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Abstract

A uniform key renewal theorem is deduced from the uniform Blackwell’s renewal
theorem. A uniform LDP (large deviation principle) for renewal-reward processes is
obtained, and MDP (moderate deviation principle) is deduced under conditions much
weaker than existence of exponential moments.
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1 Introduction

An ordinary renewal-reward process S(-) is a process of the form
SH)=X1+--+X, form+ -+ <t<m+-+Thi1;

here (71, X1), (12, X5),... are independent copies of a pair (7, X) of (generally, corre-
lated) random variables such that 7 > 0 a.s. That is,

N(t) n
S(t)=>_ X; where N(t)=min{n:T,<t}, Tp=)» 7.
j=1

Jj=1

Large deviation principle (LDP) for S(t) (as ¢t — oo) is well-known when 7 and X have
exponential moments. I prove moderate deviation principle (MDP) for S(¢) requiring

Er < oo, (1.1)
E exp(sX2 —7)<oo forsomee>0. (1.2)

Example 1.1. Let X = +,/7 in the sense that P (X = —/7|7) =P (X = /7|7) = 0.5
a.s. In this case (1.2) follows from (1.1), thus, MDP is ensured by Theorem 1.2 (below)
whenever IE 7 < co. Note that, for instance, large values of X, do not contribute to the
tail of S(1); indeed, S(1) = 0 unless 71 < 1, that is, | X;| < 1. This is the significance of
(1.2): large values of X are “screened out” by large values of T.
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Uniform large and moderate deviations for renewal-reward processes

Emergence of MDP and/or LDP in some models driven by “bad” random variables
is not a new phenomenon. It was observed in the context of renewal processes [4],
self-normalization [6, Sect. 3], random walks in random environment [5, Sect. 2.2].
Conditions (1.1), (1.2) imply E X2 < oo (see Remark 4.1) and are invariant under
linear transformations of X and rescaling of 7 (see Remark 4.2); thus we may restrict
ourselves to the case
EX=0, EX?>=1, Er=1. (1.3)

Theorem 1.2. If (1.2), (1.3) are satisfied then

lim %IHIP(S(t)>x\/7?) :71.
z—+00,2//t—=0 T 2

The limit in two variables ¢, z is taken; that is, for every ¢ > 0 there exists § > 0 such
that for all ¢, z satisfying = > 1/6, 2/+/t < § the function is e-close to the limit.

Theorem 1.2 (MDP) will be deduced from Theorem 1.4 (LDP uniform up to MDP),
and Theorem 1.4 extends Theorem 1.3 (LDP uniform away from MDP) to small ); due
to the uniformity in small \ it covers the limit in two variables t — oo, A — 0, At — oo,
which leads readily to MDP. The assumption for Theorem 1.3 is weaker than (1.2) (see
Remark 4.2):

YAeRVeE>0 E exp(AX —eT) < 0. (1.4)

In combination with (1.1) it implies E|X| < oo but does not imply E X? < oo (see
Remark 3.3).

Theorem 1.3. If (1.1), (1.4) hold and EX = 0 then for every A\ € R, first,
E exp(AS(t)) < oo for all t > 0; second, there exists one and only one 1, € [0,00)
such that

E exp(AX — 1) = 1; (1.5)

and third, ) .
SIE exp(AS(1) = m+0(7) (1.6)
ast — oo, uniformly in A € [-C, —c] U [¢, C] whenever 0 < ¢ < C' < oc.

Theorem 1.4. If (1.2) and (1.3) hold then
1
= 5A2+0(A2) as\A— 0,

and (1.6) holds uniformly in A € [-C, C]| whenever 0 < C < co.

Theorem 1.2 is used in [7].
The author thanks the anonymous referee and the associate editor for helpful com-
ments.

2 Uniform renewal theorems

A uniform version of Blackwell’s renewal theorem is available ([8, Th. 1]; see also
[1, Th. 2.6(2), 2.7]) and may be formulated as follows.
First, we define the span of a probability measure p on (0, 00) as

Span(p) = max ({6 > 0: p({6,26,35,...}) =1} U {0});

Span(u) = 0 if and only if 4 is non-arithmetic. A set M of probability measures on (0, oo)
will be called a set of constant span ¢, if Span(u) = § for all 4 € M. Symbolically:
Span(M) = 4. Thus, a set of constant span 0 contains only non-arithmetic measures;
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Uniform large and moderate deviations for renewal-reward processes

a set of constant span ¢ > 0 contains only arithmetic measures of span ¢ (rather than
20,36, ...).

Second, for every probability measure p on (0, c0) we introduce the renewal measure
as the sum of convolutions:

U#:Z/‘*"'*“ (2.1)
n=0

n

(the term for n = 0 being the atom at the origin); U, is infinite, but locally finite, since
[etUL(dt) =, ([ e u(dt)™ < oo.

Theorem 2.1. ([8], [1]) Assume that a set M of probability measures on (0, c0) is weakly
compact (treated as a set of measures on R), is a set of constant span, and is uniformly
integrable, that is,

lim sup/ tu(dt) =0.
a—>+o<>“€1w [a,oo) Iu( )

Then in the non-arithmetic case (Span(M) = 0), for every v > 0,

Uy ((u,u+ 1)) asu — 0o

7 Ten(an

uniformly in u € M; and in the arithmetic case (Span(M) = §),

U.({nd}) — asn — 0o

0
Jtu(dt)
uniformly in p € M.

We denote for convenience
1
Ay=———.
" [tp(dt)
Remark 2.2. The uniform integrability of M ensures continuity of the function y — A,
on M. By compactness,

0 < min A\, <max\, <oo.
pneM pneM

Remark 2.3. Under the uniform integrability, M is weakly compact if and only if it is
weakly closed (as noted in [8, p. 25]).

Remark 2.4. In the non-arithmetic case it follows that U, ({u}) — 0 as u — oo, uni-
formly in p € M. Therefore the interval (u,u + v| in Theorem 2.1 may be replaced with
(uyu+v), [u, u+v] or [u,u +v).

Remark 2.5. We note well-known inequalities

Un([u, u +v])
Uu([u,u +v))
Up((u, u + v])

)5

ININ TN

U.([0
Uu([0,v)
U,

for all u,v > 0. See [2, p. 123] for the third inequality; others follow by approximation.

A uniform version of the key renewal theorem follows. We start with the arithmetic
case.
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Theorem 2.6. Let M be a set of probability measures on (0, c0) satisfying the condi-
tions of Theorem 2.1, Span(M) = ¢ > 0, and H a set of functions {0,0,24,...} — R such
that

su h(kd)| < oo and lim su h(kd)|
hegkg(:) | | n—oo heg Z |

Then -
(U, * h)(nd) — 6, Z h(ké) asn — oo
k=0
uniformly inpu € M and h € H.

Proof. By Remark 2.5, U,({né}) < U,({0}) = 1 for all ; and n. By Theorem 2.1,
U,({né}) — oA, as n — oo, uniformly in ¢ € M. Lemma 2.7 (below) completes the
proof. O

Lemma 2.7. Let U and H be sets of functions {0,1,2,...} — R such that

sup sup |u(n)| < oo,

uelU n
the limit u(co) = lim u(n) exists uniformly inwu € U ;
n—roo
sup h(n)| < oo}
o 2. )
Z |h(n)| = 0 as N — oo, uniformlyinh € H.
n=N

Then -
(uxh)(n) = u(co) Zh(k) asn — oo, uniformlyinu € U andh € H .

Proof. Denoting ||ulj = sup,, |u(n)], = >, |h(n)| and X(h) = >, h(n) we have
I * Alloo < |JulloollPl]1, |u(o0)] < ||ulleo and |X(R)| < ||h||:. For arbitrary N € {0,1,2,...}
and h € H we introduce hy, Y : {0,1,2,...} = Rby hy(n) = h(n) forn < N, hy(n) =0
for n > N, and h¥ = h — hy. We have sup,cy [|ulloc < 00, sup,cy ||h|l1 < oo, and

suppep |AV]]1 = 0 as N — oco. For arbitrary N and alln > N,

|(uxh)(n) —u(e0)X(h)] <
< [(uxhy)(n) — u(oo )Z(hN)| +1(ux hY)(n) — u(o0)B(hY)| <

2

g‘k u(n — k)h Zh ‘+|u*hN )()| + [u(c0)S(hN)| <

N
< > Ju(n = k) = u(0o)||A(k)| + ux hV|oc + [u(o0) [Z(AY)] <
k=

<[l e [u(k) — w(00)| + 2||ull oo |21 5
given £ > 0, we choose N such that ||u ||V |1 < e forallu € U and h € H; then for all
n large enough we have ||h||; sup;>,, v [u(k) — u(oo)| < e foralluw € U and h € H, and
finally, |(u * h)(n) — u(c0)X(h)| < 3e. O

The non-arithmetic case needs more effort. Recall that a function & : [0,00) — R is
called directly Riemann integrable, if two limits exist and are equal (and finite):

oo oo

lim ¢ inf A()= lim 0 sup  h().
6—0+ nzo[nﬁ,n6+5) 6—0+ o [n6,n8+8)
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Definition 2.8. A set H of functions [0,00) — R is uniformly directly Riemann inte-

grable, if
o0
sup sup |h(-)| < oo,
heH nz:% [n,n+1)
sup |h(-)] =0 as N — oo, uniformlyinh € H;
=N [n,n+1)
1) sup h(-)— inf h~)%0 as § — 0+, uniformlyinh € H .
,,;0 [n8,n5+4) 0 [n6,nd+0) 0

Remark 2.9. If supj,cpr Yo SUDs.ns45) [P(-)] < oo for some § then it holds for all 4.
Proof. Given 51, 52 > O, we consider A = {(nl, ng) : [n151, 71151 +51)ﬂ[n252,n252—|—52) 7é @},
note that #{n, : (n1,n2) € A} < £ +2, and get

sup  |h()| < max sup  [h()| <
n1=0 [TL151,1’L161+51) n;o 7"2:(7117”2)6"4 [n262,n252+52)
02 =
< sup [h()| < (a + 2) Z sup [ (-)]

[n2d2,n202+62) —_p [n202,m202+62)
(n1,m2)€EA no=0

Remark 2.10. By Remark 2.9, the first two conditions of Def. 2.8 may be reformulated
as

o0

sp S sup [h()| < oo,
heHn:O [né,né+46)

oo

sup |h(-)] =+ 0 as N — oo, uniformlyinh € H
n=N [n6,né+3)

for some (therefore, all) § > 0. Similarly,

) sup h(:)— inf A()) < (1420 sup |h()].
W;N [n6,nd+5) 0 [n,nd+9) ()> ( );[nm+1)‘ 0

Thus, the third condition of Def. 2.8 may be reformulated as uniform Riemann integra-
bility on bounded intervals: for every N,

1) sup h(-)— inf h-)—>0 as d — 0+, uniformlyinh € H .
nzéﬁf\f [né,nd+4) ( ) [nd,nd+6) ()

Remark 2.11. If each h € H is a decreasing function [0,00) — [0,00) then H is uni-
formly directly Riemann integrable if and only if

oo
sup h(0) < oo, sup/ h(s)ds < o0, and
heH heH Jo

sup/ h(s)ds =0 asa— 0.
heH Ja

By taking differences, a similar result can be obtained for functions of uniformly bounded
variation on [0, 00) (rather than decreasing).

We turn to the non-arithmetic case (of the uniform version of the key renewal theo-
rem).
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Theorem 2.12. Let M be a set of probability measures on (0, o0) satisfying the condi-
tions of Theorem 2.1, Span(M) = 0, and H a uniformly directly Riemann integrable set
of functions [0,00) — R. Then

(U, = h)(t) — )\#/Oooh(s)ds ast — oo

uniformly inp € M and h € H.
Here is a generalization of Lemma 2.7, to be used in the proof of the theorem.

Lemma 2.13. Let H be as in Lemma 2.7, and V a set of functions {0,1,2,...} x
[0,00) — R such that, first, sup,¢y sup,, sup, |v,(t)| < oo, and second, the limit v(co) =
lim¢_, oo v, (t) exists uniformly in v € V for every n, and does not depend on n. Then

Z h(n)vp(t) = v(o0) Z h(n) ast — oo, uniformlyinv eV andh € H.
n=0 n=0

Proof. The proof of Lemma 2.7 needs only trivial modifications: ), h(n)v,(t) instead
of (ux h)(n); SN, |va(t) — v(co)||h(n)| instead of Y, [u(n — k) — u(co)||h(k)|; and
max,=o,.. N |Un(t) — v(co)| (for large t) instead of sup,~,,_ y |u(k) — u(c0)| (for large n).
Also, [|v]lee = sup,, ; [vn(t)]. - O

Here is a special case of Theorem 2.12 for step functions.

Lemma 2.14. Assume that M and H are as in Theorem 2.12, § > 0, and every h € H is
constant on each [nd,nd + §). Then the conclusion of Theorem 2.12 holds.

Proof. Lemma 2.13 will be applied to H and V, where H consists of all . of the form
h(n) = h(nd) for h € H, and V consists of all v of the form

vn() = U/L * ]l[né,nts—i-é)
for 1 € M; thatis, v,(t) = U, ((t — nd — §,t — nd]). By Remark 2.5,

eé

) < Ua([0.0)) < [ Uds) = s

by compactness of M,
s

e
t)] <
Sl,lbpt [on(8)] < 1 — max, [ e~*u(ds)

< 0.

By Theorem 2.1, for every n, v,(t) — A0 as t — oo, uniformly in v. Thus, V satisfies
the conditions of Lemma 2.13. By Remark 2.10, H satisfies the conditions (for H) of
Lemma 2.13, that is, of Lemma 2.7. It remains to apply Lemma 2.13 and take into
account that v(c0) = A0, 63, h(n) = [°h(s)ds and 3, h(n)v,(-) = U, * h since
Zn h(né)]l[n57n5+5) = h. O

Proof of Theorem 2.12. For arbitrary 6 > 0 and h € H we introduce hy , h} :[0,00) = R
by
hy(t) = inf h(-), h;(t) = sup h() forte [nd,né+d),
[nd,nd+49) [n8,né+46)
then h; < h < h}. The sets H; = {h; : h € H}, H{ = {h} : h € H} are uniformly
directly Riemann integrable by the arguments of Remark 2.10. Applying Lemma 2.14
to M and H; we get

o0
(ww@@ahjjﬁ@@awaw
0
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uniformly in p € M and h € H.
Given ¢ > 0, we choose § = d. such that [ |h¥(t) —h(t)|dt < ¢ for all h € H. Then we
choose t. such that forallt >t¢., pn€ M and h € H,

](U*hi /\/ hE(s d3’<5

<e+4+ A
and a similar lower bound; thus (recall Remark 2.2),
’(Uﬂ xh)(t) — )\H/h(s) ds‘ < 5(1 + max)\#)
neM
forallt >t., pe M and h € H. O

3 Uniform large deviations

Theorem 1.3 is proved in this section.

Exponential moments of a renewal-reward process boil down to a renewal equation,
see [3, Th. 5], and therefore to an auxiliary renewal process, as explained below.

Having 7, satisfying (1.5) for a given A (see Lemma 3.5), we introduce a probability
distribution v, on (0,00) x R by its Radon-Nikodym derivative

dl/,\

t /\ac—nkt
5 &)=

where v is the joint distribution of 7 and X. Our renewal-reward process S(-) is driven
by independent pairs (7, Xj) distributed v. Replacing v with v, (“change of measure”)
we may get another renewal-reward process. However, we need only the corresponding
renewal measure (the reward being irrelevant). Thus, we introduce the first projection
(marginal distribution) u) of vy. That is, if a pair (7, X)) is distributed v, then 7 is
distributed u ). Also, 7 is distributed p. Similarly to (2.1) we define the renewal measure

o0
UA=ZMK", P =k
—_——

n=0

Lemma 3.1.
EeM® — MU * hy) (1)

where

e”™P(r>t) fort>0,
ha(t) = ( ) - (3.1)
0 fort < 0.

Proof. Using the notation E (Z; A) = E (Z - 14) we have

Ee*® =Y "R (eM0; N(t) =n).

ECP 18 (2013), paper 52. ecp.ejpecp.org
Page 7/13


http://dx.doi.org/10.1214/ECP.v18-2719
http://ecp.ejpecp.org/

Uniform large and moderate deviations for renewal-reward processes

It is sufficient to prove that
E (W N(t) = n) = e (ui™ x hy)(t) forn=0,1,2,...

We have

e ME (MW N(t) = n) = e ™R (MK T+ N (1) = n) =

E (ez>‘X1_””1 ...e)‘X"_"”"e_"*(t_”_'”_T"); 0<t—m— —Tpn < Tpt1) =

/I/)\(dtl dzq) .. ./V,\(dtn dz,) / v(dt,11 dxn+1)e_’7*(t_t1_"'_t")ﬂogt_tl_m_tnqwl =

/ pa(dy) ... / Jia(dt,) / (g )e OB G () (1)

ha(t—t1—-—ty) O

d
Remark 3.2. #(t) =E (M ™7 |1 =t) for u-almost all t.
U
Proof: yiz(A) = (A xR) = E(m7 7 € A) = E(E(eXX™7|71);7 € 4) =
JAE(eXX=m7 |7 =t) pu(dt) for all u-measurable sets A C R.
Recall assumptions (1.1) ET < co and (1.4) VA€ RVe > 0 E exp(AX —e7) < 0.

Remark 3.3. Assumptions (1.1), (1.4) imply E | X| < oo but do not imply E X? < cc.
Proof. First, | X| < 74 elX|I=7 <1 4+ e X7 4 ¢X-7 is integrable. Second, take X = 72/3
with 7 such that ET < co but IE74/3 = oo, then (1.1), (1.4) hold but E X2 = cc.

From now on, till the end of this section, we assume the conditions of Theorem 1.3;
that is, (1.1), (1.4), and EX = 0. We also assume that P(X = 0) # 1; otherwise
Theorem 1.3 is trivial.

Lemma 3.4. Maps (\,n) — exp(AX —n7) and (\,n) — Texp(AX — n7T) are continuous
from R x (0, 00) to the space L, of integrable random variables.

Proof. 1t is sufficient to prove the continuity on [-C, C] x [2¢, 00) for arbitrary C,e > 0.
Also, it is sufficient to consider the map (X, 7) — ¢ exp(AX — n7), since 7 < Le7 a.s.
We apply the dominated convergence theorem, taking into account that exp(—CX —
eT) + exp(CX — e7) is an integrable majorant of e°” exp(AX — 1) for all A € [-C, C] and
n € [2e,00). O

Lemma 3.5. For every A there is one and only one 7 satisfying (1.5) IE exp(AX —n\7) =
1, and the function A — 7, is continuous on R.

Proof. The function ¢ : Rx (0, c0) — (0, 00) defined by ¢(\, ) = E exp(AX —n7) is contin-
uous by Lemma 3.4. For every A the function ¢ (), -) is strictly decreasing, ¥(\, +00) = 0,
and (possibly, infinite) ¥(A,0+) = E exp(AX) > exp(AE X) = 1 provided that A # 0.
Thus, for A # 0 we get unique 7, > 0; and trivially, n9 = 0.

It remains to prove continuity of the function A — 7). Given )y # 0 and € < n,,
we note that ¥(Ao,mxn, + ) < 1 = ¥(No, M) < ¥(No,M, — €) and take § > 0 such that
YAy +) <1 =Y m) < (A, —¢) and therefore 1y, — e < gy < 1y, + ¢ for all
A€ (Mg — 0, 0 + ). For \g = 0 we use a one-sided version of the same argument: given
€ >0, we take ¢ > 0 such that (), ¢) < 1 and therefore 7, < e for all A € (=4, 0). O

Lemma 3.6. The function A — pu is continuous from (—oo,0) U (0, 00) to the space of
measures with the (total variation) norm topology.
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Proof. By Remark 3.2, du,/du = @5 where ¢, is defined by ¢x(7) = E (X7 | 7). If
An = A # 0 then, using Lemmas 3.4 and 3.5, ||ua, — ]l = [ o, —ealdp =E|ex, (1) —
oA(T)] = E[E(eMX =T |7) — E(e;M M7 |7)| < Ele*X T — X7 - 0 asn —
0. O

Lemma 3.7. The set {uy : A € [-C, —c] U [¢, C]} satisfies the conditions of Theorem 2.1
whenever 0 < ¢ < C < o0.

Proof. Lemma 3.6 ensures compactness (even in a topology stronger than needed). For
every A measures py and p are mutually absolutely continuous, therefore Span(uy) =
Span(u). It remains to prove uniform integrability. ~We have f[am) tux(dt) =
E (7exp(AX — na7)1[4,00) (7)) — 0 as @ — oo uniformly in A € [-C,—c] U [¢, C], since
random variables 7 exp(AX — n,7) for these A\ are a compact subset of L; by Lemmas
3.4, 3.5. O

Proof of Theorem 1.3. Existence and uniqueness of 7, satisfying (1.5) are ensured by
Lemma 3.5; finiteness of Ee*5(Y) by Lemma 3.1.
We reformulate (1.6) as existence of T' € (0, 00) such that

sup —mt+ nEM®| < 0o, (3.2)
AE[—C,—c]U[c,C], te[T,00)

The set M = {puy : A € [-C, —c] U [¢, O]} satisfies the conditions of Theorem 2.1 by
Lemma 3.7.

By Remark 2.2, [¢p,(dt) is bounded away from 0 and oo for A € [-C, —c] U [¢, C].
The rest of the proof of (3.2) splits in two cases.

Non-arithmetic case: Span(y) = 0.

The set H = {hy : A € [-C,—c| U [¢, C]} is uniformly directly Riemann integrable by
(3.1), (1.1) and Remark 2.11. By Lemma 3.1 and Theorem 2.12,

i S0 s Jo ta(s)ds
[ s pa(ds)

uniformly in A € [-C,—c] U [¢,C]. In order to get (3.2) it remains to check that the
ratio of integrals is bounded away from 0 and oco. For the denominator, see above. The
numerator is bounded from above by (3.1), (1.1), and from below, since 7, is bounded
from above for A € [-C, —c| U [¢, C] by continuity.

Arithmetic case: Span(u) =6 > 0.

The set H of restrictions to {0,6,24,...} of the functions h) for A € [-C, —c] U [¢, C]
satisfies the conditions of Theorem 2.6 by (3.1) and (1.1). By Lemma 3.1 and Theorem
2.6,

ast — oo

o AN GAS(nd) 0 3 heo ha(k0)

J s ua(ds)
uniformly in A € [-C, —¢] U [¢, C]. The numerator is bounded from above by (3.1), (1.1),
and from below, since h)(0) = 1. Thus we get (3.2) for ¢t € {0,4,24,...}, which is
sufficient, since S(-) is constant on [kd, k6 + ) (and 7, is bounded). O

asn — oo

4 Moderate deviations

Theorems 1.2 and 1.4 are proved in this section.
In order to use small A we need (1.2): E exp(eX? — 7) < oo for some ¢ > 0.

Remark 4.1. Assumptions (1.1), (1.2) 1'mp1y]EX2 < oo.
2
Proof: eX? < 7+ X 7 is integrable.
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Remark 4.2. Assumption (1.2) is invariant under linear transformations of X, and
rescaling of T; also, (1.2) implies (1.4).
Proof. Rescaling X: E exp((c™%¢)(cX)? — 7) = E exp(eX? — 7) < 0.

Shifting X: E exp(5(X+¢)2—7) < E exp(5(X —¢)>+5(X +¢)2—7) = ¢ °E exp(e X2~
T) < 00.

Rescaling 7: E exp(ceX? — ¢7) = E (exp(eX? — 7))¢ < (E exp(eX? — 7))¢ < oo for
c€(0,1), and E exp(eX? — 1) < E exp(eX? — 7) < oo forc € [1,00).

Finally, (1.2) implies (1.4) since F exp(6X? — 7) < oo implies E exp(e6X? — e7) < 00
(assuming 0 < ¢ < 1) and therefore E exp(AX —e7) < E exp(% +e6X? —eT) < 00.

From now on we assume the conditions of Theorem 1.4; that is, (1.2), and (1.3):
EX =0, EX? =1, Er = 1. Conditions of Theorem 1.3 follow, since (1.2) implies (1.4)
by Remark 4.2.

Here is an analytic fact that will give us some integrable majorants.

Lemma 4.3. Foralla,e, A € (0,00),

(1 +t+ 22) exp(Az — ar?t)
sup o) < 0.
t>0,2>0,A€(0,A) t+ exp(Em - t)

Proof. Denoting this supremum by S(a,s,A) we observe that S(a,e,A) < max(1,c?)
S(c2a,c?e,cM) for arbitrary ¢ > 0 (by rescaling, © + cx and A — ¢~ '\). Thus, we
restrict ourselves to ¢ = 1.

We note that )

max(\z — a\’t) = .
AER at
We choose a, 3 > 0 such that o > 1 and 3% < 4a(a?—1) (for instance, o = 2 and 3 = 3+/a)
and consider three cases.
Case 1: z < a/t.
We note that ¢ + exp(2? —t) >t +e~! > max(t, 1), thus,

(14t + 2%) exp(Az — ar?t) < (1+t+2?)exp %;t

t +exp(a? — 1) B max(t, 1) -
(14t + a?t) expiﬁ 2 a’
< a < 2 T
max(¢, 1) S @tajep 4a
Case 2: a/t <z < fBt.
(1+t+a%)expOha —ad?t) _ (L+i+a*)exp iy _
t+ exp(a? —t) T exp(a®t—t) T
B2t2
< (L+t+pB*%)exp (ﬂ —042754‘75) <
a
da(a® —1) — B
< sup(1 + £+ B2#2) exp (_ Mt) < 00.
a

>0
Case 3: z > [3t.
(1 +t+ 2?) exp(Az — a\?t)

t +exp(a? —t)
<sup(l+ B 'z +2%) exp(Az — 2% + f7'2) < 00.
T

<1+ 242 exp(hz — ar?t —2? + 1) <
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Lemma 4.4. Foralla,e, A € (0,00),

(1+t+2%)(1+exp(Az — ar?t))
sup 3 < 0.
1>0,2€R,NE(—A,A) t + exp(ex? — 1)

Proof. By Lemma 4.3 applied to |z], |A

’

(14t + 2?) exp(|]Az| — ar?t)
sup
+>0,2€R,AE(—A,A) t + exp(ex? —t)

and Az < |\z|, of course. The new terms are bounded:

14t 14t L+t .
t+explex? —t) — t+et = max(l,t) =’
z? < x? 1
t+exp(ex? —t) ~ t+ex?—t e O

Here is a counterpart of Lemma 3.4. This time, the origin A = = 0 is included (but
its neighborhood is reduced).

Lemma 4.5. For every a € (0,00), maps (A, 1) — exp(AX —n7) and (A, n) — Texp(AX —
nT) are continuous from {(\,n) : A € R,n € [a)?,o0)} to the space L; of integrable
random variables.

Proof. We apply the dominated convergence theorem, taking into account that 7 +
exp(eX? — 7) is an integrable majorant by Lemma 4.4. O

Lemma 4.6. Foralla,e, A € (0,00),

—a))—1- —a\?t
sup |exp(Ax — al“t) (Ax — ar“t)]

< 0.
£>0,0€RAE(—A,0)U(0,A) A2(t + exp(ea? — t))

Proof. Denote u = Az — a\’t.
Case |z| < a|Mt: we have |\x| < aA?t, thus —2a)\?*t < v < 0 and |e* — 1 — u| =
e —l—u<l—-1—u=—-u<2aNt< 2a)\2(t+exp(€x2 —t)).

Case |z| > a|A|t: we apply the bound [e* — 1 — u| < 2u? max(1,e"), note that u®/A? <
222 + 2(aAt)? < 42% and get an upper bound
22% max (1, exp(Az — aA?t))
t + exp(ex? —t) ’
bounded by Lemma 4.4. O

Lemma 4.7. Foralla € (0,00),

E exp(AX —aX?T)—1 1
2z w5 a asA— 0.

Proof. We have

X —aX?7) —1—(AX —a)? 1
exp(A aA’T) v ( aX’T) — §X2 a.s. asA—0.

The left-hand side is dominated by 7 + exp(¢ X? — 7) by Lemma 4.6, the majorant being
integrable (for some ¢) by (1.1), (1.2). By the dominated convergence theorem,

E X —a)7)—1-)EX ’E 1
exp(A a\ 7'))\2 A +a\ T—>§EX2§

it remains to use (1.3). O
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Recall 7, satisfying (1.5) E exp(AX — ny7) = 1, given by Lemma 3.5; 79 = 0, and
nx > 0 for A # 0.

Lemma 4.8. 7, = A2 + 0(\?) as A — 0.

Proof. If a > 1 then by Lemma 4.7, E exp(AX — a)?r) < 1 and therefore 7, < aA? for all
A # 0 small enough. Similarly, if a < % then 1, > a)? for all A # 0 small enough. O

Lemma 4.9. The function A — pu) is continuous from R to the space of measures with
the norm topology.

Proof. Continuity on (—oc0,0) U (0,00) holds by Lemma 3.6. The same proof gives now
continuity at 0 due to Lemma 4.5 (and 4.8). O

Lemma 4.10. The set {uy : A € [-C, C|} satisfies the conditions of Theorem 2.1 when-
ever 0 < C < oo.

Proof. We repeat the proof of Lemma 3.7 using Lemma 4.9 instead of 3.6, and 4.5
instead of 3.4. O

Proof of Theorem 1.4. The first claim is ensured by Lemma 4.8. For the second claim,
the proof of Theorem 1.3 needs only trivial modifications: [—C, C] and related results of
Sect. 4 are used instead of [-C, —c] U [¢, C] and related results of Sect. 3. O

Proof of Theorem 1.2. By the well-known Gartner(-Ellis) argument it is sufficient to
prove that
i 1
1m —
t—00,A—0,\2t—00 A2t

1
InE exp AS(¢) = 3
By Theorem 1.4,

1 I\

A2t T2 :O(%>

as t — oo, uniformly in A € [-C,0) U (0,C]. By Lemma 4.8,

InIE exp AS(t)

m 1
)PQ'HO

as A — 0. O
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