is a subgroup of W, its action on
the twining character is defined in the same way as the action of W on the ordinary
characters is, i.e. via the action (5.10) on g-weights. In this subsection we show that
the function

W = e Ag W) (5.17)

with WA(“’) ‘the twining character of the Verma module with highest weight A, is odd
under the action (5.10) of W, i.e.

YT ) = ()T . (5.18)

Note that here the sign function € on W defined in (5.16) appears, rather than the
sign function € of W. We also remark that, since the only dependence of the twin-
ing character %(“’) of the Verma module on the specific highest weight A is by a
multiplicative factor of e, the quantity 2 is independent of the choice of A. It is
sufficient to check (5.18) for the fundamental reﬂectionsvu?i which generate W. Thus
in the sequel we consider a reflection @; with fixed ¢ € I, for which we have to show
that

QT Wy = — @) (5.19)
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To prove this, we make use of the Poincaré-Birkhoff-Witt theorem. To this end we
must first choose a basis .%_ of g_, including some enumeration of the elements
of A _. Let us first deal with the case s; = 1. In this case we choose as the first

N; elements of .7 the step operators E¥" for [ = 0,1,...,N; — 1 (the root spaces
corresponding to simple roots are one-dimensional so that this prescription makes
sense), and then the step operators associated to all other negative roots in an arbitrary
ordering. The Poincaré-Birkhoff-Witt theorem then asserts that the set of all products

wNi—ly ny, 1

g(n,m) - %ol(n) X %(m) , (ﬁ(n) = (E—am)no (E*a(“’i))nl o (E*o‘( )

)

g%(m) = (E-Prym(E—Byma
(5.20)
forms a basis of the universal enveloping algebra U(g_); ® here the exponents n;
and m; can take all values in the non-negative integers in such a way that only
finitely many of them are different from zero. As the elements & ™™ are linearly
independent, commutator terms that arise when reshuffling the products of generators
of g_ can never give rise to a non-zero contribution to the twining character 7",
furthermore, an element v®™ = @M . 4 of the Verma module can contribute to
Z@onlyifng=ni=...=ny_; = n
The Poincaré-Birkhoff-Witt theorem also implies that the contributions to Z"()
stemming from the products éﬁ(“) and ‘52('“) in (5.20) factorize, so that we can inves-
tigate their transformation properties under ; separately. First, ; commutes with
w* and maps any w*-orbit of negative roots to some other orbit of negative roots, i.e.
only permutes the orbits that contribute to the second factor. Thus, by the fact that
commutator terms are irrelevant for the trace, the contribution to Z°“) coming from
operators of the type ééz(m) is invariant under ;. On the other hand, the contribu-
tion (Z7); of operators of the type &™ to "« = e=?~4Z;“) can be computed
explicitly as

i

(7@, e™P Y00 expln(—a® — o@D — | oy
— (5.21)

1—expl— Y 117 atwtay

Acting on this expression with @;, with the help of (5.4) and (5.14) we obtain

Ni—=1 (@'
exp|l—p + " [
A P . 2167"_1 s (5.22)
1—exp[} Ly a@'d]

Combining the two factors of the product (5.20), we thus arrive at the desired result
(5.19).
Next consider the case s; = 2. In this case we choose a different basis .%5_ of g_

in order to obtain a decomposition analogous to (5.20). As the first three elements
of .79_ we take the step operators E’_"‘(”, E~“" and E“"‘(Z)_O‘(M), and then again
the step operators corresponding to all other negative roots in an arbitrary ordering.

A basis of U(g_) is then given by (5.20) with the first factor %(“) replaced by

6 The automorphism w of g extends to an automorphism of the universal enveloping algebra U(g) by
simply defining w(zz’) = w(z)w(z') for all z,z’ € g as well as w(l) = 1.
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gi(no,m,n') = (El_)no(Efl)m (E—Oém—a(wi))", . (5.23)

The same type of arguments as in the previous case then shows that the contribution
to 7@ from operators of the type (2’;('“) again transforms trivially under ;. Further,
in order to have a contribution (Z°“)); from operators of the type éﬁ("‘)’"l’” ?, we
need again ng = n; =: n. Now the transformation properties w(E*) = E“* and

w(FE*Y = E¢ imply that

_ad — @

w(E_a(i) )= W(E, E¥) = [E¥, B | = _g-o® (5.24)

This allows us to compute the contribution (Z7“?); to the twining character as

> o>

n=0 n’/=0
=e P(l—e® Yy l+e@

=e (1 — e—za(“vza(“’“)—l

(1) _ (@) (5 _ o fwd) (525)

)—1

Using the transformation properties (5.8) and (5.14) (note the additional factor of
s; = 2 in the transformation law (5.14) of p) we find that this contribution to the
twining character Z°“) changes sign under the action of ;. Hence again we obtain
(5.19). This completes the proof of (5.19), and hence of (5.18).

5.4. The action of W on the irreducible twining character X(/f) . In this subsection we
show that the twining character X(/‘f) of an irreducible highest weight module with

dominant integral highest weight A is even under the action of W, i.e.
&) =X (5.26)

Again, it is sufficient to check this for all generators ; of W . Thus for all i € I we
have to show that any weight A € g% contributes in the same way to the twining
character as the weight w;()\).

Let us first deal with the case s; = 1. Then the subalgebra g; of g that is spanned

by the generators E¥'¢ and H',

9= (BS HY | 1=0,1,...,N; — 1), (5.27)
is isomorphic to a direct sum of NN; copies of A; algebras,

GY¥ACAD... OA . (5.28)

N, summands

Now consider the decomposition

FEr = P FHw (5.29)
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of the irreducible module 5%, of g into irreducible modules F#;,,) of ¢;. As the
highest weight A is dominant integral, each of the modules 9%, has dominant
integral highest weight, i.e. for any value of k£ each of the NN; numbers Ly, k =
1,2,..., N;, is a non-negative integer. Also, according to the representation theory of
A, any weight of such a module with respect to the subalgebra g; is then a sequence
of NV; integers ¢, k =1,2,..., N;, and all these weights are non-degenerate.

A module .7, of g; can of course only contribute to the twining character if
it is mapped onto itself by 7,,. For the rest of the discussion we will assume that the
module under consideration fulfills this condition (otherwise no state of the module
contributes to the trace, so that the contribution is trivially symmetric under W). Now

to the twining character only those states can contribute for which 4y = 4, = ... = {p,.
Thus we have to show that the unique state v in F#,) with £y =l =... ={y, =
I > O contributes precisely with the same phase to X(j{’) as the unique state v’ with
£y =4y =...=Ly = —I. Now v’ can be obtained by acting on v as
’ i Wi wNitin
v =(E E“...E¥ ). (5.30)

We now combine the identity w(E: E¥i ... E¢" iy = Ei ¥ ¢V and the w-
twining property (4.4) of the map 7, to find that the eigenvalue equation 7, (v) = ¢*v
implies

(') = To(BL B9 B9 T Yy = (BB EC T Y () = CF)
(5.31)
Thus v and v contribute the same phase ¢*, which proves our claim (5.26) in the
case s; = 1.
To deal with the case s; = 2 we can again assume that /N, = 2. In this case we
define g; as the subalgebra

g; = (E*eVEa iy gty (5.32)
of g, which is isomorphic to A;. The automorphism w acts on g, as (compare (5.24))
w(Eia(i)ia(u‘Ji)) _ _E:I:a(i):l:a(“"i)’ w(Hi +H°’i) = H'+ g%, (5.33)

Again we decompose the irreducible module .9, of g into irreducible modules .5,
of g;, for which again the weights are non-degenerate. Only states which have the
same eigenvalue for H* and H*® can contribute to the twining character. Thus we
have to show that the unique state v with H*v = H¥%v = lv (I > 0) contributes the
same phase as the unique state v’ obeying Hv' = H¥*v' = —lv'. Now we have

o = (B ey (5.34)

where the factor of two arises because the H’- and H“!-eigenvalues are added up.
Thus only even powers of the step operator £ —a®=a“" gocur. Because of (5.33) the
vectors v and v’ therefore contribute with the same phase (which for N; = 2 is a
sign), and hence the claim (5.26) is again proven.
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5.5. The linear relation between irreducible and Verma characters. In this subsection
we show that the twining character X(/‘{’) of the irreducible module 5% can be written
as an (infinite) linear combination, with complex coefficients, of the twining characters
of certain Verma modules. We first need to introduce some notation; as in (4.9), for
two weights A, € g5 we write g < X iff the difference A — p is a non-negative
linear combination of the simple roots of g, i.e. iff

A—p=> mna®  with n;€Zy. (5.35)
iel

To any such pair of weights we associate a non-negative integer, the depth, by

dpy() =D s (5.36)

i€l

Let us assume that ) is a symmetric weight, A € g5®. We claim that for any such
A we can find complex numbers &, with &5 =1 such that

7= B, (5:37)

u<A

where %(“’) denotes the twining character of the Verma module with highest weight
A and x4 the twining character of the irreducible module with highest weight u.
Note that the weights A, i« need not be dominant integral. (Also, for non-symmetric
weights %(“’) vanishes, so that the assertion is trivially true.)

To prove (5.37) we define inductively a sequence %(w)["] of (finite) linear com-
binations of twining characters of irreducible modules,

%'(w)[n] = Z E[}\n}l XE:U) , (5.38)
p<A
dpy()<n

such that the coefficient of e# in 75 @ _ 7, @I yanishes for any p with dp,(p) < n
and that

A =AM forall n > dpy (). (5.39)
At depth zero, there is a single state we have to take into account, namely just the

highest weight vector, and hence we define 5[)?/1 := 6, Next, suppose that we have

already defined Z,“™ for some value of n > 0. Then the difference %, — 2,
is of the form

%'(w) _ %(W)[n] - Z dLn] el 4 Z dﬂ” et (5.40)
750 <A
dp, (p)=n+1 dp, (w)>n+l1

where d[ are some complex numbers. We then define

%\-(w)[nH] = %(w)[ﬂl + Z dgl] Xiiv) . (5.41)

HEA
dp, ()=n+1
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This way we only add terms proportional to e” with dp,(¥) > n+1 to ZWI"

so that &7 = 2] = ”E\dz*(” " for dp, (1) < n. Moreover, all terms proportional to

e# with dp,(p) = n+ 1 are removed from the difference QZ;(“’) - %(w)[”], because
any irreducible twining character contributes at dp(x) only through the highest weight
vector, while all other contributions are at higher depths. This shows that the quantities
Z, w)n] possess the properties stated above. From (5.39) and the properties of the 5&"11
described above it then follows immediately that (5.37) holds, with the coefficients
&y given by

e VA (5.42)

The weights iz which give a non-vanishing contribution to the sum (5.37) have to
obey further requirements in addition to p < A. First note that the twining character
X% vanishes unless p € g;©. Writing A —  as in (5.35), the fact that both A and p
are fixed under w* implies that n;,; = n; for all 1 € I, so that

A== nia®, (5.43)

with X = B371()), {2 =B37'(1), and hence ji < X.
Next, we consider the generalized second order Casimir operator of g, defined as
(1] ,
G=20| M)+ Y @ up+2) > EXEX (5.44)
I=1

a>0 /£

Here {u’} and {u;} denote any two dual bases of g,, the sum over £ in the last
term takes care of the possible (finite) degeneracies of roots, and in the first term we
implicitly identify g, with its dual space g with the help of the invariant bilinear form.
Finally, the g-weight p is a Weyl vector of g, i.e. a weight which obeys p(H?) = 1
for all ¢ € I (if the determinant of the Cartan matrix A vanishes, then this element is
not unique; in this case we make some arbitrary, but definite choice for p). For any
Weyl vector of g, the projected §-weight § = B~ !(p) is a Weyl vector of §. With
the above reSults, we can then relate the eigenvalues of the generalized second order
Casimir operators of g and §J. The operator %; has the constant value

CoN) = +2p|N) = [A+p[> — o (5.45)

(with |u[*> = (u] ) on Vy; taking into account the relation (3.34) between the
invariant bilinear forms of g and §, it therefore follows that

N-D+pP=d+pff =|u+pl =N i+ p? (5.46)

for all weights ; which appear in (5.37).

In summary, for any g-weight A all weights appearing in the decomposition of the
twining character of the Verma module V), that is analogous to (5.37) are contained
in the subset

By ={x=p3V) | X< A, [A+p2=]A+p} (5.47)
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of the weight space of g. Also, we can assume that the elements of B(A) are indexed
by the positive integers, B(A) = {\;|i € N}, in such a way that X; < A; implies
that 4 is smaller than j. Applying the formula (5.37) to all elements of B(A), it then
follows that for all A; we have

7= Y E Xy (5.48)

A €BA)

with complex coefficients &;;.

Moreover, by construction we have ¢;; = 1, and &;; can be non-zero only if Xj <
X, which due to the chosen ordering in B(A) implies that ¢ < j. Hence the (infinite)
matrix & = (&;) is upper triangular so that it can be inverted; its inverse ¢ = (c;;)
is upper triangular as well and obeys c;; = 1. This shows that the following kind
of inverse of the formula (5.37) holds: the twining character X(“’) of the irreducible
module with highest weight A can be written as an (infinite) hnear combination

X = 3" o &Y (5.49)

XEBA)

of the twining characters of Verma modules with highest weights in B(A), where the
¢y are complex numbers such that ¢, = 1.

5.6. The character formula. We are now in a position to complete the proof of Theorem
1. Assume that the highest weight A is dominant integral, and let us write the linear
relation (5.49) as

X(“’) Z c, e’ TP A%"(“’) (Z ey M) . 7@ (5.50)
AEBWY) S AEB(A)

where we used the fact that "« = e~#~*Z“ is independent of . The results of
the two preceding subsections show that Z°“) is odd under the action of W (with
respect to the sign function € inherited from W), while the left-hand side of (5.50) is
even under W. This implies that the sum in brackets on the right-hand side must be
odd under W, which means that ¢y = é()c,, whenever there is an element % € W
such that (A + p) = u + p. Thus for all & € W we have

cx = W) Cip(At+p)—p ‘ (5.51)

with é(b) as defined in (5.16).

Moreover, as A (and hence also A = P*~'(A)) is dominant integral, with any
weight A the weight system of the irreducible module already contains the full W-
orbit of A. As a consequence, we actually need to know ¢, only for a single element
of each orbit of the action of W; moreover, only weights in g5 contribute. Now
p*~! intertwines the action of W on § and the action of W on g*©; any orbit of
the W -action contains a unique representative in the fundamental Weyl chamber of §.
Since the only weight X in the fundamental Weyl chamber of § with X\ < A = PEL(A)
for which X + 5 has the same length as A + j is the highest weight A itself, we learn
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that B(A) contains only a single orbit of 7/, namely that of the highest weight A.
Together with ¢4 = 1 this implies that (5.50) can be rewritten as

X = () e ) 77, 552
wEW

We can now use the fact that any symmetrizable Kac-Moody algebra g possesses
the trivial one-dimensional irreducible module with highest weight A = 0. This weight
is obviously a symmetric weight; also, by definition, 7, leaves the highest weight
vector fixed, and hence in this special case the twining character is constant, X(()w) =1
Evaluating (5.52) for this case we find

1=x§"=() &w)e™) 77, (5.53)
wEW
This allows us to read off the explicit expression
Z@ = ( Z ey e? )1 (5.54)
DEW

for Z"“). When inserted into (5.17) and (5.52), this yields the explicit expressions

T3 = Mg =P (N e(ah) ) (5.55)
weW

for the twining character of the Verma module, and

o _ Socw QDS

T Y pew E@) V) (30
for the twining character of the irreducible module.
We now observe that for any h € g we have
@A+ = ([(Pw @A+ p)(h) = (RLWRS ™ (A + p))(R) 557
= WA+ p)E,h) '
with A = P*~1(A). When combined with (5.56), this implies that
D) @A ANP R
Xy = zwew EB)€ (5.58)

ZweW E(w) e@BNE, )

for all h € g©. By the usual Weyl-Kac character formula for the integrable highest
weight module with highest weight A, this means that

XW(h) = X 4(B ). (5.59)

This completes the proof of part b) of Theorem 1. Analogously, part a) of Theorem
1 follows by comparing (5.55) with the formula for the Verma moduie characters of
§ (since Z"“) is independent of A, this result holds for arbitrary highest weights, not
just for dominant integral ones).
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6. Simple Current Automorphisms of Untwisted Affine Lie Algebras

6.1. Centrally extended loop algebras. Let us now specialize to the case where ¢
is an untwisted affine Lie algebra, which is relevant for applications in conformal
field theory. Among the diagram automorphisms of the untwisted affine Lie algebras,
there is a particularly interesting subclass which corresponds to the action of simple
currents in the WZW models of conformal field theory. From now on we will also
restrict to these specific diagram automorphisms; abstractly, they can be characterized
as the elements of the unique maximal abelian normal subgroup Z(g) of the group
I'(g) of diagram automorphisms; this abelian subgroup is isomorphic to the center
of the universal covering Lie group that has the horizontal subalgebra g C g as its
Lie algebra. Also, the remark at the end of Sect. 3 shows that in this situation the
Eqns. (3.25) and (3.34) are valid in the conventional normalization of the invariant
symmetric bilinear form.

In the affine case, the rank r of the n x n Cartan matrix A is n — 1. Hence the
space g, of derivations is one-dimensional. However, one usually does not choose
the derivation D in the way we did in the general case, i.e. such that w(D) = D, but
rather in a way which is suggested by the realization of affine Lie algebras in terms
of centrally extended loop algebras. We will denote the latter derivation by Ly.

In the description of untwisted affine Lie algebras via loop algebras, a basis of
generators of g is given by HY and EJ together with the canonical central element
K and the derivation L. Here m takes values in Z, i takes values in the index set
I that corresponds to the horizontal subalgebra § of g, and & is a root of §. The
horizontal subalgebra is a simple Lie algebra; for g = XV it is given by § = X,.. The
rank of § is equal to the rank » = n — 1 of A, so that it is natural to write the index
set I as ’

I:=1u{0}={0,1,2,...,r}. 6.1)

In this basis the Lie brackets of g read
[Hylna H%] =m B% 6m+n,0 K,
[H}, B2l =&"ES,

m+n ?

[BE, B = eq o BEE (6.2)

m+n )
[E?_r(;,v E';d] = (dva Hm+n) + m6m+n,0K B
[L07H'}n] = _mH}nv [L()vEgl] = _mEana

together with [-, K] = 0. It is implicit in (6.2) that e5 5 =0 if & + &' is not a g-root.
Further, B is the symmetrized Cartan matrix of g,

. VIRV 2 o
5 — (50 @07y = 2y
BY =@&"Y ,av )= (&(i),o'z@)A 6.3)
for 3,5 € I, with @ the % simple root and & = 2&/(&, &), and we implicitly
identify the Cartan subalgebra of g with the weight space inasfar as we use the
notation (A, H,,) = S MHY, = 3001 Gi A HY,, with G the inverse of B, for
any g-weight A. The relation between the inner product (-, -) on g and the invariant
bilinear form (-|-) on g is

7 Note, however, that by construction the index set I is then generically nor the set {0, 1, ..., rank 5}.
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(h|BY=((h,hy+&n +¢&n (6.4)

for h = A+ &K —nLo with h € §,. Note that the normalization of G, or equivalently
the normalization of (-, -) is arbitrary; we fix this freedom such that the highest g-root
6 has length squared 2. Then in particular the level kY, defined for any vector of

g-weight A by kY =2k, /(8,0), is equal to the eigenvalue k, of the canonical central
element K. ‘ _

The step operators associated to the simple roots o® with i € I are given by
Ei = gt = Eoié‘m and the corresponding Cartan subalgebra elements by H' =
[E:, E* 1= Hi, while the step operators associated to the zeroth simple root o read
EY = Eﬁ’ , and the corresponding Cartan subalgebra element is H* = [EY E°] =
Hg. More generally, we introduce the elements H?L as the linear combinations

T
HY=Kébno— Y ayH). (6.5)
j=1

The level of a weight A is then related by

k=Y ayX (6.6)
=0

to its Dynkin components A%, Further, for ¢ € I the Coxeter and dual Coxeter labels
coincide with the expansion coefficients of the highest J-root 8 in the basis of simple
roots and the basis of simple coroots, respectively, so that (6.5) may be rewritten as
HY = Ké,0— (§,H,). We also note that according to (6.6) the component A° of a
weight is redundant if only weights at a fixed level are considered.

6.2. The derived algebra. We will again first describe how the automorphism w acts
on the derived algebra g of g and later study the action on the derivation. On the
generators H and E2, which together with K span §, the diagram automorphism
w acts as

wHL) =HY,  w(ES=nz ESE, 6.7)
while it leaves the canonical central element K fixed,
wK)=K. (6.8)

Here we use the following notation. In (6.7) the prefactors 7, are signs which are
+1 for the simple roots and can be deduced for all other roots by writing the step
operator for a non-simple root as a (multiple) commutator of step operators for simple
roots and then using the automorphism property of w to extend the action (3.6) of
w on the step operators for simple roots. (We have already encountered an example

with 75, = —1 when we calculated w(E*”**“") in Subsect. 5.3, cf. Bqn (5.24).)
Also, the index 4 in principle only takes values in the unextended index set I, and for
i = w10 the identity (6.5) is implicit on the right-hand side (note that &~'0 € I for
all w € £&(Q)). However, owing to this same identity and the invariance (6.8) of K,
the relations (6.7) are still valid if one allows for 7 to lie in the extended index set 7,
i.e. including ¢ = 0. Further, in (6.7) we introduced for any g-root & the number £5
defined by
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Ly = (4, /I(w—IO))y (6.9)

where we denote by /I(i), i=1,2,...,r, the horizontal fundamental weights, i.e. the
fundamental weights of the horizontal subalgebra J. Finally, we introduced a map
@* on the weight space of §; it is defined by the following action on the Dynkin
components M/ of the weight X:

@2 =X for j #40, (6.10)
while i,
@ =X=ky - > ay V. 6.11)
j=1
Hence i, ,
T X =k Aoy + Y A9 A — O ay M) A - (6.12)
=1 =1
jJ?’wO ’

Note that &* is an affine mapping on the weight space of g.
As the components of the simple §-roots &® in the Dynkin basis are just the rows
of the Cartan matrix of §, the definition of &* implies in particular that

&&= a%) foriZw0, @ @@ V) =-4. (6.13)

By making use of the Serre relations and the invariance property of the Cartan matrix,
it then follows that ©*& is a §-root whenever @ is (and hence the notation E% &
introduced in (6.7) indeed makes sense).

The action of @* on the roots of § can be described more concretely as follows. We
write any root (3 of § as a linear combination of simple coroots as § = Y1, G;a®",
and for simplicity set 3y = O for all roots 3 as well as @ = —@. With these
conventions we have ~

Z@ = (56, A(w—lo)) =019, (614)

while the action of @* on the roots is
T T
RV — SV
Sra=y a0 = —la0+ 0,69 (6.15)
i—0 4=1

We can use this result to derive a relation which we will need in Subsect. 6.6; since
for untwisted affine Lie algebras we have aj = af, = 1, so that (A0, 0) = af =1,
the relation (6.15) implies

(/I(w()), a')*d) =—Aa+oag=—Lg. (6.16)

6.3. The derivation. Let us now describe how w acts on Lgy. The derivation Ly is de-
fined as the unique element of the Cartan subalgebra of g which has the commutation
relations

[Lo, E41= F6;0 EY 6.17)
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and satisfies (Ip | Lo) = 0. Then the automorphism property of w demands that
[w(Lo), EL] = :Féi,onj;O; this fixes w(ly) up to a term proportional to the central
element K, w(Lo) = Lo — (Awoy, H) + cK. Indeed, using (A0), &%) = 40, for i =
1,2,...,r, and (Ao, —0) = —aY, = —1, we find that [w(Lo), E'.] = F6.0,:E%. The
constant of proportionality ¢ can be obtained from the requirement that the invariant
bilinear form is w-invariant, which implies that (w(Ly)|w(Le)) vanishes,

0 = (w(Lo) | w(Lg)) = (Lo — (Awoy, H) + cK | Lo — (Aoy, H) + cK)

(6.18)
=—2c+ (A(w())a A(WO)) ‘

Hence we obtain
w(L) = Lo — (Awoy, H) + 3 (Awoy, Awo) K . (6.19)

With this result we can now make the relation between the derivation D that we
used in the general setting and the derivation L explicit. To this end recall that D
is uniquely characterized by the relations (3.15) for (D | -). To make the definition
concrete, we choose a basis of eigenvectors of w for the Cartan subalgebra §, of the
derived algebra. Thus we introduce vectors

N;
. 1 o ot vros
= > G :
Pon = 77 > (; : (6.20)

where i takes values in I, m = 1,2,..., N;, and {; = ¢V/Vi, with ¢ as defined in
(3.10), is a primitive N root of unity. As a basis of §, we now choose all h?,,
except for i = 0 = m, together with the central element K. Rewriting the conditions
(3.15) in terms of the generators H?, we then find that D is characterized by

, : 1
(D|D)=0, (D|HY =0 for i #u'0, (D|H¥'%) = v foralll. (6.21)
This fixes D to
1 N-1 i
D=~Lo+ % E(A(wlo), ) - 55 K (6.22)
with
N-1 N-—1
o= Aoy Agro) = D Guuguro- (6.23)

L=l L=l

Let us also determine the relation between the derivation D = e, (D) defined by
(3.30) and (3.31) and the element Ly of the orbit Lie algebra §. From p,(h}) = H*
we learn that D is characterized by

(D|Dy=0, (D|HH=0 foriecI\{0}, (D|K)=N. (6.24)

This fixes D to D = ~N L. Together with D= P,(D) and (6.22), this relation shows
that
N-1

“ 1 _
Po(Lo) = NLo + pw(; Aoy, H) —

Iyg

s K- (6.25)
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6.4. The action of w*. From the action of w we can also derive the action of its dual
map w*. First,

(W*(@)(HT) = oO(H? Ty = 49979 = A = o@I(HT) (6.26)

It follows that w*(a?) = a@9 + £;6, where §; is some number and 6 is the specific
element

5:= aa, 6.27)
i=1

with the a, the Coxeter labels of g, of the weight space g*. (Note that the imaginary
roots of ¢ are precisely the integral multiples of 6.) Also, applying w to the relation
[D, Ei] = a9(D)E?, we obtain

aY(D)E® = w([D, Et]) = [D, E¥*] = «“Y(D)E*? (6.28)

which shows that a®(D) = o““(D). To determine the constants &;, we now apply
w*(@®) to D. By the results just obtained, this yields

@*(@)N(D) = o “I(D) + & §(D); (6.29)
on the other hand, from the definition of w* we obtain
W*(@)D) = (W' D) = (D). (6.30)
Thus &;6(D) = 0, which because of 6(D) # 0 means that & = 0. Hence we have
w*(a?) = @ (6.31)
for all ¢ € I. This implies in particular that
B =) aiwr @) =5. (6.32)
Analogously, one derives how the fundamental weights Ay € g5, defined by
ApH) =6 and  Ay(Lo)=0, (6.33)
transform under w*. We find
w*(Ay) = Awiy + [Gom10 — 307 (Ag—10), Aw-10)] 6 - (6.34)

Together with the element 6 (6.27), the fundamental weights A; form a basis of
the weight space g*. Another basis of g* is given by 6, x := A and by the horizontal
fundamental weights i

/1(,‘) = A(i) - a,iv/l(o) (635)

with ¢ = 1,2, ..., r. The relation between the components of a weight A in the two
bases is . .
DN A +mab=A=> XAy + ks +nx6, (6.36)
=0 =1
ie. Al=A" fori=1,2,...,r and kY = " o ay A*. We also set A = 0, which will
be convenient in some calculations.
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The horizontal fundamental weights (6.35) transform under w* as
w*(Agy) = /}(wz’) - a%//}(O) + GX_(A(O) — Awoy) + G196 637)
= Awiy — af Aoy + Gy-10,4 6
Using the relations
(6] Awy) = Ay (K) =0, b6)=6K)=0, (6.38)

and the fact that along with w also w* is an isometry, we then find that the metric G
on the horizontal weight space obeys

= (A | Agy) = W* Ay | w*Agy)

- A oA oA (6.39)
= Guiwj — 0 Gonws — ] Goowi + ) a7 Goowo -
Applying the analogous relation for the automorphism w™, we see that
N—-1 A N-1
Zl,l':() Gwli’wl/j = 1 l/_O Gwhmz wl'+m NCL l 0 Gwmo’whmj (640)
—Na/ l“O Gwmo wltmy + NzavaVGme w™0
and hence
N-1 N—-1
NCL a Gme wm) = G,;/ Z Gwmo R a; Z Gwm(),wli . (641)
1=0 1=0
Define now X; : Zz l’—O wlo,wl’i' Summing Eqn. (6.41) over m, we obtain the
system
N—1
a/X;+a}X; =N Y Gomowmoayay = £a)a) (6.42)
m=1

of linear equations for the X;. These equations have the unique solution X; = % £ay.
With a§ =1, it then follows that

N-1 N N-—
To= ) Guouro=Xo= o Z 5m0,5m0 (6.43)
{,l’=0 m=1
and
N—-1
Xi= Y Guggri=aj Xo=a} I (6.44)
1,I'=0

with I3 as in (6.23).

6.5. The action of PX. It is straightforward to determine the action of B} on §} from
the action of P, on g.. We only need to observe that the invariant bilinear form
identifies §, with the weight space §* in such a way that &® corresponds to H*/d;,
and that since w leaves the bilinear form invariant and (p_h | P, k') = N(h|h/), the
identification of §, with §* corresponds to identifying P, and P* 1 up to a rescaling
by N. Then in particular for the simple roots we have
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N;—1
NGRS (6.45)

=0

as already deduced for the general case in (5.12).

For untwisted affine Lie algebras the general relation (2.18) between the Coxeter
labels and dual Coxeter labels of g and of the orbit algebra § can be made more
concrete: because of the normalizations &y = ag = 1 and &y = (No/N)ay = ag = 1,
the relations (2.20) and (2.19) tell us that the numbers defined by (2.18) are precisely
the conventionally normalized Coxeter and dual Coxeter labels of §, respectively
(in particular for all untwisted affine algebras they are integral, which for d; is not
manifest in (2.18)). For the generator § = Ele I ;8% whose integral multiples are
the imaginary g-roots, this implies

P3(0)=46. (6.46)
We can now also determine how the fundamental weights /I(i) € g5 are mapped

by P}. As can be checked by considering the action on Ly and on the hj, we have

N;—1

RS Aa) = Y Agio+Eaf N; 8, (6.47)
=0

where ¢ := (1 — 2N)Io/2N 3 is a constant that depends only on w.
Using the relation a; = %d; we compute the action of P} on the horizontal
fundamental weights:

N;—1 N-1

P;(/_I(i)) = Z A(‘;_,li) + §a1VNZ 5 — d;/(z A(wlo) + €GOVN§)

N-1

- Z A(W by Z Aoy = Z Arsy — ai Aoy -

With the definition (6.23) of I and the identity (6.44), this yields the relation

(6.48)

NN N-1
Gij = Aoy Ay = *(P*/I(z)IP Ay = N3J [ Z Gouipr; — ayayIio] (6.49)
LU=0

between the metrics of the horizontal part of the weight spaces of g and g.

6.6. The Virasoro algebra. 1t is natural to consider the extension of the affine algebra
g to the semi-direct sum of g and the Virasoro algebra Z7ir. The Lie algebra Z"ir
is spanned by generators C and L,, n € Z; C is a central element, and Ly is the
derivation of g described in Subsect. 6.3. The Virasoro algebra has Lie brackets

[Lon, Ln) = (M — 1) Lypp + 15 (m> = m) C, (6.50)
and its semi-direct sum with g is defined by

[Lm,H:L] =-n H:n+n )

[Lin, EX) = —n ES,

m+n

(6.51)
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and [C,-] = 0 = [K,-]. It is in fact possible to extend w to this semi-direct sum,
namely via B ~ B

W(Ly) = L, — (Agoy, Hm) + 3 (Awoy, Awoy) 6m.o K (6.52)
and w(C) = C. It is readily checked (using in particular the identity (6.16)) that w
defined by (6.7) and (6.52) is an automorphism of the Virasoro algebra and of its
semi-direct sum with g. Note that, just as the extension from the derived algebra §
to all of g, the extension of w to the semi-direct sum g & Z”ir is unique.

A symmetric weight satisfies by definition w*\ = A, which because of (6.34)
implies in particular that
PUSSLE (6.53)
foralli=0,1,...,r and all [. This identity is certainly a necessary condition for w* A =
A, but in fact it is also sufficient. Namely, for any g-weight A = 7 XA +nyé
with \* = \*? one has

T

kY=Y a)A' =) ay N\ (6.54)
=0 il

Furthermore, by an argument analogous to the derivation of (6.44) from (6.42), it can

be deduced from the set of Eqns. (6.41) that the metric on the weight space of §

satisfies the identities N
-1

Y Gaowomi = N ay Gaouo (6.55)
m=0
for all 1 € I which are not of the form 7 = w™0 for some n, and
N-—-1
> Guowmo =3 (N ~2)Guowo (6.56)

m=2

(which is of course non-trivial only for N > 2).
Combining these identities with (6.54), one finds that for any symmetric g-weight
one has 37 Guoi A = 2 k3 Guo,00, or what is the same,

Aoy V) = 3 kY (Aoys Awoy) - (6.57)
Now according to (6.32) and (6.34) the weight A = Y., A*A;) + nad is mapped by

w* to

" "L 1, - 4
W) =Y N+ (x+ Y [Go-10i — 50 (A0, Agm10)IA) 6

w0 =0 (6.58)
= Z )\ZA(U”) + n>\6 + (Z Gw»loﬂ')\l — %(/I(w—lo), /i(wflo))k}\) 6.
i=0 i=0

The relation (6.57) thus shows that w*\ = Z;o )\i/l(m) +nx6 = A if (6.53) holds.
Thus (6.53) is a sufficient condition for A being a symmetric weight.

It follows in particular that the pre-image P*~!(\) of a symmetric weight X is
the unique weight of § that is obtained by restricting to components A* with 4 in the
index set f, and with 75 = n,, Le.

7l Ae A=Erly, X=X foriel, fig=n,. (6.59)
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7. The Order N Automorphism of A%)_l

We would like to be able to treat all diagram automorphisms of all affine Lie algebras.
Except for the automorphism of order N of g = Agvl)_l which rotates the Dynkin
diagram, all of these are already covered by Theorem 1. The remaining exceptional
case is the subject of Theorem 2, which we prove in the present section.

For the automorphism w of order N of AS\I,)_I, the symmetric weights A obey
A* = const = 1/k} for i = 0,1,...,N — 1, so that the level k}; of any dominant
integral symmetric weight is divisible by N. Furthermore, the subspace g of g,
that stays fixed under w is two-dimensional; it is spanned by the two elements K =
ho = Zgl_l H'and D = —% ZJZO—I wh(Lo) + €K, with £ some number which can
be deduced from (6.22). Now only symmetric weights A € g*©@ contribute to the
twining character; for these we have

N-1
MD) =~ S (@) ANLo) + AEK) = A(~Lo +£E). @.1)
=0

This implies that the twining character of the Verma module obeys
V(K +TLo) = Z;“N((t + ¢T)K — D), (1.2)

and an analogous formula holds for the irreducible twining character X(A‘”) .As K
acts as a constant k4 on any highest weight module, the dependence of the twining
character on the variable ¢ is only via an exponential factor,

7,9t ) = Z3O(K + 7Lo) = €A L ryy, 1 @2 R0 (1.3)

In the rest of this section we will show that the only non-vanishing contribution
to the trace in (7.3) comes from the highest weight vector, thereby proving Theorem
2. This vector is never a null vector, so that this statement holds both for the Verma
module and for the irreducible module. Thus we have

X(Aw)(t’ T) — %(w)(t, 7_) — e27TitkAeZ7‘ri7’AA , (74)

where A, denotes the eigenvalue of Ly on the highest weight vector.

To show that only the highest weight vector contributes to the twining character
of the Verma module, we label the positive real roots of A(]\lfl1 in the following way.
The positive roots of Ay_1 are @9 := P +a"V 4+, +aV "D with1 <43 < j < N.

Then all positive real roots of AY) | are covered by

A 0 f P
. a0, n or 1<

i) :={ ( i ) S (15)

(—a¥9.0,n+1) for i>j

with 1 <i#j < N and n € Zx.
The outer automorphism acts on the positive roots as
w*(ag}j)) = o#*Li+D. (7.6)
n ’ .

here (as well as in some formul® below) for convenience the upper indices are
considered as being defined only mod/N. Hence for any fixed n there are exactly
N — 1 orbits of length N, which can be written as
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{9 | i — j = const}, (7.7)
where const € {1,2,..., N — 1}. It follows directly from the definition (7.5) that

N-1
D alitkikD = (0,0, Nn +1) (1.8)
k=0

for 1 <1 < N — 1. Thus the horizontal projection of the sum of the roots of each
orbit vanishes, and the grade of Y 1o w*! (@) is nN + 5 — i.

On the step operators Hﬁb (n > 1) associated to lightlike roots, w acts as H}, +
H¥ for 1 < i < N — 2, while it sends HY ! to — kNJ] HE (compare (6.5) and
(6.7)). Thus the linear combinations

N-1
hE =Y (TP - 1)H], (7.9)

j=1

1

withn > 1 and p
of unity, obey

1,2,...,N — 1, and with { = exp(27i/N) a primitive N root

N-2 N-1
wth) = Y P -DHIT PNV - Y HY
- g (7.10)
= ) POV -1 - P+ HH] = CPRE,
j=1

i.e. they are eigenvectors of w to the eigenvalue (P.

According to the Poincaré-Birkhoff-Witt theorem a basis for U(Q..) (the subal-
gebra of the universal enveloping algebra U(Q) that is generated by the step operators
corresponding to negative roots of g = AS{,)_I) can be described as follows. Consider
an arbitrary, but definite ordering of the generators of g_, starting, say, with the step
operators corresponding to lightlike roots. Then for any sequences n = (n(m, j)) and
n’' = (n’(m, j,1)) which take values in the non-negative integers and for which only
finitely many elements are different from zero, we denote by [n, n’] the element

oo N-1

[n,n'] := H [ H(h’ ) H(E— o 'm0 (7.11)

of U(g_). Here it is to be understood that the products are ordered according to the
chosen ordering of the basis of g_. The Poincaré-Birkhoff-Witt theorem asserts that
the set

{[m,n’]|m, 0"} (7.12)

is in fact a basis of U(g-).

To compute the contribution of the state v = [n,n’] - v4 to the twining character,
we consider the standard filtration of U(g_-); thus we denote by U, the subspace of
U(g-) that is spanned by all elements of U(g_) which can be written as the product
of p or less elements of g_. Now under w, the generator [n,n’] is mapped to
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oo N-1 N-1
w(tn, ') = [] [ L @rlsmd T (gmom"" "y emad], (7.13)
m=1  j=I 1=0

and hence w maps the subspace U, bijectively to itself.
Moreover, for any p elements x; of g_ and any permutation 7 of {1,2,...,p} we
have
1Ty .. - Tp — Tn)Tr@) - - - Tr(p) € Up_1 (7.14)

(it is sufficient to check this statement only for 7 a transposition, in which case it
follows from the properties of the commutator). Now both [n, n’] (7.11) and w([n, n'])
(7.13) are elements of U, with

p=3_nm,i+ Y n'(m,j.D), (7.15)

m,j m,j,l

but not of U,_;. In computing the trace of 7., we are therefore allowed to reorder
the factors in w([n, n’]) without changing the value of the trace, since reordering only
introduces terms in U,_;. This shows that a state [n, n']- v, with [n,n’] of the form
(7.11) can only contribute to the twining character if the number n’(m, j, ) is constant
on any orbit, or in other words, if it does not depend on [ at all. Correspondingly,
we will write n’(m, j) from now on. To proceed, it is convenient to drop the trivial
dependence of the twining character of the Verma module on the central element and
shift 7, by e~744; thus we define

Z@(ry = e A0, 1). (7.16)

We will show that
T =1. (7.17)

To see this, first note that a vector [m,n’] - v, in the Verma module V,; which fulfills
the conditions formulated in the preceding paragraphs gives a contribution of 77¢™ to
Z"@)(r), where q = exp(2miT),

ni= H(gj)f“mﬂ‘) and n :=Zn(m, j)-m+2n'(m, )-(Nm+34). (7.18)

m,j m,j m,j

The function Z°“)(r) just keeps track of the contributions (7.18) from all states in V4.
It is convenient to combine the contributions from all powers of any fixed generator
of g_; thus any A7, yields a contribution of a factor of

1+gm+(Fg™ +...=(1 = Fg™m™! (7.19)

to Z7”@)(r), while any orbit characterized by j and m contributes a factor of

1+ gVN™ 4 (V™ 4= (1= V)T (7.20)
Thus
oo N-1 ) )
@@y~ =1 [ [0 - ¢g™a—g"™9)]. (721)

m=0 j=1
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By arranging the terms in the first product differently this can be rewritten as

(7 @)

oo N-1
=14 I] [a—gVm)y. H(l — (I gNm)] H (1—¢g"™
m=0 | j=1 §'=t j=t
(7.22)
For any fixed m and j the term in the square brackets evaluates to
N-1 N—1
(1= ¢Tg"m) = gNEmd [ [ (g™ = ¢7)
j,1_=[0 jI;[O (7.23)
— qN(Nm+j)(q—N2m—jN —1)=1—gNWm+)
Inserting this identity into (7.22), we find
oo N-—1 ‘
@y =[] [] [a-Fd"™a - NV =(@ Nyt (.24
m=0 j=1

This functional equation for %‘“’) implies that Z7“)(q) is constant. Evaluating the
function for ¢ = 0 we thus find Z"“)(g) = 1, as was claimed in (7.17).

According to the definition (7.16) of Z"“)(r), it then follows immediately that
the twining character of the Verma module is given by (7.4), and hence the proof of
Theorem 2 is completed.

8. Modular Transformations

One important property of the untwisted affine Lie algebras (and of the twisted affine
Lie algebras A and B®) is that at any fixed value k" of the level, the set of
irreducible highest weight modules with dominant integral highest weights carries a
unitary representation of the twofold covering SL(2,Z) of the modular group of the
torus. To be precise, this representation does not act on the characters X as we used
them in the previous sections, but rather on the so-called modified characters X. From
Table (2.24) we read off that if w is a simple current automorphism, which is the case
we are considering, then also the characters of the orbit Lie algebra § — and hence
the twining characters as well — give rise to a unitary representation of SL(2, Z).
The modified characters are defined as

Xa=e 4%y, 3.1

where § =37 a;0@ is the element of the weight space that was defined in (6.27),
and where for any integrable highest weight A of g the number s, is the so-called
modular anomaly

1 ((A’+ﬁ,A'+p) _ (M)) _ 82)

TG\ kg g
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For later reference, we also remark that using the strange formula (p, 5)/(@,0) =
g¥ dim §/24 and the eigenvalues

OZ(A) = (‘/I + zﬁa /I) = (/I + /_)7 /i + /_)) - (ﬁ7 ﬁ) (83)

of the second order Casimir operator %, of §, one can rewrite the modular anomaly

as _
L. OW  kdimg
AT0,0)k +g) 24KV +gY)

=Aj— (8.4)

c
24°
Here in the last step we implemented our convention that (,8) = 2, and introduced

the central charge ¢ := k¥ dimg/(k¥ + g") of the Virasoro algebra and the conformal
weight Ay = Cy(A)/2(kY + gV) of the highest weight A.

In the present section we treat the case where also the orbit Lie algebra § is
an untwisted affine Lie algebra; the alternative case that § = B? will be described
in Sect. 9. The modular anomaly of the twining character of g is not the one of
the ordinary character of g, i.e. exp(—s96), but rather the pull back of the modular
anomaly of the §-character. Defining 6= P (6) and

Cao(d) &
§g=8pe-1y =8 = —""— — —, 8.5
A= 8pr-1p =8y A +g) 24 (8.5)
we can introduce modified twining characters by
R = e Sadx @) (8.6)

They are related to the modified characters of the orbit Lie algebra § by a relation
analogous to (4.17):

K (hy = e=220X Y = exp [3pe1 4 (8% GN(W)] X 4B, B)

y < (8.7
= exp [3ps—14 8(R,WIX4(B,B) = X 4(B,H) -
We will now show that the difference between the modular anomaly of the twining
character and the one of the usual character is not as big as one might expect. In fact,
they differ by a constant which only depends on the level of the weight A. First,
the relation P(j((;) = 6 (6.46) shows that the two modifications differ only in the
value of the modular anomaly; closer inspection shows that the difference §4 — sa
is only a function of the level of the weight A. Since when analysing the modular
transformation behavior one has to restrict oneself to weights at a fixed level, this
shows that the modular anomalies differ only by a constant. This constant is precisely
the “shift” of the conformal weights that was observed in [4].
More precisely, the relation between §4 and s, is as follows. For affine g the
relation (2.18) between the dual Coxeter labels of g and § implies that the dual
Coxeter numbers §¥ = >, ;47 of § and g = S ay of g are related by

N§ =g". (8.8)
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Further, for any symmetric g-weight A of level kY, the level of the weight A= Pl

is given by
B = ay =43 ayai = 5k (8.9)
il il
To compare §, and s,4, we also need a relation between the second order Casimir
operators of the horizontal projection of the weights A and A. Thus consider two

symmetric weights A, u € g5®. The scalar product (\, i) = 57 ., Gi j '/ of their

1,7=1
horizontal components can be written as

N1N1

- < N;N;
Aw= > X J}j Az Gomiang #X° ) M7§:§:~—Gwmw"
ijelhfoy ~ mn=0 JEI\{O} m=1 n=0
N—-1N-— 1
+ﬂ’0 Z /VZZN wmzw“0+)\0 0 ZGwMOw"O
Ze[\{()} m=0 n=1 m,n=1
(8.10)
Further, we have
N=ky =D ayd=ky— > Nig)A'—=(N-DX, (8.11)

ic\{0}

which owing to the relation (2.18) between the dual Coxeter labels of g and § can
be rewritten as

N=F - Y ayXi=X0. (8.12)
ie\{0}
Inserting this identity into the right-hand side of (8.10) and using the formula (6.49)

for (3, we can express the scalar product (8.10) entirely in terms of the horizontal
subalgebra of the orbit Lie algebra. We obtain (compare [4])

A B =N\ i) + oo KXk, (8.13)
where IZX and kY are the levels of the §-weights X and /i, respectively.

Then in particular, the quadratic Casimir eigenvalue of a symmetric highest g-
weight A at level k¥ can be written as

(A, A+2p) = N (A, A+25) + Ioo BV (k¥ +25%) . (8.14)

(In [4], this formula was obtained in a different guise, which is obtained from the
present one by (8.8) and the identity

o _ N 7
Iong" = 5d-d), (8.15)

where d and d are the dimensions of the simple Lie algebras § and §, respectively.)
Dividing (8.14) by 2(k¥ + g") and using (8.8) and (8.9), we then obtain a simple
relation between the conformal dimensions of primary fields of the g and § WZW
conformal field theories (at levels &Y and EV, respectively), namely
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g\/

1
AA=AA+2N2 IBOkV(1+ gv)’ (8.16)
or, equivalently, using (8.15)
Ay=A +1[kv(d d)+c—¢] (8.17)
A=Ay 24 gv c—cCj, .

This shows that the two modular anomalies in fact only differ by a (level-dependent)
constant:
c é 1 kY 1
sA=AA—ﬁ=A/I—ﬂ+ﬁ (d— d)—sA+ﬁ—(d d). (8.18)
The analysis above reproduces in particular the results concerning the fixed point
conformal field theories that have been obtained in [4]. Note that in [4] the fixed point .
theory has been found by looking for those affine Lie algebras § for which a relation
of the form (8.18) between the conformal dimensions of the symmetric weights of
g and the weights of § exists. Equation (8.18) shows that the orbit Lie algebra §,
which was defined by a folding procedure of the Cartan matrix, fulfills precisely
these requirements. Also note that from the explicit formulz (2.7) and (6.49) it is
by no means manifest that the symmetrized Cartan matrix of the horizontal orbit Lie

algebra is the inverse of the quadratic form matrix & as defined in (6.49), which
coincides with the result obtained in [4] for the quadratic form matrix of §; that this

is nevertheless true can thus be seen as a non-trivial check of the identification of §
with §.

9. Twisted Orbit Lie Algebras

When comparing the list of orbit Lie algebras in (2.24) with the list of “fixed point
conformal field theories” as presented in [4], for the cases involving the simple current

automorphisms of order two of g = C(l) or ngl some additional explanations are in

order. In these cases.the orbit Lie algebra isg§ = Bf), while in [4] the fixed point
theory was conjectured to be the C) WZW theory at level £ if the level of g is
k¥ = 2f + 1. For even level the spectrum could not be matched with any known
conformal field theory apart from a few special cases. Based on a level-rank duality
of N = 2 superconformal coset models, an S-matrix for the spectra at even levels
was conjectured in [6].

In this section we explain how these observations fit together. For odd levels

=20+ 1 of g, we show that the S-matrix of § = B® at level k¥ = k¥ coincides
(up to sign factors which are related to certain shifts appearing in the application to
fixed point resolution) with the S-matrix of § := CV at level ¢ = (k¥ — 1)/2. For
even levels k¥ = 2/ we prove the conjecture of [6] related to level-rank duality. Note
that the level of B§3> is defined with a conventional factor of two [1],

kx =2 ayXi, ©.1)

iel
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as compared to the formula (6.6) of the untwisted case; this cancels the factor of 1/2
that according to (8.9) is present in the relation between k¥ and k.

The modular S-matrix of § = B® at level k" is given by the Kac-Peterson
formula
; Mr T2 A+ B, a( + B)
Siq=id e(w) ex 27— 9.2
4,4 B+ )M 2 crerpl - B+ g I o2

weW

Such a formula holds for all untwisted affine Lie algebras, while among the twisted
algebras it is valid only for B2 (here and below we employ the convention that the

twisted algebra AP is denoted by B® and hence is included in the BY series; also
recall that in [1] these twisted algebras are denoted by A(za)‘ The notation used in (9.2)

is as follows. For § = B, § is the unique diagram subalgebra isomorphic to C,,,
while for untwisted affine Lie algebras it is the horizontal subalgebra generated by the
zero modes. The summation is over the Weyl group W of g, and X is the projection
of the §-weight A to §. In the prefactor of the sum, A, is the set of positive roots of
§, M is the translation subgroup of the Weyl group of g, and M* its dual lattice. We
also note that the dual Coxeter number of B 2 is §¥ = 2n+1, and that the translation
lattice M of the Weyl group of B(Z) is 1somorph1c to the root lattice of the simple
Lie algebra B,,. Moreover [1, Corollary 6.4.], if we normalize the invariant bilinear
form of g such that the longest roots have length 2, the restriction of this invariant
bilinear form to B is twice the normalized form of C,,.

For concreteness, from now on we consider § = B® as the orbit Lie algebra of

g = B{),. The case g = C5)) is very similar.

9.1. Odd level. Let us first treat the case of B'), at odd level k¥ = 24+ 1. We start by
showing that the prefactors in the Kac-Peterson formula for § = C at level £ and
g= B® at level 2p + 1 coincide. The powers of i are identical because § = C,, = §,
ie. the horizontal algebras coincide. Further, for B, M is the root lattice L of
B,,, while for C{! it is the coroot lattice L of Cn, these lattices are proportional
because B,, and Cn are dual Lie algebras. To determine the relative normalization,
we notice that the simple coroots of C,, are 79" = 2v® with length squared 4 for
i=1,..,n—1,and ¥™  =~™ with length squared 2, while the simple roots of B,
are 5™ with length squared 2 for i = 1,...,n — 1, and 3™ with length 1. Hence

R(2)Y — v
M(Bé )) = L(By) = f LY(Cy) = M(Cn), ©9.3)
M*(BP) = V2 M*(Cn).

Finally for C') we have BY+§ =+(+1)=l+n+1, while for B®, kv +§¥ =
(2¢+1)+(2n+1) = 2(£+n+1). Taking these results together, we find that the prefactors
coincide as claimed.

Furthermore, the terms in the exponent coincide as well. As already seen, the
denominators differ by a factor of two; this is cancelled by a factor of two in the
numerator from the different normalization of the invariant bilinear form. Finally, the
Weyl groups of B,, and C,, are isomorphic so that also the summation is the same
for both cases. Thus we conclude that the formula for the S-matrices coincide.
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However, we still have to determine the precise relation between the weights in
the two descriptions. Now clearly, the mappings of the symmetric integrable highest
weights of g to those of § and the mapping to weights of § that was considered in [4]
are different. But even the restrictions of these maps to the isomorphic subalgebras

§=C, and 6 = (', do not coincide; rather, the two mappings are related as follows.
A weight A= (A0, X! ..., X\"*1)of g = BYY), is symmetric if A’ = A!. The mapping
of symmetric g-weights to Welghts of § = BY reads

A= A= (A2 A, (9.4)

or in other words, A* := A1 for ¢ = 0,1, ..., n. The restriction of this mapping to the

diagram subalgebra 6 = C,, of B® is then given (in the conventional labelling of the
C,, Dynkin diagram, i.e. with the n™ node corresponding to the long simple root) by

Ao A= (AR, ©9.5)

]

ie. by b= A"~ for 4 = 1,2,...,n. On the other hand, the mapping to weights of
g=C, escrlbed in [4] is

A = (2,08, A Lot — ), (9.6)

ie. X = A for i = 1,2,...,n—1 and S = 3 (A1 —1). Extending this map to the

affinization § = CV of § at level p one has X = Xi, with X as defined in (9.6), for
i=1,2,...,n, supplemented by

. Zx—l«kun—zZX—A"“—1>>=%(A°+A1)=A‘- 07

3=2

These relations, as well as the analogous mapping from g = C5!) to B®), are displayed
in Fig. 1. B

Finally, we can also extem_l the map (9.5) to the affinization Cﬁ}) of §; this yields
a weight fi of C with 4 = X for = 1,2,...,n and zeroth component

=£—Zﬁi=%((kv—l)—22)\i=%(A”*l—l). 9.8)
=1

i=1
Combining these formulz, we learn that the C)-weights § and / are related by
gi = X (9.9)

fori=1,2,...,n. This means that Xand fi are mapped to each other by the non-trivial
(simple current) diagram automorphism of C{.

We can now use the relation between S-matrix elements involving fields trans-
forming into each other under a simple current automorphism that was found in [2]

to relate the S-matrix § proposed in [4] to the S-matrix S of the orbit Lie algebra
g. We obtain
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— p®
g - Bn+1 A"
5 — B2
g - B’n )‘n
— 0 o om0 o 6 ——o——o=x=0
g - C?'n, )\1 /\2 A3 /\n—l ,\n )‘n-—l A3 /\2

o=x==0—0— -0=>=0
/\1 /\2 /\3 /\n—l A"

89

Fig. 1a—c, a Relation between symmetric weights (“fixed points”) of B and weights of the orbit Lie

1+l

algebra B,(Z). b Relation between symmetric weights of CSTZ and weights of the orbit Lie algebra B£$>.

¢ Map between weights of B2 and weighis of C$’ at odd levels
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. . = (—1) QD QUNQUN &
Spap=(=D 7 SM,, (9.10)

where Ay = £/, is the weight of the simple current of C{V and Q(A) := Y7, j A7
is the so-called monodromy charge of A with respect to the simple current, which

coincides modulo 2 with the conjugacy class of the C),-weight A. Thus the two mod-
ular S-matrices coincide up to sign factors, as claimed. These sign factors factorize
1nto a global sign and signs associated to each row and column of the S-matrix.

To compare this result with the description of the fixed point theory § in [4], we
note that there the S-matrix § was only defined up to a one-dimensional representation
of the modular group; this allows for a global sign between S and the S-matrix of
§. Further, the second type of sign factors which depends on the representations can
be compensated in the process of fixed point resolution by interchanging the role of
the two fields into which the fixed point is resolved, so that they cannot be noticed
in the fixed point resolution procedure at the level of representations of the modular
group either.

9.2. Even level. Consider now B, at even level k¥ = 2¢. It will be convenient to
describe the symmetric weights of B(l)1 in terms of an orthogonal basis of the weight
space of B,1. Thus for the weight A with Dynkin components A\* we introduce the
numbers

n
L=L) =) N+n+2—i+ 3™ (9.11)
j=i
fori=1,2,...,n+1, which are the components of X + p in the orthogonal basis. We

have Iy > l; > ... > l,41 > 1. Furthermore, that the weight A is symmetric means
that A\° = A\!, and hence the level can be written as

2€EA0+>\1+22/\j+)\”+1=22Aj+)\"+1. 9.12)
§=2 4=1

This relation shows that for symmetric weights \™*! must be even at even level, so
that all the numbers [; are integers, and it also implies that for a symmetric weight
the number 1 = 377, M+ 1A 4 n+1=2+n+1is independent of A. A symmetric
weight can therefore be characterized by a subset Mp_, (M) of n numbers out of the
set My, :={1,2,...,£+n}.

Let us now compute the weight with respect to the subalgebra § = C,, of the orbit
Lie algebra §. For a C,,-weight [i = (ji) the components of ji + 3 in the orthogonal
basis read

k3
mizmi(ﬁ)=2ﬁ]+n+l—i (9.13)

j=i
for ¢ = 1,2,...,n. As [ has level £, we have n+£ > my > mp > ... > m, >
1. Thus these weights are again characterized by a subset of n elements of My,
which we denote by M, (). The relations (9.4) and (9.§) between a symmetric

B _weight A and the associated weights X of B® and X of C, then imply that

n+1
m;(N) = Z”” ‘M+4n+1—ifori=1,2,..,n, and hence
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Mi) +ln_i2N) =Y N+ I3 ensl=len+1. (9.14)
j=1

This means that the sets M¢, and Mp,_, obtained from a weight X\ are related by
Mo, (N ={f+n+1—ilie Mg, (V}. (9.15)

With this information, we can express the S-matrix of § as follows. In the prefactor
7" in (9.2), we now have kY +3V =20+2n+1)=2({+n+ %). Comparing this with
the corresponding number £+ (n + 1) in the prefactor for the S-matrix of C'V at level
£, we see that

o~ —-n/2
N B = (gemls) e, 9.16)

With the known S-matrix of C{ at level ¢, we then find

f4n+l/2
L+n+1

Sp, (BP) Y Sp,w(CP)

= (=DM 20+ D)2 et e ne, oy, g » ©-17)
qEMe, (')
where
Abyg = sin (Fﬁ?ﬁ) (9.18)

for all p,q € M.

This result will now be compared with the conjecture for the S-matrix obtained
from level-rank duality. By level-rank duality, symmetric weights of Bﬁil at level
2/ are mapped to a pair of so-called “spinor non-symmetric simple current orbits” of
weights of Dg) at level 2n+ 3 [6]; the latter are simple current orbits which contain a

D{M-weight v with v¢  v*~1. Again we characterize the weights v by the components
of v + p in the orthogonal basis, i.e. by

n@) =Y v A L e el fori=1,2,..,0-2, ©.19)
ng_1(v) = % (1/5‘1 + VZ) +1, ng(v) = % (=it ). '

To characterize pairs of simple current orbits, we choose the unique representative of
each pair of orbits which has v* — v¥=! € 2Z> and v° > v'; for this representative,
all n,; are positive integers and n; > ny > ... > ng > 0. In fact, ny > 1 because of
vt # ¥~ Moreover, as v is spinor non-symmetric and at level 2n + 3, the integer
n obeys

-2

PR T AR OBV

j=1

= 1@n+3)+5 - V) +l—1<n+l+],

™ (9.20)

implying that n; < n + £. It follows that we can characterize each pair of spinor
nop-symmetric orbits by a subset Mp,(v) of £ elements of My,,.

In terms of this subset, the level-rank duality between symmetric weights A of
BSjl at level 2¢ and these orbits of Dg)-weights reads [6]

Mp,Wy={+n+1—3|j¢& Mg, ,,(N}. (9.21)
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Combining the results (9.15) and (9.21), we find that the weights with respect to C'
and to D?) that are associated to a symmetric weight of Bgll are related by

Mp, () U Me, (X) = Mgy, (9.22)

where U denotes the disjoint union.
In [6] it was conjectured that, up to a phase, the S-matrix for the fixed point

resolution for Bfﬁl is

Spn =22 wr - D det by, 9.23
A,A ( ) perict iy Pora (9.23)
q€Mp, (4

with .#,, as defined in (9.18). It is not difficult to verify that this matrix indeed
coincides, up to sign factors, with the S-matrix (9.17) of §; to see this one has
to employ Jacobi’s theorem on determinants of submatrices of an invertible square
matrix, together with the identities

n— 2642n+1 £+2
det A = (_1)(e+n)(e+ 1)/2( +4n+ )(Z+n)/2’ . ;%_1 1, (9.24)
and the fact that .Z4 is symmetric (compare [6]).

We have thus completed the proof of the conjecture for the S-matrix that was
derived using level-rank duality. The conjecture for the S-matrix given in [6] was
based on a resolution of fixed points at the level of representations of the modular
group. As we have remarked at the end of the previous subsection, any such conjecture
is not sensitive to both a global sign of the S-matrix and to multiplying corresponding
rows and columns of the S-matrix with the same sign. When comparing S and s,
we therefore did not pay attention to such sign factors.

Appendix: W as a Subgroup of W

In Subsect. 5.2 we have already seen that 7h;; is a divisor of 771;;. In this appendix
we show that 77;; is a divisor of 7h;;, or in other words, that

(@yy)™ = id (A1)

in the cases where 1;; € {2,3,4,6}, i.e. when A% A9 € {0,1,2,3}. Together, it
then follows that 71;; = 77;; also in the cases; this completes the proof that the Weyl
group W of § is isomorphic to the subgroup W of W.
Recall that the generators ; are defined by (5.2) and (5.6) for s; = 1 and s; =
2, respectively. We will deal with the various cases separately; the corresponding
restriction of the Dynkin diagram of g to the orbits of ¢ and j is depicted in Fig. 2.
Consider first the case m;; = 2. Then we have

N-1
- o .. NN 1o A
0= Az’jﬁj’l = 8;85 # E A© I A I (A2)
LU=0
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g g
A1 © 41 O O -—---- - 0 ©
Ay 0—o0 --——-- » 0—oO
By o——0 ~
\\\\
\\\
T . > O——0
,1
/I
/’/’
,/
A3
Gy =0 --~--- > Oo==0
- /’
/,//’
Dy

Fig. 2. The foldings of Dynkin diagrams with A4 A%% < 3,

As i # &'j for all I, all terms in the sum are non-negative; this implies that
A% 03 %Y 5 = 0 for all 1,I'. Assume now that there is a value of [ such that A%
is different from zero (i.e. negative). Then the fact that w is an automorphism of
A implies that also A*¥ 9 < 0; since A is a Cartan matrix, it follows that also
A®7'3% < 0. This in turn implies that the term A%'%J A%~'54 gives a positive con-
tribution to A% A9%, which is in contradiction with (A.2). Thus we learn that A%'%J
has to vanish for all /. Using again the fact that w is an automorphism of the Cartan
matrix, we then find that also A% 5 yanishes for all values of [ and I’ , which
implies that wyi;wv; = Wy ;wee;. This relation implies that also Wby = w;d;,
which shows that 1h;; = 2 = 17,; in this case. (We also see that for V; = N; the
restriction of the Dynkin diagram of A to the orbits of ¢ and j consists of N; copies
of the situation A; @ A; of Fig. 2, and analogously for N, # N;.)

In the remaining cases A" A% € {1,2,3}, we need either A"/ = —1 or A% =
—1. Since the labels ¢ and j appear symmetrically in the definition of 77,;, we can
assume without loss of generality that A7 = —1. The relation A%7 = 5, Y12 ! A"0:d
for A then implies that s; = 1. Moreover, for any representative w™j of the orbit of

J, the Cartan matrix element A%'9™5 s different from zero only for a single value
of [, for which it is equal to —1.
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Let us first deal with the case s; = 2. Then the product

Aod 9 =0y~ A%ted 4250 (A3)
Ly

is even, so that the only case we have to analyze is when it is equal to two, and
hence 77;; = 4. As in Subsect. 5.2 we can assume that N = 2; then s; = 2 implies

that N; = 2. Assume now first that N; = 1, i.e. wi = 4; this implies that 4%¢ =
(A% + AVIy = 2(AIE + ATPE)y = 4 A% Thus if A% is non-zero, it is in fact < —4,
which implies that A% 47 > 4, This does not belong to the cases we are investigating
here, and hence we can assume that N; = 2.

Now s; = 2 means that A»%J = A% = —1, while s; = 1 tells us that A>%¢ =
A¥Ht = 0, Further, because of A%9 = A9 + A%J = —1, we can assume without loss
of generality that A%/ = 0 and A/ = —1. The automorphism property of & then
implies that A*®7 =0 and A“**“J = —1. As A is a Cartan matrix, we then also have

ATt = g = A9 To determine the matrix elements A7 = A“5%% (which because of
A7 £ 0 are non-zero), we observe that A7¢ = 2(A% + A%y = 2 A9 must be > —3

in order to yield A%7 A% < 3; thus A% = A95% = _1 and we are in situation A,
of Fig. 2.
Having found these Cartan matrix elements, we know that
W WjwW; = W5 WiWy Wi Wepj Wi = Weyj WiriWarj o (A.4)
WiWeiW5 = Wi WiWej
and
WilWy; = WejWs , WiWei = WeiWs , Wi Wi = WeiW . (A.5)
Applying these relations repeatedly, we obtain
(Wi W W W) = Wi Wit W Weoj Wil 5 W W;
= Wi Wi WiW5 Wi Wiy 5 Wi Wi W5 Wy -
= Wi Wi WijWiW 5 We,j Wi Wej Wi W, 5
= WeiWej Wi WiW5 Wi Wej Wi W; Wej
= Wei Weoj Wi Wi Wi Wi We, j Weri W5 W 5
= Wi Wipi W j Wi Wi Wi Wi Wi Wi Wy g
= Wy Wepg Weoj Wi Wi Wy j Wi W5 Wei W
= Wy W Wy Wi Weipj W5 Wi Weirj Weorg (A.6)

= Wy Weri Wi W j Wi WiW5 Wi Weyj Wi
= Wej Wi Wi Wej Wi Wi Wi Wi Weyj Weos
= Wi Wi Wi Weri W WiWeiWej WilWe,
= Wi WjWiWeiWej Wi Wi Wej Wil
= Wy WiWiWe 5 Wi Wej Wi Wej WiWeq
= W Wi Wi j Willyg Wej Wi Wej Wi Wi

= (W Wej Wi Wi .
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Thus the generators @; = w;wy; and W; = wjwg;w; of 174 satisfy (u%u*;j)z =
(;10;)%, or what is the same,
() = id (A7)

which is the relation we need, since A%J 43¢ =2,
Let us now turn to the case s; = 1. As the number ¢ of those values of [ for which

A¥ 7% is non-zero is the same for any representative w™¢ of the orbit of ¢, we then
find that

N-1
A= AV < g (A.8)
1=0

which shows that ¢ can only have the values 1, 2 or 3. Note that we still have
Abi = —1, so that N; = N;/t for each of these values of ¢. We can now classify the
possible situations through the restriction of the Dynkin diagram of ¢ to the orbits of
i and j. For ¢ = 1, we have N; = N;, and the restriction of the Dynkin diagram to
the two relevant orbits consists of IV; disconnected copies of the Dynkin diagram of
either Ay, B, = C», or G, according to whether A%J sz % is 1, 2 or 3. These algebras
have also been used to denote the corresponding folding in Fig. 2. For ¢ = 2, there is
only one possibility which satisfies all required constraints, namely that one has N;
disconnected copies of the Dynkin diagram of Aj;, such that the middie node lies on
the orbit of ¢ while the two extremal nodes lie on the orbit of j. Finally, for ¢ = 3
there are V; disconnected copies of the Dynkin diagram of D, with the middle node
lying on the orbit of 7 and the three extremal nodes on the orbit of j; this corresponds
to the last case in Fig. 2.

We will deal with the different values of ¢ consecutively. All cases with ¢ = 1 can
be treated simultaneously. In these cases the orbits of ¢ and j have the same length.
We can therefore label the simple reflections in W associated to the elements of these
orbits as follows. We define r; := wy,; for I = 1,..., N;, and then set r] := w, v, With

w
I’ chosen such that r; commutes with all r; for [ % ’. With this notation we have

i =T forl#m, ()™ =id. (A9)

Moreover, it follows from s; = s; = 1 that for all [, m the reflections of the same
“type” commute, iy, = 1y, and rr,, =7, 7. Using these relations, we find that

Nj—l
@)™ = [Ty 'r1 - [ty i)™ = [ (rurpy™ = id (A.10)
=0

as required.

Next consider the case ¢ = 2. Then we have N; commuting copies of A;. By
similar arguments as in the ¢ = 1 case, we can restrict our attention to just one of these
copies, and we can assume that the labelling is such that the relevant representatives
of the orbits of 7 and j are ¢ and j themselves together with wj. Then we have the
relations
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WiWg5 = Wi Wy, WiW;w; = W w;wy WiWy Wi = Wy Wiy , (All)
which imply in particular

(wiijwj)z = wiijijiwijj = wiijiwo,jwiwj = ijiijijiwj
= Wi WiWej WjWiW5 = WjW; W Wi W Wi = WiWe,j Wi Wi Wi Ws
= (ijwwz)z .
(A.12)
Thus 0; := w; and W; = wjwy; satisfy (DD;)* = (D)%, ie. (Db;)* = id as
required by A#7 Adi =t =2, :
Finally, for £ = 3 the calculation is similar, though somewhat lengthier. There are
N; commuting copies of Dy, and we can restrict ourselves to one of these copies,
with the labels of its nodes being 7 for the middle node and j, &j and &?j for the
others. The associated simple reflections of W satisfy w;wym;jw; = wemjwiwgm;
for m =0,1,2, and wy;wem; = wymjwg; for I, m = 0,1,2; repeated use of these
relations yields

(wiijijij)3 w,»ijijiwwzjwi ijijiwijjwwzj
WiW; W5 WiW 2 5 Wi Wi Wi W, Wi W5 W2 5
WiWi W5 WiW g2 ;Wi Wi W5 We 5 Wi W5 W2 5
= wiwijiijiww2j wiijijiijwzj
wd,jwiwijjwiwwzj w,-wijiijiwwzj
W WiW 5§ Wey 5 WiWe 5 wwzjwiwijjwiwwzj
= wd,jwiijiwiji wwzjwiwijjwiwwzj
wijjwiijijwzj wiwwzjwijjwiwwzj
ijijiijwzjwi wijiijiwwzjwi
W5 Weyj Wi W25 W5 Wy ijijiijwzjwi

(A.13)

= ijijiwwzjwiwj Wi W5 WiW;5 W25 Wy
- 3
= (ijijd,zjwi) .

Thus @; := w; and B, = Wjwe;w,e; satisfy (wi@j)f = (Dy0,)%, ie. (Wi0;)° = id,
which is again the required Coxeter relation for A/ A% = ¢ = 3.
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