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FULL STABILITY OF LOCALLY OPTIMAL SOLUTIONS IN
SECOND-ORDER CONE PROGRAMS*

BORIS S. MORDUKHOVICH', JIRI V. OUTRATA}, AND M. EBRAHIM SARABI®

Abstract. The paper presents complete characterizations of Lipschitzian full stability of locally
optimal solutions to second-order cone programs (SOCPs) expressed entirely in terms of their initial
data. These characterizations are obtained via appropriate versions of the quadratic growth and
strong second-order sufficient conditions under the corresponding constraint qualifications. We also
establish close relationships between full stability of local minimizers for SOCPs and strong regularity
of the associated generalized equations at nondegenerate points. Our approach is mainly based on
advanced tools of second-order variational analysis and generalized differentiation.
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1. Introduction. This paper is devoted to the study of full Lipschitzian stability
of locally optimal solutions to second-order cone programs (SOCPs), which are written
as follows:

(1.1) minimize ¢o(z) subject to ®(z): = (®'(z),..., @’ (z)) € Q,

where the data pp: R® — R and ®/: R* — R™i*! j =1,...,.J, are twice continu-
ously differentiable (C?-smooth) around the reference points. The underlying set Q is
given by

J

J
(1.2) Q: =[] Qm41 CRY with 1:=> (m; +1)
j=1

j=1
as the J-product of the second-order, Lorentz, ice-cream cones
(1.3) Q1 = {(so,sr) € ij+1| S0 > ||sr||}7 j=1,...,J.

It has been well recognized that the SOCP model (1.1) describes various classes of
problems important for optimization theory and applications; see [1, 3] and the ref-
erences therein. Note that, despite the C2-smoothness of the functions ¢y and ® in
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(1.1), this model belongs to nonsmooth optimization due to the nondifferentiability
of the norm in (1.3) at the origin.

The concept of (Lipschitzian) full stability of local solutions to general optimiza-
tion problems was introduced by Levy, Poliquin, and Rockafellar [11] who were largely
motivated by the far-reaching extension of the tilt stability notion from Poliquin and
Rockafellar [30] and the importance of these stability notions for the justification
of numerical algorithms; see [11, 30] and also section 4 below for more details. In
contrast to tilt stability for which significant progress has been achieved, especially
during the recent years (see, e.g., [3, 6, 7, 8, 12, 20, 21, 24, 25, 26]), not much has
been done for the study of full stability. The pioneering paper [11] contains a second-
order subdifferential characterization of full stability in the unconstrained framework
of finite-dimensional optimization with extended real-valued objectives. The next step
was done in [27], where the authors obtained (mainly based on the general approach of
[11] and the second-order calculus rules established in [26]) several second-order char-
acterizations of full stability for finite-dimensional problems of nonlinear programming
(NLP), extended nonlinear programming, and mathematical programs with polyhe-
dral constraints (MPPC) under certain nondegeneracy conditions. Quite recently,
Mordukhovich and Nghia [22] have developed a new approach to both Lipschitzian
and Holderian (introduced therein) full stability in finite and infinite dimensions and
applied it to deriving constructive characterization of full stability in NLPs, infinite-
dimensional problems with polyhedric constraints, and optimal control problems gov-
erned by semilinear elliptic equations without any nondegeneracy assumption.

The classes of constrained optimization problems for which full stability has been
constructively characterized in [22, 27] entirely in terms of the initial data possess
a certain polyhedral structure that has been significantly used in the proofs. Such a
polyhedrality is not the case for SOCPs, where no results of this type have been known
even for tilt stability. Note to this end that related coderivative characterizations of
tilt stability for general conic programs has been recently obtained in [25] while not
completely in terms of the initial program data. The major goal of this paper is to
establish complete characterizations of full stability for SOCPs (1.1) at nondegenerate
local minimizers via the initial data, where no difference arises between Lipschitzian
and Holderian versions. This will be achieved by using second-order generalized dif-
ferential tools of variational analysis and their constructive realizations in the SOCP
framework.

The rest of the paper is organized as follows. Section 2 recalls basic tools of
generalized differentiation employed in deriving (while not in formulations) of the
main characterizations of full stability. Section 3 makes a bridge between general
second-order constructions and constraint qualifications developed in the variational
approach to full stability from one side, and their effective realizations via the initial
data in the SOCP setting from the other. In particular, employing the coderivative
calculations for the metric projection onto the Lorentz cone by Outrata and Sun
[29] as well as new calculations of the second-order subdifferential of the indicator
function for this cone allow us to establish the equivalence between the second-order
constraint qualification (SOCQ) developed in second-order variational calculus and
the nondegeneracy condition well recognized in constrained optimization.

Section 4 contains second-order characterizations of full stability of locally op-
timal solutions to SOCPs. First we discuss characterizations given via the partial
strong metric reqularity of a first-order subgradient mapping and via an SOCP ver-
sion of the wuniform second-order quadratic growth under appropriate qualification
conditions. Then we derive our main characterization of full stability of nondegener-

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/26/15 to 141.132.84.86. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

FULL STABILITY IN SOCPs 1583

ate local solutions to SOCPs expressed via the second-order strong sufficient condition
for SOCPs introduced in the nonparametric setting by Bonnans and Ramirez [2] from
different perspectives. The proof of this result is based on the composite optimization
approach to full stability with the usage of the aforementioned calculations of the
second-order subdifferential together with recent second-order calculus rules devel-
oped in [28] and [19].

In section 5 we establish close relationships between full stability of local min-
imizers for SOCPs and Robinson’s notion of strong regularity [31] of the associated
KKT systems involving Lagrange multipliers. In fact we show that these two notions
are equivalent under the SOCQ/nondegeneracy condition. The given proof of this
result works for general problems of conic programming described by reducible cones.
As a by-product of the obtained equivalence and the strong second-order sufficient
optimality condition (SSOSC) characterization of full stability from section 4, we re-
cover the characterization of strong regularity for SOCPs established by Bonnans and
Ramirez [2] in a completely different way. Two illustrative examples are presented
here showing, in particular, that full stability is a broader notion for SOCPs in the
absence of nondegeneracy. The final section 6 contains some concluding remarks and
formulates several open questions of further research.

Throughout the paper we use standard notation of variational analysis and second-
order cone programming; see, e.g., [1, 17, 18, 33]. Everywhere R™ stands for the n-
dimensional Euclidean space with the norm || - || and the inner product (-,-). By B we
denote the closed unit ball in the space in question and by B,(z) = B(x,r) :=x+ 1B
the closed ball centered at x with radius r > 0. For a set-valued mapping F': R™ = R™
the symbol

Limsup F(x) := {y € Rm} Jzp > 7, dyy >y as k— oo
with gy, € F(zy,) forall ke N:={1,2,.. .}}

signifies the Painlevé—Kuratowski outer limit of F' as x — Z. Given 2 C R", the

symbol z £ 7 indicates that  — 7 with 2 € Q. For a linear operator/matrix A
the notation A* stands for the adjoint operator/matrix transposition; we also use the
symbol * to indicate the duality /polarity correspondence. For a vector column = € R™
the notation z” stands for the corresponding vector row. Finally, by cone Q and co 2
we denote the conic and convex hulls of §2, respectively.

2. Tools of generalized differentiation. Here we recall and briefly discuss,
mostly following the books [17, 33], some basic generalized differential constructions of
variational analysis needed in the paper. Unless otherwise stated, all the sets 2 C R”
under consideration are locally closed and the extended real-valued functions ¢: R® —
R := (—o0,q] are lower semicontinuous around the reference points. Variational
geometry is underlying in what follows, and so we first recall the original definition

of the (limiting, Mordukhovich) normal cone to 2 at T € Q given in [14] by

(2.1) Nq(z) = Limsup [cone(x - Hg(ﬁ))}

T—T

via the projection operator Ilg: R™ = R™, which plays a crucial role in this paper.
Observe that the normal cone (2.1) is often nonconvex while it can be represented via

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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(1.4) as

TP Tu—al =

(2.2) No(z) = Limsup No(z) with Ng(z;Q) := {U eR”

Q _
T—T

limsupw < 0} ,

where the convex cone Ng(x) in (2.2) is known as the collection of Fréchet or regular
normals to Q at x € Q. There is the duality/polarity correspondence

(2.3) No(z) = To(z)* = {v eR"

(v,w) <0 forall we Tg(x)}

between NQ(x) in (2.2) and the (Bouligand—Severi) tangent cone to Q at = defined by

(24) Tol(z):= {w cR"

Elxkgx, a >0 with ag(zp —2) > w as k—)oo}.

Note that for convex sets 2 the normal and tangent cone constructions in (2.1), (2.2),
and (2.4) reduce to the corresponding constructions of convex analysis.

Given an extended real-valued function ¢: R® — R finite at Z, the only (first-
order) subdifferential of ¢ at T we use in this paper is the one introduced in [14],

(2.5) Dp(@) = {v € R"| (v,-1) € Nepi (7, 9(3) },

via the normal cone (2.1) to the epigraph epiy := {(z,a) € R""!| a > ¢(z)}. There
are various analytic descriptions of the subdifferential (2.5), which are not used in
what follows; see [17, 33]. It is easy to observe the normal cone representation

(2.6) No(z) = 06q(z), T €Q,

via the subdifferential of the set indicator function do(z) equal to 0 for z €  and
oo otherwise. Note that, in spite of (or perhaps due to) the nonconvexity of the
normal and subgradient sets (2.1) and (2.5), these constructions along with the as-
sociated coderivative of mappings enjoy comprehensive calculus rules based on vari-
ational/extremal principles of variational analysis.

Considering further a set-valued mapping F': R” = R with

dom F' := {x cR"

F(x) # (Z)} and gphF := {(x,y) € R" x Rm‘ Yy € F(x)},
define its coderivative [15] at (Z,7) € gph F' by

(2.7) D*F(z,7)(v) = {u eR"

(u, —v) € nghF(@,g)}, vER™

via the normal cone (2.2) to the graph gph F' := {(z,y) € R" x R™| y € F(x)}. The
set-valued mapping D*F(z,y): R™ = R" is generally positive homogeneous, while in
the case of smooth single-valued mapping F': R” — R™ (when we omit §y = F(Z) in
the coderivative notation) it reduces to the adjoint derivative operator

D*F(z)(v) = {VF(z)"v}, veR™

Coming back to extended real-valued functions ¢: R® — R and following [16],
define the second-order subdifferential (or generalized Hessian) of ¢ at Z relative to

y € 0p(z) by
(2.8) Po(z,9)(u) == (D*00)(Z,7)(u), ueR,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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as the coderivative (2.7) of the first-order subdifferential mapping d¢. Observe that
for ¢ € C? with the (symmetric) Hessian matrix V2 (Z) we have

*o(z)(u) = {Vp(z)u} for all ueR"

The second-order subdifferential construction (2.8) and its partial modification con-
sidered in section 4 play a crucial role in deriving the main results of this paper.

3. Basic calculations and relationships for SOCPs. The main goal of this
section is to establish the equivalence in the case of SOCPs between two major qual-
ification conditions introduced and developed from completely different viewpoints
in general frameworks of variational analysis and optimization. The first condition
appeared in [10] and then was used under some modifications in [23, 26] for deriving
second-order chain rules of generalized differentiation. It has been recently applied in
[26, 27] to characterize tilt and full stability in particular classes of optimization prob-
lems with a polyhedral structure and in [4] to derive necessary conditions in problems
of optimal control of the sweeping process.

DEFINITION 3.1 (SOCQ for SOCPs). Let T be a feasible solution to (1.1) with Q
given by (1.2), and z := ®(z) € Q. We say the SOCQ holds at T if

(3.1) 9°60(2,9)(0) Nker V& (z)* = {0},

where § € Ng(Z), and where ker A stands for the kernel of the linear continuous
operator A.

Note that SOCQ (3.1) is automatic when the Jacobian matrix V®(Z) has full
rank, which is not required here. It is shown in [27] that in the case of MPPCs
the SOCQ condition is equivalent to the polyhedral constraint qualification (PCQ)
introduced therein while for NLPs it reduces to the classical linear independence con-
straint qualification (LICQ), which amounts to the full rank of V® () and is essentially
stronger than the PCQ condition for MPPC.

Next we formulate the nondegeneracy condition taken from Bonnans and Shapiro
[3, section 4.6] in the case of general conic programming that closely relates to the
original one introduced by Robinson [32] under polyhedrality.

DEFINITION 3.2 (nondegeneracy condition for SOCPs). Let T be a feasible so-
lution to (1.1). We say that T is a nondegenerate point of ® with respect to Q if

J
(3.2) Ve(z)R" +lin{To(2)} = [[R™ T,
j=1

where Tgo(Z) is the tangent cone (2.4) to Q at z = ®(&), and where lin{Tg(z)} stands
for the largest linear subspace contained in Tg(Z).

Taking the orthogonal complements on both sides of (3.2) allows us to rewrite
(3.2) as

(3.3) lin{To(2)}* Nker V®(z)* = 0.

Furthermore, since Q is a closed and convex set, the result of [3, Proposition 4.73]
and the duality correspondence (2.3) applied to (3.3) tell us that lin{Tg(z)}* =
span{Ng(Z)}, and so the nondegeneracy condition (3.2) is equivalent to

(3.4) span{Ng(z)} Nker V®(z)* = 0.

It follows from (3.1) and (3.4) that to show the equivalence between the SOCQ
condition and the nondegeneracy condition for SOCPs we need to calculate the second-

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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order subdifferential of the indicator function in (3.1) and relate it to the span of the
normal cone to 2 in (3.4). This will be done in what follows by a series of assertions
each of which is of its own independent interest.

To proceed, let us first recall some notions and properties from the Jordan algebra
in connection with the second-order cone Q,,41; see [9]. Given any u = (ug, u,) and
v = (vo,v,) in R™T1 with ug,vp € R and u,, v, € R™ the Jordan product for Q1 is
defined by

m
wow = (Z Ui, UoUy + vour> = ((v,u), ugvy + vouy).

i=0
It is well known that for any u,v € Q,,+1 we have uwov = 0 if and only if (v,u) =0,
which is also equivalent to the following conditions:

(3.5) eitherv =0 or u =0,
’ or there exists  such that vg = aug and v, = —au,.

Therefore for any u,v € Q41 it follows from (v,u) = 0 and u,v # 0 that
(3.6) v = (vo,vr) = t(ug, —uy),

where t := vy /ug. Given u € R™*1 its spectral decomposition associated with Q,, 11
is

(3.7) u = Ar(u)er(u) + Az (w)ea(u),
where A1 (u) and A;(u) are the spectral values defined by
(3.8) Ai(u) :=ug + (=1)||lu|| for i=1,2,

and where c¢;(u) and cqo(u) are the spectral vectors of u given by

1 .
(1= -2 i w0,
2( ( )|ur|)

1

5(1,(—1)%) if =0, i=1,2,

where v, is a unit vector in R™. The decomposition in (3.8) is unique provided that
uy # 0.

Consider now the (single-valued) metric projection operator Ilg,,,,: R™T! —
R™*! onto the convex cone Q,,11. We know that Ilo,, ., is continuously differentiable
at any point z € R™*! with det(z) := 22 — ||2/|> # 0 and

(3.9) ci(u) :==

0 if zo < =z,
Im+1 if zg > ||ZTH,
(310) VHQm+1 (Z) = T
2w ) il <z <l
2 w, H r 0 Tl
where w, := pZp and H := 1+ H;—OH)Im - ﬁwrw? The following major result

taken from Outrata and Sun [29, Theorems 3, 4] gives us an explicit calculation of
the coderivative (2.7) of the projection operator Ilg,, ., onto the Lorentz cone (1.3).

LEMMA 3.3 (coderivative of the metric projection onto the Lorentz cone). For
an arbitrary vector z € R™*Y consider its spectral decomposition (3.7) and take any
u € R™TL. Then the coderivative of the projection operator llg,, 41 18 calculated as
follows.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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(i) If det(z) # 0, then D*Ilg,,.,(2)(u) = Vllg, ., (2)u.
(ii) If det(z) = 0 but Aa(2) #0, d.e., z € bd Qp,1\{0}, then

(3.11)  D'llg,;.(2)(u) :{ (‘EZ,{Z’(%LZ})U} Zoftlf;;u)czls(ez)> ="

zp

T

-1  Fr_
where the matriz A(z) is defined by A(z) := Iny1 + & < i ”;:JT ) .
Torl ~ Terii®

(i) If det(z) =0 but A1(2) #£0, i.e., z € bd (—Qm+1)\{0}, then

=
where the matriz B(z) is defined by B(z) := % < ' =] ) )

zZr ZrZ,
Tzrll Jzr)2

(iv) If z =0, then we have

DT, (0)() = DuU(Quar (= Qi)
(3.13) U U co{u, Au} U U co {0, Bu},

AcA BeB

where the sets D, A, and B are defined, respectively, by

D= {0,1m+1}

1 1 wT m
U 5 w 2aIm—|—(1—2a)wa ‘wER ) ||wH :17 O[E[O,l] B

1/ _ T
A::{Im+1+—( 1 w )‘weRm, |lw] =1, u0—<ur,w>20},

2 w  —wwl

1 T
B:z{—( 1w )‘weRm, lw|| =1, u0+<ur,w>>0}.

2 w ww?

The next lemma presents two coderivative properties for the projection operator
onto the Lorentz cone that are important for deriving the full stability characteriza-
tions in section 4.

LEMMA 3.4 (coderivative properties for the metric projection). Let C be a convex
subset of R™. Then for any z € C, v € R", and q € D*ll¢(2)(u), the following
properties hold:

(i) (g,u) >0 and
(i) (q,u—g¢q) > 0.
Proof. Fix q € D*Il¢(2)(u) and recall the well-known relationship

co D*ll¢(2)(u) = {A*u

Aejﬂd@}

between the coderivative and (Clarke’s) generalized Jacobian of any single-valued lo-
cally Lipschitzian mapping; see, e.g., [15, 33]. Thus we find A € J1Il¢(z) with ¢ = A*u.
It follows from [13, Proposition 1(i)] that A* = A, and so we have ¢ = Au. Employ-
ing finally the assertions from [13, Propositions 1(ii), (iii)] that ensure properties (i)
and (ii) of this lemma for the generalized Jacobian of Il completes the proof of the
claimed coderivative properties. a
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The next step is to calculate the normal cone Ng,.,,(2) at z € Q,, 41, which is
the crucial ingredient of the nondegeneracy condition (3.4). We have the following
result.

LEMMA 3.5 (calculating normals to the Lorentz cone). For any z := (20, 2r) €
Q1 the normal cone to Q41 at z is calculated by

~ Q1 if z=0,
(3.14) No,.. () =¢{ {0} if z€intQuy1,
{(~ta0,t2) 120} if = €bdQmin\{0).

Proof. The proof follows from the calculation of the tangent cone to Q,, 41 given in
[2, Lemma 25] and the duality between the normal and tangent cones under considera-
tion. a

In the sequel we often use the self-dual property Q1 = —Qy, 1 of the Lorentz
cone Q,,+1, which implies the equivalence

—q € Qm+17
(3.15) g€ Nog,, ., (2) = (q,2z) =0,
S Qm+l-

Furthermore, Lemma 3.5 immediately implies the span representation
span{—Q,,41} = R™ if 2 =0,

(3.16)  span{Ng, ()} =4 {0} if z€int Qpir,
{(_tZOa tzr) te R} if z S bd Q7n+1\{0}.

It is easy to extend Lemma 3.5 to the product cone Q = H;-le Qm,+1 by the well-
known product formula for the normal cone:

J

(3.17) No(2) = [] Nam, 1 (29);
j=1

where z: = (z1,...,25) € Q. We can also observe that

J J
span H Aj b = H span{A;}
j=1 j=1

provided that the sets A;, j =1,...,J, are cones. Thus plugging A; = Ngmj+1(zj)
into this formula gives us the representation

J

(3.18) span {No(2)} = [ [ span {Na,, ;. (2)}-
j=1

To proceed further, consider first the case of @ = Q,,41 in (1.1) when (3.1)
reduces to

(3.19) 9%60,..1 (%, 9)(0) Nker V&(z)* = {0}, @ € No,,,,(2).
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It follows from [28, Lemma 19] that

(3.20) q € 0%*60,,,,(%.9)(p) < —p € D*llo,..,, (24 7,2)(—q — p)

when Z € Q,,41 and § € Ng,,,,(2). Employing now the lemmas above and relation-
ship (3.20) allow us to calculate the second-order subdifferential of dg,, ., at the origin
p = 0, which leads consequently to establishing the equivalence between the SOCQ
and nondegeneracy conditions.

THEOREM 3.6 (calculating the second-order subdifferential for the indicator func-
tion of the Lorentz cone). Let z: = (20,2r) € Qm+1, and let —y € Nog,. . (2). Then
we have

(3.21) 825Qm+1(z,—y)(0) = span {Ngm+1(2)}.

Proof. 1t follows from the property (3.15) that the inclusion —y € Ng, ., (%)
yields

(3.22) Yy € Qmy1 and (z,y) =0.

We split the proof of (3.21) into the following six cases according to the position of
2,9 € Qm1-

Case 1: z = 0, y € int Quy1. Take ¢ € 8%dg,,,,(0,—y)(0), which by (3.20)
amounts to 0 € D*Ilg, ., (—y,0)(—¢). Invoking Lemma 3.3(i) together with (3.10),
we have

D*llg,,,,(=y,0)(—¢q) = Vg, ., (—y)(—=¢) = 0(—¢q) =0

due to —yo < —||y-|. This tells us that 9%dg,,,, (0,—y)(0) = R™'. Employing now
Lemma 3.5 concludes the proof of (3.21) in this case.

Case 2: z € int Q,,41. This gives us y = 0. Take ¢ € 8%dg,,,,(2,0)(0), which
by (3.20) is equivalent to 0 € D*llg,, ., (2,2)(—q). Since z € int Q1 1, it says that
20 > ||z, and thus by Lemma 3.3(i) together with (3.10) we get

0€ D*llg,, ,(2,2)(—q) = Vllg,,, (2)(=q) = Imt1(—¢) = —¢ = ¢ =0.

This shows that 9%dg,, ., (z,0)(0) = {0}. Observing now that span{Nag,,,,(z)} = {0}
due to z € int Q,, 11 completes the proof of (3.21) in this case.

Case 3: z,y € bd Q,,4+1\{0}. Denote ¢ := z — y and then deduce from (3.6) and
(3.22) that

z0 + Yo 20 + Yo
(3.23) ¢ = (co,cr) = (20—Y0, 2r—Yr) = (ZO—yo,— Y yr) = (zo—yo, Y zr),
Yo 20
which gives us therefore that
20 + Yo
(3:24) leell = |22yl = 120 + o0l = 20 + 3o,

Pick g € 9*4g,, ., (2, —y)(0) and write down, by (3.20), that

(3.25) 0e€ D*lg,, ., (2 —y,2)(—q).
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Taking into account that —||¢,|| < ¢o < ||¢r|| and employing Lemma 3.3(i), we arrive

at
1 1 e
D*HQerl (Z - y,Z)(_q) = 5 < Cr ”;}H > < _ZO >
llerll "

T
with H := <1+ €0 )Im— U
”CT” HCT” HCTH

This allows us to restate condition (3.25) in the form

CT
LR o ( ~o ) —0
Hg—:” H —qr

with ¢ = (qo, ¢»), which can be equivalently rewritten as

1
qo + —<CT7qT> = 07
[ler ]l

(3.26) 920 -1 o

G —
z0+Y0 20+ Yo |ler]?

q0
cr + Cryqr) = 0.
Tl {ers )

Involving the last equality in (3.23), the first equation in (3.26) can be reformulated
as
Zr
qo + <—,qr> =0,
<0
which, by taking into account that zy # 0, shows that
(3.27) (¢,2) = qoz0 + (21, qr) = 0.

Furthermore, it follows that (¢, ¢,) = —qol|c,|| due to the first equation in (3.26), and
thus

2 _
- HZSH o 20 —|Z-Oy0 @ jz + zg ||cc:||2 <CT7 qr>
o e T el
2 2
% -|z-0y0 o+ HZ(:H 20 -T—Oyo Cr
which yields ||¢;||¢gr- = —gocr and so ||g| = l9o] ler = Igol. This tells us that cither

llexl

q € Qmi1 or —q¢ € Qpp1. Using it together with (3.27) and (3.15), observe that
q = (—tzo,tz) for some ¢t € R, which verifies the inclusion §%dg,, ., (2,—y)(0) C
span{Ng,,.,(2)} by Lemma 3.5.

To justify the converse inclusion in this case, take ¢ == (—tzo, tz,) € span{Ng,, ., (2)}
for some ¢ € R. It suffices to show that the relationships in (3.26) hold for the chosen
vector ¢, which is surely equivalent to ¢ € 8%dg,,,, (2, —y)(0). Indeed, by zo = | 2|
we have

1 2|2
—tzo + —{Cr,tzp) =t <—zo + =l ) =0
llerll 20
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implying the first equation in (3.26). The other one therein means that, by the cal-

culation in (3.28) with ¢ = (—tzg,tz,) and ¢, = zo;yo 2z, that

2z LD 220
q Cr =
20+yo el zo4+wo "

)

which is definitely true and thus verifies (3.21) in this case.

Case4: 2 =0,y € bd Qp11\{0}. As shown in (3.16), we have span{No,,,,(2)}
= R™*. Take ¢ € 8%0g,,,,(0,—y)(0), which means by (3.20) that 0 € D*Ilg,, .,
(—y,0)(—q). Since —y € bd (—Q,+1)\{0}, it follows from Lemma 3.3(iii) that 0 €
D*1lg,,,,(—y,0)(—q) for all ¢ € R™*!. This verifies that 0%dg,, ., (0, —y)(0) = R™*!
and thus justifies (3.21) in this case.

Case 5: z € bd Q,,11\{0}, y = 0. By (3.16) we have that

span{No,, ., (2)} = {(—tzo,tzr) te ]R}.

Take q := (qo,qr) € 8%*dg,,,,(2,0)(0), which is equivalent by (3.20) to 0 € D*1lo, .,
(z,2)(—q). Employing Lemma 3.3(ii) with z € bd Q,,+1\{0} tells us that the latter
inclusion amounts to

(3.29) Gsq=0 for Gs:=(1—8)Iny1+sA(z), s €]0,1],

where A(z) is defined in Lemma 3.3(ii). We claim that the solution set A(s) to (3.29)
is

{0} it sel0,1),
(330) A(S) = { span {NQm+1 (2)} if s=1.

To verify (3.30), observe that for s = 0 (3.29) reduces to I,,+1¢ = 0, which clearly
has only the trivial solution ¢ = 0. For s =1 (3.29) is equivalent to

T

1 -1 =
st ) ()2

Zr ZrZg,

(e llz-11

which reduces by ||z.|| = 2o to the system of equations

1
qo + _<Z’r7qT> = 07
20

(3.31)
qr + ﬂZr - <ZT7 qT>

2Z0 22’(2)

zr = 0.

Take now ¢ € span{Ng,,,,(#)} meaning that ¢ = (—tzo,tz,) for some t € R. Then
q surely satisfies (3.31), and thus ¢ € A(1). Conversely, let ¢ € A(1) and show that
q € span{Ng,, ., (2)}. Indeed, reformulating the first equation in (3.31) gives us

(3'32) <Q7 Z> = qozo + <ZT7 qr> =0,

and we get from the second equation in (3.31) that ¢, = —22,; hence ||g,|| = [qol. It

allows us to deduce that either ¢ € Q11 or —¢ € Qyy1. Using this together with
(3.32) and self-dual property (3.15), we observe that ¢ = (—tzo,tz,) for some ¢t € R,
which verifies (3.30) for s = 1. Considering finally the case of s € (0,1), we can show
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similarly to the previous calculation that the equation Gsq = 0 is equivalent to the
following system:

(1-3)a0+5-(ena) =0,

2 22’0

(3.33)

g+ B, sent,

"2z 2:2 7
Let us verify that ¢: = (qo,q,) = 0. Indeed, assuming the contrary tells us that
qo # 0, since otherwise we get ¢, = 0 by the equations in (3.33). Substituting now the
expression (2., ¢.) = —(% —1)20qp from the first equation into the second equation in
(3.33), we arrive at
2
S s(=—1)z
O:qr'f'ﬂzr'*' (S 2) Oqozr:(h"‘q_ozr'
220 2z 20

Multiplying the latter by z, and taking into account that ||z.|| = 2o lead us to

2
<1 — ;) 2090 + qozo = 0,

which yields s = 1 due to zpqo # 0. This contradicts the assumption on s € (0,1) and
hence shows that ¢ = 0. Invoking (3.30) justifies the inclusion 9?do,,., (0, —y)(0) C
span {NQm+1 (Z)}

To verify the converse inclusion, take ¢ € span{Ng,,,,(2)} and get from the above
that it is a solution to (3.29) for s = 1. This means that 0 € D*llg, ., (2, 2)(—q),
which implies by (3.20) that ¢ € 8%dg,,.,(2,0)(0) and completes the proof of (3.21)
in this case.

Case 6: y,z = 0. Since span{Ng, ,,(2)} = R™! in this case and since 0 €
D*1lg,,,,(0,0)(q) for any ¢ € R™"! by Lemma 3.3(iv), we get similarly to Case 4
that 6%60,,.,(2,0)(0) = R™*!, which completes the proof of the theorem. O

This theorem immediately implies the equivalence between the second-order qual-
ification and nondegeneracy conditions for SOCPs with only one Lorentz cone Q =
Qm+1 in (11)

COROLLARY 3.7 (equivalence between SOCQ and nondegeneracy for SOCPs with
one Lorentz cone). Consider SOCP (1.1) with one Lorentz cone Q = Q,,41 therein.
Then for any T € R™ with Z = ®(T) € Qm41 and any §j € —Ng,,,(Z) we have that
SOCQ (3.19) amounts to saying that T is an SOCP nondegenerate point (3.2) with
Q=09nm+1 and J = 1.

Proof. As mentioned above, the nondegeneracy condition (3.2) in this case can
be rewritten in the dual form (3.4). The latter reduces to SOCQ (3.19) by Theo-
rem 3.6. O

To extend the equivalence in Corollary 3.7 to the general case of the product cone
Q in (1.1), we need the following product lemma for the second-order subdifferential
of set indicators. Although we present this result for products of two sets, it can be
easily obtained by induction for the case of finitely many sets in the product.

LEMMA 3.8 (second-order subdifferential of the indicator function for product
sets). Let Q= Oy xQy CR"XR™, let v = (x1,22) € Q, and let y = (y1,y2) € Nao(z).
Then for any u = (u1,uz) € R™ x R™ we have the equality

(334) 8259(x,y)(u) = 82(591 (xl,yl)(ul) X 82(592 ($2,y2)(UQ).
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Proof. The well-known product formula for the normal cone (2.1) tells us that

(3.35) Na, xq, (21, 22) = No, (21) X Na,(22),

and thus y; € Nq,(z;) for ¢ = 1,2 in the notation above. By definition (2.8) of the
second-order subdifferential in the case of ¢ = dq and by formula (2.6) we have

9% (x,y)(u) = (D*000,x0,) (%, y)(u) = (D" Noy xa,)(,y) (u).

Furthermore, it is easy to deduce from the coderivative definition (2.7) and formula
(3.35) that

(D*Na, x0,)(@,y)(w) = (D" Na, )(z1,y1)(u1) x (D" Na, ) (22, y2) (u2)-

Combining all the above verifies the claimed result (3.34). O

Now we are ready to establish the main result of this section.

THEOREM 3.9 (equivalence between SOCQ and nondegeneracy conditions for
general SOCPs). Consider the general SOCP (1.1) with the product cone (1.2) and
take any T € R™ with z = (2',...,27) = ®(2) € Q and § = (¥*,...,97) € —No(%).
Then SOCQ (3.1) is equivalent to the nondegeneracy condition (3.2).

Proof. Letting u = 0 in Lemma 3.8 in the case of 2 = Q therein, we get that

vi= (v, 07) € 0%6g(z, —§)(0) <= v € 8%bg,, , (Z,~-77)(0), j=1,...,J.

This gives us by Corollary 3.7 that

J J
9°60(2,—)(0) = [ [ 9°00,, 41 (25, =7,)(0) = [ ] span {Ngm]-+1(5j)}-

j=1 j=1
Now using the product relationship (3.18), we arrive at

J
(3.36) 9%60(2,—9)(0) = span < [[ No,.,.1 (%) p = span{No(2)},

Jj=1

which completes the proof of the theorem due to the equivalence between forms (3.2)
and (3.4) of the nondegeneracy condition for SOCPs. O

4. Characterizations of full stability for SOCPs. In this section we derive
complete second-order characterizations of full stability of local optimal solutions
to SOCPs (1.1) entirely in terms of their initial data. As mentioned in section 1,
the notion of full stability was introduced in [11] in the unconstrained framework of
optimization with extended-real-valued objectives. To adopt this approach for the
case of SOCPs under consideration, we consider the two-parametric version P(w,v)
of (1.1) written as

(4.1) minimize @g(x, w) + 0o (P(z,w)) — (v,z) over z € R"
with ®(z,w) = (®(z,w),..., <I>J(x7w)) and the product cone Q taken from (1.2).

Recall that the mappings ¢ and &7, j = 1,...,J, are assumed to be twice continu-
ously differentiable around the reference points. In accordance with [11], the vector
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w € RY signifies basic perturbations while the linear parametric shift of the objective
with v € R™ represents tilt perturbations. Define the function ¢: R" x R? — R by

(4.2) oz, w) = @o(x,w) + dg(®(x,w)) with = €R", we R?

and fix in what follows the triple (Z,w,v) such that ®(Z,w) € Q and v € J,p(Z, w).
Given a number v > 0, consider the (local) optimal value function

(4.3) my(w,v) :=  inf {cp(x,w) - <U,x>}, (w,v) € RY x R",

lz—2|| <~

and the corresponding parametric family of optimal solution sets in (4.1) defined by
(4.4) M, (w,v) := argmin|‘m_f||5,y{tp(a:, w) — (v, a:}}, (w,v) € R x R",

with the convention that argmin:=() when the expression under minimization is oo.
In these terms, Z is a locally optimal solution to P(w,v) if £ € M, (w,v) for some
~ > 0 sufficiently small.

DEFINITION 4.1 (full stability). A point & is a fully stable locally optimal solution
to problem P(w,v) if there exist a number v > 0 and neighborhoods W of w and V' of
0 such that the mapping (w,v) — M, (w,v) is single valued and Lipschitz continuous
with M (w,v) = T and the function (w,v) — m~(w,v) is likewise Lipschitz continuous
on W xV.

When the basic perturbation vector w is absent, Definition 4.1 corresponds to
tilt stability of local minimizers introduced in [30] in the general extended real-valued
framework of unconstrained optimization. In this case the value function (4.3) is
automatically locally Lipschitzian.

We proceed with characterizing full stability (as well as tilt stability as a particular
case) for SOCPs under appropriate constraint qualifications. Recall (cf. [31] and [3,
Definition 2.86]) that the Robinson constraint qualification (RCQ) with respect to
holds for (1.1) at (z,w) if

(4.5) 0 € int {cp@, @) + Vo 8(Z, ®)R" — Q}.
It is well known that this condition can be equivalently described as
(4.6) No(®(z,w)) Nker V,®(z,w)" = {0},

which obviously reduces to the classical Mangasarian—Fromovitz constraint qualifica-
tion with respect to x in the case of NLP.

Let us first present a characterization of full stability of locally optimal solutions
to SOCPs under RCQ (4.5). Consider the partial first-order subdifferential mapping
Oz R" x R? 3 R™ of the function ¢ from (4.2) and define the partial inverse of 0,¢
by

(4.7) Sy(w,v) := {a: eR”

v € Oz(x, w)}

Observe that under the validity of RCQ at (Z,w), and hence around this point, we
have the partial subdifferential representation

(4.8) Orp(z,w) = Vo (z,w) + V @(z, w)* No(®(z,w)) near (Z,w).
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It follows by employing the elementary subdifferential sum rule in (4.2) and then
the chain rule from [33, Exercise 10.26(b)] for the amenable composition dg(®(xz,w))
valid under RCQ in the equivalent form (4.6) due to the convexity of the second-order
product cone Q. This implies the local representation of the partial inverse (4.7) in
terms of the initial data of (1.1) by

(4.9) So(w,v) = {x €R"

v € Vapo(z,w) + wab(x,w)*NQ(fb(x,w))}.

Following [27 Definition 3.3], we say that the mapping 3190 R” xR? = R” is partially
schitzian single-valued localization around thls point. In the parameter independent
case of p(x,w) = ¢(x) this notion reduces to strong metric regularity [5] of the sub-
gradient mapping 0y defined as an abstract version of Robinson’s strong regularity
[31] for generalized equations; see section 5.

The next result is actually a constructive implementation of the general full sta-
bility characterization from [27, Theorem 3.4] to the case of SOCPs. Its tilt stability
versions in various optimization settings were given in [6, 12, 24, 27].

THEOREM 4.2 (PSMR characterization of full stability in SOCPs under RCQ).
Let ®(z,w) € Q for SOCP (1.1), and let RCQ (4.5) hold at (T, w). Then T is a fully
stable locally optimal solution to P(w,v) in (4.1) with v satisfying the condition

(4.10) 0 € Vaipo (2, w) + V. (2, w)" No(®(z,w))

if and only if T € M., (w,0) for some v > 0 and the mapping Oy from (4.8) is PSMR
at (T,w,0).

Proof. We apply [27, Theorem 3.4] to problem P(w, ) in (4.1). It follows from
the subdifferential formula (4.8) verified above that the partial inverse mapping (4.7)
is locally represented by (4.9) and that the stationary condition v € 0,¢(Z, W) reduces
0 (4.10). Furthermore, we deduce from [11, Proposition 2.2] that the assumed RCQ
implies the validity of the basic constraint qualification as well as the parametric
continuous prox-regularity of the function ¢ at (Z,w,v) imposed in [27, Theorem 3.4].
Then the “only if” part of this theorem follows from [27, Theorem 3.4(ii)]. Likewise,
the “if” part of the theorem is a direct consequence of [27, Theorem 3.4(i)] due to the
aforementioned calculus rules. a

To proceed further, consider the KKT system

J
(411)  ©=V,L(x,w,)), —\€ No(®(z,w)) CR' with I =Y (m;+1),
j=1
associated with the local minimizer Z in P(w, v), where L is the Lagrangian for (1.1)
given by

J
(4.12) L(z,w, ) := po(x,w) Z NI (2, w) N e R™itL
j=1

It is well known in conic programming (see, e.g., [3, Theorem 3.9]) that RCQ (4.5)
ensures the existence a Lagrange multiplier vector A = (A!,...,\’) satisfying the
KKT system (4.11). On the other hand, it is easy to see that the uniqueness of the
Lagrange multiplier A € R! in (4.11) is guaranteed by the partial in z SOCQ

(4.13)  0%60(2,9)(0) Nker V,@(z,w)* = {0} with z:=®(z,w), § € No(2),
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as well as by the partial in x nondegeneracy condition

J
(4.14) V. (2, w)R" + lin{Tg(2)} = [ R™ !

Jj=1

equivalent to (4.13) by Theorem 3.9. In what follows we use only these versions of
SOCQ and nondegeneracy conditions and thus omit the adjective “partial” when no
confusion arises.

In the rest of this section we derive two second-order characterizations of full
stability in SOCPs under the equivalent SOCQ/nondegeneracy conditions (4.13) and
(4.14). The proofs of both of them strongly involve the recent chain rule from [19,
Theorem 4.3] for the partial second-order subdifferential for functions of two variables
defined by scheme (2.8) as follows; see [11]. Given a function 1): R™ x R? — R of the
variables (z,w) € R™ x RY, its partial second-order subdifferential at (Z,w) relative to
some § € Oy th(ZT, ) is

(4.15) O2(z,w, ) (u) == (D*0,0) (%, W, 7)(u), ueR™

To avoid confusion, note that in [26, 27] the second-order construction (4.15) is labeled
as the “extended partial second-order subdifferential” when using the symbol 5§w

The following second-order chain rule is a particular case of [19, Theorem 4.3]
while its nonparametric counterpart with ® = ®(z) was first obtained in [28, Theo-
rem 7]. Both results were proved under the nondegeneracy condition. Their SOCQ
versions hold due to Theorem 3.9.

LEMMA 4.3 (second-order chain rule for parametric compositions in SOCPs).
Let © € 05(dg o ®)(z,w) in the SOCP setting (1.1) with z :== ®(z,w) € Q under
the validity of the SOCQ /mnondegeneracy condition at (z,w), and let j € R be the
(unique) vector in 06g(Z) satisfying v = V,®(z,w)*y. Then for all u € R’ we have
the equality
(4.16)

02(80 0 @)(&,w,)(u) = (V2. (7, ®)(7, @)u, V2, (5, @) (7, @)u)
+(Vr¢(£,w),vw<1>(§;,w)) 8200 (2, 5) (Vo ® (7, ©)u).

Proof. The point follows from [19, Theorem 4.3] by the convexity and pointedness
of the cone @ and by the automatic validity in finite dimensions of the sequentially
normally compact assumptions imposed therein. O

Our next goal is to characterize full stability of local minimizers for SOCPs via
the following SOCP version [2] of the uniform second-order growth condition from [3,
Definition 5.16]. Given p: R” x R? — R in (4.2) with ®(z,w) € Q and given v €
0. ¢(Z,w), we say that the SOCP uniform second-order growth condition (USOGC)
holds at (z,w,v) if there exist n > 0 as well as neighborhoods U of Z, W of w, and V
of ¥ such that for any (w,v) € W x V and any stationary point x,, € U satisfying
v € 0p(Tayy, w) we have

(4.17) wo(z, w) > 0Ty, W) + (U, T — Typy) +77Hx—xwv|\2 for z € U, o(z,w) € Q.

THEOREM 4.4 (characterizing full stability in SOCPs via USOGC). Let (Z,w) be
such that ®(z,w) € Q in the SOCP framework (1.1) under the SOCQ/nondegeneracy

condition at (Z,w), and let v be taken from (4.10). Then T is a fully stable local
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minimizer of P(w, v) in (4.1) if and only if & € M. (w,v) for some y > 0 and USOGC
(4.17) is satisfied at (T, w,0).

Proof. The necessity part of the theorem follows from [27, Theorem 3.7(i)] speci-
fied in the SOCP setting. To justify the sufficiency part, find numbers v, o > 0 such
that USOGC (4.17) holds with U := intB,(z), W := int B, (w), V := int B,(7), and
n = 5. It easily follows from (4.17) that M, (w,v) = {z}. Using this together with
[11, Proposition 3.5] shows that for all (w,v) € W x V we have 00 # M, (w,v) C
int By (z). This guarantees the existence of the unique minimizer ., € intBy(z) of
(4.1) for any (w,v) € W x V. It is worth mentioning that the basic constraint quali-
fication in [11, Proposition 3.5] holds under the validity of the SOCQ/nondegeneracy
condition at (Z,w). Let us now prove that the mapping (w, v) — X, is a Lipschitzian
single-valued localization of (4.9) around (w, ) and thus Theorem 4.2 ensures that &
is a fully stable local minimizer of P(w, ).

To proceed, define the set-valued mapping © : R? = R”™ x R™ by
(4.18)

O(w) i= gph dp(-, w) = {(z, Vapo(, w) = Vo, w)* N)| — A € No(@(,w))}

with ¢ taken from (4.2). We claim © has the Lipschitz-like/Aubin property around
(w, z,v), which means that there exists a number ¢ > 0 such that

(4.19) O(w)N (U x V) CcOw) + £||lw—w'|By(0) for all w,w € W.

Indeed, it follows from [11, Propositions 3.2 and 4.3] via the Mordukhovich criterion
of [33, Theorem 9.40] that the latter property holds for (4.18) if and only if

(4.20) (0,q) € 9%p(z,w,0)(0) = q = 0.

Employing now in ¢ the second-order sum rule from [17, Proposition 1.121] and then
the second-order chain rule from Lemma 4.3 above, we get that (4.20) is equivalent
to the implication

[wab(a’c, 0)p =0, Vod(Z,@)p=q, p € 0*50(z,~N)(0)] = ¢ =0,

where — )\ is the unique vector in No(®(Z, w)) satisfying (4.11). But this is automatic
under the imposed SOCQ (4.13), which thus verifies (4.19).

Let us finally show that the mapping (w, v) = X4, is Lipschitz continuous around
(w,v). To furnish this, take wy,ws € W and vy,v2 € V and observe that USOGC
(4.17) implies the existence and uniqueness of minimizers Xy, v, ; Twqwv, for P(W,7) on
int By (7). This yields by (4.18) that (zw,v,,v1) € O(w1) and (Tw,u,,v2) € O(w2).
Since (Twyvy,v2) € U X V, we get from the Lipschitzian condition (4.19) that

(4.21) |Twsv, — Z|| + [Jv2 — V]| < £||w1 — we|| for some (Z,v) € O(w1).

Suppose without loss of generality that (Z,v) € U x V and employing USOGC (4.17)
shows that M, (wi,v) = {z}. Implementing (4.17) again with the chosen number
n:= % tells us that

~ - ~ 1 ~
(po(xwlvlvwl) > @O(Q:vwl) + <’U,$w1v1 - $> + %mem - 33”27

%00(57 wl) > (po(xwlvlvwl) + <U1a T — xw1v1> + %”xwlvl - %”2
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from which we readily deduce the estimates

[Zw0y — 2| < ofo—vil] < ol|o —val| + oflva — v

< olflwy — w2 + ollvz — v
Combining this together with (4.21) shows that

”331011/1 - xwz”z” < ”%_ $w2v2|| + wa1v1 - %H
< Lo+ 1)(Jlwr — wa| + [lvr — val]),

which verifies the claimed local Lipschitz continuity and thus completes the
proof. |

The last and most important topic of this section is deriving second-order subd-
ifferential descriptions of full stability of locally optimal solutions to SOCPs, which
eventually leads us to complete characterizations of this notion entirely in terms of the
initial data of (1.1). The next lemma revisits the result of [27, Theorem 5.1] on the
second-order subdifferential characterization of full stability replacing, for the case of
SOCPs, the full rank assumption on V,®(Z,w) by the milder SOCQ/nondegeneracy
condition in (4.13) and (4.14).

LEMMA 4.5 (second-order subdifferential characterization of fully stable local
minimizers for SOCPs at nondegenerate solutions). Let T be a feasible solution to the
unperturbed problem P(w, ) in (4.1) with some w € R and v € R™ taken from (4.10)
under the SOCQ/nondegeneracy condition at (T,w), and let \ be the unique vector
satisfying

(4.22) Veo(Z,w) — Vo ®(Z,0)*A =0 and — X € Ngo(2).
Then T is a fully stable local minimizer of P(w, ) if and only if we have the implication
(4.23) (@) € T(z,w,0)(u), u#0] = (p,u) >0

for the set-valued mapping T (Z,w,v): R" = R™ x R? defined by

T (z,w,0)(u) = (Viwgpo(a?,w)u,Viwgao(aé,w)u)

- (vfm@, O (z, 0)u, V2, (\, B)(Z, m)u)

+ (Voo w), vw<1>(:z,w))*825g(z, N)(Va®(Z,@)u), ueR"

Proof. The proof follows the lines in the proof of [27, Theorem 5.1] with replace-
ment of the second-order chain rule for (4.15) from [26, Theorem 3.1] obtained under
the full rank assumption by that of Lemma 4.3 established under the more subtle
SOCQ
(4.13). O

It is worth mentioning that Lemma 4.5 cannot be derived from [27, Theorem 5.2]
under the SOCQ/nondegeneracy condition, since the outer function dg for SOCPs is
neither piecewise linear nor piecewise linear quadratic of the type considered therein.

Now we proceed with expressing the second-order subdifferential characteriza-
tion of full stability in Lemma 4.5 entirely in terms of the initial data of the SOCP
(1.1) under consideration. To accomplish it, we need to calculate the second-order
subdifferential %o in condition (4.23) at monzero points, which is of its own inter-
est. This calculation is partly similar to but generally different from that at zero
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derived in Theorem 3.6 while it also strongly involves the results of Lemma 3.3 on the
coderivative description for the metric projection onto the Lorentz cone Q,,+1. The
key ingredients are given in the following lemma.

LEMMA 4.6 (domain of the second-order subdifferential for the indicator function
of the Lorentz cone). Let z = (20, 2,) € Qm41, and let —y € No,,,,(2) for the Lorentz
cone Qi1 in (1.3). Then we have the representation

(4.24) domd%sg,, (2, —y)

u=0 if yeint Qi1
=quec Rerl u € R(yOa _yT) Zf y e bd Qm+1\{0}a = 07
(u,y) =0 if y,z€bdQmy1\{0}

Proof. We split the proof into the following six cases according to the position of
2,9 € Q1.

Case 1: z = 0, y € int Qyyp1. Take ¢ € 8%dg,,,,(0,—y)(u), which by (3.20)
amounts to —u € D*Ilg, . (—y,0)(—¢ — u). Arguing as in Case 1 from the proof
of Theorem 3.6 gives us D*Ilg, ., (—y,0)(—¢ — u) = 0, which yields u = 0 and thus
dom &%6g,,,, (0, —y)(0) = {0}.

Case 2: z € int Q1. This implies that y = 0. Take g € 9*g,,,, (z,0)(u), which
is equivalent by (3.20) to —u € D*llg,, ., (2,2)(—q — u). Since z € int Q,,, 41, it says
that zp > ||z-|| and thus Lemma 3.3(i) together with (3.10) tells us that

S D*HQm+1 (Z, Z)(_q - u) = VHQm+1 (Z)(_q - u)
= m+1(—q—u)=—q—u<:>q:O.
Therefore we have dom 8%dg,, ., (z,0) = R™*! in this case.
Case 3: z,y € bd Q,,41\{0}. Taking g € 8%*dg,, ., (z, —y)(u) and using (3.20) give
us
(425) —u € D*Hgm+1 (Z - Y Z)(_(] - u)

First we claim that (u,y) = 0. To show this, observe that —y € Ng, ., (2) yields
(y,z) = 0 due to the property (3.15). Put ¢ = (co, ¢;) := z — y and deduce from (3.6)
the validity of equalities (3.23) and (3.24) for these vectors. Similarly to Case 3 in the
proof of Theorem 3.6 with ¢ = (g0, ¢-) and u = (ug, u,) we arrive at the coderivative
representation

T
1 1 o —qo — Uo
* — —g—u) == ller |l
Drllg,, ., (z =y, 2)(—q —u) 2( % )(—qr—ur ;

Cr
ller ]l

where H is defined in the proof of Theorem 3.6. This allows us to reduce (4.25) to
the system

1 1
_(QO + UO) + —<CT’7q7‘ + ur> = Uop,
2 2lle ||
(4.26) 1 c z 20 — U c
T 0 0 — Yo T
_q0+uo—+7(]r+ur — "5 Cr,qr+ur = Up.
2T @ ) T 2 o) el )

Arguing similarly to Theorem 3.6 in this case, we deduce from (4.26) that

C
uﬂan=@mm»=<—””%mm>

Yo

and thus verify that (u,y) = 0. Hence for (u,y) # 0 we have 8%dg,, ., (z, —y)(u) = 0.
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It remains to consider the situation when (u,y) = 0 and show that dom 9%*dg,, ,
(z,—y) #0. To proceed, take g := — % (ug, —u,) and verify that ¢ € 9%00,,,,(z, —y)(u),

_%

which amounts to saying that g satisfies the system of equations in (4.26). Indeed, it
follows from (3.23) that

Yo + 20 Yo + 20
(cryur) = — m (Yr, ur) = Jo oo = uo(z0 + o) = uoller||

due to (y,u) = 0. This implies the equalities

1 1 B 1 Yo 1 Yo

5 an . \6rydr r) = 5\ —— 1 PYTORET ry | 1 r

3 (o +uo) g ens @+ ) 2( o )“0+2||cr| < (zﬁ >“>
(4.27)

= Uo,

1 {(Zo —yo)uo | (Yo + Zo)uo}
=3 +
2 20 20

and thus the first equation in (4.26) holds. Also it follows from (4.27) that

1(, o ) _ Zo— Y  Cr _
5la +u)—+7(q +u)—7—<c,q +u>
2\ T O el Tz by N 2020 o) e PN

1 ( Yo Cr 20 Yo 20—y ¢ |ed?
= - ———|—1) ug + (——i—l)u — Uug
2\ 2 llexl 20 + Yo \ 20 " 2(z20 +wo) llerl? 20
1 ¢ (yo—Zo yo—Zo) ) (y0+20)

+ Up = Up,

- u _
2 |lex|l 0 20 20 20 + Yo 20

and therefore the second equation in (4.26) is satisfied as well. This verifies that
g € 0%g,,,,(z,—y)(u) and hence completes the proof in this case.

Case 4: z =0, y € bd Q,,11\{0}. Take g € 0%dg,,.,(0,—y)(u) and get by (3.20)
that

(4.28) —ue Do, . . (—y,0)(—q — u).

Let us first check that u € {t(yo, —y»)| t € R}. Indeed, it follows from Lemma 3.3(iii)
that

D*HQm+1 (_yv 0)(—61 - u)

t 1 Y
edsBy—a—w| By = ) re
llyell Tyrll?

This together with (4.28) ensures the existence of ¢y € [0, 1] such that

T
Y
up \ _to L | do + uo
(4.29) < Uy > 9 _ oy yryk qr +ur )

-l llyell?

For tg = 0 we have u = 0 and so u € {t(yo, —y,)| t € R}. If tg # 0, we rephrase (4.29)
as

t Ty UT +ur
50[(]0+U0—7<y ﬁ i q = o,

(4.30) or
to l:_(qO"_uO) <yr7qr +ur> :| _
o yr + 2 r| = Upr
2 [y Iyl
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The first equation in (4.30) gives us the relationship

2
(4.31) @m%+u»:|%n(7;m+uo+%).

Multiplying both sides of the second equation in (4.30) by y, and using (4.31) yield

lo
(Wrvur) = 3 [~ (a0 + wo)llyrll + (i v+ ur)]
t 2
=5 |~ w0l + ol (= 2o+ v )|
S

which implies that (y,u) = 0. Furthermore, substituting (4.31) into the second equa-
tion in (4.30) brings us to the expression

to | —(g0 + wo) —%Uo +uo + qo —ug
Ur = — r Yr| = 7 1 Yrs
2 [yl [ [y
and thus |lu.| = |uo|l. If up = 0, we have v = 0 and u € {t(yo,—y,)| t € R}.

Otherwise, it follows that either v € Q,,11 or —u € Q,,4+1. Using this together
with (y,u) = 0 and (3.5), observe that u = (—tyo, ty,) for some t € R and so verify
u € R(yo, —yr). It remains to show that if (ug,u,) = to(yo, —y,) for some tg € R,
then (ug,u,) € domd?dg,, ., (0, —y). Indeed, note that the vector ¢ = (go,g-) = (0,0)
satisfies the system

Yy
up \ _ 1 1 Tl qo + uo
(432) ( Uy ) - 2  yr yry?: qr + u,

T
1 1 _ Y .
s M (a-w e Do, (-1, 0)(—a - w).
Ty Il MTy-11?

This together with (4.32) leads us to
—u € D*Ilg, ., (~y,0)(—¢ — u) and hence 0=gq € 8%do,,,,(0,—y)(u),

which completes the proof of (4.24) in this case.
Case 5: z € bd Q,,+1\{0}, y = 0. Employing Lemma 3.3(ii), we have

—u€ D*llg, ., (2, 2)(—u), ueR™*
which amounts to 0 € 8%dg,,,,(z,0)(u) by the equivalence in (3.20). This tells us
dom 6%6g,,.,(z,0) = R™*! and ends the proof of (4.24) in this case.
Case 6: z =0, y = 0. Similarly to Case 5 we have by employing Lemma 3.3(iv)
that

—u € D*llg, ., (0,0)(—u), ueR™
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which amounts to 0 € 9%g,,., (0,0)(u) by (3.20). This shows that dom 82do,,,, (0,0)
= R™*! in this case and thus ends the proof of the lemma. O

To derive our main characterization of full stability of locally optimal solutions
to SOCP (1.1) in terms of the initial data, we need one more result about properties
of the second-order subdifferential 6?0, ,. For formulating this result and for the
subsequent developments below, let us fix a pair (z,w) with ®(Z,@w) € Q and a
Lagrange multiplier with —\ € Ng(®(z,w)). Following [2], introduce the function

J
(4.33) H(z,w,\) =Y H(z,m,N),

where each n x n matrix H7(Z,w, \) is defined by

(4.34) HI(z,w,\)

1 07

—i—évgg@j(is,w)* < 0 —I )Vm@j(x,w) if 27 € bd Qm,+1\{0},

otherwise

with M = (A}, M) and 77 = &7 (&,w) = (2),2]) for j = 1,...,J. In the case of one
Lorentz cone Q = Q,,,4+1 in (4.33), i.e., when J = 1, we drop the index j in (4.33) and
(4.34) for convenience. To unify consideration of similar cases regarding the position
of the vectors A and z = ®(Z,w) in Qp, 41, we write (2,\) € I; if 2, A € bd Q,,,41\{0}
and (2, \) € I otherwise.

LEMMA 4.7 (properties of the second-order subdifferential of dg,,.,). Given the
vectors z := (29, 2r) € Qm+1 and —\ € Ng,, ., (%), the following assertions hold.

(i) If (z,X) € I and V,®(z,w)u € domd*dg, ., (z,—\) with u € R", then for

any vector q € 9*5q,,,, (2, =) (V@ (Z, w)u) we have

(4.35) (H(z,w, \u,u) = {q, Vo (T, 0)u).
(ii) If (2,A) € Ir and V,®(Z, w)u € dom 8?dg,, ., (2,—N), then
(4.36) 0€ 0%aq,,..,(2,—N) (V. ®(z, 0)u).

Proof. To verify (i) first, we see that if V,®(Z, w)u = 0, then (4.35) clearly
holds. Suppose that 3 := (8o, 3;) = V. ®(Z, w)u # 0. Taking into account that

(Bo, Br) € domd?6g,,,,(z,—A) and using Lemma 4.6 give us that (X, ) = 0, which
implies in turn that 8, # 0. Fix now ¢ € 9*dg,,, (2, —\)(B) and get by (3.20) that

—B € D'llg,,, (2= N, 2)(~q— B).
It follows from the inclusion —\ € Ng,,,, (2) due to the property (3.15) that (X, z) = 0.
Denote ¢ = (cg, ¢;) := Z— A and derive, similarly to Case 3 in the proof of Lemma 4.6,

that these elements with ¢ = (qo,¢.) and 8 = (B0, ;) satisfy system (4.26) therein
and thus the relationships

(437) <Cra 6r> = ﬁOHCT’Ha <Cr7 QT> = _LIO”CTH-

Multiplying both sides of the second equation in (4.26) by u, and unifying it with
(4.37) yield

2 l <cT7ﬁT> Zo . 20 — 5\0 <cr7 ﬁr>
||BTH - 2(q0 + BO) ||Cr|| 20 + 5\0 <qT + ﬁ’l‘?ﬁ’l‘> 2(20 + XO) ||C'r||2 <CT7 qr + ﬁ’r>
_ l 20 2y Z0 — ;\0 _
= 2(90 + B0)Bo + ot ;\O(<QT75T> + 11817 20 T 0] XO)ﬁO(ﬁO q0);
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which implies in turn the equality

Z0 — ;\0
229

Zo + 5\0
229

(a0 By) = ;—jnﬁm? 4 Bo(Bo — qo) — (a0 + Bo)o.

Using this and the definition of H in (4.34), we arrive at the expression

%0 — A Zo + A
20220 % B0(Bo — q0) — Z0220 % (g0 + Bo)Bo

A
(,8) = Bodo + {ar, Br) = Foao + 151> +
_ ;\0 2 2\ _ = Y
= _z_o(ﬁo = 18rl7) = (H(Z, @, Nu, ),
which verifies (4.35) and thus completes the proof of assertion (i).
To justify assertion (ii), we proceed as in the corresponding proof of Lemma 4.6

and show that in the case of (2, \) € I3 inclusion (4.36) is satisfied. O
Considering now the general SOCP setting (1.1), define the critical cone

(4.38)  C(z,w) = {u c R"‘ Vapo(Z, @)u < 0, Vo®(z, 0)u € To(®(z, w))}

at (z,w) with ®(z,w) € Q. It is well known [3, Proposition 3.10] that under the
nondegeneracy condition (4.14) the critical cone (4.38) admits the representation

(4.39) C(z, @) = {u eR"

Vo d(z, 0)u € To(®(z,w)) N xl},
where X is a unique solution of the KKT system (4.11) with o taken from (4.10).

Furthermore, it is proved in [2, Theorem 30] that the nondegeneracy condition (4.14)
ensures that

span{C(Z,w)}

V@ (Z,w)u = 0 4 if M €int Qm,+1,
=queR" V,9/(z,0)u e R(N),—M) if M ebdQpm,+1\{0}, 27 =0,
(V. ® (2, w)u, V) =0 if M,z € bd Qm,+1\{0}

Assuming further the validity of the nondegeneracy condition (4.14) and follow-
ing Bonnans and Ramirez [2] who considered the case when the basic perturbation
parameter @ is absent, we say that the SSOSC holds at (Z,w) if

(4.40)  (u, V2, L(z,w,\)u) + (H(Z,w, \u,u) >0 for all u € span{C(z,w)}\{0}

with A defined in (4.33). Note that condition (4.40) is an SOCP counterpart of
the SSOSC condition first introduced by Robinson [31] for problems of nonlinear
programming.

Now we are ready to establish the main result of this paper characterizing full
stability of locally optimal solutions to SOCPs in terms of their initial data.

THEOREM 4.8 (SSOSC characterization of full stability for SOCPs). Let z be a
feasible solution to problem P(w,v) in (4.1) for some w € R and v satisfying (4.10)
under the validity of the SOCQ /nondegeneracy condition at (Z,w), and let X € R be
the corresponding unique Lagrange multiplier satisfying the KKT system (4.11). Then
Z is a fully stable locally optimal solution to (4.1) if and only if SSOSC (4.40) holds
at (z,w).
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Proof. First we consider the case of just one Lorentz cone Q = Q,, 41 in (1.1) and
define the set-valued mapping 7 (z,w,v) = (T1(z,w,v), T2(Z,w,v)): R® = R™ x R¢
by

{ Ti(2,w,0)(u) = V2, L(Z, 0, \u + Vo ®(Z, ©)*00g,,., (2, ~N) (V. ®(Z, 0)u),
To(Z, w,0)(u) := V2,L(Z, 0, \u + V,(Z,0)*0%0,,., (2, —A\) (V4 (Z, )u)

for all u € R™, where z = ®(Z, w) as usual. Let us start with justifying the “if” part
of the theorem and suppose that SSOSC (4.40) holds. According to Lemma 4.5 we
need to verify implication (4.23) for the mapping 7 (%, w, v) in (4.41). This amounts
to saying that

(p,u) >0 whenever p € V2 L(Z, 0, \u+ V,®(z,0)*0%0g,,,, (2, —\) (V. (Z,0)u),
u #£ 0,

which can be rewritten as follows:

(4.42) (u, V2 L(Z, @, \u) + (g, Vo ®(Z, w)u) > 0

for all ¢ € 0%00,, ., (2, —A) (V. ®(Z, w)u) with u # 0.

To proceed, take any ¢ € 8%8o,,,,(%,—A)(Bo,Br) with u # 0, where we use
the notation 8 = (8o, Br) = V,®(Z,w)u. This implies 8 € domd*dg,, ., (2, —N),
and thus Lemma 4.6 and the above description of span{C(Z,w)} tell us that u €
span {C(Z,w)}\{0}. Using the notation of that lemma, consider first the case of
(z,)\) € Iy, which gives us H(Z,w,\) = 0. Thus the assumed SSOSC (4.40) reduces
to (u, V2, L(Z,w,\)u) > 0 in this case. Using now Lemma 3.4(ii) and the second-order
subdifferential representation (3.20) bring us to

(u, V2, L(Z,w, \)u) + (g, Vo ®(Z,w)u) > (u, V2, L(Z,w, \)u) + 0 > 0,

which shows that condition (4.42) is satisfied and thus Z is a fully stable local mini-
mizer of P(w,v) by Lemma 4.5. Considering further the remaining case of (2, \) € I1
in Lemma 4.7, we deduce from it that (H(Z,w, \)u,u) = {q, V,P(Z, w)u), and so

due to SSOSC (4.40), which brings us to (4.42) and hence justifies the “if” part of
the theorem.

To prove the “only if” part, suppose that Z is a fully stable locally optimal
solution to P(w,v), which is obviously a usual local minimizer for this problem.
Thus the well-known first-order necessary optimality conditions for P(w, ) under
the assumed SOCQ/nondegeneracy condition (4.13) tells us that there is a unique
vector —\ € No,, ., (®(z,w)) satisfying (4.11). It follows from Lemma 4.5 that
condition (4.42) is satisfied for all ¢ € 9%5g,,,, (2, —\)(V,®(Z, w)u) with u # 0.
Let us show that it implies the validity of SSOSC (4.40). To proceed, fix any
u € span {C(z,w)}\{0} and observe that 3 = (8o, 3;) € domd?dg,,.,(z,—A) # 0 in
the notation above. Considering the case of (2, \) € Iz, we deduce from Lemma 4.7(ii)
that 0 € 8%00,,,, (%, —A)(V.®(Z,w)u). Letting ¢ = 0 in (4.42) and taking into ac-
count that H(Z,w,\) = 0 allow us to conclude that (4.40) holds in this case. In the
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other case of (z,\) € I, consider the vector ¢ := —é—g(ﬁo, —B,) and deduce from
Lemma 4.7(i) that

(0.8) = 22 (82— 18,117) = ((z. 0. X)u, w)
Zo

Similarly to the proof of Case 3 in Lemma 4.6, we get that ¢ € 9%Sg,,., (2, —\)(Bo, Br)
and, substituting this vector into (4.42), arrive at SSOSC (4.40). This completes the
proof of the theorem in the case of the single Lorentz cone Q = Q,, 41 in (1.1).

It remains to consider the general case of the product cone (1.2) in (1.1). Define
the mapping T (z,w,v) = (T1(z,w,0), T2(Z,w,v)): R = R® x R? by (4.41) with
replacing Q,,+1 by Q therein. Then using the results above for one cone Q,, 1 in
(1.1) and the product formula for the second-order subdifferential in Lemma 3.8. This
completes the proof of the theorem. O

To conclude this section, observe that the calculations and results presented above
are new also in the study of tilt stability for SOCPs when the basic perturbation
parameter w is absent in (4.1) and thus its nominal value w does not appear in
the obtained characterizations. In this case the partial versions of SOQC (4.13) and
(4.14) reduce to their full counterparts in (3.1) and (3.2), respectively, and the partial
SSOSC (4.40) agrees with its nonparametric version from [2]. Thus the latter provides
a characterization of tilt stability for SOCPs in accordance with Theorem 4.8 when
the basic perturbation parameter is dropped.

5. Relationships with strong stability of generalized equations. In this
section we address the relationship between full stability of local minimizers for
P(w,v) in (4.1) and Robinson’s notion of strong regularity for the associated paramet-
ric KKT system (4.11). We show that these notions are in fact equivalent under the
imposed SOCQ /nondegeneracy condition. As a by-product of this result, we recover
the SSOSC characterization of strong regularity obtained, via a completely different
approach, by Bonnans and Ramirez [2].

Considering two closed and convex sets Z C R™ and C' C RP, recall [3, Defini-
tion 3.135] that Z C R™ is C2-reducible at z € Z to C if there is a neighborhood
U of z and a C?-smooth mapping h: R™ — RP such that dz(z) = dc(h(z)) for all
z € UN Z, and the derivative operator VAi(z): R® — R® is surjective. If this holds
for all z € Z, then we say that Z is C?>-reducible to C. It is proved in [2, Lemma 15]
that the Lorentz cone Q,,,1 is C?-reducible at zZ € Q,,41 to

Qerl ifz= 0,
Kmi=1{ {0} ifze€int Qunii\{0},
R_  ifzebdQumsi\{0}.

It readily implies that the product cone (1.2) is also C2-reducible at z € Q to some
closed and convex cone K C R?®. This allows us to find a neighborhood U of z and a
C?-smooth mapping h: szl RI*t! — R with 0 < s < ijl (m; + 1), such that

(5.1) { do(z) =k (h(z)) for all z€e UN Q and

Vh(z): H}le RI+L — R* s surjective.
The following theorem is of its own interest while playing a crucial role in estab-
lishing the subsequent equivalence between full stability of SOCP (1.1) and Robinson’s

strong regularity of the associated KKT system with respect to canonical perturba-
tions.
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THEOREM 5.1 (equivalence between full stability of SOCP and Lipschitz conti-
nuity of the single-valued solution map to the associated KKT system). Let T be
a constraint nondegenerate point of SOCP in (4.1). Then it is a fully stable locally
optimal solution to problem P(w,v) in (4.1) with v from (4.10) if and only if we have
Z € M, (w,v) for some v > 0 and the solution map Skrr: (w,v) — (x,\) for the
KKT system (4.11) is single valued and Lipschitz continuous around (w0, v, T, \).

Proof. To justify the “if” part of the theorem, observe first that RCQ (4.5) is
obviously fulfilled in this setting. Then Theorem 4.2 tells us that Z is a fully stable
local minimizer of P(w,v) provided that the subgradient mapping 90, in (4.8) is
PSMR at (z,w,v) for v from (4.10). To verify this property, note that the local
single valuedness and Lipschitz continuity of the KKT solution map Sk xr around
(w,v,z,\) implies, by using the calculus rules in (4.11) similarly to deriving (4.8),
that the partial inverse mapping (4.9) admits a single-valued Lipschitzian localization
around (Z,w, ). But this exactly means the claimed PSMR of J,.

To prove the “only if” part of the theorem, suppose that T is a fully stable local
minimizer of P(w,v). Then z € M,(w,v) and it follows from the nondegeneracy
condition that the mapping Sk k7 is single valued on some neighborhood W x V
of (w,v), i.e., Skxr(w,v) = {(Twv, Awv)} therein. Indeed, the full stability of &
ensures that the mapping 9, is PSMR at (z,w, v), which implies the uniqueness of
the critical point x,,, for any (w,v) € W x V while the uniqueness of the Lagrange
multiplier A, is due to the nondegeneracy. Since the Lipschitz continuity of the
mapping (w,v) — Xy, around (Z,w) follows directly from the full stability of Z, it
remains to verify that the mapping (w, v) — Ay, is Lipschitz continuous around (w, o)
as well.

To proceed, observe that due to the validity of RCQ (4.5) in this setting there
is a positive number p < oo such that ||Ayy|| < p for all (w,v) € W x V. Let £ > 0
be a common Lipschitz constant for the mappings V.o, V. ®, and (w,v) — xy, on
W x V. Due to reducibility (5.1) of the cone Q at z = ®(Z, w) we have

(5.2) No(z) = Vh(2)*Nk(h(z)) whenever z€ UNQ

with rank Vh(zZ) = s. This easily implies (see [3, p. 315]) that the Jacobian matrix
V2 (Z,w) for the composition 1) := ho ® is of full rank s.

Pick now any wi,ws € W and vi,ve € V and denote z; := ®(xy,y,;,w;) for
1 =1,2. Tt follows from (5.2) and the composite representation g o ® = Jx o ¢ that
there are unique normals — ., € Nk (h(z;)) for i = 1,2 satisfying the conditions
(5.3)
)‘wivi = Vh(zi)*:uwivi and vrq)(xwivivwi)*)‘wwi = vrw(xwwmwi)*uwivw 1=1,2,

which readily ensure the equations

- I@O(xwﬂ/w wQ) + qu’($w2v2,w2) )‘wzvz
= vw‘PO(xwzvzv w2) + Vot (Twzvy, W2) vy s
— w(pO(l'wlvlawl) + qu)(xlmval)*)\wlvl
= vw(po(xwlm ) wl) + v$w(xwlvl ) wl)*ﬂwwl

Combining the above relationships, we arrive at

vww(xwzvz ) w?)*(ﬂwzvz - Nw1v1) N
(5.4) = (vww(xwlval) - vww(xw2v27w2)) Hwq vy
+ vm(PO(xwlvl 5 wl) - vaPO(xwgvgaUQ) + v2 — 1.
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Having rank V,¢(Z,w) = s < n, we can always reduce the situation to the square

case of s = n. Indeed, when s < n, construct a linear mapping {[;: R” x R — R"—*
such that the matrix

(5.5) Pz, w) = (P(z, w), Yz, w): R" x R? — R

has full rank for any fixed (z,w) close to (z,w). We do it by taking an orthogonal
basis {b1,...,b,—s} in the (n — s)-dimensional space {u € R"| V,4(Z,w)u = 0} and
then defining ¢ (z,w) := ((b1,z),. .., (bn_s,x)). Denote further dx(z,q) := dx(2) for
all z € R® and g € R*"™°. Employing now an elementary first-order chain rule for “full
rank” compositions yields

02 (0 0 ) (x,w) = Vi (2, w)* 90k (Y(, w))
= (wa(x,w)*,bl, .. .,bn,S) < 835_(5) >
= V. ¥(z,w)* Nk (z)

with 2 = t(z, w). This ensures the existence of the unique subgradients (; € Dok (1)
and (o € 90k (25) such that 2 = Y(Tw,0,, W1), 25 = Y(Twyv,, w2), and

(56) vww(xwwmwi)*ﬂwivi - Vm@(xwiviawi)*gi with Ci = (Mwwwonis)a 1= 17 2.
Combining the above relationships with (5.4), we deduce that

vww(xwzvz ) w2)* (C2 - Cl) 5
(57) - (vww(xwl V1 wl) - vww(xwgvg 5 U)g)) Cl

+ Vo (Twy w1 W1) = Vo (Twyv,, W2) + v2 — v1.

Since the mapping 1 in (5.5) is invertible in z, we apply to it the standard inverse
function theorem and arrive at

(5.8)
[ = Gl X
< H (Vﬂc@(ﬁwzvza“@)*) H (||V1E(va1v1,w1) ~ Vatp (Tuwgus, w2) ||+ |y |
1220 @01 1) = Va0 (@uens w2)]| + o2 = vi])
< 7|:||Nw1v1 ||€(H$w2v2 — Twy v ” + ||U}2 - wl”)
(I wsvs = Twon |+ w2 = w1 ]} + [[oz = va]]
by substituting (5.6) into (5.4), where v > 0 is an upper bound of ||(V,t(z,w)*) ™}
over (x,w) near (Z,w). Since ||Awo| < p for (w,v) € W XV, Ap,v; = VA(2:)* i,

for i = 1,2, and Vh(Z) is of full rank, we find arguing as above that there is
h: H;-le RIHL — H;’Zl R/*+1 such that

(5.9) (0 o h)(z) = Vh(2)* 3 (h(z)) = Vh(2)* Nk (h(z))
with dx (z,¢q) := 6k (z) for all z € R* and ¢ € REj-1 (my+D)=s g gives us

(510) )\wivi = Vh(zi)*ﬂwwi = VFL(Zl)*ﬁ'wzvz
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With jiw,e, € 00k (h(2)) = (Nk (h(2)), 0271 (mi+1)=s) "which ensures in turn that

(5.11) [, = (uwmozle <mj+1>fs) .

Using now (5.10) and (5.11) together with the classical inverse function theorem for
the mapping h invertible in « tells us that the family of {1, } is uniformly bounded
when the pairs (w,v) are close enough to (w,v). Without loss of generality, suppose
that

(5.12) | pwol| < p for all (w,v) € W x V.
Also the equalities in (5.3) imply the relationships
||/\w2v2 - /\w1v1 H = HVh(zZ)*:uﬂ&W - Vh(zl)*:u’wlvl ”

< HVh(ZQ)*” ’ ”/J‘wzvz - /’Lwlle + ||Vh(22) - Vh(zl)” ’ ||Mw1v1H

(5.13) )
< Tlttsse = |+ 98 (I @zs = T | + oz = )

< 76z = Gull + ot (I1owavs = Tl + e = wa] ),

where 7 > 0 is an upper bound of ||[VAi(z)*|| for all z sufficiently close to Z, and where
¢’ > 0 is a Lipschitz constant for the mapping VA around Z.

Combining finally the estimates in (5.8), (5.12), and (5.13) with the local Lipschitz
continuity of the mapping (w,v) +— ., allows us to conclude that (w,v) — Aue
is Lipschitz continuous around (w, ), which thus completes the proof of the theo-
rem. g

It is easy to see that the given proof of Theorem 5.1 does not exploit specific fu-
tures of SOCPs in (1.1) and holds true for any C?-reducible cones generating problems
of conic programming. _

Consider next the canonically perturbed version of (1.1) denoted by Py (v1,v2):

(5.14) { minimize @o(x, W) — (v1,z) subject to x € R™,

O(z,w) + vy € Q

for any (v1,v2) € R™ x R™. The following important lemma relates the full stability
of Z in P(w,?) to this property of Z in the canonically perturbed problem Pg(w,0).

LEMMA 5.2 (full stability with respect to canonical perturbations). Let T be
a feasible solution to problem P(w,v) in (4.1) for some w € RY and v from (4.10)
under the validity of the SOCQ/nondegeneracy condition at (Z,w). Then T is a fully
stable local minimizer of P(w,v) if and only if it is a fully stable local minimizer of
Pa(v,0).

Proof. Observe first that the SOCQ/nondegeneracy condition for P(w, v) at (Z, w)
is equivalent to this property for the Pg(7,0) at (zZ,®). It follows from Lemma 4.5
that the full stability of Z for problem ﬁw(f), 0), in the sense of Definition 4.1 applied
to this problem, is equivalent to

(5.15) [(p,q) € Tao(7,0,7)(u), u# 0] = (p,u) >0,

where the set-valued mapping 75 (Z,0,0): R® = R™ x R™ is defined by
Tor(2,0,0)(u) = (Vizgoo(;i,u’))u,O) + (Viz@,@)(a’c,w)u,O)

+(V.0(@,), Im)*a25@(z, N (V. ®(F, @)u), u e R
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It is not hard to check that (5.15) can be written equivalently as
(u, V2, L(Z,w, \u) + (g, V. ®(Z,w)u) >0

for all ¢ € 0%00,, ., (2, —A)(V,®(Z, w)u) with u # 0, which reduces to condition (4.42)
characterizing the full stability of Z in P(w,v) and thus completes the proof. O
In the rest of this section, suppose for convenience and without loss of generality
that o = 0. Following Robinson [31], we say that the pair (Z, \) is strongly regular for
the KKT system (4.11) if the solution map to the linearized generalized equation

(5.16) { o } e { viw@gi)ﬂ%_— i Y ] " { NE(E—M ]

has a Lipschitz continuous single-valued localization around (0,0) € R™ x R*.

THEOREM 5.3 (equivalence between full stability and strong regularity for SOCPs
under the nondegeneracy condition). Let (Z,w) be a feasible solution to P(w,v) with
v = 0 satisfying (4.10), and let X € R® be a unique Lagrange multiplier of the KKT
system (4.11). Imposing the nondegeneracy condition (4.14), or the SOCQ condition
(4.13), we have that T is a fully stable locally optimal solution to P(w,v) if and only
if £ € M, (w,0) for some v > 0 and (Z,\) is a strongly reqular solution to (4.11).
Furthermore, this strong regularity implies the validity of the SOCQ/nondegeneracy
condition (4.14) for SOCPs.

Proof. Note that the generalized equation (5.16) can be consider as a linearization
of the canonically perturbed KKT system (4.11) as follows:

(5.17) [ z; } € [ Viﬁfﬁ;,%f) ] + [ ch(z—k) }

with the perturbation pair (vq,v2) varied around (9,0) € R™ x R® with o = 0.
It has been well recognized in optimization theory (see, e.g., [5, Theorem 2B.10])
that the single valuedness and Lipschitz continuity of the canonically perturbed gen-
eralized equation/KKT system is equivalent to these properties of its linearization
(5.16). Taking now a fully stable locally optimal solution Z to P(w,0) and applying
Lemma 5.2, we get that Z is a fully stable locally optimal solution to problem Pg(0, 0)
in (5.14). Then Theorem 5.1 tells us that the solution map Skxr: (v1,v2) — (x,\)
of the KKT system (5.17) is single valued and Lipschitz continuous around (0,0, Z, \).
By [5, Theorem 2B.10] these properties are satisfied for linearization (5.16) around
(0,0) € R™ x R®. This says that the pair (Z, \) is strongly regular for the KKT system
(4.11).

To justify the converse implication, suppose that (z, \) is a strongly regular solu-
tion to (4.11). It follows from [5, Theorem 2B.10] that the solution map Sk gr: (v1,v2)
— (x,\) of the KKT system (5.17) is single valued and Lipschitz continuous around
(0,0,7, \). Recalling that € M~y (w,v) for some v > 0 and combining it with Theo-
rem 5.1 tell us that Z is a fully stable locally optimal solution to 75@ (0,0) and therefore
to P(w, 0). Since strong regularity implies nondegeneracy for conic programming (see,
e.g., [3, Theorem 5.24]), this ensures the validity of SOCQ in the SOCP setting by
Theorem 3.9. a

For the reader’s convenience we present now the diagram on relationships between
the main properties considered in this paper. Here the symbols FS and SR stand for
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full stability and strong regularity, respectively, while the other abbreviations have
been defined earlier.

Theorem 4.2 Theorem 4.8
PSME under RCQ £ under SOCQ 5505¢

RCQ
A 2 £\ 2

) g g3

2 e 195) é

s Q

= = 8 ot

=

é = w

Nel

S0CQ Theorem 5.3 SR USOGC

Finally in this section, we give two examples illustrating some important features
of full stability for SOCPs and its relationships with strong regularity. The first
example shows that, for the same SOCP, one local minimizer is fully stable while
another is not under the validity of the nondegeneracy condition for both of them.

EXAMPLE 5.4 (full stability for different local minimizers under nondegeneracy).
For the three-dimensional SOCP (1.1) consider the corresponding problem P(w,v) in
(4.1) given by

minimize 3 |lu — a(w)||* + 3|z — b(w)||* + wurz1 — (v, (u, 2))
P(w,v){ subject to
u € Qs,z € Qs,

where x := (u,2) € R? x R?, w € R, and

w w
a(w):=| 7w |, bw):= 3
0 Trw

Taking the reference perturbation pair (w,v) = (O.E),O]RS)7 it is easy to verify that
T=(u,2) = (%, %, 0, %, 0, %) is a nondegenerate local minimizer of P(w,v) and that
A = 0 is the corresponding (unique) Lagrange multiplier of the KKT system (4.11).
As shown in [28, Table 4.1], the given point (z, \) is strongly regular for (4.11). Thus
it follows from Theorem 5.3 that Z is a fully stable locally optimal solution to the
problem P(w, v) under consideration.

Consider now the perturbation pair (w,v) = (1,0R6). In this case we check
that = = (w,z) = (0.5,0.5,0,0.5,0,0.5) is a nondegenerate minimizer of P(w,v) and,
again, A = 0 is the corresponding (unique) Lagrange multiplier of the associated KKT
system (4.11). Applying [2, Theorem 30] allows us to conclude that the pair (Z,\)
is not strongly regular for (4.11), and thus Theorem 5.3 shows that Z is not a fully
stable locally optimal solution to P(w,v).

The second example demonstrates that full stability is indeed a broader concept
than strong regularity for SOCPs in the absence of nondegeneracy.
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ExAMPLE 5.5 (full stability without strong regularity). In the full stability frame-
work, consider the following problem P(w, v) for the two-dimensional SOCP:

minimize —x — vx
subject to
P(w,v) 1
[ 1—-w } €Q

with z,w,v € R. Picking the reference perturbation pair (w,v) = (1,0), it is easy to
see that T = 1 is the unique minimizer for P(w, v), which is not nondegenerate but
satisfies RCQ (4.5). To examine the full stability in this case, we invoke Theorem 4.2
and check the PSMR property of the corresponding partial subgradient mapping

(5.18) Drp(,w) i= —1 — [~1,0]No, <[ }:Z D .

Denote by G: R x R = R the partial inverse (4.7) of the mapping J,¢ in (5.18). It
readily follows from (5.18) that there are neighborhoods W of w and V of v on which
the mapping G is single valued and admits the representation

w for w<1,
G(w,v)—< 1—w for w>1,
which shows that the mapping 9,9 is PSMR at (Z,w,v). Thus we deduce from
Theorem 4.2 that £ = 1 is a fully stable locally optimal solution to the problem
P(w,v) under consideration. Observe further that the corresponding KKT system
(4.11) attains the form

(5.19) v=—1—[=1,0]\, —AeN%ql_x D

1—w

It is easy to see that the triple (Z,w,v) satisfies (5.19) along with any vector \ € Qs
whose first component amounts to 1, and thus the solution map to the linearized
system (5.16) is not single valued. This shows that strong regularity is violated in
this case, and thus full stability is a broader concept than strong regularity for SOCPs
in the absence of nondegeneracy.

6. Concluding remarks. This paper presents several second-order character-
izations of the important notion of full stability for locally optimal solutions to the
general problems of SOCP. The main result, Theorem 4.8, describes necessary and
sufficient conditions for full stability entirely in terms of the initial data of SOCPs
under the constraint nondegeneracy, which happens to be equivalent to the SOCQ
which appeared in the core theory of second-order variational calculus. The interplay
between general forms of second-order variational analysis and generalized differenti-
ation from one side and their specific implementations in the SOCP framework is one
of the major themes of this paper. It is worth mentioning that most of the results
obtained in this paper including the main Theorem 4.8 are also new for tilt stability of
locally optimal solutions to SOCPs, which is a more narrow notion than full stability.

Among the most challenging issues of further research is to study full and tilt
stability for SOCPs without the nondegeneracy assumption, which reduces to the
classical (and rather restrictive) LICQ condition for NLPs. In the latter framework
the LICQ condition has been recently essentially relaxed in the study of tilt and full
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stability by exploiting some specific features of NLPs; see [21, 22, 24]. It seems to
be highly important to relax the SOCQ/nondegeneracy assumption for tilt and full
stability of SOCPs and other remarkable classes of problems in conic programming.

On the other hand, the established equivalence between full/tilt stability and
strong regularity under the nondegeneracy condition opens the gate to the broad usage
of the former in numerical applications. Furthermore, it has been well recognized in
optimization that nondegeneracy is in fact necessary for strong regularity while is not
the case for tilt and full stability. Thus the latter stability notions promise to be an
efficient tool of qualitative and numerical analysis of optimization problems even in
the absence of nondegeneracy and strong regularity.

Acknowledgment. The authors are indepted to Nghia Tran for useful discus-
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