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We consider a model for Darwinian evolution in an asexual population
with a large but nonconstant populations size characterized by a natural birth
rate, a logistic death rate modeling competition and a probability of muta-
tion at each birth event. In the present paper, we study the long-term behav-
ior of the system in the limit of large population (K — o0) size, rare muta-
tions (u — 0) and small mutational effects (¢ — 0), proving convergence to
the canonical equation of adaptive dynamics (CEAD). In contrast to earlier
works, for example, by Champagnat and Méléard, we take the three limits
simultaneously, that is, ¥ = ux and o0 = o, tend to zero with K, subject to
conditions that ensure that the time-scale of birth and death events remains
separated from that of successful mutational events. This slows down the dy-
namics of the microscopic system and leads to serious technical difficulties
that require the use of completely different methods. In particular, we can-
not use the law of large numbers on the diverging time needed for fixation
to approximate the stochastic system with the corresponding deterministic
one. To solve this problem, we develop a “stochastic Euler scheme” based on
coupling arguments that allows to control the time evolution of the stochastic
system over time-scales that diverge with K.
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1. Introduction. In this paper, we study a microscopic model for evolution in
a population characterized by a birth rate with a probability of mutation at each
event and a logistic death rate, which has been studied in many works before [6-9,
13]. More precisely, it is a model for an asexual population in which each in-
dividual’s ability to survive and to reproduce is a function of a one-dimensional
phenotypic trait, such as body size, the age at maturity or the rate of food intake.
The evolution acts on the trait distribution and is the consequence of three basic
mechanisms: heredity, mutation and selection. Heredity passes the traits trough
generations, mutation drives the variation of the trait values in the population and
selection acts on individuals with different traits and is a consequence of competi-
tion between the individuals for limited resources or area.

The model is a generic stochastic individual-based model and belongs to the
models of adaptive dynamics. In general, adaptive dynamic models aim to study
the interplay between ecology (viewed as driving selection) and evolution, more
precisely, the interplay between the three basic mechanisms mentioned above. It
tries to develop general tools to study the long time evolution of a wide variety
of ecological scenarios [10, 11, 21]. These tools are based on the assumption of
separation of ecological and evolutionary time scales and on the notion of inva-
sion fitness [19, 20]. While the biological theory of adaptive dynamics is based on
partly heuristic derivations, various aspects of the theory have been derived rigor-
ously over the last years in the context of stochastic, individual-based models [6-9,
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15, 16]. All of them concern the limit when the population size, K, tends to infin-
ity. They either study the separation of ecological and evolutionary time scales
based on a limit of rare mutations, u — 0, combined with a limit of large popu-
lation [6, 9], the limit of small mutation effects, o — 0 [7, 9, 15], the stationary
behavior of the system [16] or the links between individual-based and infinite-
population models [8]. An important concept in the theory of adaptive dynamics is
the canonical equation of adaptive dynamics (CEAD), introduced by Dieckmann
and Law [10]. This is an ODE that describes the evolution in time of the expected
trait value in a monomorphic population. The heuristics leading to the CEAD are
based on the biological assumptions of large population and rare mutations with
small effects and the assumption that no two different traits can coexist. (Note that
we write sometimes mutation steps instead of effects.) There are mathematically
rigorous papers that show that the limit of large population combined with rare
mutations leads to a jump process, the Trait Substitution Sequence, [6] and that
this jump process converges, in the limit of small mutation steps, to the CEAD [9].
Since these two limits are applied separately and on different time scales, they
give no clue about how the biological parameters (population size K, probability
of mutations u and size of mutation steps o) should compare to ensure that the
CEAD approximation of the individual-based model is correct.

The purpose of the present paper is to analyse the situation when the limits of
large population size, K — 0o, rare mutations, #x — 0 and small mutation steps,
ok — 0, are taken simultaneously. We consider populations with monomorphic
initial condition, meaning that at time zero the population consists only of indi-
viduals with the same trait. Then we identify a time-scale where evolution can be
described as a succession of mutant invasions. To prove convergence to the CEAD,
we show that, if a mutation occurs, then the individuals with this mutant trait can
either die out or invade the resident population on this time scale. Here, invasion
means that the mutant trait supersedes the resident trait, that is, the individuals with
the resident trait become extinct after some time. This implies that the population
stays essentially monomorphic with a trait that evolves in time. We will impose
conditions on the mutation rates that imply a separation of ecological and evolu-
tionary time scales, in the sense that an invading mutant population converges to
its ecological equilibrium before a new invading (successful) mutant appears. In
order to avoid too restrictive hypothesis on the mutation rates, we do, however,
allow noninvading (unsuccessful) mutation events during this time, in contrast to
all earlier works.

We will see that the combination of the three limits simultaneously, and en-
tails some considerable technical difficulties. The fact that the mutants have only a
K -dependent small evolutionary advantage decelerates the dynamics of the micro-
scopic process such that the time of any macroscopic change between resident and
mutant diverges with K. This makes it impossible to use a law of large numbers as
in [6] to approximate the stochastic system with the corresponding deterministic
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system during the time of invasion. Showing that the stochastic system still fol-
lows in an appropriate sense the corresponding competition Lotka—Volterra system
(with K-dependent coefficients) requires a completely new approach. Developing
this approach, which can be seen as a rigorous ‘“stochastic Euler-scheme,” is the
main novelty of the present paper. The proof requires methods, based on couplings
with discrete time Markov chains combined with some standard potential theory
arguments for the “exit from a domain problem” in a moderate deviations regime,
as well as comparison and convergence results of branching processes. Note that
since the result of [6] is already different from classical time scales separations
results (cf. [14]), our result differs from them a fortiori. Thus, our result can be
seen as a rigorous justification of the biologically motivated, heuristic assumptions
which lead to CEAD.

The remainder of this paper is organized as follows. In Sections 2 and 3, we
introduce the model and give an overview on previous related results. In Section 4,
we state our results and give a detailed outline of the proof. Full details of the proof
are presented in Sections 6, 7 and 8. In the Appendix, we state and prove several
elementary facts that are used throughout the proof.

2. The individual-based model. In this section, we introduce the model we
analyze. We consider a population of a single asexual species that is composed of a
finite number of individuals, each of them characterized by a one-dimensional phe-
notypic trait. The microscopic model is an individual-based model with nonlinear
density-dependence, which has already been studied in ecological or evolutionary
contexts by many authors [6, 8, 9, 13].

The trait space X is assumed to be a compact interval of R. We introduce the
following biological parameters:

(1) b(x) € Ry is the rate of birth of an individual with trait x € X.
(i) d(x) € Ry is the rate of natural death of an individual with trait x € X.
(iii)) K € Nis a parameter which scales the population size.
@iv) c(x,y)K —le R is the competition kernel which models the competition
pressure felt by an individual with trait x € X’ from an individual with trait y € X.
(V) ugm(x) with ug, m(x) € [0, 1] is the probability that a mutation occurs at
birth from an individual with trait x € X', where ug € [0, 1] is a scaling parameter.
(vi) M(x,dh) is the mutation law of the mutational jump /. If the mutant is
born from an individual with trait x, then the mutant trait is given by x +ogh € X,
where o € [0, 1] is a parameter scaling the size of mutation and 4 is a random
variable with law M (x, dh). We restrict for simplicity the setting to mutation mea-
sures with support included in Z.

The three scaling parameters of the model are the population size, controlled
by the scaling parameter K, the mutation probability, controlled by the scaling
parameter u g, the mutation size, controlled by the scaling parameter og . The nov-
elty of our approach is that we consider the case where all these parameters tend
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to their limit jointly, more precisely that both ux and ok are functions of K and
tend to zero as K tends to infinity (subject to certain constraints).

At any time ¢, we consider a finite number, N;, of individuals, each of them
having a trait value x;(¢) € X. It is convenient to represent the population state at
time ¢ by the rescaled point measure, vX, which depends on K, ux and og

1 M
2.1 v ==Y 80
K i=1

Let (u, f) denote the integral of a measurable function f with respect to the mea-
sure . Then (vtK, 1) = N,K ! and for any x € X, the positive number (UIK, Lixy)
is called the density of trait x at time t. With this notation, an individual with trait

x in the population vX dies due to age or competition with rate

(2.2) d(x) + /X c(x, yyvK(dy).

Let M(X) denote the set of finite nonnegative measures on X', equipped with the
weak topology, and define

1 n
(2.3) MK(X)E!EZSXi:nZO,xl,...,anX .

Similar as in [13], we obtain that the population process, (vtK )r>0, 15 @ MK (x)-
valued Markov process with infinitesimal generator, X, defined for any bounded
measurable function f from MX(X) to R and for all uX € MX(X) by

2K £ ()
(2'4)_/( ( ) f(MK)>(1—uKm(x))b(x)K'uK(dx)

+/ /( ( “;Kh> —f(MK)>uKm(x)b(x)M(x,dh)KuK(dx)

+ /X(f(/’“K - %) - f(MK)> (d(x) + /XC(X, y)uK(dy)>KuK(dx)_

The first and second terms are linear (in X)) and describe the births (without and
with mutation), but the third term is nonlinear and describes the deaths due to age
or competition. The density-dependent nonlinearity of the third term models the
competition in the population, and hence drives the selection process.

ASSUMPTION 1. We will use the following assumptions on the parameters of
the model:

(i) b, d and c are measurable functions, and there exist b, d, ¢ < oo such that

b(-) <b, d()<d and c(-,-)<C.
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(i) Forallx € X, b(x) —d(x) > 0, and there exists ¢ > 0 such that ¢ < c(x, x).
(iii) The support of M (x, -) is a subset of Z N X — x and uniformly bounded
for all x € X'. This means that there exists A € N such that
A A
M(x,dh) = Z pr(x)dr(dh), where Z pr(x) =1forany x € X.
k=—A k=—A

(iv) b,d,m € C*(X,R) and ¢ € C*(X%, R).

Assumptions (i) and (iii) allow to deduce the existence and uniqueness in law
of a process on D(R, MK (X)) with infinitesimal generator .& K (cf. [13]). Note
that assumption (iii) differs from the assumptions in [13] because we restrict the
setting to mutation measures with support included in Z and that it ensures that a
mutant trait remains in X'. Assumption (ii) prevents the population from exploding
or becoming extinct too fast. Since X is compact, assumption (iv) ensures that the
derivatives of the functions b, ¢, d and m are uniformly Lipschitz-continuous.

Before we state the main result of the paper, Theorem 4.1, in Section 4, it will be
helpful to recall some earlier results for this class of models and to fix some more
notation. These results serve as a guideline to what behavior one should expect,
even though on a technical level proofs have to be changed completely.

3. Some notation and previous results. We start with a theorem due to N.
Fournier and S. Méléard [13] which describes the behavior of the population pro-
cess, for fixed # and o, when K — oo.

THEOREM 3.1 (Theorem 5.3 in [13]). Fixu and o. Let Assumption 1 hold and
assume in addition that the initial conditions vé{ converge for K — oo in law and
for the weak topology on M(X) to some deterministic finite measure & € M(X)
and that supg E[(vé(, 1)3] < o0.

Then for all T > 0, the sequence vK, generated by X, converges for
K — oo in law, in D([0, T], M(X)), to a deterministic continuous function
& e C(0, T], M(X)). This measure-valued function & is the unique solution, sat-
isfying sup,co,71(5:, 1) < 00, of the integro-differential equation written in its
weak form: for all bounded and measurable functions, f : X — R,

| &@nre
X
= [ so@n s
G t
+/0 ds/ng(dx)um(x)b(x)/ZM(x,dh)f(x+6h)

+f ' ds | & f(x)((l —um(0)b) - ) — [ @y, y)).
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Without mutation, one obtains convergence to the competitive system of Lotka—
Volterra equations defined below (see [13]).

COROLLARY 3.2 (The special case u = 0 and &y is n-morphic). If the same
assumptions as in the theorem above with u = 0 hold and if in addition & =

"_12i(0)3y,, then & is given by & = >_" | zi(t)8y;, where z; is the solution of
the competitive system of Lotka—Volterra equations defined below.

DEFINITION 3.3. For any (x1,...,x,) € X", we denote by LV(n, (x1, ...,
X)) the competitive system of Lotka—Volterra equations defined by
dzi(t)

3.2)

n
o= (b(xl-) —d(x;) — Zc(x,-,x,-)z,-), 1<i<n.

t =
Next, we introduce the notation of coexisting traits and of invasion fitness

(see [9)).

DEFINITION 3.4. We say that the distinct traits x and y coexist if the system
LV(2, (x, y)) admits a unique nontrivial equilibrium, named Z(x, y) € (0, 00)2,
which is locally strictly stable in the sense that the eigenvalues of the Jacobian
matrix of the system LV (2, (x, y)) at Z(x, y) are all strictly negative.

The invasion of a single mutant trait in a monomorphic population which is
close to its equilibrium is governed by its initial growth rate. Therefore, it is con-
venient to define the fitness of a mutant trait by its initial growth rate.

DEFINITION 3.5. If the resident population has the trait x € X, then we call
the following function invasion fitness of the mutant trait y

(3.3) f(,x)=b(y) —d(y) — c(y,x)z(x).

REMARK 1. The unique strictly stable equilibrium of LV(1,x) is z(x) =
M, and hence f(x,x)=0forall x € X.

c(x,x)

Coexistence and invasion fitness are closely related (cf. [17]).

PROPOSITION 3.6. There is coexistence in the system LV(2, (x,y)) if and
only if f(x,y)=b(x) —d(x) —c(x,y)z(y) > 0 and f(y,x) =b(y) —d(y) —
c(y,x)z(x) > 0.

The following convergence result from [6] describes the limit behavior of the
populations process, for fixed o, when K — oo and ug — 0. More precisely,
it says that the rescaled individual-based process converges in the sense of finite
dimensional distributions to the “trait substitution sequence” (TSS), if one assumes
in addition to Assumption 1 the following “Invasion implies fixation” condition.
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ASSUMPTION 2. Given any x € X, Lebesgue almost any y € X’ satisfies one
of the following conditions:

(1) f(y,x) <0or (i) f(y,x)>0and f(x,y) <O.

Note that by Proposition 3.6, this means that either a mutant cannot invade, or
it cannot coexist with the resident.

THEOREM 3.7 (Corollary 1 in [6]). Let Assumption 1 and 2 hold. Fix o and
assume that

(3.4) YV >0, exp(—VK) Kug < as K — oo.

1
KIn(K)’
Fix also x € X and let (N({< )k>1 be a sequence of N-valued random variables
such that (N({{/K) converges for K — oo in law to 7(x) and is bounded in 1P
for some p > 1. Consider the processes vE generated by £* with monomorphic
initial state (NK /K)8(x).

Then the sequence of the rescaled processes vl]; Kuy converges in the sense of
finite dimensional distributions to the measure-valued process

(3.5 72(X1)dx,,

where the X -valued Markov jump process X has initial state Xo = x and infinites-
imal generator

Ap(x) = [ (#(x +0oh) — ¢ (x))m(x)b(x)Z(x)
z

y [f(x+oh,x)]4
b(x +oh)

(3.6)

M(x,dh).

Here, we write f(K) < g(K) if f(K)/g(K) — 0 when K — oo. Note that,
for any s < ¢, the convergence does not hold in law for the Skorokhod topology on
D([s, t], M (X)), for any topology M (X) such that the total mass function v
(v, 1) is continuous, because the total mass of the limit process is a discontinuous
function. The main part of the proof of this theorem is the study of the invasion of a
mutant trait y that has just appeared in a monomorphic population with trait x. The
invasion can be divided into three steps. First, as long as the mutant population size
(wk, 1{y)) is smaller than some & > 0 (independent of K), the resident population

size (vtK , 1{x)) stays close to Z(x). Therefore, (vtK , 1{y}) can be approximated by
a branching process with birth rate 5(y) and death rate d(y) + c(y, x)z(x) until it
goes extinct or reaches . Second, once (vtK , 1{y}) has reached ¢, for large K, v,K is
close to the solution of LV (2, (x, y)) with initial state (z(x), ¢), which reaches the
e-neighborhood of (0, Z(y)) in finite time. This is a consequence of Corollary 3.2.
Finally, once (vX,1y)) is close to Z(y) and (vX, 1) is small, (1K, 1)) can
be approximated by a subcritical process, which becomes extinct a.s. The time of
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the first and third step are proportional to In(K), whereas the time of the second
step is bounded. Thus, the second inequality in (3.4) guarantees that, with high
probability, the three steps of invasion are completed before a new mutation occurs.

Without Assumption 2, it is possible to construct the “polymorphic evolution
sequence” (PES) under additional assumptions on the n-morphic logistic system.
This is done in [9]. Finally, in [9], the convergence of the TSS with small mutation
steps scaled by o to the “canonical equation of adaptive dynamics” (CEAD) is
proved. We indicate the dependence of the TSS of the previous Theorem on o
with the notation (X7 );>0.

THEOREM 3.8 (Remark 4.2 in [9]). If Assumption 1 is satisfied and the fam-
ily of initial states of the rescaled TSS, X§, is bounded in L2 and converges to
a random variable X, as o — 0, then, for each T > 0, the rescaled TSS X;’/GZ
converges, as o — 0, in the Skorokhod topology on D([0, T], X) to the process
(x:)e<T with initial state X and with deterministic sample path, which is the
unique solution of an ordinary differential equation, known as CEAD:

dx; _
(3.7) I =/Zh[hm(xt)Z(Xz)alf(xz,xt)]+M(xt,dh),
where 01 f denotes the partial derivative of the function f (x, y) with respect to the
first variable x.

REMARK 2. If M(x,-) is a symmetric measure on Z for all x € X, then the
equation (3.7) has the classical form; cf. [10],

dxt

(3.8) 7

1 2 _
= / W2mGe)Z(e)d1 f (xp, x0)M (xp, d),
7

Note that this result does not imply that, applying to the individual-based model
first the limits (K, ux) — (00, 0) and afterwards the limit ¢ — 0 yields its conver-
gence to the CEAD. One problem of theses two successive limits is, for example,
that the first convergence holds on a finite time interval, the second requires to look
at the Trait Substitution Sequence on a time interval which diverges. Moreover, as
already mentioned these two limits give no clue about how K, u and o should be
compared to ensure that the CEAD approximation is correct.

4. The main result. In this section, we present the main result of this paper,
namely the convergence to the canonical equation of adaptive dynamics in one
step. The time scale on which we control the population process is ¢/ (012< ug K) and
corresponds to the combination of the two time scales of Theorems 3.7 and 3.8.
Since we combine the limits we have to modify the assumptions to obtain the
convergence. We use in this section the notation and definitions introduced in Sec-
tion 3.
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ASSUMPTION 3. Forallx € X, 91 f(x,x) #0.

Assumption 3 implies that either Vx € X: 91 f(x,x) > 0orVx € X:01 f(x,x) <
0. Therefore, coexistence of two traits is not possible. Without loss of generality,
we can assume that, Vx € X, 91 f (x, x) > 0. In fact, a weaker assumption is suffi-
cient, see Remark 3(iii).

THEOREM 4.1. Assume that Assumptions 1 and 3 hold and that there exists a
small o > 0 such that

4.1) Kt «ox <1 and
O_l—f—ot
(4.2) exp(—K%) K ug < K as K — oo.

Fix xo € X and let (N({< )k>0 be a sequence of N-valued random variables such
that N({( K~ converges in law, as K — oo, to the positive constant Z(xo) and is
bounded in 1L, for some p > 1.

For each K > 0, let vtK be the process generated by L% with monomorphic
initial state N({{ K ’IS{XO}. Then, for all T > 0, the sequence of rescaled processes,
o tlfumxo 2)
rokhod topology on ([0, T], M(X)) to the measure-valued process Z(x;)dy,,
where (x;)o<:<r is given as a solution of the CEAD,

dx;

43) T = [ Wl ez xS G )] M G, ),

with initial condition x.

Jo<t<T, converges in probability, as K — oo, with respect to the Sko-

REMARK 3. (i) If x;, € 0X for t > 0, then (4.3) is d““’ =0, that is, the process
stops.

(i1)) We can prove convergence in a stronger topology. Namely, let us equip
M (X)), the vector space of signed finite Borel-measures on X', with the following
Kantorovich—Rubinstein norm:

(4.4) IIleloESUP{ | Fdui: £ eLip(X) witn suglf(x)|§1},

where Lip;(X) is the space of Lipschitz continuous functions from X to R with
Lipschitz norm one (cf. [4] page 191). Then, for all § > 0, we will prove that

4.5) Jim P sup [0y, 02, = 2000,y = 3] =0,
By Proposition A.1, this implies convergence in probability with respect to the
Skorokhod topology.

(iii)) The main result of the paper actually holds under weaker assumptions.
More precisely, Assumption 3 can be replaced by the following.



TOWARD THE CEAD—IN ONE STEP 1103

ASSUMPTION 3’. The initial state vé( has a.s. (deterministic) support {xg}
with xg € X satisfying 01 f (xg, xo) # O.

The reason is that, and since x — 9d1 f (x, x) is continuous, the Assumption 3(a)
is satisfied locally and since x — 91 f(x, x) is Lipschitz-continuous, the CEAD
never reaches an evolutionary singularity (i.e., a value y € X such that 9y f(y, y) =
0) in finite time. In particular, for a fixed T > 0, the CEAD only visits traits in
some interval I of X where 01 f (x, x) # 0. By modifying the parameters of the
model out of 7 in such a way that 91 f (x, x) # 0 everywhere in X', we can apply
Theorem 4.1 to this modified process v and deduce that v, JKugo? has support

included in [ for ¢ € [0, T'] with high probability, and hence coincides v, JKugo?

on this time interval. o
o
(iv) The condition u g < XW allows mutation events during an invasion phase
of a mutant trait (see below), but ensures that there is no “successful” mutational

event during this phase.

(v) The fluctuations of the resident population are of order K -3 ,thus K~ 2+ <
ok ensures that the sign of the initial growth rate is not influenced by the fluc-
tuations of the population size. We will see later that, if a mutant trait y ap-
pears in a monomorphic population with trait x, then its initial growth rate is
b(y)—d(y)—c(y, x)(vK, 1) = f(y,x)+0(ok) = (y —x)d1 f (x, x)+0(ok) since
y—x = 0(ok).

(vi) exp(K¥) is the time the resident population stays with high probability in
an O (eog)-neighborhood of an attractive domain. This is a moderate deviation
result. Thus, the condition exp(—K%) <« uk ensures that the resident population
is still in this neighborhood when a mutant occurs.

(vii) The time scale is (Ku Ka,%)_l since the expected time for a mutation event
is (Kug)~!, the probability that a mutant invades is of order ox and one needs
O(og 1) mutant invasions to see an O (1) change of the resident trait value. This is
consistent with the combination of Theorems 3.7 and 3.8.

(viii) Note that the & that we use in the proof of the theorem and in the main
idea below will not depend on K, but it will converge to zero in the end of the
proof of Theorem 4.1. The constant M introduced below will be fixed all the time.
It depends only the parameters of the model, but not on K and .

(ix) The conditions on the initial states N K ~! imply that E[(vX, 1)?] < oo,
uniformly in K and ¢ and, therefore, since p > 1, the family of random variables
{(vtK , 1)}k >1.r>0 1s uniformly integrable (cf. [6] Lemma 1).

4.1. The main idea and the structure of the proof of Theorem 4.1. Under the
conditions of the theorem, the evolution of the population will be described as a
succession of mutant invasions.

We first control a single invasion step. Namely, we show that there is a time-
scale that is long enough for exactly one mutant population to fixate and for the



1104 M. BAAR, A. BOVIER AND N. CHAMPAGNAT

resident trait to die out, but sufficiently short, such that no two successful mutant
populations can exist during this time. We say the mutant trait fixates in the popu-
lation. Note that this does not prevent the appearance of other mutant traits that do
not invade.

Second, we consider a much longer time scale on which the single invasion steps
aggregate and give rise to a macroscopic evolution that converges to the CEAD.

Study of a single invasion step. In order to analyze the invasion of a mutant,
we divide the time until a mutant trait has fixated in the population into two phases
(compare with Figure 1).

Phase 1 (Section 6). Here, we fix a small ¢ > 0 and prove the existence of a
constant, M < oo, independent of ¢, such that, as long as all mutant densities
are smaller than ok, the resident density stays in an Meog-neighborhood of
zZ(x). Note that, because mutations are rare and the population size is large, the
monomorphic initial population has time to stabilize in an M eok -neighborhood
of this equilibrium Z(x) before the first mutation occurs. [The time of stabiliza-
tion is of order In(K)o ! and the time where the first mutant occurs is of order
1/Kug].

This allows us to approximate the density of one mutant trait y; by a branching
process with birth rate b(y;) and death rate d(y;) — c(y1, x)Z(x) such that we
can compute the probability that the density of the mutant trait y; reaches cog,
which is of order ok, as well as the time it takes to reach this level or to die out.
Therefore, the process needs O (o 1Y mutation events until there appears a mutant
subpopulation which reaches a size eog . Such a mutant is called successful mutant
and its trait will be the next resident trait. (In fact, we can calculate the distribution
of the successful mutant trait only on an event with probability 1 — ¢, but we

population size
A
Zy) | e e : IMeoy

w |
r'uu_\\ I

ET x| { s i 4 TEN
E i = B T s I 1 I S —
L —— e >

1. Phase: O(1/orugK) 2. Phase: O(In(K)oy") ¥

FI1G. 1.  Typical evolution of the population during a mutant invasion.
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show that on an event of probability 1 — o(o), this distribution has support in
{x +oxh:1<h < A}. Therefore, the exact value of the mutant trait is unknown
with probability €, but the difference of the possible values is only of order o .)

We prove in this step also that there are never too many different mutants alive
at the same time. From all this, we deduce that the subpopulation of the successful
mutant reaches the density ok, before a different successful mutant appears. Note
that we cannot use large deviation results on our time scale as used in [9] to prove
this step. Instead, we use some standard potential theory and coupling arguments
to obtain estimates of moderate deviations needed to prove that a successful mu-
tant will appear before the resident density exists an Meog-neighborhood of its
equilibrium.

Phase 2 (Section 7). We prove that if a mutant population with trait y, reaches
the size ok, it will increase to an M eog-neighborhood of its equilibrium density
Z(ys). Simultaneously, the density of the resident trait decreases to ek and finally
dies out. Since the fitness advantage of the mutant trait is only of order ok, the
dynamics of the population process and the corresponding deterministic system
are very slow. Even if we would start at a macroscopic density &, the deterministic
system needs a time of order 0121 to reach an e-neighborhood of its equilibrium
density.

The law of large numbers (see Theorem 3.1 or Chapter 11 of [12]) allows to
control the distance between the stochastic process and its deterministic limit only
on finite, K-independent time intervals. In the regime considered in [6] and [9],
namely o > 0 independent of K, this suffices to control the stochastic process dur-
ing this transition phase, since the mutant population of trait y; only needs a finite,
K -independent time, to grow from size ¢ to the e-neighborhood of z(ys). In the
regime we consider here, this is no longer possible and a new technique is needed.
The method we develop to handle this situation can be seen as a rigorous stochas-
tic “Euler-Scheme” and will be explained in detail in Section 7. Nevertheless, the
proof contains an idea which is strongly connected with the properties of the de-
terministic dynamical system. Namely, the deterministic system of equations for
the case ox = 0 has an invariant manifold of fixed points with a vector field inde-
pendent of og pointing toward this manifold. Turning on a small ok, we therefore
expect the stochastic system to stay close to this invariant manyfold and to move
along it with speed of order ok .

With this method, we are able to prove that, in fact, the mutant density reaches
the Meok-neighborhood of zZ(ys) and the resident trait dies out. Note that it is
possible that an unsuccessful mutant is alive at this time. Therefore, we prove that
after the resident trait has died out, there is a time when the population consists
only of one trait, namely the one that had fixed, before the next successful mutant
occurs.

Note that Figure 1 is only an artist’s sketch and not a “real” simulation.
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Convergence to the CEAD (Section 8). 'The proof of convergence to the CEAD
uses comparison of the measure valued process vK with two families of control
processes, p!'-X¢ and u>X-¢, which will converge to the CEAD as K — oo and
then ¢ — 0. To make more precise statements, we need the following order relation
< for random variables. Roughly speaking, X < Y will mean that Y is larger than

X in law.

NOTATION. (a)Let X and Y be real-valued random variables on a probability
space (€2, F, P). We write X <Y, if there is a random variable, Y on €2, such that
Y and Y have the same distribution, and that for all w € 2, X (w) < Y (w).

(b) For 1, v e M(X), we write v < u, if:

@ (v, 1) <(u, 1) and
(i) sup{x € X' : x € Supp(v)} <inf{x € X : x € Supp()}.

Note that (i) and (ii) imply that, for all monotone increasing functions f €
Lip;(X,[-1,1]) and forall 0 <t <T,

(4.6) fX F)dv, < /X Fodus.

This notion of order between measures is not very informative, except for measures
which are close to Dirac masses, where it means that the masses and the supports
of the measures are ordered. This is in particular the case for the measures p!-%-¢
and > %°¢ defined below.

Given T > 0, with the results of the two invasion phases, we will define for
all ¢ > 0 two measure-valued processes, in D([0, o), M (X)), such that, for all

e >0,
. T 1.Ke , K _ 2K.ze
4.7) Kh_r)nooIP Vi< —— 1, <V < U =1,

2
KMKUK

and, foralle >0andi € {1, 2},

. iK, _
(4.8) Kh_r)noo]P’[ sup i ke =208yl > 8(e)] =0,

t/(Kugo2
0<t<T/(Kugo}) /(Kukok)

for some function § such that 6 (¢) — 0 when ¢ — 0. This implies (4.5) and there-
fore the theorem.

The control processes, p - %-¢

and 2 %€ are constructed as follows. Let QiK be

the random time of the ith invasion phase, that is, the first time after Gili | such that
a mutant density is larger than eog, and let RiK be the trait of the ith successful
mutant. Knowing the random variables Qili | and RiK_ |» We are able to approximate
GiK and RiK : After the (i — 1)th invasion phase (of the process vK), we define two
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random times, GiK L and QiK ’2, and two random variables RiK L and RiK Zin X , such
that
lim P[Vifsup{jeN:@Kfiz}. ; /
K—o0 Kugog

1 1 1

ok < oK 49.’“] =1.

Thus, we define «!X and >X through

4.9) K =28k, forre (65", 65D,
(4.10) pit =gldga, forrel6/7 6157,

for some appropriate masses ztl and ztz. In fact, zt1 will be approximately Z(RI.K’I)
fort € [QiK’l, Qili’ll), and ztz approximately Z(Rl.K’z) for t € [HiK’2, Qili’f). We will
prove that the times QiK ‘I and Ol-K 2 are (approximately) exponentially distributed
with parameters of order Ku g ok, and that the difference of Rl-K — RiK_ | is of order
ok . The processes 11%+¢ and > %-¢ will be constructed by slightly modifying the
two processes 11X and %2 in order to make them Markovian. This will imply by

standard arguments from [12] that the processes u tl/iu 52 and ,utz/gu ,2 converge
KOk KOk

to Z(x;)dy, when ox — 0, where x; is the solution of the canonical equation of
adaptive dynamics.

We have now prepared the setting to be able to perform the steps of the proof of
Theorem 4.1 as indicated in the outline given in Section 4.1 in Sections 6, 7 and 8.
Before this, we need a some more notation and preparatory results that we collect
in Section 5. Four technical propositions are delegated to an Appendix.

All the remaining sections are devoted to the proof of the Theorem 4.1.

5. An augmented process and some elementary properties. In the proof
of Theorem 4.1, we need to construct an augmented process (VX , LX) that keeps
track of part of the history of the population, namely LX is the number of mu-
tations that occurred before ¢. We first describe this process, then define it by a
stochastic equation from which one finds that it is a Markov process with an ex-
plicitly given generator.

LetM’f(No xXX) = {% Y8y :in=>0,E(1),...,&(@m) € Ngx X} denote the
set of finite nonnegative point measures on Ng x X rescaled by K. We write £(i) =
(€1(i), £2(i)), where £1 (i) € Ng and & (i) € X. The augmented process, (X, LX),
is a continuous time stochastic process with state space ./\/lf (Np x X) x Np. The
label k of an individual with trait (k, x) denotes that there were kK — 1 mutational
events in the population before the trait (k, x) appeared for the first time in the
population. As in [13], we give a path-wise description of (VX , LK).
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NOTATION. Let uK = £ 7 8¢ € ME(Ny x X) and
5.1) M) =K [ 1man® @)
Nox X

be the number of individuals holding a mutation of label k. Then we rewrite X
as follows:

k1o G5 o qyok (K
(5.2) wh=— > 8k xky> where Y 9 (u®) =n.
k=1 j=I ! k=1
In fact, the x{‘, e xlg‘nk k) will be equal in our situation, because the only vari-

ation in the trait value is driven by mutational events. We need to define three
. . 2 .
functions. First, H : Mf (No x X) > (Ng x X)N0 is defined as

H(u®)

(5.3) 0.x7) (0.x3) -+ (O.xo,) 0,00 (0,0)
_ (l,xi) (1,x2;) . (I X1 () (1,O)
—[ex) 29 - @5, 20 20

Second, 4 : Mf(N X X) (X)N% us given in terms of H by
(5.4) hij (%) = the second component of H;; (1*),

that is, if Hij(,uK) = (i, x), then h;; = x. Third, H: Mf(N x X) > XNo 5 de-
fined as follows: if p = % Y71 8e@i)» then

(5.5 Hw = (52(0 (1), £(0(2), ..., &(c()),0,...),
where & (0 (1)) < --- <& (o (n)).

DEFINITION 5.1. Let (2, F,P) be an abstract probability space. On this
space, we define the following independent random elements:

(i) an X-valued random variable X (the random initial trait),
(i) a sequence of independent Poisson point measures, (N ,feath (ds,di,
d®))i=0, on Ry x N x R with intensity measure ds )~ 6,(di) dz,
(iii) asequence of independent Poisson point measures, (N ,?i“h (ds,di,df))r>o,
on Ry x N x Ry with intensity measure ds ), - ,(di) dz,
(vi) a Poisson point measures, N™@10 (ds di d@,dh), on Ry x N x Ry x
{—A, ..., A} with intensity measure ds )_,,~( Sn(di) dz Zf:_A 8;(dh).
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Moreover, we define the augmented process (VX , LX) by setting L =0, 7¥ =
%N(féxo, and, for t > 0,

K K 7K
(5. L) = (% Lo)
: 0(/ /NO /R+ (i <M BJ).0 by i (5])) A—ugm(hy i (5)))
>

1
x (EaHk.i(aK ) N (ds, di, d6)
(5.6) '

t
- fo /NO fR+ 1{ismtk(ﬁf_>,95d<hk,i(ﬁ§>>+,fNoxxc(hk,,-@f_),sz)ﬁf_(ds)}

1
x (E(SHMGK ),0) N (ds, di, d@))

+/ /N/R / i <k (55 2),02b(H: 5K )y gem (A (55 ) M (5K ) )
0 v IR+ §

.....

X (Ka(m V1. e K o) 1>Nmutaﬁ°“(ds,di,de,dh).

Note that the process (f)tK , L ,K )i-0 18 @ Markov process with generator

ZX (3, L))
_I§)<f( ( 5(;(") L)—f(f),L))(l—uKm(x))b(x)KT)((k,dx))

) s

«(ae+ [ Mc<x,sz>a(ds>)lfﬁ(<k,dx>))

f f( (~ S(L41.xtoxh) L+1)
NoxX K

— f(, L))uKm(x)b(x)M(x, dh)Kv(d(k, x)).

Naturally, the process generated by 2% defined in Section 2 is a projection of the
process with generator X .

The first elementary property we give is that we there exists a rough upper bound
for the total mass of the population.
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LEMMA 5.2. Under the same assumptions as in Theorem 4.1, there exists a
constant, V > 0, such that

(5.7) Jim Plinf{r >0: (0K, 1) > 4b/c} <exp(VK)]=0.
—00
PROOF. Apply Theorem 2(a) and then Theorem 3(c) of [6]. [

6. The first phase of an invasion. Our first task is to control the trait value
(other than the resident trait) where the population first attains a density eog, as
well as the time when this happens. Since we need to do this for O (o b steps,
we need to control this with probability at least 1 — o(og ). Before stating the main
result of this section as Theorem 6.2 below, we need to introduce some notation.
We want to analyze such a step from a monomorphic initial condition that satisfies
the following assumption that is stronger than what is assumed in Theorem 4.1.

ASSUMPTION 4. Fix ¢ > 0. Let (RK)KZ() be a sequence random variables
with values in X. Then there exists a constant M > 0 (independent of ¢ and K)
such that for all K large enough

(6.1) LE=0 and 9§ =NrcK '8 g
where N g,( e N is a sequence of random variable with [Z(RX) — N gKK -1 <

Meog a.s. We call RX the resident trait.

The following proposition asserts that if we start with an initial condition as in
Theorem 4.1, after a short time the state of the population satisfies the stronger
conditions of Assumption 4.

PROPOSITION 6.1.  Fix ¢ > 0. Suppose that the assumptions of Theorem 4.1
hold. Then there exists a constant M > 0 (independent from ¢ and K), such that

lim P[inf{r > 0:|(5X, 1) — z2(x)| < Meok)
K—o0
<In(K)og! Ainf{r >0: L) > 1}]=1.

Since we can assume for the moment that Assumption 4 hold, we do not state
the proof here. In fact, it can be proven in similar way as Lemma 7.4(a). We begin
with several notation, which we use in the lemmata below.

NOTATION. Fix ¢ > 0. Suppose that Assumptions 1, 3 and 4 hold. Let l’kK be
the kth mutant time and let Y, kK € X be the trait of the kth mutant, that is,

(6.2) ot =inf{r >0: LF =k} and Y =hei(0%).
k



TOWARD THE CEAD—IN ONE STEP 1111

We denote by 6 mvasm the first time such that a mutant density is larger than eog,
that is,

(63) 6K on=inf{r >0:3k e {1,..., LK} such that M* (5X) > eox K1,

invasion

and let RK be the trait value of the mutant which is larger than cogx K at time
oK that is,

invasion’®
64) Rf=h (08 ) withk; =inflk> 1: MG ) >eoxK]).
mvasion mvasion
Note that k is the label of the first surviving mutant, that is, k| — 1 mutations
happeneq before the first surviying mutaqt appeared. quthermore, le‘E Gcffversity.be
the first time such that [3/«] different traits are present in the population, that is,

LK@

(6.5) Odiversity =011 = 02 D~ Liguerysqy = [3/@]
k=0

and similarly let Omut of mut. the first time such that a “2nd generation mutant”
occurs, that is, a mutant which was born from a mutant that in turn was born from
the resident trait RX. Note that

(6.6) 6K ormue <inflt >0:3ke{1,..., LK} such that |[R® — ¥X|> Aok}
Then we define

K
(6'7) 9 = vaamon A leverslty A emut of mut. " exp(K (x).

The following theorem collects the main results of this section.

THEOREM 6.2. Fix ¢ > 0. Under the Assumptions 1, 3 and 4, there exists a
constant M > 0 (independent of ¢ and K) such that for all K large enough:

(i) 0§ =N K18 gk, where [Z(R®) — N& K1 < (M/3)eok ass.

(i1) We can construct on (2, F, P) two random variables, R lK’l and R 1K’2, such
that

6.8) P[RE! < RK < RE? and RE? — RE! < Aok ] =1—-0(0k), and
(6.9) P[RE' = RE =R =1-0¢).

The distributions of RIK’l and RIK’2 are given in Corollary 6.10.
(iii)) We can construct on (2, F,P) two exponential random variables, E K1
and EX-2, with parameters of order ocxug K, such that

invasion —

(6.10) P[EX2 < 0K on < EX' +In(K)og ' ™ =1—o(ok).

The distributions of EX-! and EX-? are given in Lemma 6.7.
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Moreover, until the first time of invasion, 0.X

vasion» e resident density stays in
an e Mo -neighborhood of 7(RX), the number of different living mutant traits is
bounded by [a /3, and there is no mutant of a mutant, with probability 1 — o(ox).

that is,
P[OK ion < inf{r >0: [MO(BX) — [KZ(RX)]| > eMok K}

invasion

K K
A ediversity A emut. of mut.]

=1—-o0(ok).

REMARK 4. The constant M > 0 depends only on « and on the functions
b(-),d(),c(-,-),and m(-), but not on K, RX and ¢.

6.1. Exit time from an attractive domain.

LEMMA 6.3. Fix € > 0. Suppose that the assumptions of Theorem 6.2 hold.
Then there exists a constant M > 0 (independent of ¢ and K) such that

(6.11) Kli_r)llooalgllF’[inf{t >0: MmO (5X) — [KZ(RX)]| > eMog K} < K] =0.

The statement is stronger than the corresponding one in [6], Theorem 3(c), since
the diameter of the domain converges to zero, when K tends to infinity and since
it gives control of the speed of convergence to 0 of the probabilities. Therefore, it
does not follow from the classical results about the time of exit from an attractive
domain (cf. [14]). Our proof is based on a coupling with a discrete Markov chain
and some standard potential theoretical argument.

PROOF. Define
(6.12) X, =m0 — [KZ(R")]|
and, for all M > 0,
(6.13) w=inf{t >0:X; =0} and 7Tpyex =inf{t >0:X; > Meog K}.

Note that 79 and Tpy¢0, k are stopping times with respect to the natural filtration of
X;, which is equal to a(fmg; s <t), and that the process (zm?),zo is not Marko-
vian. We can associate with the continuous time process X; a discrete time (non-
Markovian) process Y;,, which records the sequence of values that X; takes. (This
can be formally defined by introducing the sequences Tj of the stopping times
which record the instances when X; # X;_ and setting Y, = Xr,.) Now, we can
compute

n ]

K K
(6.14) P[TMSUKK < 70 A Ginyasion A Qdiversity A Omut. of mut.

mvasi

with respect to the stopping times defined for the discrete time process Y, and
exploit the natural renewal structure on Y,. Therefore, we prove the following
claim.
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CLAIM. Forl <i <K K, and K large enough,

. . K K K
]P[Yn—i-l =i+ 1Yy =1, Tot1 < Opyasion N ediversity A Omut, of mut.]

< % — (/4B)K i + /beok = pK (i),

(6.15)

where ¢, b, and b are the lower, respectively, upper bounds for birth and compe-
tition rates.
K K
Recall from Remark 1 that the equilibrium Z(RX) is equal to %
observe that there are at most [3/a]eog K mutant individuals alive at any time

and

K K K ;
1 <0 asion /\9diversity A Bt of mut.- Lherefore, for 1 <i « K and K large enough,
. . K K K
IP>[Yn+1 =i+ 1Yy =10,Th1 < einvasion A ediversity A emut. of mut.]

- (1 —m(R®)ug)b(R¥)
(1 =m(R®)Yug)b(RE) +d(RX) + c(RK, RE)K~1(TKZ(R¥)] + 1)
d(RX) + c¢(RX, REYKV([KZ(R¥)] —i) + ¢[3/aleok K
(1 —m(R®)ug)b(RX) +d(RK) 4+ ¢(RK, RE)K~1([KZ(RK)] — i)
- b(REY — m(R®Yugb(RX)
= 2b(RX) — m(RK)ugb(RK) + ¢(RK, RK)K—1i
b(RK) — c¢(RX, REYK~1(i — 1) +¢[3/aleox K
2b(RK) — m(RK)ugb(RK) — ¢(RK, RKYK—1j

(6.16)

< % (/4B i + ©/B)[3/aleok.

This proves the claim. Next, we introduce a coupling, that is, we define a discrete
time process Z, with the following properties:

(i) Zo =Y,
(i) P[Zpp1 =i+ 1, Y1 =i+ 11V, =2Z, =i, Tpyy < 6K NCAS A

invasion diversity
K _ — 2 K K K
Gmut. of mut] = P =i+ 1Yy =i, Thy1 < einvasion A Qdiversity A Gmut. of mut.J>
. . . K K
(i) PlZpr1 =i+ 1,Yyp1 =i — 1|Ypn=Zy =1, Tht+1 < O ya6ion N Qdiversity A

K — K _— _— K K
Gmut. of mutd = P+ @) = PlYpp1 =i + 1Yy =i, Thy1 < 9invasi0n A ediversity
K
Qmut. of mut,]’

(iV) P[Zn'f'l =i+ 1|Y" <Zp=i, Tn+1 < ei[rfvasion A Qcﬁversity A errfut. ofmut.] =
K /:
p—|— (l)9

W PlZpr=i = 1Yy <Zy=10,Thy1 < Qi]rfvasion A edli<versity A erlrfut. ofmut.] =
1—pKa@).
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Note that by construction Z,, > Y}, a.s. for all n such that 7;, < Olfvasm A Q(fi{versity A

Hrfut of mut. and the marginal distribution of Z,, is a Markov chain with transition
probabilities
1, fori =0and j =1,
K, . . .
. . (i), fori>1land j=i+1,
617)  PlZup1=jlZa=il= 7" . I
1 —pi @), fori>1land j=i—1,
0, else.

Now we define a continuous time process, Z, associated to Z,. To do this, let
(T )jeN be the sequence of jump times of Z, that is, Zt nift e [Tn, Tn+1)
defined for all j € N as follows:

A emut of mut.»

Tj - Tj -1, if T < 011’1Vd5101’1 A edlverslty

6.18) T; —Tj_1=

( ) T j-1 Wi, else,

where W; are independent exponential distributed random variables with mean

(Crotal rate K )71 where Ciotal rate = 4bc(b+d +¢(4bc)). By Lemma 5.2, Ciotal rateK

is an upper bound for the total event rate of (VX 1) and, therefore, also for im
Define TMEUKK =inf{n > 0:Z, > MeogK} and 7§ =inf{n > 0: Z, = 0}.

K K
Then, since Z, > Xpas. forallr <0 . A deersny A Bt of mut.»

Z VA
(6.19) IP)[.’r/"lé"UKK <ToA elnvaswn A edlversuy A emut ofmut] = I[D[TM&II(K <7 ]

Applying Proposition A.2 yields that, for all M > 32[3/a](cbh)/(bc) such that
Zy < %M eog K and large K large enough,

(6.20) Pltfieopk < T ] <exp(—K*).

Next, we prove that the process X; returns many times to zero before it reaches for
the first time the value Meog K. More precisely, we first prove a lower bound on
the number of returns to zero of the discrete time process Z,. Then we calculate the
time for a return to zero. From now on, we assume that M > 32[3/a(ch)/(bc).
We define the following stopping times with respect to the natural filtration of Z
which records the number of jumps the process Z needs for m zero-returns:

(6.21) Z s = infln = 1:3 1720 =m

m returns —
i=1

Let Q" = P12 ums < rﬁwl{ kK < ‘E(m +1) returns] D€ the probability that the
Markov chain Z, returns exactly m times to zero before it reaches the value
Meog K. We have

(6.22) 0% = ]P)[‘EA%ISUKK < rOZ] < exp(—K2“),
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and, due to the Markov property, for m > 1,

623) Q" =P[tf < 1o,k ](1 = Pi[thieox <70 )" Pilthieosx <701
where the last term in the product is smaller than exp(— K 2*). Thus,

(6.24) Q™ <exp(—K**)  forallm > 0.

Let B be the random variable which records the number of zero returns of Z,
z
T

before Z,, reaches Meok K. With other words, B = n if and only if 7,7 ms <
rfle ok K < rnZ 1 returns® and we obtain that
n
(6.25) P[B<n]=) Q' <(n+1)exp(—K*>).
i=0
Set I} ET.L_Z and I/'ETZ —frz for j > 2. For any j, I; is the
1 return h J returns (j — 1) returns :

random time between the (j — 1)th and the jth zero return of the associated con-
tinuous time process Z; and

B B+1

(6.26) Y I <inf{t >0: Z; > Meog K} < Y I.

i=1 i=1
We get an upper bound for the probability which we want to compute

Plinf{r > 0: |9 (5X) — [KZ(RX)]| > eMok K} < K]
(6.27)
<Y Plinf{t >0: Z; > Meog K} <exp(K®), B=1]+P[B <n].
I[=n

According to (6.26), if B =1/ and if in addition more than //2 of the / random
times /; in the sum are larger than 2171 exp(K%), theninf{t >0:Z, > M,eog K}
is larger than exp(K“). Therefore, for all [ > n,

P[inf{t >0: Z, > Meog K} <exp(K®), B=1]
(6.28)

1

l

= P[Z Lyy; <ot exp(keyy > X B = l}.
i=1

As mentioned before, Cioal rate K is an upper bound for the total event rate of

(f)tK ,1). Thus, we can bound the jump times by a sequence of independent, ex-
ponential random variables (V;) jeny with mean (Ciotal rate K y~ L. Namely,

= = : K K K
(6.29) Tj - Tj—l = Tj - Tj—l = Vj if Tj = einvasion A Qdiversity A emut. of mut.-
Otherwise, the random times Tj — Tj,l are by definition independent and expo-
nentially distributed with mean (Ciota] rate K )_1 . The process Z has to make at least
two jumps to return to zero. Hence,

(6.30) I =W, foralli € N,
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where (W;);cn is a sequence of independent, exponential random variables with
mean (Ciotal rate K )_1- Thus,

1 1
l [
(631) ]P)|:Z ]]_{[j<21—1 exp(K9)} > 5, B = l:| < ]P)|:Z ]]'{Wl'<2171€Xp(KD‘)} > §i|
i=1 i=1
Since P[W; < 217! exp(K%)] =1 — exp(—Ciotal rae K171 exp(K%)) and (Wi)izl
are independent, we obtain that Zle 1 (Wi <211 exp(K)) is binomially distributed
with n =1 and p = 1— exp(—Ciotal rate K -1 exp(K%)). Therefore, the right-hand
side of (6. 31) is equal to

(6.32) Z ( ) 1 —exp —Ciotal rateKl_leKa))i(exp(_ctotal rateKl_leKa))l_i

i=4
For the following two computations, we use the elementary facts that (f) <2l and

[ <2! foralll € Nand i <I. We obtain that, for large K enough, the left-hand
side of (6.27) is bounded from above by

oo 1

l _ U] _ o .
ZZ (Z) (1 _exp(_ctotal rate K'1 teK ))I(CXP(_Ctota] rate K'1 leK ))l '

l=ni:%

(6.33) +P[B=<n]

< Z D211 — exp(=Co e KIT1eK)) 2 + PLB <l
= n

By (6.25), we see that P[B < n] = o(og) if the variable n fulfills the following
condition:
(6.34) n < exp(K**)ok.
Therefore, we choose n = [exp(2K*)] and get, for large K enough,

P[inf{r > 0: |9 (5X) — [KZ(RX)]| > eMox K} < 6]

o

ay\ L
= Z 41(1 _exp(_ctotal rateKl_leK ))2 +o(ok)
[=[exp(2K%)]

o0

ayy L
Z (4(1 - exp(_Ctotal rateKe_K ))2)l +o(ok)
I=[exp(2K*)]

IA

(6.35) 1
<2(4*(1 — exp(—Ciotal rac K e ¥ )))ﬂeXp(ZK 4 o(ok)

ay L o
=< 2(42Ct0tal rateKeiK )Z[exp(ZK d +o(ok)

< O(Ke_Ka) +o0(ok),
where we used that exp(—x) > 1 — x for x > 0 and K exp(K %) K og. U
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6.2. Controlling the number L,K of mutations by Poisson processes.

LEMMA 6.4. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold
and let M be the constant of Lemma 6.3. Then

A

(6.36) Klgnmagl(l —PMO<r <K AYK ) LK < A>K (1)) =

where AVX and A*X are Poisson counting processes with parameter alK ug K
and aQKuKK with

(6.37)

af = (Z(RX) — eMog)b(R¥)m(RY),
(6.38)  aX = Z(RX) + (M + [3/a1)ok) (b(R®)m(R¥) + 2™ M Ack),

and Cz’m’M is a constant depending only on the functions b(-), m(-) and M (-, h)
forhe{—A,..., A}

PROOF. We obtain from the last lemma that

IP[VO <t <6K :Z(RX) —eMog < (¥, 1) <Z(R¥) + s(M - EDGK]
=1-o0(ok).

Therefore, define

1,K
AT () _/ /NOfR / L{i <K Z(RK)—eMok),0<b(RK yuxm(RKYM(RK 1))
(6.39) i
X Nm“‘a“"“(ds, di,df,dh)

and similarly

2K 4y _
AP (1) = / /NO Ah/ L <k GRE)+eM+T2T)0k)

.....

(6.40)

{9<uK(b(RK)m(RK)M(RK hy+cbmM

x N™U@ion e gi do, dh).

Aog)}

Since 6K < Gmut of mut.» ANy mutant trait differs at most Aok from the resident
trait, RX. Thus, we have that ug (b(R¥)m(RK)M(RX ,h) + C2"™M Acy) is a
rough upper bound for the mutation rate per individual for an appropriate choice
of Ci’m’M. Note that A*X are Poisson counting process with parameter aiK ugk.
By construction, we obtain (6.36). [J
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6.3. Controlling the number 9% (D,) of offspring of the kth mutant by birth—
death processes.

LEMMA 6.5. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold
and let M be the constant in Lemma 6.3. Then

lim o '(1 =PVl <k < L5 Vi < 0% z5 @) s Mk < 252 (0)])

(6.41)
= O’

where Z ,f .1 (1), respectively, Z,f’z(t) are No-valued processes, which are zero until
time ‘L'kK , the first time s.t. MK (D) # 0, and afterwards linear, continuous time
birth—death processes with initial state 1 at time tkK , birth rates per individual

(6.42) bt =b5 2 = b(YE) (1 — uxm(Y))),

and death rate per individual

(6.43) dit = d(YE) + (YK, R)(@Z(RX) + Meok) +¢[3/als0k,
respectively,

(6.44) df? =d(YE) + (v, R®)(Z(RK) — Msok).

Furthermore, define Z,f(’l(t) = Z,f’l(fk +1) and Z,f{’z(t) = Z,f’z(rk +1), then the

processes {(Z ,f ’1, Z ,f( ’2)}k21 are independent and identically distributed.

PROOF. For any ¢t < 6k, any individual of 97t (¥,) gives birth to a new in-
dividual with the same trait with rate b(YkK Y1 —ugm(Y kK )) and dies with rate
d (YkK )+ fuxx c(YkK, éz)ﬁtK (d&), which belongs to the following interval:

[d (V) + (v RF)(RY) — Meok),
(6.45)
d(YE) + (Ve RE)(E(RY) + Meok) +¢[3/aleok].
Thus, let us define, for k < Lk,

~K.1
Z: (1)
T+t .

— . birth :

—[,k fNO fﬂh i<z ).02br0 (1 —ugmeron N (s, di, dO)
(6.46)

T+t
- /rk /No /R+ 1{1‘52,{“(r),egd(YkKHc(YkK,RK)(z(RK)+MwK)+Er3/a1wK}

x Nt (dy, di, d6)
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and similarly
T+t .
SK2 0\ _ ) birth .
2 —/,k fNO f]& L <280 (s-),02b(r) (1 —ugmrn Ve (@8, di, do)

T+t
(6.47) o frk /NO Ah ﬂ{isZ,f*l(r)ﬁsd(Yk’(Hc(Yk’(,RK>(Z<RK>fMeaK>}

x Nt (ds, di, de),

and a similar construction for k > L GK > where the random variables Y, kK are re-

placed by i.i.d. ones with distribution fx * M (RX.), independent of all the previ-
ously introduced random variables, where fx is the homothety of ratio ok . Note
that, the Poisson point measures N ,E‘rth and N ,?eath are independent of Y kK and i,

and that the processes V4 ,f ‘I and Z,f 2 only depend on N,?mh, N,?eath, YkK and 7.
By construction, conditionally on YkK =y and t; = s, the process Z,f s dis-
tributed as a linear birth—death processes with birth rate b(y)(1 — ugm(y)) and
death rate d(y) +¢(y, RX)@Z(RX)+ Msog)+E[3/aleok, and similarly for Z; 2.
In particular, the law of (Z,f 1 Z,f ’2) does not depend on 1. Therefore, defining
Gi=o(y,t <1y, YkK, Ngbirth, Ngeath, 1 <¢ <k —1), for all bounded measurable
functions F1y, ..., Fry on D(R,, Z%r),

5Kl K2 5Kl 5K.2
E[F(Zy 0, 207) - B2, 2]

©648) E[Fy(Z, Z{%) - Feer(Z{0), ZEDEF (2 ZE2)1Gr]]
) ~K,1 5K,2 ~K,1 5K.)2 ~K,1 5K,2
:E[FI(Z1 A )"'Fk—l(zk—l’Zk—l)E[Fk(Zk Ly )|YkK]]

>K,1 57K.,2 5K,1 5K.,2 >K,1 7K,2
=E[FI(Z] . 27 7) - (22 2 ) B[R (2. 2 0))s
where the last equality follows from the fact that the random variable Y kK is in-
dependent of (Z;', Z;%) for 1 <€ <k — 1. Actually, (Y&) <<y, are iid.

random variables, with law fx % M (RX,.). This implies by induction that the pro-
5K,1 5K,2 -
cesses {(Z; ', Z; k=1 areiid. [

6.4. Controlling survival of the kth mutant population.
K _
NOTATION. Let us define Bk = ]linf{lszlmk(f)r)zé‘(f[(K}<inf{lZTKimk(l~)z)=0}'

This random variable indicates whether or not the kth mutant population,
which appeared at time 7, invades, that is, reaches eog K individuals before dy-
ing out. The following lemma introduces a sequence of i.i.d. random variables
(Bkl’K , B,f’K ) which are 2-tuples of Bernoulli random variables constructed from
the processes Z,f’l(t) and Z,f’z(t) defined in Lemma 6.5, such that (B,f)kzo 18

stochastically dominated by the sequences (B,i’K) k>0-
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LEMMA 6.6. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold
and let M be the constant of Lemma 6.3. Then

(6.49) Jim ot (=Pl <k < L - B < BE < BT =0,

where ((B,l’K, B,f’K))kzl is a sequence of i.i.d. 2-tuples of Bernoulli random vari-
ables such that B,l’K < B,? K a.s. Its distribution is characterized by

okqf (h)=P[B}* = 1|v) = RX + hox ]

(6.50) 3 F(RE. RK
1 f(R®,R™) )
oK (hW - 8C]13f:rnou11i>’ ifl<h=A,

0, otherwise

and

oxgX (h) =P[BFX = 11vK = R¥ + hok]

(6.51) 5 K ok
1f(R®, R™) ) .
_ ]ok (hW + sCBemouui>, ifl<h<A,
0 otherwise,
where Cheoui and Ciernoyy; depend only on o, M, and Cy. (the Lipschitz constant

of our parameters). Then, for i = 1,2 and k > 1, B,i’K is a Bernoulli random
variable of parameter o piK , Where

A
(6.52) pE=>"qfmyM(R h).
h=1

. LK _ o p2K _ 11— 1_ PF . o
REMARK 5. (i) Forallk > 1, P[B," =0|B;" =1]=1- oK and is thereby
2

of order ¢.
(i1) We use in here the assumption that 91 f (x, x) > O for all x € X.

PROOF. Let Z ,f /1 (), respectively, Z,f ’2(t) as defined in Lemma 6.5 and de-
fine

1

6.53)  BYf fori =1,2.

inf{t>1: 28 (1) >eox K} <inflt=1: 2 (1)=0}
Then, due to the last lemma

(6.54) PVl <k<L% :B" < Bf < B =1-o0(ox).
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Forall 1 <k <L gK, we obtain with Proposition A.3, that
Plinf{t > 7 : ZX ' (1) > eox K} < inf{t > 7 : 2" (1) = 0} Y K]
It -4t
b X
=o(exp(—K%)),
where, using that f(x, x) = 0 for all x, we have
A

= f(Y RY) = (c(VE, RM)M +é[3/a)eok —ugb(YE)m(Y,")

(6.55)

(6.56) _ K pKyvK.1l  pKy K pk ~
=091 f(R",R") (Y, R%) —(c(Y}', R*)M +¢[3/a])eok

+0(0%).
and similarly
(6.57) bpX —d7® =0, F(RX, RF) (YK — RX) + (YK, RE)Meok + O(02).

Recall that the sequence (Y, kK )ik>1 used to construct the processes Z,f land Z ,f 2
is a sequence of i.i.d. random variables with distribution M (RX, ). Since b;C’K —
d,’C’K < 0if YkK — RX <0, we obtain

P[é;’K = 1]
=E[P[B; “ 7] =1]
(6.58)
. A 181 f(RE, RS yoxh — (c(YE, RE)M +E[3/al)eok + O(02)
=3( )
x M(R¥, h)

Therefore, there exists a constant Céemoulli > 0 (which depends only on o, M and
Cp) such that the sum in the right-hand side of (6.58) is, term by term, bounded
from below by

A K K
91 f(R™,R™)
(6.59) OK § <h X _8Céern0ulli>M(RK’h)
pat b(R™)

and similarly there exists a constant C3_,,,.,;; > 0 such that

31 f(RX, RK)

A
6.60) P[BF* =1]<ox Z(h 75

2 K
+ 8CBem0ulli)M(R ’ h)
h=1
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Next, we introduces two couplings, that is, we define a sequences of i.i.d. 2-tuples

of Bernoulli random variables ((B,i’K, B,? ’K))kzl with the following properties:

() PBYX =0, B X =0|vX = R + hox] =P[B, X = 0|V = RX 4 hok]
and P[B'X =1, B]"X = 1|Y¥ = RX + hog] = ¢K (h)ok,

i) PIB ™ =1, Bp X =11vX = RK + hog1 = PIB}X =11YX = RX + ho]
and P[B}X =1, Bp X =0|vX = R + hogl=1—gX (h)ok.

By construction, B;’K < B;’K, a.s., and I?,f‘K < B,S’K a.s. for all k£ > 1 and these

random variables satisfy (6.50) and (6.51). O
6.5. Controlling the time of the arrival of the first successful mutant.

NOTATION. (a) Fori € {1, 2}, define
(6.61) TN =inf{r>0: 25 (e +1)=00r ZX (5 + 1) > eog K }.

Obverse that (TkK’i) k>1 are 1.i.d. random variables that are independent of AR
(b) Define IX = k; = inf{k > 1: BX =1} and 15" = inf(k > 1: B = 1}.
Then 7% are independent of AX-/, and we have

6.62)  P[{I%2 <18 185 N6 <65} =P[r;x <65] — o(ok).

K _ vk
(c) Define R, =Yinf{k21:B]§:1}.

In fact, we prove at the end of this section that P[z;x < 6k 1=1-—o0(og), that
is, RIK is with high probability the random variable which gives the value of the
next resident trait and 7;«, the first time where a successful mutant appears, is
approximately exponential distributed as stated in lemma below. Note that this
time is a random time, but not a stopping time.

LEMMA 6.7. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold
and let M be the constant of Lemma 6.3. Then

(6.63) Kli_r)nooalgl(P[rIK <0K]—P[{EX? < rjx < EX Y0 [ <65)]) =0,

where EX:1 and EX2 are exponential random variables with mean
K K : K K
ay py okuk K, respectively, ay py oxugK.

With other words, we have P[EX-2 < Tk < EK. |Tx < éK] =1—-o0(ok), pro-
vided that liminfg _, o P[t;x <6%]> 0.
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PROOF. Let AtK ' be defined as in Lemma 6.4 and observe that 7;x =inf{r >
0: LX = IX}. Then we obtain by construction,

P[{inf{z > 0: AIK’2 = IK’Z} < 17k < inf{t > O:AtK’1 = IK’l}} Ntk féK}]

(6.64) _ Ptk < éK] —o(og).

IK,I IK’2

By definition, and are geometrically distributed with parameter le oK,
resp. pé( okx. AX1 and AK2 are Poisson counting processes with parameter
aIK ug K, resp. azK ug K. Therefore, the times between each pair of successive
events is exponential distributed with parameter alK ug K resp. af ug K. Since
the random variables X+ are independent of A%’ and the sum of a geometri-
cally distributed number of independent exponentially distributed random vari-
ables is again exponentially distributed, we get that inf{r > 0: A,K 1= K 1} and
inf{r >0: AtK 2 =K 2} are exponentially distributed with parameter alK ug K le ,
respectively, af ug K pf .0

6.6. No surprises happen before the successful mutant invades. In the next
lemma, we prove that a mutant invades with high probability before the resident
population exits the neighborhood of this equilibrium, before too many different
mutant traits are present and before a mutant of a mutant appears.

LEMMA 6.8. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold
and let M be the constant of Lemma 6.3. Then

- —1Ip[pkK K K
(6.65) Kh—r>noo Ok P[Qinvasion = Qdiversity A eXp(Ka) A Omut. of mut.] =0.
PROOF. We start with proving the following:
K I+ay—1 \ oK K
(6.66) IP)[ediversity < (K”KUK+a) A Oinvasion /N Omut. of mut.] = 0(ok).
Define
0, fors<inf{t>0:A45%=k},
252 )= 2] (w45 —inf{r = 0: AF? =k)),
fors > inf{t >0: AK? = k).

By construction of AK.2 and ZK 2 the left-hand side of (6.66) does not exceed

Ak
, 3 1oy~
P|:lnfil >0: Zﬂ{llef,z(z)fwkm > [aw — 1} < (Kugoy™)
k=1

+ o(ok).

(6.67)
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Next, we compute an upper bound for the mutation events that happen before
(Kugo lJ“)’) I Since A2 is a Poisson counting process with parameter a2 ugk,
Chebychev’s inequality implies that

K,2
Var(A jolH- ) 1

(6.68) IP’[A(I;’z Ly = 203 Ko7

IA

—1 K _—1-
(2aX o' 7?2 a2 o -

Next, we need an upper bound for the lifetimes of the mutant’s traits, TkK’z. First,

observe that the probability that Z ,f( 2 goes extinct after it has reached the value
[eok K| converges to zero very fast. More precisely, Propositions A.3 and A.4(a)
imply that

Plinf{r > 0: [ = er 1} <inflr > 5 : 5% =0} < o0]

= P[inf{t > 7. : ZX? =0} < o0]
(6.69) K,2 K,2
—Plinf{t >0: Z,“ = [eox K1} > inf{t > 4 : Z;/ "~ = 0}]
— ofexp(—K¥).

Note that, for each k, Z ,f ’2, conditioned on extinction, is a subcritical linear birth—
death process (cf. [18]). Let Zf 2 denote the conditioned process. If Z,f 2 is sub-
critical, then conditioning has no effect, otherwise the birth—death rates are ex-
changed. Denote by b ,f 2 the birth rate and d kK 2 the death rate of Z ,f 2. Then there
exist uniform constants, él > 0 and éz > 0, such that élaK < c?,fz — l;,fz <
éQO’K, for all k < IX-2, Thus, [2] page 109 entails, for all £ < 152

v YK2 K2\, v~
dlf{’z (dk —by, )tdK,z

(6.70) P[TX? <1]> = .
[ k ] b/fz e(dk _bk );dKz

— ofexp(—K ).

The error term o(exp(—K %)) appears since Z ,f( ’2, for k < I5-2_is conditioned on
extinction before reaching the value [eox K and not only on extinction. Choose
t = (df?* = bSH " In(K), Then
P17 < (dg =B %)™ (k)]
B df*1 - k)
b1 - K) — K@ = b5?)

o(exp(—K ™))

(6.71)
JK2 _pK2
=1+ k k - —o(exp(—K %))

bE2(1—K) — K@ —bE?)

=1- O(O'KKi )
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and hence

(6.72) PVl <k < 152: 152 < (Crox) ™' In(K)] = 1 — 0(0k).

Therefore, we can bound the first summand of (6.67) by 2a§ O =% times the

probability that more than [3/«] — 1 mutation events of AK2 take place in an
interval of length (C 1ox) " 'n(K). More precisely, (6.67) is smaller than

K _—l-« K.,2
(6.73) 2ay o P[A(élax)*l (k) > [3/a] — 1]+ 0(ok).

Thus, for & small enough, the proof of (6.66) is concluded by the observation that

K2
PLA G oty 2 13701 = 1]

_ bk @on i) g @ik Gl nK))

674 i=3/al—1 1!
6.74) K S [3/a1-1
<(ay uxK(Ciog)™ In(K))

= o(og™).

where the last equality holds since ug Ko ! In(K) < (og)¥.
Next, we want to prove that

K 1 -1 K K
(6.75) ]P)[Qmut. of mut. < (KMKGK+Q) A Oinvasion A ediversity] = 0(ok).

Set, for all A > 0,

(6.76) G(\) = E[exp(—k /0 “ 2z dt) ‘zo = 1},

where (Z;,t > 0) is a linear birth—death process with individual birth rate b and
individual death rate d. Applying the strong Markov property and the branch-
ing property at the first jump time of Z and using the facts that G(1)? =
Elexp(—A [g° Z; dt)| Zo = 2] and E[exp(—ATerst jump)| Zo = 1] = 254, we ob-

b+d+r’

tain
(6.77) bG(W)? — (b+d+1)G() +d=0.
Thus, since

. . w

E{%G()\) = klil&)lE[eXp(—)\,‘/(; Zt dt)l{fextinction<oo}‘zo = 1:|

(0,0

(6.78) + k{%E[CXP(-A/O Z; dt)]]'{fextinctionZOO} ’ZO = 1i|

= IP[Textinction < 00] + 0,
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which is 0 in the subcritical case and 1 — d/b in the super-critical case, it follows
that

b+d+xr—/(b+d+1?—4bd
2b ’
Let Z ,f ’z(t) =7 ,f ’Z(Tk + t), that is, a linear birth—death process with birth rate

bf 2 and death rate dkK 2 Observe that Jo° Z,f ’2(1‘) dt gives an upper bound for
the sum of the lifetimes of all individuals with label k. Since the mutation rate of
any individual in the population is smaller than bu g, the probability that a mutant
appears, which was born from an unsuccessful mutant with label &, is bounded
from above by

1— E[exp(—uld; /OO Z52 @) dt>
(6.80) 0 N
<1l- E[exp(—uKl;_/(; Z,f’z(t) dt)

Since Z ,f ’z(t), conditioned on extinction, is a subcritical linear birth—death pro-
cess, the right-hand side of (6.80) is equal to 1 — G (ugb) +
o(exp(—K*%)) and

G

(6.79) G =

: ~K.2
Textinction < ll‘lf{l‘ >0: Z]f’ (t) > 8GKK}j|

Textinction < OO] +o (exp(—K a)) .

5K.,2
E[Zk | Textinction <0©]

5 ugh
E[nyz|fexlinclion<oo]( K )

K2+ a2 L ugh — JOF? +df? 4 ughy? — 4K 2af?

252

if dX? > pK2,
dE? 4 bf 2t ugh — @2+ bF? +ukb)? — 4df bk
2452

.1 K2 K.2
itb, " >d,

205 +ugh — O(ugog")
22

2d5? +ugh— O(ugogh
24

. K.,2 K.,2
, ifd, " >b, ",

o1 K2 K2
, ith, " >d,

=1- O(uKUEI) =1- 0(0,3+aK_2“).

Note that we used for the second equality that |b,§ 2_d kK ’2| =&ok forsome§ > 0.

By (6.68), the total number of unsuccessful mutations until (Ku Ka}f“)*] A

Qifvasion A 9(§V6rsity is with probability 1 — '0‘(01() smaller or equal 2a2K % 1—a
Therefore, we finally obtain that the probability to have one mutant of an unsuc-

cessful mutant during that time is o(og). On the other hand, let PtK be a Poisson
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counting process with parameter bu g o K and (ZK ’ 1, t > 0) a linear birth—death
process with initial state 1 and birth rate bk 1(YII{< ) and death rate d%- I(YK ),
then the probability to have one mutant of the successful mutant until the fime
(Kugo ™)~ A Qllrfvasm A edlversny is bounded from above by

5K, 1
[ K1 750| echK TOZK ]+0(UK)

F(YKK

7K, 1 7K, 1
(6.81) =E[1 & 120, 25k }+1{TZK;< y })|r§,KK<rOZ ]+ o(ox)
SC!K
srrKK

- ZK,] ZK,l ZK.]
< (1 —exp(—bugeogx Ktx)) + Pltio x > tk|Tig, x <75 |+ o0(ok),
for each rx, because the mutation rate per individual is bounded by bug and there
are at most eog K successful mutant individuals alive until 6.5 If we choose

invasion*
txk = ln(K)ch1 o/2 , then by Proposition A.4, all terms in the last line of (6.81)

are o(og). This 1mphes (6.75).
Note that we have 6.X =15k +inf{t >0 : S)J?IK(T)TIKH) > gog K}. Let

invasion
EK-1 be an exponential distributed random variable with mean af< le oxugk.
Then

K“

Ne A emut of mut. ]

. K .

6 82)P[TIK +inf{r > 0: 9! (r, g +1) > cog K} > Qéfversity
>P[EX! + Tllf(’l > (KMKGII{+“)_1] —o(ok).

Let ZX:1 as defined before, then again by Proposition A .4,

© 83I)P[T1[;] > ln(K)UK1 a/z] P[TSZ(,[;K > ln(K)CIK1 01/2|TSZUKK < TOZKJ]
=o(ok).

Since ln(K )o*K1 —o/2 < (Ku KUH'O‘) I the Markov inequality for the function

f(x) =x", where n is smallest even number which is larger than 2/«, yields

PEX! + Tjx > (Kugog™) ']

(6.84) <P[EX!' > @Kugolt) ™'+ o(ok)
2Kugog ™) n!
= (KMIfGK rn = 0(0%)-
(a1 P ug Kog)" U

The following lemma shows that there are no two successful mutants during the
first phase of an invasion.

LEMMA 6.9. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2 hold

and let M be the constant of Lemma 6.3. Then
lim op IP’[there is a successful mutation in time interval [t;x , 6 =0.

1nvaslon]]
K—o0
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PROOF. Let PX. (¢) the process which recodes the number of successful
mutants born after t;« until 7;x + ¢. Then

(6.85) P[for all 7 > 0 such that t;x +1 < 6% : PK (1)< PX]=1-0(0x),

where PIK is Poisson process with parameter af pf oxug K. Define Z;{K’Z () as
in Lemma 6.5. Then P[Vt < K : /" (5,) < zf,;z(r)] > 1 — o(ok). Note that

PX and ZX-? are independent by construction. Therefore, as in the last lemma, or
each rg,

P[there is a successful mutation in [z;x, 6:X . 1]
K2 K2
fIP)[PKZKZ #O|T§TKK<TOZ ]+0(O’K)
eog K
(6‘86) K K ZK,Z ZK.2 ZK,Z
< (I —exp(—ay py oxux Ktg)) + Plt/o x > tkltic x <70 ]
+ 0((7[().
With g = In(K)oy 1o/ 2, by Proposition A.4, all terms in the last line of (6.86)

are o(og). O
6.7. Finishing up: Control of the distribution of the next resident trait.

COROLLARY 6.10. Fix ¢ > 0. Suppose that the assumptions of Theorem 6.2
hold and let M be the constant of Lemma 6.3. Then there exist two X-valued

random variables RlK’1 and RlK’2 with distribution

P[RS = RX + oxh]

(6.87) M(RX, gk (1 r
( ’K)Q1()+1_p11(’ lf'hzl,
M(R*, h)qi (h
( K)ql()’ ifhe{2,..., A}
D>
and

P[RE? = RX + okh]

( ’K)ql(), ifhell,...,A—1),
— %)
M(RX, A)gK (A K
( K)Ql()+1_p_1K’ ifh=A,
P; P
such that
. 1 K1 K2 ¢
Klgnoo Ok (1 - IP)[Rl =< RIK < Rl Ieiln{vasion < Q&Ii(versity A infut. of mut. eK ])
(6.89)

=0.
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PROOF. Define

RKI _ Yk, if 1561 = 152,
! RK + ok, otherwise,
and
RK2 v, it 1561 =152,
! RK + Aok, otherwise.

By construction of B,f and Y kK ’i, we have that (6.89) holds. Next, we compute
Py, =R" +oxh, 15" =157

=P[YX =RX +oxn, BN =11Bf? =1]

(6.90)
PlYK = RK +oxh, BE' =1]
B PBX2=1]
_ M(R¥, h)gf (h)
- s

K K
and P[IK1 £ [K2) =1 — 34 w =1— pK/pK. Since IP[RIK’] —
2

RE +oxh] =PIYK, = RE +ogh, 15! = 1%2] + 14—y P[I 5! 3 152] and
similarly for R{%, we deduce (6.87) and (6.89). [

7. The second phase of an invasion. Theorem 7.1 below describes precisely
how the invading mutant replaces the resident population. This section is the cen-
tral piece of the entire paper.

NOTATION. Let us denote

OF ion = inf{t > 6K - [Supp(9X)| =1 and | (¥, 1) — Z(RF)| < (M/3)eok

invasion *

that is, the first time after Hi’rfvasion such that the population is monomorphic and in

the (M /3)eok-neighborhood of the corresponding equilibrium.

THEOREM 7.1. Fix € > 0. Under the Assumptions 1, 3 and 4, there exists a
constant, M > 0, such that, for all K large enough:

() o = NKc K18 gk, where [Z(R®) — NK K~'| < (M/3)eok as.

(i1) At the first time of invasion, 9i1n<vasion’ the resident density is in an eMok -
neighborhood of Z(RX), the number of different living mutant traits is bounded
by [a/3] and there is no mutant of a mutant, with probability 1 — o(og). (cf.

Theorem 6.2).
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(ii1) The time between vaamon 1o/ 2
with probability 1 — o(ok).
(iv) The trait of the population at time Gf{iation is the trait of the mutant whose
density was larger than sog at time 60X that is, Supp(f)e,( )= (IX, RK)

fixation

with probability 1 — o(ok). The distribution of R] K" can be approximated as in
Corollary 6.10.

and Gﬁxatlon is smaller than 5In(K)o

invasion’®

Moreover, until time Géf(ation, the total mass of the population stays in the O(ok)-

neighborhood of Z(RX), the number of different living mutant traits is bounded by
[a/3], and there is no second successful mutant, with probability 1 — o(og).

To prove this theorem, we divide this phase into five steps, as illustrated in
Figure 2.

K K . ) .
Step 1. From 6, . = t0 00 ... the first tmqe when a mutant’s dgnsny
reaches the value &. During this period, we approximate the mutant density by

a continuous time branching process, which is super-critical (of order og ). Thus,

we obtain that Qrfut size £ Olfvasm is of order (In(K)o ! ).

Step 2. From 6K . ok .. ce > the first time when the mutant density
reaches a value CZ,  [defined in equatlon (7 1) below]. This step can be seen as the

“stochastic Euler scheme.” The idea is that the total mass of the population stays
close to a function which depends only on the density of the successful mutant.
This allows to approximate the number of mutants by a discrete time Markov chain
until the mutant density has increased by . Furthermore, we control the number of

jumps needed to increase by & and use upper and lower bounds for one jump time

population size
A

z(y) -

Z(x)

..r\r‘\ W— AL “x’u’"‘.ﬂ\f’ R

Cr

Cross

9!\ H!\ HK . 0}( x 91\

invasion mut. size e Y mut, size CF,.. res. size ¢ res, size 0 9[1;(411:)“

FIG. 2. Evolution of the population after the destiny of the successful mutant has reached the
value e .
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of the associated continuous time process to control the time of this step. Then we
recompute the parameters and start again. Iterating, we obtain that 6%

mut. size Ce
K
O mut. size ¢ 18 also of order ln(K)aK .
Step 3. From Gmut size Ct,o,, until ere(s size - the first time when the density of

the resident trait RX decreases to the value . The proof is very similar to the
proof of Step 2, the only difference is that we approximate the number of resident
individuals by a discrete Markov chain, which decreases slowly.

Step 4. From 6K . until 9K . . the first time when the resident trait R
goes extinct. We approximate the dynamics of the resident trait by a continuous
time branching process which is subcritical (of order o) and, therefore, goes ex-
tinct, a.s., after a time of order In(K)o L

Step 5. From Gm size 0 until efﬁation’ even if it is unlikely that this time period

is larger than 0, we have to obtain an upper bound for this time.

NOTATION. Fix ¢ > 0. Suppose that the assumptions of Theorem 7.1 hold.
Set

o b)) —d)\ e
(7~1) Cgross = ’7(;2/% c(x, x) )8 1—‘ 5, and
00
(7.2) 02Ksucc. mut. = inf{t >0: Z 197{"(13[)250,(1( >3 } .
k=0

Moreover, for any & > 0,

(7.3) oK

mut. size § =

=inf{r >0:3k >1: Mk () = [EKTY,
(7.4) oK

res. size € =

= inf{r > 0: M°(5,) = [EK T},

and let Sx be a sequence in K such that 1 < Sx K cog I

REMARK 6. Using similar arguments as in the proofs of Lemmas 6.3, 6.8
and 6.9, we obtain

—1-a/2

—1 K K K K“
(1.5) hm UK P[elnvasmn +5 Ok hl(K ) > Qdiversity A 92 succ. mut. /\ € ] =0.

A O e mut. A €Xp(K®) the total mass of

the population stays with high probability in the O (o) neighborhood of Z(RK).
This can be proved similarly as Lemmas 6.3 or 7.2. Since we have only an ap-
proximation of order ox (not eog ), we have less precise bounds for the rates of
the mutants and for their success probability. Nevertheless, we can bound the mu-
tant subpopulations from above by linear branching processes which are slightly
super-critical of order ok .

More precisely, until the time Qcﬁversity
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7.1. Step 1: A mutant’s density reaches the value ¢. The following lemma
shows that the total mass stays from the beginning (including the first phase) until
oK in the Meog neighborhood of 7(x).

mut. size &

LEMMA 7.2. Fix € > 0. Suppose that the assumptions of Theorem 7.1 hold.
Then there exists a constant M > 0 (independent of ¢ and K) such that

lim og 'P[inf{r > 0: [(},, 1) — Z(R¥)| > Meok)
(7.6) -

K K K a\]
< emut. size e /N 92 succ. mut. 7\ ediversity A\ eXp (K )] =0.

PROOF. The proof of this lemma is very similar to the one of Lemma 6.3,
therefore, we omit some details. Define

(1.7 X, = (b, 1)K — [KZ(R¥)]].

We associate with the continuous time process X; a discrete time (non-Markov)
process Y, which records the sequence of values that X, takes on.

CLAIM. Forl <i<eK and K large enough,

. . K K K
(7.8) P[Y’H'l =i+ 1Yy =10, Tht1 < Onucsize ¢ A 02 suce. mut. A ediversity]

<5~ /4DK i + (€7 A b)eox = pE ().

where C ,li’d’c is the sum of the Lipschitz constants for the birth, death and compe-
tition rate.

This can be proven exactly as in Lemma 6.3, using the facts that b(RK) =
d(R¥) + ¢(RX, RX)Z(RX) and that all mutant traits are at a distance of at most
2Ack from RX, and hence, |b(x) — b(RX)| < Clok2A, |d(x) — d(RF)| <
C‘LiaK2A and |c(x,y) — c(RX, RK)Y| < Cjok2A for all traits x and y alive in
the population. By continuing as in Lemma 6.3, we obtain (7.6). [

K _91(

Next, we prove that emvasion mut. size &

the following notation.

is smaller than ln(K)olgl_a/z. We use

NOTATION.

0% =inf{t = 0:(V;, 1) — Z(R®)| > Meok} A 05 e, mut. /N Odiversity-

LEMMA 7.3. Fix € > 0. Suppose that the assumptions of Theorem 7.1 hold.
Let M be the constant from Lemma 7.2. Then

mut. size & invasion

(7.9) Jim o POy, > (6K asion + (K)o %) A6K] =0.
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PROOF. To prove this lemma, we use a coupling with a linear continuous time
birth—death process. From the results on Phase 1 and Lemma 7.3, we know that
BIIvaaSlon is, with probability 1 — o(og), smaller than 6K Recall 1K = k1, the label
of the first successful mutation [see (6.4)]. For any ¢ € (vaamn, 6K, any indi-

vidual of 91 (%) gives birth to a new individual with the same trait, RIK , with
rate

(7.10) (1 —ugm(RF))b(RE) € [b(RK) — ukb, b(RF)],

and dies with rate
(7.11) d(RK +/ (R, £)dD (8),

which is smaller than dz = d(RK) + c(RK, R®)(Z(RX) + Meok) + c(e +
[3/a]ok)Aok. Similarly as in Lemma 6.5 we construct, by using a standard cou-
pling argument, a processes Z; such that

(7.12) Zr <M Gpx L)

mvasmn

for all ¢ such that 6.5 +1<6K A inf{t >0: MK (D,) > ¢K}. The processes

invasion
Z; is a branching process starting at [eog K |, with birth rate per individual bz =

b(RlK ) — bug and with death rate per individual dz. For all ¢ < inf, ¢y %,
we have
bz —dz > f(RK, RX) —Cox (Me + A(e + [3/a]ok))

7.13
( ) a1 f(x,x)
—

o ot
X

Thus, Z; is super-critical of order o . Let tl.Z be the first hitting time of level i by
Z;, then by Proposition A.4
(7.14) Pltfixy > 6] <exp(—K?).

Furthermore, we have the following exponential tail bound (see [1] page 41):

1—a/2
P[T[slﬂ > In(K)og —o/ |Tr€1<] < ‘L'OZ]

B ( { In(K)og '~ J)
<exp|— ,
emax,<[sK] En[trsm |trZ€,ﬂ < tOZ]

(7.15)

and max,<rsk] En[T[ZEKﬂT[ng < ‘L’OZ] < O(In(K)og) (compare with Proposi-
tion A.3). Therefore,

(71.16) Pl <In(K)og "= (1— e ) (1 = e K") =1 = 0(0%),

which implies the claim. [J
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7.2. Step 2: The mutant density reaches a value Cg. . (stochastic Euler
scheme). Recall that the trait of the successful mutant is RX + oxh where
he{l,..., A}. Due to the regularity assumptions (iv) in Assumption 1, we have
the following estimates:

b(R® +oxh

d(R® 4+ oxh

(RK +oxh

(7.17)  ¢(RX +oxh, RX
c(R®, RX +okh

b(R¥) + b/ (R®)oxh + O((okh)?),

d(R¥) +d' (R®)oxh + O((okh)?),

r(R®) + 1 (R®)oxh + O((okh)?),

c(RX, R®) + 81c(RX, RS Yok h + O((okh)?),
c(RE, RX) + 82c(RX, R®)oxh + O((og h)?),
c(RE, RX) + (81¢(RX, RX) 4 92¢(RX, R¥))oxh
+ 0 ((okh)?).

)=
)
)
)
)
c(RX +oxh, RX +oxh)

The deterministic system. Although we cannot use a law of large numbers, to
understand the behavior of the stochastic system it is useful to look at the properties
of the corresponding deterministic Lotka—Volterra system. The limiting system
when K — oo, with og = 0, takes the simple form

(7.18) de =m?(r(R¥) — c(R¥, RX)(m? + m}")),
ki
@19 Tl (RE) RN RK) nf ).

The corresponding vector field is depicted in Figure 3. This system has an invariant
manifold made of fixed points given by the roots of the equation

(7.20) m® +m*t = r(R¥)/c(RX, R¥) = Z(R¥),

with m%, m¥1 > 0. This manifold connects the fixed points of the monomorphic
equations, (Z(R Ky, 0) and (0, Z(RX)). Note that Z(RX) has the interpretation of
the total mass of the population in equilibrium. A simple computation shows that
the Hessian matrix on the invariant manifold is given by

0

0
nm m
(721) H(m", m") = —c(R¥, R¥) <mk1 mkl)'

The corresponding eigenvectors are (1, —1) with eigenvalue 0, and (m°, Z(RX) —
mP) with eigenvalue —c(RX, R¥)z(RX).
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‘ unperturpedsy§tem ‘UK=O‘ ‘ per@urbed‘syste‘m UK=0.01
I/ A !

ﬁff/”/%/ /////% TN

08t ‘rff//’/{//,//r///// ] 08t ;? f

0.6 Tf;ff/ //J}/"//’,//%///////;? 1 0.6 ( f

2R

ol M ’f

0.2F ;/Zé///f//ﬁi/.’;'///gf;: 0.2 ?
e

R e ool
00 02 04 06 08 10 00 02 04 06 08 10

FI1G. 3. Right: Vector field of the unperturbed system (cg = 0), Left: Vector field of the perturbed
system (og = 0.01). Parameters are given in Table 1.

It follows that the perturbed system

d 0
(7.22) Z’ = m(r(RX) — c(RX, RK)m® — c(RK, RE + oxch)m!),
dmp' 0
T mtl(r(RK +oxh) — c(RK +oxh, RK)m,

(7.23) .
— c(RK +oxh, R + oxh)m;"),

has an invariant manifold connecting its fixed points (z(RX),0) and (0, Z(RX +
oxh)), where Z(RX +oxh) =r(RX + oxh)/c(RX +oxh, R +0xh) ina og-
neighborhood of the unperturbed invariant manifold (see Figure 3). Thus, the per-
turbed deterministic system will move quickly toward a small neighborhood of
this invariant manifold and then move slowly with speed O(ok) along it. Since
the invariant manifold is close to the curve m® + m*1 = Z(RX), it is reasonable to
choose as variables M; = m? + mlfl. The motion of the system will then be close
to the curve qg(m]fl) defined by the condition that the derivative of M, vanishes for

M; :é(mfl)'

TABLE 1
Parameters of the Figures 3

b(RK)=2 d(RX) =1 c(RK RKy=1 c(RE, RK 4 6xh)=1-20k

b(RX +oxh) d(RX +oxh) c(RK + oxh, RK) c(RK +oxh, RK +oxh)
=2+0’K =]—G’K =1—20K =1—0’K




1136 M. BAAR, A. BOVIER AND N. CHAMPAGNAT

Since
dM,
dt
(7.24) —[(01c(R¥, RX) + d5¢(R¥, RX)) M, — ' (R¥)]ok hm]!
+ 0(o2).
Setting the right-hand side to zero yields the leading orders in og

30k — =(RK i’ r’(RK)_81c(RK,RK)+82c(RK,RK)>
. 25?(”% )—Z(R )+O’Khmt (r(RK) c(RK RK)

= M,(r(R®) — ¢(R¥, R®)M,)

+ 0(o3).

We expect that the stochastic system also evolves along this curve, that is, we
will show that m*! increases while the total mass stays close to the curve defined
in (7.25).

Define the function

_ r'(R®)  01c(R®, R¥) + doc(RX, RY)
7.26 =7Z(RX h ( - )
and the stopping time
(7.27) bpear piy = 0F1 = O sire 1oy * [ 1) = p(i(/2))] < (M/3)eok ).

The dependence of ¢ with respect to the mutant density allows us to decompose
the increase of the mutant density into successive steps during which the total mass
does not move more than Meog.

LEMMA 7.4. Fix € > 0. Suppose that the assumptions of Theorem 7.1 hold.
Then there exists a constant M > 0 (independent of ¢, K and i) such that and for
all2 <i <2¢7'C¢

Cross*

(a) Soon after ok

mut. size i (e/2)” the total population size is close to ¢ (i%):

: -1 K K K K
Kh—r>noo Ok IP>|:9near ¢35 > (Qmut. size i(e/2) + SK) A 02 succ. mut. /\ Qdiversity

1
pintle 2 08, e i3z o) = (125 ) @2k ||| =0
(b) A change of order ¢ for the mutant density takes more than o(o Y time:

1
lim a,;llp[inf{r > Ot size i(ey) - Tk = 1M () = Kz + 5)(8/2)1<”

K—o0

K K K K
< (Qmut. sizei(e/2) T SK) A Opear PGi%) A 07 suce. mut. N Gdiversity:| =0.
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(c) At the time when the mutant density has changed of order ¢ the total popu-
lation size is still close to ¢ (i%):

lim a;IP[inf{z > oK :

K — 00 near ¢ (i §)

~ &
(vg, 1) — ¢<15>) > MsaK}
K K
< 02 succ. mut. /\ Qdiversity

Ainf{t > 0K iy 13> 1M @) =[G £ D(e/2)K] }] =0.

(d) A change of order € for the mutant density takes no more than (iog)~'~%/?
time:

1701/2)

: —1 K K : — K
lim Ok IED[enmt. size (i+1)(e/2) = (Qnear ¢G5 + (iok) A 92 succ. mut.

K—o0

A Ofversity A inffr = erfgm(i%) L [(Dr, 1) — #(i(e/2))| > Meok }] =0.

REMARK 7. For each ¢ > 0, Lemma 7.4 implies that the mutant density
reaches the value C¢, ., with high probability, since ¢ is independent of K. More-
over, forall € > 0,

In(K)
P[Grlrfut. size CE o > <OI§ut. sizee T m) A 92Ksucc. mut, N edli(versity:|
o
(7.28) K
= o0(ok)
and
(7.29) P[|(Pyx 1) — ¢(Cloy)| > Meog] = o(ok).

H 13
mut. size Cgrogs

PROOF. We will prove the lemma by induction over i. Base clause: Com-
pare with Lemmas 7.2 and 7.3 that there exists a constant M > O such that
(Vg 1) — ¢ (0)] is smaller than Meok and that A

mut. size &

K K
emut. sizes < 92 succ. mut.
Qc{i{versity both with probability 1 — o(og).
Induction step form i — 1 to i: Assume that the lemma holds true for i — 1, then
be prove separately that (a)—(d) are true for i, as long as i <2e71C% . O
PROOF OF (a) FOR i BY ASSUMING THAT THE LEMMA HOLDS FORi — 1. In
the proof, we use the following notation:

K _ pK K
91’ = 02 succ. mut. /\ Qdiversity

) - R A
/\lnf{t > 9r1n<ut, size i(€/2) -3k > 1: gﬁk(\)t) = ’7<l + §>§K—‘}
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Note that éiK differs from 6K defined in Lemma 7.3. We will prove (a) provided it
happens before 5iK and we use the estimates of step (b) for i to prove that it indeed

happens before éiK with high probability.
If the lemma is true for i — 1, we know that [with (d)],

(7.30) }P’[

~ . £
<verln<ut. sizei(s/Z)’ ]l> B ¢((l - 1)5)‘ < MSGK:| =1- O(UK)-

Since ¢ (x) — d(y) = O(h(x — y)ok), we have with probability 1 — o(ok) either

(B, 1) — ¢(z§)’ < (M/3)80K}

inf{l‘ = inq(ut. size i(s/2) *
(7.31)

_pk
— Ymut. size i (¢/2)>

which implies (a) for 7, or at least

<f)911rfun sizei(e/2) 1) — ¢<l§>’
r'(RKY  (81¢(RX, RX) + 9,c(RX, RX))
- <M+ 'h<r<RK) B c(RK RK) ) )”K'

Similarly, as in many previous lemmata, we want to couple K (v;, 1) with a discrete
time Markov chain. Therefore, let

(7.33) Xi = ’K(Dt, 1) — ’1/5(1%)1(—‘

(7.32)

’

and Té = Gnlfut. size i(2/2) and (Tk" )k>1 be the sequences of the jump times of (v, 1)

K
after 0. e (/2"

records the values that X! takes after time 0

Then let Y, ,ﬁ be the associated discrete time process which

K
mut. size i(¢/2)"

CLAIM. There exists a constant, chd.c > 0, such that for all

derivative
[Cgéﬁ’viuivesolg K1 <j<TeK]and K large enough,
o xy |

(7.34) P[ ,;+1=J+1|Y,;=],Tn+1<0,.K]55—sa,<=:pf

Moreover, we can choose
b,d,c

(7‘3 5) derivative /
= sup (4b(x) + A M —01c(x,x) — dhe(x, x) )
xex ¢(x,x) r(x)

If (0, 1)K > [¢(i(e/2))K] at time t = T,f, then (f)Tn,-, LK =[¢(i(e/2))K] +
Y,’; and, conditionally on .7-"Tni, the left-hand side of (7.34) is equal to the probability
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that the next event is a birth. Namely,

Zkzo b(hy (GT,;‘))fmk(fJTr{)
k=0, 1 (V7)) +d(hi, 1 (070) + [y x €Chi 1 (D7), &) d by (@)gmk(ﬁm)

< <b(RK)Zimk(f)T’§) +oxhb' (RF)MY (57:)
k>0

+Ch2A0k ’72—‘61(81( + 0(<;,%K)>
RX, RK N .
(7.36) X (Z (b(RK) +d(R*)+>° %m"(unﬂﬁnk(um)

k=0 k=0

+ aKhimkl(ﬁTn,-)<b/(RK) +d'(R¥)

d1c(RX, RX) 4+ 0c(RX, RX i )
+ IC( )K ZC( )(mO(VTrf)—i_mkl(v];;)))
—1
— (C)*)2A0k [3/alogeK ~ 0(0,%1<)) .

For the inequality, we have used the fact that, conditioned on 7, < 9~iK, there
at most oxe[3/a] many unsuccessful mutant individuals which differ at most
2Aok from the resident trait RX. Since Zkzoimk(f)m-) = (f)T’{, 1)K which equals
[¢(i(e/2))K] + j conditioned on j = Y,i, the right-hand side of the last inequality
is smaller or equals

MK (i)
n 0 2
"6GE/ KT+ ("K))

[P(i(e/2)K] +j
K

(b(RK) + oxhb!(RK)

x (b(RK) + d(R¥) + c(RK . R¥)

hOMA (1)
OK N X
[P(i(e/2)KT+ J

K pk K RK -
| hie(RF R¥) ;2826<R . R )(mo(ﬁT;)Jrankl(ﬁT,;)))—0(01%))

and by definition of ¢ the denominator equals
0 (i)
[Ppi(e/2)KT+j

+

(v/(r%) + a'(%)

+e(RE, RE)L — 0(c2)

2b(R¥)og + 20k hb' (RY) e

/ RK
+ cr;dz[i%(% + 31¢(RX, RX) + d2c(RX, RK))
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,‘Jﬁkl(vT,)
d'(R¥) —b'(R¥
f¢(z(e/2))1q+]< (RT) = b'(R)

d1c(RE, RK) + 8,c(RK, RX) 3 3
+ K (SmO(VT,;‘) + fmkl(VTni)))]
Thus, we obtain that the right-hand side of (7.36) is bounded from above by
1 (R, RX)

0 gl
2 T3b(RK) 7

oxh |:.£ r'(RK)
~ 4b(RF) l_<Z(RK)
m 1 1
(VT) ( r/(RK)
r¢(z (e/2NDKT+j
91c(RX, RKY + 8,c(RK, RK)
+ K

In the case where (V;, 1)K < [¢(i(e/2))K] at time t = T,f, we obtain the same
inequality but with an opposite sign in front of the third term. Since

i_sr’(RK) _mkl(f)Trf) I"/(RK)K
2 Z(RK) K [p((e/2)K1£j

— 1c(RK, RK) — dpc(RK, RK))

(zmo(f)m) + ok (am-))ﬂ + 0(o3).

e MKI(D)

r'(RX)

< (e/2) TRE) d1c(RX, RX) — 8yc(RX, RY)

’

we deduce the claim. Since we choose M such that M > 3C(li7erd1vcat1ve’ we can

construct a Markov chain Z! such that Z! > Y!, as., for all n such that T! <
QK A inf{t > Omut sizei(e)2) - Y1) — @ (i(e/2))] < %MSUK} and the marginal
distribution of Z, is a Markov chain with Zf) = Yé and transition probabilities

pf, for j1 > 1and j, = j; + 1,
(137)  PlZ, = plZ,=jh]={1-pK,  forji>1land jo=ji +1,
0, else.

Let Cexit = sup,cy 24|55 (;‘)) rdes if();iz)c(x )| Then, by applying Proposi-

tion A.5(b), we obtain, for all a < (M + Cexit)eog K and K large enough,

. . M
P, [inf{n >0:Z,>2(M + Cexit)eog K} < inf{n >0:27;, < (?>80'KK}:|

(7.38)
<exp(—K*).
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Next, define B! = inf{n >0: Z,i < %MsaKK}. This is the random variable, which
counts the number of jumps Z i makes until it is smaller than sog K. Note that
(T, — T,), the times between two jumps of X}, are exponential distributed with

a parameter (b(RX) + d(RX) + c(R¥, R®)Z(R¥)Z(RF)K + O(ok K), if T |
is smaller than QNiK . Thus,

(7.39) (Ti — 1)) < Ej.
where (E f)lzo is a sequence of i.i.d. exponential random variables with parameter
infycy b(x)z(x) K. Therefore,

P[oX

. &
near ¢ (i 5

mut. size i (g/2

(7.40)

Bi

1 hK K K

= P[Z Ell = SK] + P[Oi < emut. size i(g/2) + SK A Qnear ¢(i%)]'
=0

Our next goal is to find a number, n;, such that P[B' > n;] is o(ok). Since the
transition probabilities of Z' do not depend on the present state, we have that
ZZ — Zé has the same law as ) }_, Vki, where (Vki)keN is a sequence of i.i.d.
random variables with

(7.41) P[V{=1]=pX and P[Vi=-1]=1-pk

and IE[Vk"] = —2eo0k and |V,f| = 1. Furthermore, we get

. 3
P[B' <n;] > P[inf{j >0:Z;—Zp < —IV(EM + Cexit>80'KK—H < n,-]

(7.42) y
= IP)|:Z Vkl =< _’7<%M + Cexit)gO'KK—‘]
k=1

and by applying the following.

HOEFFDING’S INEQUALITY (Appendix 2 in [22]). Let Yq,..., Y, be inde-
pendent random variables such that, for all j e N, a; <Y; — E[Y;] < b; for some
real constants a;, b;. Then, for x > 0,

n n -1
(7.43) P[ZYj—E[Yj]ZX}ECXP<_ZXZ<Z(aj_bJ')2> )

j=1 j=1

we obtain

n
(7.44) ]P’[Z Vi > —2eokn; + (ni)%+“/2:| < 2exp(—(n;)%).
k=1
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With n; = [K(3M + Cexit)1, We get —2eoxn; + (nj)2+e/? < 1M +
Cexit)é0k K, since K3t
ity (with A = K%)

<« ok . Applying the exponential Chebychev inequal-

[K(3M+Cexid)]
]P)[

Z Eli>SKj|

=0

[K (3 M~+Cexi)]
< exp(—XSK)E[exp(A Z Ef)]

=0

<exp(—AS )( infyex b(x)z(x) K )rK(%MJrCexn)Hl
= K infyexy b(x)z(x)K — A

< exp(—kSK + ([K(%M - Cexitﬂ + 1>

X ln<1 + - )L_ ))
infyex b(x)Z(x)K — A

3 .
- infyex b(x)Z7(x)

Hence, the left-hand side of (7.40) is bounded from above by

exp(—K%) + 2exp(_ (K(%M + Cexit>)a)

+ IP>[9~iK < (enlfut. size i(g/2) + SK) A 91{231 ¢(i%)]-

(7.45)

+ O(AZK_1)> <exp(—K?).

(7.46)

This proves the lemma, if we can show that

(7.47) P[0 < (B, size i(e/2) + SK) A erﬁanﬁ(i%)] =0(0k).
According to Remark 6 and Lemma 7.3, we have that

(7.48) P[0 uce. mut. A Odiversity < Omut. size i(e/2) T Sk ] = 0(0k).

Therefore, the following proof of (b) for i implies (a) fori. O

PROOF OF (b) FOR i BY ASSUMING THAT THE LEMMA HOLDS FOR i — 1.
Note that the random elements B, T¢, Vi, Wi, X!, Y and Z' are not the ones of
the last proof. They will be defined during this proof. In fact, the structure of the
proof is similar to the one of (a), except that we prove a lower bound for the time of
a change of oder ¢ for the mutant density instead of upper bound for the time of a
with

change of oder eok of the total mass. We couple i)ﬁfl, for ¢t > Hr';fut size i(e/2)"

K

a discrete time Markov chain (depending on i). Therefore, let Té = Omut. size i(2/2)
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and (Tki)kzl be the sequences of jump times of E)ﬁfl after K Further-

mut. size i (g/2)"
more, let (lel)nio be the discrete time process which records the values that S)ﬁf'
takes, that is, Y = 2tk (b7i) =[Ki(e/2)] and ¥, = ok (V7;). Observe that if

K K
01’ > gnear #3%)

. ~ -8
A mf{t > QHIfm. size i(s)2) - (vg, 1) — ¢<1 5)‘ >2(M + Cexit)gaKK},

K
near ¢ (i §)

than inf{r > infut‘ size i(2)2) ° [(Vg, 1) — @ (i(e/2))| = 2(M + Cexit)eok K} is smaller
than exp(—K?). Define

we know from the inequality (7.38) that the probability that 6 is larger

N K :
0" = 1nf{t > Omut, size i(e/2) -

(5,1) — ¢>(i§)‘ > 2 + Coeon K |

(7.49) X X ©
A enear o (i %) A 92 suce. mut. /\ ediversity
and
(7.50) Chitmess = inf 31 f (x, x)/b.
xeX

Note that éiK + 0K Then, for all — [£K1 < j <T%K],for K large enough and for
& small enough, we have that

- e
P[Y,;H - (151(1 +i+1

yi = [igl{—‘ 4T < é,-K}
(7.51)
1

1 . 1 ~
€ [5 + ECﬁtnessO'Ka ) + 2Acﬁtness0K:|’

since the left-hand side of (7.51) is equal to the expectation of the probability that
the next event is a birth without mutation conditioned on F7;. Namely,
b(RX +oxh)(1 —ugm(RX —ogh))
(b(RK +okh) +d(RK +0kh) + [y, x c(RK + 0k h, §) dir, (£))

=b(RX 4 oxh) [b(RK +oxh) +d(R* +oxh)
K K L€ TI%KT +J
e(RK + o, £9)(o(i5) - TZEIE)

[i5K] +j>

+c(RX +ogh, RX —|—haK)( =

(7.52) +& (schz (m LM + cexio))]_l + Oug)
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= b(RX +0Kh)[2b(RK +oxh) — f(RX +oxh, RY)

+c(RK +oxh, RK)<¢(1'5) _ ﬂ)

2) ” ¢(RK,RK)
.£K + .
+oxhdse(RK, R’S(%)

(T3 -1
s (aaKcz(H I cexia)ﬂ + Oug)
for some &; € (—1, 1). By definition of ¢ of (7.52) is equal to
b(RX +aKh)[2b(RK +oxh) — 81 f (R, R®)oxh + c(RX +oxh, RX)ogh
e\ /r'(R%)  81c(RX, RK)
x (’5)(r(RK> ~ ¢(RK,RK) )
-1

+g (echz(m LM+ cem)))}

<—+O'K+UK>

=b(R¥ + aKh)[2b(R +okh)

_e c(RX, RK) K oK
—O'Kh(l—IEW)alf(R ,R )

(T3 -1 oK J 2
+& (saKCL(L;—‘ +2(M + Cexit)))} + 0<7 +og+ ”K)

1 e e c(RX, R)\ 01 f(RX, RF)
=5tk ( 2T A(RE) ) b(RK)
CS (214 2(M + Cexit))

b(RK)

+ 8(7[(§1

KJ
O\ ——
+ <K +(TK+MK>

implies that 1 — zgc(R(le) ) > 0, we obtain (7.51).

Thus, we can construct a Markov chain Z,’1 such that Z,i > Y,i, a.s., for all n such

1e
Then, because i < 2e™ C¢

that T! < X and such that the marginal distribution of Z! is a Markov chain with
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transition probabilities

1 ~ . .
5 + 2ACitnessOK for R=+1

(7'53) P[Z;H_l - j2|Z;l - ]1] - 1 - 2Aéﬁtne§§UK’ for j2 = jl - 1,
5 S

0, else.

I To do this, we define

We define a continuous time process, Z', associate to Z;,

first (T}) jeN, the sequence of jump times, by fé =0 and

L — if T < 6%
7.54 Ti—Ti =1/ "J=b J ’

(7.54) J j=l [ w3, else,

where W]’: are exponential random variables with mean ([K (i + %)(8 /21 +
d+ E(4E/g)))_1. We set Z; = Zil if t e [f,i, T1£+1)' Obverse that we obtain by
construction Z; > MK (D« : +1) for all 7 such that ergut_ sizei(ef2) T1S él-K .

mut. size i (¢/2

Next, we want to show that
~ . 1
(7.55) ]P’[inf{t >0:7Z, > [K(i + 5)(8/2)—” > SK] =1-—o0(og).

Therefore, let B =inf{n > 0: Z} = [K (i +5)(£/2)1}. We can construct (X");

K
i

v
n =

a sequence of independent, exponential random variables with parameter x
[K (i +3)(e/2)1(b +d +¢(4b/c)) such that

(7.56) (T}, —Tj))=X; foralll <;j<B/.

Our next goal is to find a barrier, n;, such that Bl-Z is smaller than n; only with very
small probability. Since the transition probabilities of Z' do not depend on the
present state, Z;iz — Zy is stochastically equivalent to Zl]c=1 V,f, where (Vki)keN
are i.i.d. random variables taking values £1 with probabilities

: 1 - . 1 .
(7.57) P[V{ =1]= 5 +2A4Csnessox  and P[V{ =~1] =2 ~ 2ACsuexs0K-

Note that E[Vlj] = 4AéﬁmessO'K and |Vk"| = 1. Furthermore, we get
j .
(7.58) P[Biz <n;] :IP’|:EI((8/4)K1 <j<n;: Z Vi > [(8/4)K-|i|.
k=1
Hoeffding’s inequality implies that, for j > [(¢/4)K T,

J
(7.59) P[Z V) > 4ACrinessOk j + ﬁ*‘”ﬂ] <2exp(—j%).
k=1
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We take ; = £ K (8 AChimessok )~ and get for all [(¢/4)K] < j <n;,
~ 1

(7.60) 4AChmessok j + j2 T < [(e/H)K],

since K~2+ « o. Then, the probability that B? < K (8ACfimessok) ™" is
bounded from above by 2exp(—K?). Therefore, the left- hand side of equation
(7.55) is larger than

e K (8ACfitnessok ) ™!
(7.61) IP|:

> X5 > SK} —2exp(—K?),
j=1

By applying the exponential Chebychev inequality, we get, similarly as in (a),

SK(SAéﬁtnessUK)71 )
IP’[ > X' < SK}

j=1

eK (8AChmessox) ™"
= IP’|:— > X' > —SK:|
j=1
< exp(K* S )E[exp(— K X}) ] K $ACesi0) ™!
~ xkK
(7.62) < exp(K%Sk) exp(sK(SACﬁmessaK)_l 1n(m))
< exp(K*Sk — K (8AChimessox) ' CK~119),
for some small C > 0,
<exp(—K*).

This proves that P[inf{t > 0: Z! > [K (i + 3)(¢/2)1} > Sk]1> 1 — 3exp(—K%)
and, therefore, (b) and (a) for i, provided that the lemma holds fori — 1. [J

PROOF OF (c) FOR i BY ASSUMING THAT THE LEMMA HOLDS FOR i — 1.
Note that the random elements 7, X', and Y’ are not the ones of the last proof.
As in (a), we couple K (Vy, 1) with a discrete time Markov chain. Therefore, let

(7.63) X =|K (%, 1) — [¢(i(e/2)K]|

and T(f = Gnlfm_ size i(e/2) and (Tki )i>1 be the sequences of the jump times of (v, 1)
after K

mut. size i(e/2)" Then let Y,f be the associated discrete time process which

records the values that X! takes after time 6K . i(2/2)"
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. ~b.,d,c .
CLAIM. There exists a constant Cyl i\ . Such that for all j < [¢eK] and K
large enough,

j . i . ~K
60 PlY, =)+ 1Y) =], Thy1 < 6]
~b.,d,c

(SR
— =jK " +eogC

_ K,/.
= 3b derivative = P+ ).

| =

~bde A r'x)
Moreover, we can choose C g3\ aiive = SUPxecx W(x)lm — dic(x, x) — dhec(x, x)|.

From (a), we know that the left-hand side of (7.64) is smaller or equals

1 RX RK
__C( )jK_l

2 3b(RK)
(7.65)
eogh |r'(RK)
8b(RK)| Z(RK)
This proves the claim. Note that pf (j) depends on j. Since we can choose M >

86b,d,c 3b

derivative ¢ * continuing as in Lemma 6.3 implies that (c) is true for i, provided

that the lemma holds fori — 1. O

dc(RX, RX) — 8yc(RX, RX)| + 0(o}).

PROOF OF (d) FOR i BY ASSUMING THAT THE LEMMA HOLDS FOR i — 1.
Again we couple imfl, for t > 9K with a discrete time Markov chain. Let

near ¢ (i 5)’
T(f = erﬁar 6(i5) and (Tki )i>1 be the sequences of the jump times of imf‘ after
Qrﬁa FHG5)" Then let (Y,’;),,Zo be the discrete time process which records the val-

ues that E)ﬁ];l , that is,

i _ ok (5 ie e\ _ A NET
(7.66) Y, =M (vT(;)e[K<2 4) 1,K(2+4 +1]

and Y,i = i)ﬁkl(f)Tni). Define

oK = inf{t >0

- €
rﬁarzp(i%) SV, 1) — ¢(l§>‘ > Meog
(7.67)

K K
A 62 succ. mut. /\ ediversity'

Note that this éiK differs only a bit from the one defined in (b). From the proof
of (b), we know that the density of the mutant trait has the tendency to increase.
More precisely, since i < Cg(2/¢), we have, forall -[7K7 < j <[5K], forK
large enough and & small enough,

P[Y,;'H = (i%l(—‘ i+ 1Y = [i%K—‘ + T, <éi’<}
(7.68) _
infyex 01 f(x, x)

2b

1
Z§+UK
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By continuing in a similar way as in (b) with bounding the random variables in
the in the other direction [as in (a)], implies that (d) is true for i, provided that the
lemma holds fori — 1. [

7.3. Step 3: The density of the resident trait RX decreases to e. Similarly, as
in Step 2, we define a function which allows us to approximate the total mass of
the population for a given density of the resident trait.

NOTATION. Let us define

¥ (x) =Z(RX) + ok h(Z(R¥) — x)
<r'(R’<) 81C(RK,RK)+820(RK,RK)>
r(RX) c(RK, RK) ‘

(7.69)

Note that ¢ (y) = ¥ (¢ (y) — y) + 0(012{). Therefore, and since |(Vyx ,

e CE
mut. size Cgrogs

1) — ¢(CE )| < Meog with probability 1 — o(og), we get that at time

Cross

Qrfut. size ce the density of the resident population belongs to an interval centered
at @ (CZoss) — Céoss With diameter 2(M + [3/a)eok with probability 1 —o(ok),
and hence

w (m()(ﬁenlful size C&ross )K_] ) = w (¢ (Cgross) - CCSI'OSS) + 0 (8012()
(7‘70) Cross

= d)(cgross) +0 (012()
with probability 1 — o(ok). Thus, the total mass of the population also belongs to

an interval centered at ¥ (¢ (CE, ) — Co ) With diameter 2(Meok + O(02)) <
2(M + 1)eok.

NOTATION. Let us define

C~‘goss = ((qs(cgross) - Cé:ross - 8)2/81 (8/2)
and
0

near 1/[ (Cgmss - %)

— 3 K :
= 1nf{t = emut. size Céross

(B, 1) — w(égmss - %)’ < (M/3)80K}.

Note that the term —e¢ in the definition of CX

Cross
~K : K
larger than C¢p at time 0 .. ¢

ensures that resident population is
g
Cross

First, we need a lemma to connect Step 2 and Step 3.

LEMMA 7.5. Fix € > 0. Suppose that the assumptions of Theorem 7.1 hold.
Then there exists a constant M > 0 (independent of ¢ and K) such that:
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(a) Soon after oK

mut. size C, the total population size is close to w(CcrOSS -5
—1 K
lim o IP>|:9near ¥ (Chioss—5) > emut size C& s + Sk A Oy guce. mut. A Qdiversity

K—o00
mo(f)t)z [( cro%si38/4) —I}] 0.
(b) A change of order ¢ for the resident density takes more than o(o g 1 time:

gﬁo(f)t) = |—( Cross + 38/4)K-|}

A\ lnf{t = emlﬂ size Closs

Klgn O—K P[lnf{t = emut size C& o *

K
< emut size C&oss + Sk A Qnear W (CE A 92 succ. mut, /N 0d1ver%1ty] 0.

Cross 2)

(c) At the time when the resident density has changed of order ¢, the total pop-

ulation size is still close to Y (C&o — 5):

&
<Vta Il—) ‘ﬁ(cgross - 5)‘ > M&‘O’K}

-1 K
Klgnoo Ok P[lnf { 9 ar Y (Clpa—5) -
K K
< 02 succ. mut. ediversity
/\1nf{t>9 m (Vl)—’V( crossiS)K—|}:|:

(d) A change of order ¢ for the resident density takes no more than (iog)~'~%/?
time:

mut. size C&. g

-1 —1—a/2
Kll_I)Iloo Ok PI: res. size CE i —& = emm size Clross )

+ (i oK
K
A 92 suce. mut. Qdiversity

. K
Alnf{ >0 hear ¥ (Co—5) -

&
Sy, 1) — i//(Cﬁross 2)‘ > Mso*K}] =0.
PROOF. Apply the methods of (a) to (d) from Lemma 7.4. [

Next, we have the following similar lemmata as in Step 2. For them, let us define
(7 71) enear 1//(1 ) = lnf{t z eres size i(e/2) - |<‘~)I’ 1) — lﬁ(l (‘9/2))| < (M/3)8GK}

LEMMA 7.6. Suppose that the assumptions of Theorem 7.1 hold. Then there
exists a constant M > 0 (independent of ¢, K, and i) such that, for all € > 0 and
for all (C&ois — €)(2/e) =i > 2:

(a) Soon after 6K

res. size i(e/2)? the total population size is close to (i %):

—1 K K K
Klgnoo Ok IP)|:9nea.r l/f(l > Qres. size i(e/2) + Sk A 02 succ. mut. 7\ Qdiversity

Alnf{ > 0% sizeiey2) - M (v,)—R %)(e/z)K”]zo.
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(b) A change of order ¢ for the resident density takes more than o(o g Y time:

. 1ol - 1
lim 6K1P|:lnf{l‘ >0k size i(e/2) () = ’7<l + 5)(8/2)K—H

K—o0

K K K K _
< eres. size i(e/2) + Sk A enear Y(is5) A 92 succ. mut, /\ Gdiversity] =0.

(c) At the time when the resident density has changed of order ¢, the total pop-
ulation size is still close to V(i %):

Klgnwﬁglp[inf{f > 9K . }(Dt, 1) — W(I(S/z)” > MEUK} < 92Ksucc. mut.

near ¥ (i §)
A Gdli{versity A inf{t z ergs. size i(g/2) : mo(f)l‘) = |_(l + 1)(8/2)K-| }] =0.

(d) A change of order € for the resident density takes no more than (iog )~ '~%/2
time:

im oy P[oX K . \—1-a)2
Klgnoo Ok IED[eres. size (i—1)(e/2) > (Qnear w(i%) + (ZGK) o/ )

K K
A 92 suce. mut. /\ ediversity

Ainf{t > er{iarw(i%) (B, 1) — ¥ (i(e/2))| > Meog }] = 0.
PROOF. Apply the methods of (a) to (d) from Lemma 7.4. [

REMARK 8. Lemmas 7.5 and 7.6 imply that the density of the resident trait
decreases to the value €. Moreover,

In(K)
K K K K
(7.72) P[eres. size s = Qmut. size CE o + " 14a/2 A 02 succ. mut, /\ 9diversityi| =o(ok)
Ok
and
(7.73) PH(G@;’& s 1) — ¢ (¢)| > Meog ] = o(ok).
7.4. Step 4: The resident trlait I§K goes extinct. After the time 6K . = we
have to wait less than In(K)o K+a/ time to know that the resident trait is extinct

with high probability.
NOTATION. Define
enlgaw(o) =inflr > 6K o .. [(F, 1) — ¥ (0)| < (M/3)eok ).

LEMMA 7.7. Suppose that the assumptions of Theorem 7.1 hold. Then there
exists a constant M > 0 (independent of € and K) such that, for all € > 0:
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(a) Soon after oK

res. size &°

the total population size is close to r(0):

: -1 K K K K
Klgnoo Ok ]P|:0near ¥ (0) > eres. size & + Sk A 02 suce. mut. /\ gdiversity

/\lnf{ rIe(s size €) * mo(vt) = ’7(1 + %)EK—H] =0.

(b) A change of order ¢ for the resident density takes more than o(o g 1 time:

1
lim GKIIP’[lnf{t > 0K e M) = [(1 + Z);;K”

K—oo
K K K _
< eres size & + Sk A bnear ¥ (0) N\ 02 suce. mut. /\ Qdiversity:| =0.

PROOF. See proof of Lemma 7.4 [

LEMMA 7.8. Suppose that the assumptions of Theorem 7.1 hold. Then there
exists a constant M > 0 (independent of € and K) such that, for all ¢ > 0

—1 1—a/2
lim Ok P[eres size 0 =~ (enear ¥ (0) + 1n(K)GK e )

K
K A 92 suce. mut. /\ ediversity
— 00

Ainf{t =68, 0 1 [, 1) = ¥ (0)] > Meog }] =0.

PROOF. To prove this lemma, we use a coupling with a continuous time
branching process as in the proof of Lemma 7.3. For any Or{garw(o) <t <

03 suce. mut. Niversity NNFlE = 0K 5 0) + 1Ty, 1) =¥ (0)] > Meak), any individual
of MO(,) gives birth to a new individual with trait RX with rate

(7.74) (1 —ugm(R¥))b(R®) € [b(RX) — ukb, b(R¥)],
and dies with rate
(7.75) d(RK)—irc(RK,RK)imo(ﬁ,)—FL Nc(RK,g)c?v,(g),

which is larger than dz = d(R¥) + ¢(RX,RX + oxh)Z(RX + oxh) —
CtOMta] death€0K Where Ct’(‘)/’tal death =M +¢[3/a] — 2hdrc(RX, RX). Therefore, we
construct, by using a standard coupling argument, a process Z; such that

(7.76) Z, = M0(y)

for all Qrﬁar ¥ (0) =r= 92Ksucc. mut. A 6’({i(versity A inf{t z Qr{éarqb(O) : |<]~)f’ ]l> - W(O)l >
Meoxk}. The process Z; is a linear birth—death process starting at [%81( 1, with
birth rate per individual bz = b(RX) and with death rate per individual dz. Since

bz —dz = f(R®, R +0kh) + CY.\ deatn€TK
(7177) = —oxhd; f(RX +oxh, RE +oxh) + CM | seuncokx + O((0k1)?)

= —okék
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is negative and of order o, the process Z; is subcritical.
Note that &g > inf,cy w > 0. Let tiZ be the first hitting time of level i
by Z;, then we have

(7.78) Ptk < 73] < exp(—K?)

compare with the proof of Proposition A.5. Since Z; > 9M’(7;), we obtain also
that, with high probability, 9°(7;) stays smaller than [2eK] before it dies out.
For any ¢t > 0 and n € N, the distribution of the extinction time of Z; for bz # dz
is given by

(7.79) Py(tf <1) = ("Z —dzexp((dz — bz)t))”

bz —dzexp((dz — bz)t)

(cf. [2] page 109 and [6]). Therefore, we can compute in our case where dz —bz =
ok &g with £g uniformly positive

1—a/2

— 5
1 dz; —d dz —bz)In(K 1ck
}P’[tozfln(K)aKl a/2]:< z —dzexp((dz — bz)In( )UKla/2))4
bz —dzexp((dz —bz)In(K)og )

( dz —de"EK"I;a/2 )ZSK
dz —okékx — dzlfé’m’;a/2

(7.80) <1 §kok )fTSK
. = a2
dz(K°k "~ — 1) + oxék

> <1—o (é K>_1K_1>%€K
> x| ¢

>1—0(okK™") = 1-o0(0x),

which proves the lemma. [J

7.5. Step 5: The population becomes monomorphic and stays close to its equi-
librium. After the extinction time of the resident trait, we have to wait at most
In(K)og 17/2 time until the population is monomorphic with trait RX + oxh.

LEMMA 7.9. Suppose that the assumptions of Theorem 7.1 hold. Then there
exists a constant M > 0 (independent of € and K) such that, for all ¢ > 0:

. -1 K K —1-a/2 K K
Kh—r>noo Ok P[eﬁxation - (eres. size 0 + IH(K )GK ) N 92 suce. mut. /\ ediversity

Anflt > 0K 50 1 [(Br 1) = ¥ (0)| > Meog }] =0.
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PROOF. By the last lemmata, we have Gf{iaﬁon = inf{tr > QrIgS size 0 -

|Supp(vt ) =1, |(vt, 1) — ¥ (0)| < (M/3)eok} with probability 1 — o(og). Set
={keN:1<mk (Vgk ) < eog K}. Then |D| < [3/a], and none of these

res. size 0

traits are successful since we have seen that Grlgs. size 0 18 smaller than 92Ksucc. mut.
and chversny with proba.bility qf order 1 —.O(O'K). By iappl.ying Proposition A.3
and using the Markov inequality, we obtain that the life time of each of these

subpopulations is with probability 1 — o(og) smaller than In(K )GKl /4,

fore, if no new mutant is born between Gm size 0 and Qres sizeo TIN(K)og ™ 777,
we obtain the claim. On the other hand, as in Lemma 6.4, the number of mu-

—1—a/2 . .
tants born in the time interval [é’mg size 07 Gr{; size 0 T IN(K)og o/ ] is stochasti-
cally dominated by a Poisson point process, AX (¢), with parameter au x K , where
a = sup,cy 2(x)b(x)m(x) 4+ 1. Hence, the probability to have no new mutant in

this interval is

P[AX (In(K)og ' ™*"?) = 0] = exp(— In(K)og ' **aug K)
(7.81)
>exp(—a )>l—0(1)

Because the probability that a mutant is successful is of order ok, the proba-
bility that a successful mutant is born between times ere(s, sizeo and Qr{; sizeo T

ln(K)aK1 ~%/2 s o(ok). Since

P[AX (In(K)o g ' ™*"%) < [3/a]
13/al 1—a/2
e In(K
:exp(—ln(K)oKl a/zauKK) Z Kok
i=0
>1—(In(K)og '~ ?aug k)

>1 -0y’ =1-o0(ox).

aug K

i

(7.82)

there are maximal [3/a] unsuccessful mutations in this interval. With the same
argument as before the life time of each of these subpopulations is with probability
1 — o(ok) smaller than In(K )o*Kl o/t . Therefore, with probability 1 — o(og) the
maximal possible time interval where at least one mutant individual is alive is
smaller or equal ln(K)a_1 oty [3/a] ln(K)o_1 ot & In(K)o g 172 Recall
from Lemma 7.7 that if |(V;, 1) — ¥ (0)| > (M/3)eok at the first tlme when the
population is again monomorphic, then the time the process needs to enter the
(M /3)eok-neighborhood of ¥ (0) is smaller than Sk, which can be chosen smaller
than o ,1(+°‘ /(Kug). This proves the lemma. [

This ends Step 5 and the second invasion phase. Note that the estimates of the
two phases do not depend on the exact trait value of the resident trait, especially



1154 M. BAAR, A. BOVIER AND N. CHAMPAGNAT

the a priori different constants M. In fact, we can use in all lemmata the same con-
stant M, namely the largest. Therefore, we can apply our results for the successful
mutant trait Rff = RX 4+ ogh, which is the next resident trait by using the strong
Markov property for (v, L) at the stopping time Hﬁ

xation*

8. Convergence to the CEAD. Our goal is to find 7y > 0 and to construct,
for all ¢ > 0, two measure valued processes, (,u,l K.e ,t>0)and (;,L,2 K.e ,t=>0),in

D([0, c0), M(X)) such that

T
(8.1) lim P[Vr<70 M}K%v{%ﬁ“}:l,
K—oo KMKO-K

and for j € {1,2}

(8.2) lim Pl sup [uKe L =2008y | > 8(e)] =0

2
— 00 0<t<Tp f/(KuKUK)

for some function § independent of x, K such that §(¢) — 0 when ¢ — 0. This
easily implies (4.5) for all T < Tj.

The result for all 7 > 0 then follows from the strong Markov property. Indeed,
the construction below implies that there exists a stopping time:

(8.3) fG[To/2KuKa,2(,TO/KuK012<]

(a fixation time) such that, with probability converging to 1, vTK has a unique (ran-
dom) point Y as support and a total mass belonging to [z(Y) — Mok, z(Y) +
Mok]. Hence, (8.1) and (8.2) also hold for the process (vTKH, t >0), and (4.5) is
thus true for all T < 37/2. We obtain (4.5) for any fixed 7" > 0 by induction.

8.1. Construction of two processes u*-! and u*-? such that ,U,,I’K < le

A

;L,z K Fix T > 0. Let QiK denote the random time of ith invasion (i.e., GiK
), 91 “fixation the time of ith fixation and R-K the trait of the ith suc-

cessful mutant. Let us fix the following initial conditions RK I = RK

l mvasmn
Aok,

= RO + Aok and 00 = QOK 2 — 0. Assume that we have constructed Ql-K o1
and QK 2 , and RK "and R; k.2 By Theorem 6 2 and the Markov property, we can
construct two random variables R 11 Vand R e 2 such that

K1 oK.l K2 K2
(8.4) Ry — R <RY —RFE<RLT-R

K,1 K,1 K K K,2 K,2
i+1 _R _RH-I_R RH-I _R

with probability 1 — O(¢) and Rl +1 — Rl.lj_ll < Aok. The distributions of Rl +1

with probability 1 — o(ok). Moreover R;
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RI.K’1 and Rllj_]z — RI-K’2 are (cf. Corollary 6.10)

r¢(RK,h) = P[RS = RE + oyh]

i+1 —
(8.5) M(RE, Dgf (RE, 1) PRD
— s 1 =1,
Kpﬁ(Rf) . p5(RK)
M(RX m)g(RK , h .
(R, s)qlK( i ifhel2,..., A)
Pz(R,' )
and
/3 (RE 0) = PRE = R + ]
(8.6) M(RX )¢ (RX , h
(R Wai (R, 1), ifhe(l,...,A—1),
. PQ(R,' )
MRF, AgfRE, A | pi(RS) h— A
p5(RK) p5(RKY ’
where
a1 f(x,x)
q‘]g(x, hy=h———— écrnoullig’
b(x)
(8.7) 9 £ e )
1f(x,x
615 (x,h)=h + C}%ernoulli‘e

b(x)

and p?(x) = Zfl‘:lqj-(x,h)M(x, h) for j = 1,2. (Note that we changed a bit
the notation of Corollary 6.10 to make explicit the dependence on ¢ and RiK J)
Since we assumed that the fitness gradient d; f(x, x) is positive and uniformly
lower bounded on X, the transition probabilities rj (x,h), j =1,2 are uniformly
Lipschitz-continuous functions of x with some Lipschitz constant C]’Jp.

By Theorem 6.2 and Lemmata 6.7 and 6.4, we can construct two exponential

random variables, Ellill and EiKJr’f,with parameters alK’s(RiK)pf (RI-K)UKuKK and

af’g(RiK)pi(RiK)oKuKK given by
(8.8) al*(x)=(2(x) — eax M)b(x)m(x),

8.9) aXf(x) = (Z(x) + g0k (M + [3/a])) (b(x)m(x) + C2™M Ao),
such that
8.10) P[EST<0K, -0k

i+1 i,fixation =
Note that this inequality involves Qi{%xaﬁon instead of GiK since we apply the Markov
property at the fixation time of Lemma 7.9 before we can apply Theorem 6.2.

However, Lemma 7.9 entails that we also have

EE T +In(K)og' ™ =1 - o(ox).

(8.11) PIELT <0K, —0X <EE! +6mK)og' ™ 1=1-0(0k).
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We then define
—1-a/2
®8.12) 051 —of ' =ER ] romE)o T and 087 6K = EX L.
In addition, by their construction in Section 6, it is clear that the random vectors

{(Ei[j_’ll, El.[ilz, Ri[j_’ll — RiK’l, Rl.[ilz — R,-K’z)}izo are independent conditionally on

(RJK)ij-

LEMMA 8.1. With the previous notation, the stochastic processes W*-! and
w2 inD([0, 00), M(X)) defined for all t > 0 by

M}’K = (Z(RJK) — (Mg +E)O'K)6R_K,l,

(8.13) K1 oK1 C K
fortelo oo niek, ok ),
3 _
uk = (Z(RJK) + (ME + ’7&—‘8 + C)UK)CSR_KJ,
(8.14) ’

forte (62, 05:H N0k, 0K ),

for some constant C independent of K, x, ¢, satisfy for all T > 0

N

2

T
(8.15) lim P[Vt§ FTRLIEN suf”(}:L
K—o0 KMKO'K

Note that the support of u/-X, j =1, 2, is defined from the sequences (RiK J )i>0

and (GiK’j )i>1 but the mass of w’ X is defined from the sequences (Rl-K )i>0 and
0K)is1.

PROOF. Letus fix T > 0 and I" > 0. Since each of the steps previously de-
scribed holds with probability 1 — o(og ), we deduce that the above construction
can be done on a good event of probability 1 — o(1), for all integers i < I["'/og.
Since in addition, on X, af £ (x) p5(x) is uniformly bounded from below by a
positive constant a, the random variables E iK’z can be coupled with i.i.d. exponen-

tial ones of parameter a Ku g ok, and hence IP’[HL[;’/ZGK | < T/(Ku KO'IZ{)] is smaller
than the probability that a Poisson process with parameter a Ku g ok is larger that
|II'/og | attime T/(Ku KO’IZ{). By the law of large numbers for Poisson processes,
we deduce that, if I' > T'a (which we assume true in the sequel),

(8.16) lim IP’[GK’Z < L} =0

' K—oo Ll/ok ] KMKOIZ{ '

Let us recall that, on the previous good event of probability 1 —o(1), the number,
the trait and the size of the living mutant populations and the size of the resident
population are controlled at any time in the ith first phase (Lemmata 6.3 and 6.9).
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In addition, during the ith second phase, the number, trait, and size of living mutant
populations are controlled (see all the lemmas of Section 7), the total mass of
the population stays within the Meog-neighborhood of ¢ (y) or ¥ (y) for some
y €10, Z(RX)] (Lemmata 7.4 and 7.6). Since |¢ (y) — Z(RX)| < Cog and [y (y) —
Z(RK )| < C O’K for some constant C, as seen in (7.26) and (7.69), and since the
sequences (Ri )120 for j =1,2and (Rl-K )i>0 are all increasing on the good event,
we deduce the required comparison between the supports of pL,l K vtK , and ,utz’K
for t < ﬁ, on the good event. Since we used Z(Rf ) to define the masses of

,utl’K and [L,Z’K , the required comparison between the masses is also clear. [

Note that, since the function z may not be nondecreasing, replacing Z(Rj’.( ) by
Z(R]I-{’l) in the definition of /L,l K may not imply the required comparison between
the masses of /L,I’K, vtK and /le’K .

The next goal is now to prove the convergence of both processes ;L:j’]guwz
for j = 1,2 to z(x;)dy, in probability in L*°(M(X), || - |lo). For this, we will use

standard convergence results of Markov jump processes. However, the two pro-
cesses -/, j = 1,2 are not Markov because the ith jump rates and transition
probabilities defined above depend on RiK which is close, but different from RiK g

Therefore, we _introduce a small parameter, n > 0, and we construct two Markov
processes uX:7-&1 i =1,2in ([0, 00), M(X)) such that

. K,l,e,n K 2,K K.,2.em
K1—1>r£ooP|:M(t 1/(Kugog )V > Mz '< Ve S U S My )
(8.17)
T K
Vi< ——=AS) =1,
Kugog
where Sf is the first time where the distance between the support of Mf 1’8’", and

,utK’z’g’n is larger than 7. The last equation will be proved below in Section 8.2.
The time-shift of —1/(Kugog) in u% L& i due to the terms 61n(K)<7K1 o/2
in (8.12). We will next study the convergence of these two Markov processes when
K — oo and prove in Section 8.3 that, for a convenient choice of 7, there exists
some Ty > 0 independent of K, x, &, 1 such that

K——+o0 2

T
(8.18) lim IP’[SK 7"] —0.
Kugog

8.2. Proof of (8.17). For all x € X, we define (ff’n(x,h), 1<h<A), and
(75 "(x,h),1 <h < A) by, forall 1 <€ <A,

£ I4 4
(8.19) fo’"(x,h)z|:Z(rf(x,h)+C£ipr]):|/\12 sup > ri(y.h)

h=1 h=1 yelx,x+nl p—1
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and
¢ ¢
8200 > & (x,h)= |:Z(r§(x, h) — Cﬁipn)} VO = 1nf Zrl (y, h).
h=1 h=1
Note that ff’n(x, -) and fzg’n(x, -) are probability distributions on {1, ..., A} for

all x € X and that, by standard coupling arguments, for all x < y such that y —
x < n, the distribution ff M(x, ) is stochastically dominated by the distribution
ri(y,-) and the distribution r5 (x, -) is stochastically dominated by the distribution

f;’n(y, -). We define similarly

_Kgr] a . K,é‘ £
(8.21) W =ar Wpi) = Ciypns _ inf  al 0PI,
and
822) & "W =ay t@ps)+Cln= sup a () pa(y).

ye[lx—n,x]NX

where CLlp is a uniform Lipschitz constant for the functions a € p? i j=172.

Note that a, K.e, "I(x) > 0 for all x € X if n is small enough.
It is then clear that there exist two Markov chains (RK’J ’n)i>o, j =1, 2, with

initial condition RK’j = R(I)( *J and with transition probabilities i ©(x, h) from

5K,2,n

J

X to x + h, such that, for all i > 0 satisfying R, RiK L <n,

I?fr’ll’”—ﬁk’l’"fR.K’l —RX! and
(8.23) K2 ~K.2 K2 K,1 K,1
s i p1s,2,1 s B

Ry — Rl < R —R; SR R

Similarly, there are random variables E’fif o j = 1,2, independent and expo-
nentially distributed with parameters leK’g’”(RK’J ") conditionally on ( RI.K’J =0,
such that EK 21 and E;+1 < EK L7 We then define 0K S Q_iK’J’" =
K,j,0 K NN
E;T with 6" _O. )
Since the function Z is Cﬁip—Lipschitz, it is clear that (8.17) is satisfied for the
processes:

824) iy """ = (Z(X") = (Me + Chok — Ciyn)dgk1n  and

(8:25) 5 = (Z(XS ) + (Me + [3/ole + C)ok + Cipn)dyran,

where
S K,1, ~K,1,
X T=RT

i ’

fort €[G5 4 6i n(K)og /2,651 4 6( + 1) In(K)og ' /%),
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and

(8.26) xK2n _ gK.2n

i k)

~K.,2.n 0](277)

for 1 € [6; 01

By construction, the processes X X->" and %27 are Markov jump processes, but

the process XK1 i5 not because of the terms 61n(K )aKl */2 involved in its

definition. However, the process MK Len _ (3 (X Ly eox M — C]Zdipn)cﬁxm,,7
t

18 Markov, where

(8.27) xKtn — gK-1a

b forrefqh, 65,

V41
The proof of (8.16) above also applles to the processes 167 and pK-1.en,

&1 &

Since in addition the support of //,, is nondecreasing, it follows that

K,l,en -K,l,e,n < 2
(8.28) pa(t o (K)o =0 < forallt <T/(Kukog)

with probability 1 4 o(1). Our assumption (4.2) entails (8.17).

8.3. Convergence of XK’j’” when K — 400 and proof of (8.18). The two

Markov processes xX and X 5(%<ZK oK) fit exactly to the framework and

t/ (K MKOK) ’
assumptions of Theorem 2.1 of Chapter 11 of [12]: their state spaces are (up to a
translatlon) a subset of ogZ, and their transition rates from z to z + hog have the
form o [ﬁh (z) + O(ok)] for some Lipschitz functions fj. For such a process X,

prov1ded X converges a.s. to xo, the process (X; /o, , 1 > 0) converges when og —
0 almost surely in L°°([0, T]) for all T > 0 to the unique deterministic solution of
the ODE dx(t)/dt = Y;, hBn(x) with x(0) = xo. In our situation, we obtain, for
j=1,2, that

K.j.n
8.29 1 X —x;j(@)|=0 S.,
(8:29) irilootestng]| t/(Kugog) x50 s

where x1 and x; are the unique solutions such that x; (0) = x5(0) = x of the ODEs

d
xc;t(t) (Z(x1®))b(x1(1))m(x1 (1)) p§ (x1 (1)) _Cﬁipn)
(8.30) )
x Y b (x1(0), h)
h=1
and
d
x;t(I) ( (XZ(I)) (XQ(I))m(XQ(t))pg (xz(l)) + Cﬁipn)
(8.31)

A
x Y hiiy " (x2(0), h).

h=1
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LEMMA 8.2. Forall T >0, and for j =1, 2,

(8.32) sup |xj(t) — x| < CTe T (n+e),
tel0,T]

for a constant C independent of x, T, ¢ and n, where x; is the solution of the
CEAD (4.3) with initial condition xo = x.

PROOF. We only write the proof for j = 1, the case j = 2 being similar. Since
the functions f;’”, j=1,2,7z,b,m and p; are bounded by constants independent
of K, ¢e,n, we have for all ¢+ € [0, T'] and for a constant C > 0 that may change
from line to line,

| —x1(t)\<CCLlpnT+/ (zbmp?)(x1(s)) Zhr (x1(s), h)

h=1

h>M (xg, h)d; f(xs, Xs) d
S
b(xs) pi (xs)

— (zbmp¥) (xy) Z

(8.33)
t
<c(ct, + ACﬂip)Tn +C fo Ixs — x1(s)|ds

+c/

where the last inequality follows from the uniform Lipschitz-continuity of all func-
tions involved in the computation. Now, | p5(x) — pj(x)| < Ce and p*} x)=>c>0
for j = 1,2, for some constants C, ¢ > 0 independent of ¢ and x. Hence, there
exists a constant C such that

WM (xs, )01 f (x5, Xs)

i, b b(xs) Pt (xs)

’

t
‘x, —xl(t)| <CT(n+¢) —1—C/(; |xs —xl(s)‘ds

& . 01 f (xs, x5)
q (x5, h) hib(xs) M (xs,h)ds.

; A
(8.34) +C /O >
h=1

In view of (8.7), we obtain |x;, —x;(1)| <CT(n+¢e)+C fot |xs — x1(s)|ds. Gron-
wall’s lemma ends the proof of Lemma 8.2. [J

In view of Lemma 8.2, there exists Ty > 0 independent of x, €, n such that, for
all n > ¢, sup;¢o, 71 1% (1) — x| < n/4. Let us fix n = . Combining (8.29) with
the last inequality entails (8.18).
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8.4. End of the proof.

PROOF OF THEOREM 4.1. Defining ji-1-¢ = /K-1.6:¢ and p K26 =  K.2.6¢
and combining (8.17) and (8.18), we see that we have defined a constant, Ty > 0,
such that

K K

. -K,l,e 1, 2,K K,2.¢
lim P[M(t—l/(KuKUK))VO SRV S USTR WYy )

Vi < Toz}zl.

— Kugog

This is (8.1) with %1€ = /lg;lii(KuKoK))vo' It only remains to check (8.2).
Using that n = €, we get

o1, =
| SKMEKO}( —Z(x®)8xn
. K1,
<C(e+ok + |z(x) — Z(X(z—aZ)vo/KuKa,%N + |x; — x1((t — o) V O)]
836)  +|x5bn —x1((t — k) vV 0)|)

(t—aK)VO/KuKUIZ(
< C’(e—l—al{
N _ K,1,n _
+ IES[ISPT](|X(z—aK)vO x| + |Xt Xl(f)‘ + ‘Xt/KuKa}( Xl(l)‘)>,

7)7
uko,% :
Setting, for example, §(¢) = /¢, (8.2) follows from (8.29), Lemma 8.2 and the
uniform continuity of x;. This completes the proof of Theorem 4.1. [J

for some finite constants C, C’ > 0. The analogous estimate holds for utz/ﬁ

APPENDIX

In this section, we state and prove several elementary results, which we used in
the proof of our main theorem. Recall that | - ||¢ is the Kantorovich—Rubinstein
norm on the vector space of finite, signed measures on X, that is,

(D) do=sup [ fdu: f € Lipg(X) with supl )] <1},

where Lip, (&) is the space of Lipschitz continuous functions from X to R. Let
M (X) be the set of nonnegative finite Borel-measures on X

PROPOSITION A.1. Let {vK, K >0} and u be random elements in D([0, T1,
Mp(X). If, for all § > 0,

(A2) lim P[ sup v — i, > 8] =0,

K—o0 0<t<T
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then v& converges in probability, as K — oo, with respect to the Skorokhod topol-
ogy on D([0, T], M(X)) to .

PROOF. Let us equip M fp(X) with the topology of weak convergence. Ob-
verse that this topology is metrizable with the Kantorovich—Rubinstein norm; see
[4] Volume II, page 193. Let A be the class of strictly increasing, continuous map-
ping of [0, T'] onto itself. If A € A, then A(0) =0 and A(T) = T. The Skorokhod
topology on ([0, T'], (MFE(X), || - llo)) is generated by the distance

(A3)  d(u,v)= inf{max| sup [x(t)=1], sup fl; —villo}}.
reA 1€[0,T] 1€[0,T]

on D([0, T], (M p(X), | - llo)); see, for example, [3], Chapter 3. Since the identity

lies in A, it is clear that d (i, v) < sup,¢o 77 li4s — vello. Therefore, if a sequence

of random elements with state space D([0, T'], M (X)) equipped with the metric

induced by the norm sup, <o, 7 Il i4¢ [lo convergences in probability to i, it also con-

vergences in probability to w if D([0, T'], M (X)) is equipped with the metric d.
O

PROPOSITION A.2. Fix ¢ > 0 and let og a sequence in K with Kot <
ox K 1. Let Z,, be a Markov chain with state space Ny and with the following
transition probabilities:

PlZpi1=jlZn=1i]
(A.4)

1, fori=0and j =1,
1
— (i, j) = E—CliK_l—i-CzsaK, fori>1land j=i+1,

1
5 +CliK~ ' = Creox,  fori>1land j=i—1,

for some constants C1 > 0 and C> > 0. Let 1; be the first hitting time of level i by
Z and let P, denote the law of Z conditioned on Zy = a. Then, for all M > %

and for all a < %MEOKK

. 2a
(A.5) Kll_r>noo eX Paltimesy k1 < 0] = 0.

REMARK 9. The proposition can be seen as a moderate deviation result for
this particular Markov chain. More precisely, we can prove that there exist two
constants M > 0 and C3 > 0 which depend only on C; and C> such that for a <
%M EOK K

1 2
(A.6) Paltimeog k] < 10l < exp(—C3K1 ((ngo*KK> — az)),

for all K large enough.
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PROOF. We calculate this probability with some standard potential theory ar-
guments. Let h1peox k7,0(a) be the solution of the Dirichlet problem with A =0,
that is,

LhiMeogk1,0(x) =0, forO0 <x < [Meog KT,
(A7) himeoxk1,0(x) =1, forx > [Meog K1,
himeogk1,0(x) =0, for x =0.
Therefore, we obtain for 0 < a < [Meog K| (cf. [5] page 188)
a 1

1
P i=1 7() pG.i=1)
(A.8) alTrMeor K1 < T0] = hiMeox k1,0(a) = erEGKIJ(T]l)f(Zl 1) ;

i=1 7(@) p(i.i=T)

where 7 = (7 (0), 7 (1), #(2), ...) is an invariant measure of the one-dimensional
Markov chain Z,,. In our case, any invariant measure 7 has to satisfy, foralli > 1,

7(0) = p(1,0)x(1) and
(A.9)
m(@i)=pli—1,0)mG—1)+pG+1,)rG+1).

Therefore, w with7(0) =1, 7 (1) = ﬁ and 7 (i) = ]_[3-_:11 2854_'8 G 11'—1) is the

unique invariant measure for the Markov chain Z,,. Thus, we get from (A.8) that

a i—1 p(,j=1
i=1 11

_ J=1 p@,j+1)
himeog k1.0(a) = [Meog K] l—li—l pU.Jj—=D
i=1
(A.10)

J=1p(,j+1)

a i—1 142C K~ j—2Cre0k
2i=1exp (o N 5E kT e0r )

= [Meox K] i—1 1 142C K j—2Cosog ny
2o exp(X; o1 N 56 kTiracse0r )

=1

For all j < Meok K, we can approximate f(j) as follows:

AC1K~Vj —4Cre0k )
1 —2C1K71j +2Creok

_ ACK!j —4Creok 0(( AC1K~'j —4Cre0k )2>
" 1-2C1K1j4+2Ce0k 1 —2C1K~1j+2Ce0k

s =tn(1+

(A.11)

. . 2 .
= 4C1% —4Cre0k + 0((%) + 80‘[{% +£2012(>

- 401% —4Cre0k + O((Meog)?).
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Therefore,
himeox k1,0(a)
Y exp(XZ 4C14 + O((Meok)?)

< P j
o Texp 2 4Cf — dCaeen — O((Meor )

- aexp(2Ci1a’K '+ 0(a(Msog)?)
T Mk KT exp2C K112 — i) — 4Cas0ki — O((i — 1)(Meok)?))
aexp(2C1a’K~' 4+ O(a(Meog)?)

< .
N Z[f;?ﬂ';f{j}(m exp(2C1 K ~1i2 — (2C1K ~! +4Caeag)i — O(i(Meog)?))

Choosing M > SCle’ ifa < W, then

himeox k1,0(@)
- aexp(2C1a’K~' 4+ O(a(Meog)?)
" IMeog Kexp((3C1M —2C2)Me20 2K — O((eo M)3K + eox M)

(A.13)
_ 1
<2a([Meog K1) 1exp<C1K_l (2a2 - Z((MgaKm)z))

< exp(—C3K_1 <(% [Msa;d(])z — a2)>.

Since K2+ & o when K tends to infinity, (A.5) follows. [J

PROPOSITION A.3. Let (Z;);>0 be a branching process with birth rate per
individual b and death rate per individual d. Let t; be the first hitting time of
level i by Z and let P; denote the law of Z conditioned on Zo = j, and E; the
corresponding expectation. Then

(d/b)) —1 .
(A.15) [Pt < T0] — % <k' and
(A.16) Eilte Aol < %

where [b — d]+ = max{b — d, 0}. Moreover, if Z; is slightly super-critical, that is,
b=d+ ¢, then

Eulte A9l 14+ In(k)
ax < .

(A.17) =<
n<k P, [t < 10] e
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PROOF. Let p;j =Pj[tx < 10]. Then pg =0, pr =1, and p; = b_%dpﬁ] +

ﬁ pj—1 forall 1 < j <k — 1 by the Markov property. From this recursion, we
obtain the characteristic polynomial:

(A.18) P(x)=bx>*—(b+d)x +d.

With its roots 1 and d /b, we obtain the following general solution for the recursion:

d n
(A.19) pn=1kKg-1" +K1(Z> ,

where x( and k| are constants. From the initial condition pg =0 and p; = 1, we
obtain kg = —(($)* — 1)~! and «1 = (($)* — 1)~!. Therefore,
(4yr -1 41 1
=—~2—— and = = .

If d > b, this computation implies that p; =P[tx < 19] <1/k and [b — d]+ =0.
Ifd <b,

(A.20)

b—d
Pilme <70l = ——
_ 5! _(1_g>(%>k—1:(%—1><%)k: §—1
(dyk — 1 b)) (4yk —1 (4Hk — 1 1 — (&)
(A21) db ) b b d
I—F a+5++ &) L4 G
1
< -.
~k

Similarly, if e, = E,[tx A t0], then e, is the solution of the following nonhomo-
geneous Dirichlet problem:

Len=—1, forne{l,....k—1},
(A.22)
en=0, forneNo\{l,....,k—1},

where (Z f)(x) =x(b[f(x+1)— f(x)]+d[f(x —1) — f(x)]) is the generator
of the branching process Z. Therefore, we have to solve the following nonhomo-
geneous recurrence:
(A.23) bt 4 =
. entr — ——e —ep = —"
n+2 b n+1 b n b(n+1)
We solve this by variation of parameters. Thus, we first solve the associated linear
homogeneous recurrence relation:
b+d d

(A.24) hn—|—2 - Thn—i-l + Bhn =0.

and eg=¢;=0.
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As we have seen before 1, = «x21 + k3( %)j for any k2, k3 € R solves the equation.
Obverse that these functions are the harmonic functions of .%. Second, we have
to find a particular solution. Let (x1;, x2;) the solution of the system of linear
equations

d\J/t1
(AZS) X1j + (E) X2j = 0,
A.26 d\ !
(A.26) X11+<3> x2]__ma
then

n—1 n—1 d\"
e{l’:ZxUl"—l—szj(B)
j=0 j=0
(A27) Lyl Ly 1<b)j(d)n
b—d =] b—d=j\d) \b

ax5(6) )
b—d = j\\b

is a particular solution. Now, we obtain we obtain the following general solution
for the recurrence:

d\" 1 " d\"J
AW a=htd=ata(]) *m%((z) -1)

We have the boundary condition eg = ex = 0, therefore, k3 and k3 are given by the
solution of the following system of linear equations:

d\° 1 X 1//d\0)
A.29 — - (= —1)=0,
( ) K2+K3<b> +b—d§j(<b> )

A.30 d\" ! SENTCAN 1 0
(A3 2 +(3) +mj§7((5> ~1)=0

and we obtain that

o 1 Xk:l(%)k_]_l B 1 Xk:l(%)k—j_1<g)n
n b_d_,':1j (%)k—l b_dj:1j (%)k—l b
(A.31) + L 5! <(d>"_j l)
’ b—d J\\b

L G -na-@gn 1 G dyi
= aX; (k=1 Th_d ;((E) _1>'
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With this formula, we can easily prove the second inequality of the proposition,

1 & 1(%)"—"—1( d) 1 &1 1+Inek)
. :

A-32) e b—dzn(%)k—l T0=p2 =

n=1 n=1 n

Finally, we obtain for slightly super-critical Z;, that is, with b =d + ¢,

Ednrnl e 1 g 1((@)"‘]‘ 1)

Palte <70l pn b—d = j\\b
<1
1@ =Da ="
(A.33) + >~ 7
b_djzlj 1_(5)’1
<0
sl T
et | £

which proves (A.17). [

PROPOSITION A.4. Let (ZtK);Zo be a sequence branching process with birth
rate per individual b > 0 and death rate per individual d > 0 and |b —d| = O (og),
where K121 « o < 1. Let 1; be the first hitting time of level i by Z and let
IP; denote the law of Z conditioned on Zp = j.

(a) The invasion probability can be approximated up to an error of order
exp(—K%):

b—d
(A.34) lim exp(K®)[Pi[reog k7 < T0] — bdlif_,
K—o00 b

(b) If b > d (super-critical case), we have exponential tails, that is,
(A.35) Kh—r>noo exp(a;aB)P] [Treox k1 > ln(K)alzl_a/zmme <1]=0
and

(A.36) lim exp(K*)Preo x71[Tek7 > 0] =0.
K—o0

PROOF. (a) Compare with (A.14) that
d/b)—1
(d/b)FeoxKT — 1"

(A.37) Piltreox k1 < T0] =

If b > d (subcritical case), there exist two constants C' Wb > 0 and C* > 0 such
that 1 + C*"ox <d /b < 1+ C g . Therefore, the left-hand side of (A.37) does
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not exceed
(_jsubO,K ésubO,K
<
(14 Cog) [0k KT — 1 = exp(C*Pog [eax K] — O(opeK)) — 1
= o(e_Ka).

The last equality holds, since K% < GIZ(K . If b > d (super-critical case), we ob-
tain similarly

(A.38)

(A.39)

b—d 4_1
Pyt < 70l — ‘:‘ b

bl 1=k
(b) Compare with [1] page 41, that

= ofexp(—K*))

—1—a)2
Py [treog k1 > (K)o g~ [Treox k7 < T0]
—1—a/2

(A.40) < exp<—L In(K)og J)

emaxX,<[eox K1 EnlTreox k11 Treox k1 < T0l

<exp(—og®"),

where the last inequality holds, because we can apply Proposition A.3:

nS?Slgl)((K] En[Treox k11 Treox k1 < 701

E [‘E K /\‘L’()]l o ]
(A41) = max n ok K] 07 Heo K1
n<leog K1 Pulto > Treox k11

< O(In(K)og).

On the other hand, we have

(d/b)eox KT
(d/b)leKT —1

sinced/b=1— 0(og) and K* < ogeK. O

(A.42) Preogk1lTrek] > Tl =1 — <exp(—K*)

PROPOSITION A.5. Let (Z,f)nzo a sequence of discrete time Markov chain
with state space 7. and with transition probabilities:

1
_+C0Ka l.f.]:l-i_l’

2
K — K _ .1_ N 1
A43) Pz, =j1Zf =i]=p.j) = -Cox.  ifj=i-l.
0, else,

for some constant C # 0. Let T; be the first hitting time of level i by ZX and let
IP; denote the law of Z K conditioned on Zg = j and let ok a zero sequence such

that K—119 & ox < 1.
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(a) If ZX is slightly super-critical, that is, C > 0, then, for all i > 1
(Ad44)  Tim exp(K*)Pire/2)0xK1T6- D120k KT < TitDIe/20x k1] =0-

(b) If ZK is slightly subcritical, that is, C < 0, then, for all constants
C1,C2,C3>0

(A.45) Kll_l)lloo exp(K*)P(c,+Co)rsox K1[T(C14+Ca+Cy) [sox K1 < TCy[sox k11 = 0.

PROOF. Since the transition probabilities of ZX do not depend on the state
of ZX, we have that

Pirte/2ox k11T6~1)1(e/200k K1 > Ti+1)[(e/2)0k K]
(A.46)

= Pre/2)0x k1170 > T2[(e/2)0x K1]-
By (A.14), the left-hand side of (A.46) is equal

1—(1-2C O(c2))(e/2)ok KT
( ok + (azK)) o | —exp(Ka),
1 — (1 =2Cog + O(0g))?1€/2ox K]

(A47)

since a,%K > K2¢. With the same arguments, we obtain also (A.45). O
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