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Abstract: Many mathematicians have studied degenerate versions of quite a few special polynomials and
numbers since Carlitz’s work (Utilitas Math. 15 (1979), 51-88). Recently, Kim et al. studied the degenerate
gamma random variables, discrete degenerate random variables and two-variable degenerate Bell poly-
nomials associated with Poisson degenerate central moments, etc. This paper is divided into two parts. In
the first part, we introduce a new type of degenerate Bell polynomials associated with degenerate Poisson
random variables with parameter a >0, called the fully degenerate Bell polynomials. We derive some
combinatorial identities for the fully degenerate Bell polynomials related to the nth moment of the degen-
erate Poisson random variable, special numbers and polynomials. In the second part, we consider the fully
degenerate Bell polynomials associated with degenerate Poisson random variables with two parameters
a > 0 and f > 0, called the two-variable fully degenerate Bell polynomials. We show their connection with
the degenerate Poisson central moments, special numbers and polynomials.

Keywords: Bell polynomials and numbers, degenerate Bell polynomials and numbers, Poisson random
variable, degenerate Poisson random variable, the Poisson degenerate central moments
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1 Introduction

Carlitz [1] initiated a study of degenerate versions of some special polynomials and numbers, called the
degenerate Bernoulli and Euler polynomials and numbers. In recent years, many mathematicians have
studied various degenerate versions of many special polynomials and numbers in some arithmetic and
combinatorial aspects and probability theory (see [2-16]). Recently, Kim et al. studied degenerate gamma
random variables, discrete degenerate random variables and two-variable degenerate Bell polynomials
associated with Poisson degenerate central moments, etc. (see [11-14]).

A Poisson random variable indicates how many events occurred within a given period of time. A random
variable X is a real valued function defined on a sample space. If X takes any values in a countable set, then
X is called a discrete random variable.

A random variable X taking on one of the values 0, 1, 2, ... is said to be the Poisson random variable
with parameter a (>0) if the probability mass function of X is given by

i
p(i) = PIX = i} = eﬁ' i=0,1,2,..., (see [11,12).
1
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Zp(z)—e Z I e % 1.
i=0 i=0

Kim et al. [11] considered the degenerate Poisson random variable X(:X;) with parameter a(>0) if
the probability mass function of X is given by

i 1);
i) =PX=1i} = e,{l(a)L')"A, i=0,1,2,..., (see [11-13]).
i!

We note that

0 00 i1y,
> mil) = e@ Y SO < l@e = 1
i=0 i=o b

Let us take an interesting example in which we consider the degenerate Poisson random variable with
parameter a (>0). Let us assume that the probability of success in an experiment is p. We wondered if we
can say the probability of success in the 20th trial is still p after failing 19 times in 20 trial experiments.
Because there is a psychological burden to be successful. It seems plausible that the probability is less than
p (see [2]).

Thus, we study a new type of degenerate Bell polynomials associated with the degenerate Poisson
random variable with parameters in this paper. In Section 2, we introduce a new type of degenerate Bell
polynomials and numbers associated with the degenerate Poisson random variable with parameter a > 0,
called the fully degenerate Bell polynomials and numbers (or single variable fully degenerate Bell poly-
nomials). We show their connections with nth moment of the degenerate Poisson random variable with
parameter a > 0, and give several identities related to these polynomials including the degenerate Stirling
numbers of the first kind, the degenerate Stirling numbers of the second kind, degenerate derangement
numbers, degenerate Frobenius-Euler polynomials and numbers, etc. In Section 3, we will introduce the
fully degenerate Bell polynomials associated with degenerate Poisson random variables with two para-
meters a>0 and >0, called the two-variable fully degenerate Bell polynomials. We show that they are
equal to the two-variable fully degenerate Bell polynomials and the Poisson degenerate central moments.
Also, we derive some explicit expressions for the two-variable degenerate Bell polynomials. Here we note
that the two-variable fully degenerate Bell polynomials are generalization of the fully degenerate Bell
polynomials associated with degenerate Poisson random variables with one parameter a > 0.

When a pandemic such as Corona virus spreads throughout society, it changes the psychology of
people on both an individual and group level, and in a broader sense the psychology of the community
as a whole. In this respect, it is expected that relations with the fully degenerate Bell polynomials and
moment of the degenerate Poisson random variable will be applied to predict how many people will be
infected within a given period when a number of variables interact in a given environment.

Now, we give some definitions and properties needed in this paper.

For any nonzero A € R (or C), the degenerate exponential function is defined by
ef(t) = 1+ AL, ext) = (1 + At (see [2—14])). 1)

By Taylor expansion, we get

(0= Y. (it (see [2-14)), @
n=0 °
where (X)o1 =1, X)pa = x(X - A)(x = 24)---(x - (n — DA), (n = 1).
Note that
limej(t) = ZO

nsn
x"t _ et
n!
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It is well known that

Ona = Y, Soan, DXy (n>0)  (see [3-5]). 3
1=0

As an inversion formula of (3), the degenerate Stirling numbers of the first kind are defined by

(n = Iiosu(n, DO (n>0) (see [3-5]), (4)

and
() - D = ,23“("’ 0L k= 0) (e ), )

and
kl!(logA(l + )k = gsu(n, k)% (k>0) (see [3,5]). (6)

For u € C with u # 1, the classical Frobenius-Euler polynomials h,(x|u) are defined by means of the
following generating function

1-u

Xt — . t”
i D halx)— - (see [7, 8).

n=0

In the special case when x = 0, h,(u) = h,(Olu) are called nth Frobenius-Euler numbers. When u = -1,
hp(x : 1) = Ey(x), are called the Euler polynomials (see [1]).
Kim et al. introduced the degenerate Frobenius-Euler polynomials defined by

1-u . © ﬂ
meA(t) = n;) Ry, 2 (x|ut) " (see [7]). -

When x = 0, hp (1) = h, 2(0u) are called the degenerate Frobenius-Euler numbers.
As is well known, the Bell polynomials (also called Tochard polynomials or exponential polynomials)
are defined by the generating function

t ad n
eXeh =y Beln(x)t— (see [17-20]).
s n!
Kim et al. studied the degenerate Bell polynomials of as which are given by
& n
el @eae) = Y Beln,A(a)t—' (see [11)).
o n!

When x = 1, Bel, 2(1) = Bel, are called the degenerate Bell numbers. We note that lim,_,oBel, 1(x) = Bel,(x).

2 Fully degenerate Bell polynomials associated with degenerate
Poisson random variable with parameter a> 0
In this section, we introduce a new type of degenerate Bell polynomials and numbers associated with

degenerate Poisson random variable with parameter a >0, called the fully degenerate Bell polynomials
and numbers. We give several combinatorial identities related to these polynomials and numbers.
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From this section, for A € R, let X (: X)) be the degenerate Poisson random variable with parameter a > 0
if the probability mass function of X is given by

Py(i) = P{X = i} = ejl(a) 2204 ()” (see [11]). 8)

For n € N, we note that the expectation and the nth moments of X with parameter a > 0 are

o @(Dia,
BIX] = (@ Y, S )
o "
and
n - .n . 1 - & (1)1/\ n
EX" = ) i"m(i) = (@) ), ——= (10)
i=0 i=0
respectively.
From (2), we also observe
Elef()] = ) ei(hp(i) = ey’ (@) ). eﬁ(t)?—:(l)i,A = ey (W ex(ae(t)). (11)
i=0 i=0 :

In view of (11), naturally, we can define a new type of degenerate Bell polynomials, called the fully
degenerate Bell polynomials as follows:

eil@eaet) = Y Bely @ 12)
n!

When a = 1, Bel;, ;(1) = Bely , is called the fully degenerate Bell numbers.
We note that lim,_,oBely y(@) = Bel,(a).

Theorem 1. Let X be a degenerate Poisson random variable with parameter a(>0). For n € N, we have

Belh(a) = E[(X)n,}l] .

Proof. From (9), we observe that

1
E[(XnA] = EIXCX — ) (X  (n - DA)] = e'(@) Z ( )"kA“ (K. 13)
On the other hand, from (2), (11) and (13), we have
Y Bel; a)— = Elef(t)] = ZeA(t)pAm
n=0 i=0
=el'@ Y e mF(l)m
k=0 :
(14)

(o] (o] k
= er(a) Z [Z (Fna— J(l)u
o0 ~ (o) k /Ia n o0 tn
Z [ ) Z (K)n AJ = ) E[(X)n] —

Therefore, by comparing the coefficients on both sides of (14), we have the desired result. O
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From Theorem 1 and (13), we obtain the following Dovinski-like formula for the fully degenerate Bell

numbers as follows:

Corollary 2. For n € N, we have

00 kn
Bel; ) = ¢;'(1) Z(l)k/l( ) A-

In addition, when lim,_,q, we get
[oe]
k"
¥ _ 51
Beln =€ z F
k=0

Theorem 3. For n € N, we have

n k
%mw=2&fmymmmw»

k=0

In particular, fora =1,

n 1 k
Bel;, = ) (mj (Dr,AS2,4(n, k).

k=0

Proof. From (1) and (5), we have

z Bely, A(a) 1+ Aa

1

el(a)exae(t)) = (Mj*

1+ 2% @0 -
A TR
V(2 j z Saaln, )

(2( ]mM&MkJ

I
i M8 H Mg T MS

Therefore, by comparing the coefficients on both sides of (15), we get the desired result.

Theorem 4. For n € N, we have

00 1 1-
Bel; y(@) = ) [
k

1=0 \ k=0 j=0

=~

l
(](1ymk1a»A&a—k1xan

Proof. We observe

ef'x)=er

log(1+4) _ z(:gﬁkggijﬁﬁi
A

v k!

= OZOZm"/\*" OZO:SI(n k)M = 020: Zn: m*AkS (n, k) x
s T n

k=0 n=0 \k=0

By using Theorem 1 and (14), we have

(15)

(16)
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Bel}, y(a) = E[(X)n,]

y [Z( DIAmIS (m, 1)}— x Z (1>“<1<)M—

m=0 \ j=0 17)
00 1 l -k ) ) (Xl
=2 Z[ jZ<—1>’A’“sl(l— I D OkA (O |5
1o lizo \k j=0 I
Therefore, from (17), we get the desired result. O
Theorem 5. For n € N, we have
I-ny m ko 1y kK 2l-k—ky+n—k
. 1lepfAl-k-kern-kgl
Bl @=3 5 3 3 ( j‘ SR il = m, k) S, kS, K.
1=0 m=0 k=0 k=0 :
Proof. By using (16), we obtain
v * t" -1
2. Bely(@— = ei'(@en(@en(t)
= Z [Z (-De@)k § (ny, kz)] Z [Z Ayu=hSy(ny, kl)]_e/\ (t)
ny=0 kz nz n=0 kl
(o] 1 1- n om al
= z Z Z Z ( j(—l)kz()l)l_kl_kzsl(l - m, k) Si(my, ky) n
1=0\m=0k-0k—0 \T :
o (18)
x ) [an)" kSy(n, k)j
n=0\k=0
i[ Zl: lzrl:1 nzl j( 1)k2nk)ll fa—fp+n-k gyl
=0\I=0m=0k=0/q=0 l'
n
X Sill = 1y, ko) Sy, ko) Sy(n, k)]%
Thus, by comparing the coefficients on both sides of (18), we get the desired result. O

A derangement is a permutation with no fixed points. The number of derangements of an n-element set
is called the nth derangement number and denoted by d,. This number satisfies the following recurrences:

dp=n-dy_1+ (D" n>1. (19)

By (19), we get

n l)k
Z , n=0 (see[19]). (20)
From (20), we can derive the following generating function of the number of derangements of an n-element

set
(8 5

n=0

k\n ©
(-1) ] o Z o
Recently, Kim et al. considered the derangement polynomials by the generating function

1
1—xt

et=Y) dn(x);—n' (see [19)). (22)
n=0 :

When x =1, d,(1) = dy, n > 0.
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From (22), we naturally define the degenerate derangement polynomials by

ex(—t d, —
o0 = ZO M(x) (23)
When x =1, dy (1) := dy is called the degenerate derangement numbers.

We note that limy_,odyA(1) = dy, n > 0.

Theorem 6. Forn € N U 0, we get

n

=y (?)hITA(—a’l)BEIZ-I,A(a) =l Y ) (,—dul"/‘" 51, k),

T+a 5 k=0 1=0

where h, 2(u) are the degenerate Frobenius-Euler numbers.

Proof. By using (16) and (23),

I % R o _ I
1+ aed) H;Beln,/\((x) R e (@) ex(ae(t))

(—aex(t))
er'@ Zd —

o ( n o (24)
&' zd (l— Y [Z IAks(n, k)];

[e¢]

=e'(@ Z (Z Z(l— diAlAES (n, k)];—n

On the other hand, from (7), we get

(o]

1 N
ZBeIM(a)E =2 (t) P Z Bel; A(a)

1+ ae(t) \=
_a! 1 —( ah
T lt+ale) - (—a N2

Z hia(= a-l)— Z Bel, A<rx

-l yy [ ,jh;:A(—afwBel;_,,A(a)%

z Bel;, }l(a) —

(25)

Thus, from (24) and (25), we get

(oe] n (o) n (ee] l
1a > Z[ jhu( ah)Bel; a)— = ¢i'(@) Z (z y ! “’ kS (n, k)] (26)

Therefore, by comparing the coefficients on both sides of (26), we arrive at what we want. a

Theorem 7. For n € N, we have

d .. 1 (¢ (n),. Rl :
—Bel; (@) = m(z (l)hl,)l(ﬂ—/\ 'a~")Bel;,_; x(a) - Beln,/\(a)]’

da im0

where hy, (x|u) are called the degenerate Frobenius-Euler polynomials.
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Proof. First, we note that

i — pl-A i -1 _ _ -1
P el@) = e (a) and e ey (a) = Yy ey (a). 27
By using (1), (7) and (27), we get
[Z%U@]=%me#w
= el (@ext) e} Maey(t)) - L ey (@) ex(aex(t))
1+ Aa

memm@m#mmw 1]
1+ Aa

3 ext)
_( ) 1+AJZBel A(a)

1 + Aaey(t

(At 1 - (-(Aa) ) B o
) (1 + (Ao e(t) ~ (~(Aa)™) alf) } Z Belp,, A(a)

(28)

0 !
:[ 1 hl*,l(l|—)l*1a*1)% ] Y Bel; A(a)

1+ Aa far
(o)
n/l(a)_

( )hl Al - A’Iffl)Bemfz,A(a)—'
n

[e¢]

[Z ( jhl A(1]-A"'a ") Bel;,_; 5(a) — Bel;, A(a)]t_-
= ’ n!

Therefore, by comparing the coefficients on both sides of (28), we get what we want. O

Theorem 8. For n € N, we have

1
Bely, () = eAl(a)( Z (Dmaa™ 1) (m - A)n,/l}

m=0
Proof. By using (2), we get
[Zw(m] e @eaen®)

= e,{l(a)i(l + Aaey ()

-—Q%a%—[EZ[_JMaWeWOJ
" (29)

— o 1 m-A
= eAl(fX)( m 1)!9/1 (f)J

[ee]

1 ¢
— pa—
_1)12)(’" A

(Dm,/lam

8 iMs

—#wZumw(

~ (o9 o0 m 1 tn
= €@ g [Z O L A)n,/IJE-
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On the other hand, we have

[Z Bel;; \(a) J ZBel A(a) = ZBelmu(a)%. (30)

Therefore, by comparing the coefficients of (29) and (30), we get the desired result. O

3 Two-variable fully degenerate Bell polynomials

In this section, as one of the generalizations of the fully degenerate Bell polynomials in Section 2, we will
introduce the two-variable fully degenerate Bell polynomials associated with degenerate Poisson random
variables with two parameters >0 and >0, and show their connection with the degenerate Poisson
central moments. We also derive some explicit expressions for the two-variable degenerate Bell polynomials.

For a Poisson random variable X with parameter a > 0, Kim et al. [13] considered the Poisson degenerate
central moments given by E[(X — a),a), (n > 0), where X —a)op =1, X-)pr=X-a)X-a-A)--
X-a-(n-1A),(n=1).

Note that

limE[(X — a)na] = E[(X — a)"].
A—-0

In this section, we give a definition of two-variable fully degenerate Bell polynomials as follows:

Z Bel;, ,(a, ﬁ)— = el (@ enaent) el (o). 31)
n=0

When = a, forn >0
Bel; y(a, @) = Bely y(@), (n=0).

Theorem 9. Let X be a degenerate Poisson random variable with two parametersa > 0 and § > 0. Forn > 0,
we have

Bel;, x(a, B) = E[(X — a + B)nal.
Proof. By using (13), we have

Elef ) = Y ey “Pypi(k)

k=0
1
o) Y efea >“()“
k=0 (32)
- Ve @ Z el D
= ;") ef (@) ex(aen(t)) = Z Bel; \(a, ,B)—
n=0
On the other hand, from (10), we observe
Ele}*(t)] = {Z X - a+ P, A—} Y El(X - a+ Bl % (33)
n=0 : n=0 :

Therefore, by comparing the coefficients of (34) and (33), we obtain what we want. (|
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Theorem 10. For n > 0, we have
n
* n *
Bel; \(a, B) = ) (I)Bell,,\(a) B = Onia-
1=0
In particular,

n
Bel;, y(a, @) = Bel; (@) = ) (7)Belz,1(a) (n>0).
1-0

Proof. From (2) and (11), we have

o

Y Bel;, i(a, p) = e (@eaex(t) el “(t)

il MS EMS

Bel; A(a) Z B - am, }l—

{z (7)]3917,;1(0()% - a)nl,AJ’:_r;-

1=0

Therefore, by comparing the coefficients on both sides of (34), we obtain the desired result.

The following equation is needed to prove the next theorem.

n

X+ Yua= Y (Zju)k,uy)n_k,A (n>0).

k=0

Theorem 11. For n > 0, we have

n

l k
Beljy(@f)= ¥ % ( ]( ¢ M) (B - WraiaSaal 6.

Proof. From Theorems 3 and 10, we have

Bell, (e, ) = ¥ [’l’jw ~ @yBelf @)

n ! a Y
[J(ﬁ - @i kzo[mj DiaSarls k)

l n a k
y [J(ﬁ - a)n_u( . Mj DeaSadl, k).

k=0

(=]

I
M=

l

I
o

I
M=

N
o

Thus, we get the desired result.

Corollary 12. Let X be a degenerate Poisson random variable with parameter a (>0).
For n > 0, we get the Poisson degenerate central moments of X as follows:

n 1
F(X- @il =Y Y [;’)[HA j( Dn-1 1S K).

EIK - Dopl = i( ]( )k< Do WirSaals K).

— 293

34)

35

36)
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Theorem 13. For n > 0, we have

n

1
Belj (@, B) =) )

[’l’j(ﬂ — ayA-kS (1, k)Bel;,_; 1(@).
=0 k=0

Proof. By using (12), (16) and (31), we have

Z Bel;, ,(a, /3)— = er'(@)ex(aer(t))ef ()

= ) Bel; (@) ?l > {Z (B — a)*ATkS (1, k)J 37)

j=0 1=0 \k=0

o0 n 1 n th

Z Z Yo |(B = @) AKSY(L, k)Bel;,_py(@) | =

o o \1 n!

Therefore, by comparing the coefficients on both sides of (37), we have what we want. a

Theorem 14. For n > 0, we have

n 00 N]

) ( Jria-aBely @ p) = i@ Y S+ - wb-tdson b,
=0 =0 *“

where hy \(u) are called the degenerate Frobenius-Euler numbers.

Proof. By using (16) and (23),

Z Bel, \(a, B)— = @) e o

_ e/ll(a)[z d ( aeA(t))J ﬁ a(t)

=0 I

1+ ae,\(t)

-l Y, dn " ,a) U (38)
=0

_eAl(a)Z di l“) Z [Z (1 + B - a)A*Sy(n, k)j
* n=0 =

(o] n o0 n
=l Y [ + B — kA kdy 3 Sy(n, k)jt—,.
noo =0 im0 I n
On the other hand, by the same way of (25), we get
1 ¥ Bl LS 3 (") caBel: r
el 1 (a, a!)Be a, B)—. 39
1+aeA(t)Z @ B agzz(]u( Bl 1@, B (39)
Thus, by comparing the coefficients of (38) and (39), we get the desired result. a

4 Conclusion

In this paper, we introduced the fully degenerate Bell polynomials associated with degenerate Poisson
random variables with parameter a > 0 and the two-variable fully degenerate Bell polynomials associated
with degenerate Poisson random variables with two parameters a >0 and > 0. We showed their connec-
tions with nth moment of the degenerate Poisson random variables and the Poisson degenerate central
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moments, respectively. We also expressed those polynomials and numbers in terms of the degenerate
Stirling numbers of the second kind; the degenerate Stirling numbers of the first kind; the degenerate
derangement numbers and the Stirling numbers of the first kind; and degenerate Frobenius-Euler
polynomials.

It is important that the study of the degenerate version is widely applied not only to numerical theory
and combinatorial theory, but also to symmetric identity, differential equations and probability theory. The
Bell numbers have also been extensively studied in many different context in such branches of Mathematics
[16-22]. With this in mind, as a future project, I would like to continue to study degenerate versions of
certain special polynomials and numbers.
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