FUNCTIONAL CENTRAL LIMIT THEOREM FOR HEAVY TAILED
STATIONARY INFINITELY DIVISIBLE PROCESSES GENERATED BY
CONSERVATIVE FLOWS

TAKASHI OWADA AND GENNADY SAMORODNITSKY

ABSTRACT. We establish a new class of functional central limit theorems for partial sum of certain
symmetric stationary infinitely divisible processes with regularly varying Lévy measures. The limit
process is a new class of symmetric stable self-similar processes with stationary increments, that
coincides on a part of its parameter space with a previously described process. The normalizing
sequence and the limiting process are determined by the ergodic theoretical properties of the flow
underlying the integral representation of the process. These properties can be interpreted as de-
termining how long is the memory of the stationary infinitely divisible process. We also establish
functional convergence, in a strong distributional sense, for conservative pointwise dual ergodic
maps preserving an infinite measure.

1. INTRODUCTION

Let X = (X1, Xs,...) be a discrete time stationary stochastic process. A (functional) central
limit theorem for such a process is a statement of the type
[nt]

1
— N Xy~ hat, 0<t<1 :><Y(t),0§t§1).
Cn

k=1

(1.1)

Here (cy,) is a positive sequence growing to infinity, (h,) a real sequence, and (Y(t), 0<t< 1)
is a non-degenerate (i.e. non-deterministic) process. Convergence in (1.1) is at least in finite
dimensional distributions, but preferably it is a weak convergence in the space D[0,1] equipped
with an appropriate topology. Not every stochastic process satisfies a central limit theorem, and
for those that do, it is well known that both the rate of growth of the scaling constant ¢, and the
nature of the limiting process Y = (Y(t), 0<t< 1) are determined both by the marginal tails
of the stationary process X and its dependence structure. The limiting process (under very minor
assumptions) is necessarily self-similar with stationary increments; this is known as the Lamperti

theorem; see Lamperti (1962).
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If, say, X has a finite second moment, and X is an i.i.d. sequence then, clearly, one can choose
¢n = n'/2, and then Y is a Brownian motion. With equally light marginal tails, if the memory is
sufficiently short, then one expects the situation to remain, basically, the same, and this turns out
to be the case. When the variance is finite, the basic tool to measure dependence is, obviously,
the correlations, which have to decay fast enough. It is well known, however, that a fast decay of
correlations is alone not sufficient for this purpose, and, in general, certain strong mixing conditions
have to be assumed. See for example Rosenblatt (1956) and, more recently, Merlevéde et al. (2006).
If the memory is not sufficiently short, then both the rate of growth of ¢, can be different from

nl/2

, and the limiting process can be different from the Brownian motion. In fact, the limiting
process may fail to be Gaussian at all; see e.g. Dobrushin and Major (1979) and Taqqu (1979).

If the marginal tails of the process are heavy, which, in this case, means that X is in the domain
of attraction of an a-stable law, 0 < a < 2, and X is an i.i.d. sequence then, clearly, one can choose
¢n, to be the inverse of the marginal tail (this makes ¢, vary regularly with exponent 1/«), and then
Y is an a-stable Lévy motion. Again, one expects the situation to remain similar if the memory
is sufficiently short. Since correlations do not exist under heavy tails, statements of this type have
been established for special models, often for moving average models; see e.g. Davis and Resnick
(1985), Avram and Taqqu (1992) and Paulauskas and Surgailis (2008). Once again, as the memory
gets longer, then both the rate of growth of ¢, can be different from that obtained by inverting
the marginal tail, and the limiting process will no longer have independent increments (i.e. be
an a-stable Lévy motion). It is here, however, that the picture gets more interesting than in the
case of light tails. First of all, in absence of correlations there is no canonical way of measuring
how much longer the memory gets. Even more importantly, certain types of memory turn out to
result in the limiting process Y being a self-similar a-stable process with stationary increments of
a canonical form, the so-called Linear Fractional Stable motion; see e.g. Maejima (1983) for an
example of such a situation, and Samorodnitsky and Taqgqu (1994) for information on self-similar
processes. However, when the memory gets even longer, Linear Fractional Stable motions disappear
as well, and even more “unusual” limiting processes Y may appear. This phenomenon may qualify
as change from short to long memory; see Samorodnitsky (2006).

In this paper we consider a functional central limit theorem for a class of heavy tailed stationary
processing exhibiting long memory in this sense. It is particularly interesting both because of the
manner in which memory in the process is measured, and because the limiting process Y that
happens to be an extension of a very recently discovered self-similar stable process with stationary
increments. Specifically, we will assume that X is a stationary infinitely divisible process (satisfying

certain assumptions, described in details in Section 2). That is, all finite dimensional distributions
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of X are infinitely divisible; we refer the reader to Rajput and Rosiriski (1989) for more information
on infinitely divisible processes and their integral representations we will work with in the sequel.

The class of central limit theorems we consider involves a significant interaction of probabilistic
and ergodic theoretical ideas and tools. To make the discussion more transparent, we will only
consider symmetric infinitely divisible processes without a Gaussian component (but there is no
doubt that results of this type will hold in a greater generality as well). The law of such a process
is determined by its (function level) Lévy measure. This is a (uniquely determined) symmetric

measure x on RY satisfying
/<c<x: (x1,2,...) c RV : xzj =0 for alljeN) =0

and
. 2 .
o min(1, ;) k(dx) < oo for each j € N,

such that for each finite subset {j1,...,Jx} of N, the k-dimensional Lévy measure of the infinitely
divisible random vector (X iy X jk) is given by the projection of x on the appropriate coordinates
of x. See Maruyama (1970).

Because of the stationarity of the process X, its Lévy measure y is invariant under the left shift
6 on RN,

9(:61,%2,%3, - ) = (1‘2,1‘3, - ) .

It has been noticed in the last several years that the ergodic-theoretical properties of the shift
operator with respect to the Lévy measure have a profound effect on the memory of the stationary
process X. The Lévy measure of the process is often described via an integral representation
of the process, and in some cases the shift operator with respect to the Lévy measure can be
related to an operator acting on the space on which the integrals are taken. Thus, Rosiniski and
Samorodnitsky (1996) and Samorodnitsky (2005) dealt with the ergodicity and mixing of stationary
stable processes, while Roy (2008) dealt with general stationary infinitely divisible processes. The
effect of the ergodic-theoretical properties of the shift operator with respect to the Lévy measure
on the partial maxima of stationary stable processes was discussed in Samorodnitsky (2004).

In the present paper we consider stationary symmetric infinitely divisible processes without a
Gaussian component given via an integral representation described in Section 2. This representation
naturally includes a measure-preserving operator on a measurable space, and we related its ergodic-
theoretical properties to the kind of central limit theorem the process satisfies. We consider the
so-called conservative operators, that turn out to lead to non-standard limit theorems of the type

that, to the best of our knowledge, have not been observed before.
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We describe our setup in Section 2. In Section 3 we introduce the limiting symmetric a-stable
(henceforth, SaS) process self-similar processes with stationary increments and discuss its proper-
ties. In Section 4 we present the ergodic-theoretical notions that we use in the paper. The exact
assumptions in the central limit theorem are stated in Section 5. In this section we also present
the statement of the theorem and several examples. The proof of the theorem uses several dis-
tributional ergodic-theoretical results we present and prove in Section 6. These results may be of
independent interest in ergodic theory. Finally, the proof of the central limit theorem is completed

in Section 7.

2. THE SETUP

We consider infinitely divisible processes of the form
(2.1) X, —/ fo(@)dM(z), n=1,2,...,
E

where M is an infinitely divisible random measure on a measurable space (E, &), and the functions

fn,m=1,2,... are deterministic functions of the form
(22) ful@) = o T"(@) = f(T"0), v € B, n=1,2, ...

where f: E'— R is a measurable function, and T': E — E a measurable map. The (independently
scattered) infinitely divisible random measure M is assumed to be a homogeneous symmetric infin-
itely divisible random measure without a Gaussian component, with control measure p and local
Lévy measure p. That is, p is o-finite measure on F, which we will assume to be infinite. Further,
p is a symmetric Lévy measure on R, and for every A € £ with u(A) < oo, M(A) is a (symmetric)

infinitely divisible random variable such that

(2.3) Bt MA)  oxp, {—M(A) /R (1 - cos(u)) p(dm)} weR.

It is clear that, in order for the process X to be well defined, the functions f,, n =1,2,... have
to satisfy certain integrability assumptions; the assumptions we will impose below will be sufficient
for that. Once the process X is well defined, it is, automatically, symmetric and infinitely divisible,

without a Gaussian component, with the function level Lévy measure given by
(2.4) k=(pxp) oK',
with K : R x E — R given by K(z,s) = z(fi(s), f2(s),...), s € E, x € R. For details see Rajput
and Rosiniski (1989).
We will assume that the measurable map T preserves the control measure p. It follows imme-

diately from (2.4) and the form of the functions (f,) given in (2.2) that the Lévy measure  is

invariant under the left shift # and, hence, the process X is stationary. We intend to relate the
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ergodic-theoretical properties of the map 7T to the dependence properties of the process X and,
subsequently, to the kind of central limit theorem the process satisfies. We refer the reader to
Aaronson (1997) for more details on the ergodic-theoretical notions used in the sequel. A short
review of what we need will be given in Section 4 below.

Our basic assumption is that the map 7" is conservative. This property has already been observed
to be related to long memory in the process X; see e.g. Samorodnitsky (2004) and Roy (2008).
We will quantify the resulting length of memory by assuming, further, that the map T is ergodic
and pointwise dual ergodic, with a regularly varying normalizing sequence. We will see that the
exponent of regular variation plays a major role in the central limit theorem.

The second major “player” in the central limit theorem is the heaviness of the marginal tail of
the process X. We will assume that the local Lévy measure p has a regularly varying tail with

index —a, 0 < a < 2. That is,
(2.5) p(,00) € RV_, at infinity.

With a proper integrability assumption on the function f in (2.2), the process X has regularly
varying marginal (and even finite-dimensional) distributions, with the same tail exponent —a«; see
Rosinski and Samorodnitsky (1993). That is, all the finite-dimensional distributions of the process
are in the domain of attraction of a SaS law.

This leads to a rather satisfying picture, in which the kind of the central limit theorem that holds
for the process X depends both on the marginal tails of the process and on the length of memory
in it, and both are clearly parametrized.

In fact, in order to obtain the central limit theorem for the process X, we will need to impose more
specific assumptions on the map T'. We will also, clearly, need specific integrability assumptions on
the kernel in the integral representation of the process. These assumptions are presented in Section
5.

We proceed, first, with a description of the limiting process we will eventually obtain.

3. THE LIMITING PROCESS

In this section, we will introduce a class of self-similar SaS processes with stationary increments.
These processes will later appear as weak limits in the central limit theorem. We will see this
process is an extension (to a wider range of parameters) of a class recently introduced by Dombry
and Guillotin-Plantard (2009). Before introducing this process we need to some preliminary work.

For 0 < 8 < 1, let (S’g(t), t> 0) be a f-stable subordinator, i.e. a Lévy process with increasing
sample paths, satisfying Ee~?95(1) = exp{—t#P} for # > 0 and t > 0; see e.g. Chapter III of Bertoin
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(1996). Define its inverse process by
(3.1) Mg(t) = S5 (t) =inf{u >0: Sg(u) >t}, t>0.

Recall that the marginal distributions of the process (M 5(t), t > 0) are the Mittag-Leffler distri-
butions, with the Laplace transform

— (6t°)"

(3.2) Eexp{0Mps(t)} :;ﬁ(lmﬁ)’ 0 € R,

see Proposition 1(a) in Bingham (1971). We will call this process the Mittag-Leffler process. This
process has a continuous and non-decreasing version; we will always assume that we are working
with such a version. It follows from (3.2) (or simply from the definition) that the Mittag-Leffler
process is self-similar with exponent 8. Further, all of its moments are finite. Recall, however, that
this process has neither stationary nor independent increments; see e.g. Meerschaert and Scheffler
(2004).

We are now ready to introduce the new class of self-similar SaS processes with stationary incre-
ments announced at the beginning of this section. Let 0 < o < 2and 0 < 8 < 1, and let (', F', P’)
be a probability space. We define

(3.3) Yaﬁ(t):/ﬂ 0 )Mg((t—x)_,_’w/)dzaﬁ(w/’x)’ t >0,
' x[0,00

where Z, g is a SaS random measure on ' x [0, c0) with control measure P’ x v, with v a measure
on [0,00) given by v(dz) = (1 — )= dx, x > 0. Here My is a Mittag-Leffler process defined on
(¥, F', P"). The random measure Z, g itself and, hence, also the process Y, g, are defined on some
generic probability space (£, F, P). We refer the reader to Samorodnitsky and Taqqu (1994) for
more information on integrals with respect to stable random measures.

In Theorem 3.1 below we prove that the process (Yaﬁ(t), t > O) is a well defined self-similar
SasS processes with stationary increments. We call it the 3-Mittag-Leffler (or f-ML) fractional SaS

motion.

Theorem 3.1. The 5-ML fractional SaS motion is a well defined self-similar Sa.S processes with

stationary increments. It is also self-similar with exponent of self-similarity H = 8+ (1 — )/ c.

Proof. By the monotonicity of the process Mg we have, for any ¢ > 0,

/[0 ) Jor MB((t — x>+7w/)apl(dw)y(d:z) < tﬁE’Mﬁ(t)a < o0,
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which proves that the process (Yaﬁ(t), t> 0) is well defined. Further, by the B-self-similarity of
the process Mg, we have for any £ > 1, t1...¢; > 0, and ¢ > 0, for all real 01, ..., 0,
k 00 k N
Eexp zz 0;Y, p(ct;) p =exp —/ E"Z 0;Mga((ct; — x).,.)) (1— Bz Pdx
j=1 0 j=1

o .
= exp _/0 |3 05" M((t; ). )|
j=1

which shows the H-self-similarity of the S-ML fractional SaS motion.

k
(1—B)y Pdy » = Eexp iZGjCHYaﬂ(tj) ,
j=1

For the proof of stationary increment property, it suffices to check that

k k
Eexpqiy 0;(Yas(ty+5) = Yap(s) p = Eexp Qi) 0;Yaps(t))
j=1 j=1

forall k>1,¢;...tp > 0,s >0, and 6 ...0; € R. This is equivalent to verifying the equality in
o0
/o
0 —

k
D 0, {Mp((t; + s — x)1) — Mp((s —)4)}
7j=1
:/my
0 =

k
>0 Ms((t; — $)+)‘ v de.
7j=1

[0}

r Pdx

Changing variable by r = s — x in the left hand side and rearranging the terms shows that we need

k

to check the equality in

(3.4) / E Zej(Mﬁ(tj-I-T)—Mlg(T))‘ (s —r) Pdr
0 -

7j=1

=/wﬂﬁwwmw—mn
0 =

Let 6, = Sg(Mpa(r)) — r be the overshoot of the level » > 0 by the S-stable subordinator
(Sa(t),t > 0) related to (Mg(t),t > 0) by (3.1). The law of 4, is known to be given by

«

(77 — (s + z) P)da.

Smﬂﬂrﬁ(r + x)_lx_ﬁ dr, x > 0;
v

(3.5) P(5, € dr) =

see e.g. Exercise 5.6 in Kyprianou (2006). Further, by the strong Markov property of the stable

subordinator we have
(Mp(t +7) = My(r), t > 0) = (Mp((t — 5,)4), t > 0),

with the understanding that Mg and , in the right hand side are independent. We conclude that

s k
(3.6) /zmzwwww+w—mmmww—mﬂm
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sin B

™

o S k
/ / E' Y 0;Mp((t; — 2)1)|*r (r + @)~ 'a™P (s = r)Pdrda.
0 0 -
7=1
Using the integration formula

[ G5) = - ()
o \1—-t) t+y  sinfBr l+y

given on p. 338 of Gradshteyn and Ryzhik (1994), shows that (3.6) is equivalent to (3.4). This
completes the proof. O

, y>0,

Recall that, when 0 < 8 < 1/2, the Mittag-Leffler process of (3.1) is distributionally equivalent

to the local time at zero of a symmetric stable Lévy process with index of stability B = (1-p8)"L

Specifically, let (WB(t),t > 0) be a symmetric B—stable Lévy process, such that Eem™Ws® —
exp{—t|r|’} for r € R and ¢ > 0. This process has a jointly continuous local time process,

Li(z), t >0, x € R; see e.g. Getoor and Kesten (1972). Then
(3.7) (Mg(t), t > 0) £ (cgLy(0), ¢ > 0)

for some cg > 0; see Section 11.1.1 in Marcus and Rosen (2006). Therefore, in the range 0 < <
1/2, the B-ML fractional SaS motion (3.3) can be represented in law as

(3.8) Ya,ﬁ(t)ZCB/Q 0 )L(t—x)+(O’U‘/)dZa,B(w/ax)u t>0,
"% (0,00

where (L¢(z)) is the local time of a symmetric f-stable Lévy process defined on (€, F', P’). Recall
also the B—stable local time fractional SaS motion introduced in Dombry and Guillotin-Plantard

(2009) (see also Cohen and Samorodnitsky (2006)). That process can be defined by
(3.9) Yo 5(t) = / Li(2,w)dZa(W @), t>0,
/xR

where Z, is a SaS random measure on € x R with control measure P’ x Leb. We claim that, in

fact, if 0 < p < 1/2,

(3.10) (Yas(t) t>0) £ ) (Yas(t) t>0),

for some multiplicative constant cgl). Therefore, one can view the ML fractional SaS motion as an

extension of the B—stable local time fractional SaS motion from the range 1 < B < 2 to the range
1< 3 < oo. It is interesting to note that the central limit theorem in Section 5 is of a very different
type from the random walk in random scenery situation of Cohen and Samorodnitsky (2006) and
Dombry and Guillotin-Plantard (2009).

To check (3.10), let

H, =inf{t>0: W;

5(1) =z}, z€R.
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Since 1 < B <2, H, is a.s. finite for any = € R; see e.g. Remark 43.12 in Sato (1999). Further, by
the strong Markov property, for every = € R, the conditional law of (L Ho+t(), t > 0) given Fy ,
coincides a.s. with the law of (Lt(O), t> 0). We conclude that for any k > 1, t1...t; > 0, and real
917 SRR 9]{?7

k
—log E exp 0;Yu 5(t5) —/E’
X {; ita,plt; } &

>

k
> 0Ly, (0)
7j=1

k
Z 0Ly, (a:)‘ dx
j=1

Fy(dy)dx,

’ «

where F} is the law of H,. Using the obvious fact that H. 4 |x|ﬁ Hy, an easy calculation shows that
the mixture fR F, dz is, up to a multiplicative constant, equal to the measure v in (3.3). Therefore,
1

for some constant ¢z’

k

k
—log Eexp{z jSg)ya,ﬁ(tj)} =—logFE exp{z ejyaﬁ(tj)} ;
j=1 J=1

and (3.10) follows.

Remark 3.2. It is interesting to observe that, for a fixed 0 < a < 2, the range of the exponent of
self-similarity H = 8 + (1 — )/« of the 8-ML fractional SaS motion, as [ varies between 0 and
1, is a proper subset of the feasible range of the exponent of self-similarity of stationary increment

self-similar SaS processes, which is 0 < H < max(1,1/a); see Samorodnitsky and Taqqu (1994).

It was shown in Dombry and Guillotin-Plantard (2009) that the stable local time fractional SaS

motion is Holder continuous. We extend this statement to the ML fractional SaS motion.

Theorem 3.3. The 5-ML fractional SaS motion satisfies, with probability 1,

[Yas(t) = Yas(s)]
su 13
0<s<t<1/2 (t — s)P|log(t — s)|

if0<a<l, and

|Ya7,3(t) - Ya,ﬁ(8)|
sup 3725
0<s<t<1/2 (t — 5)|log(t — s)|
ifl <a<2.

Proof. The statement of the theorem follows from Lemma 3.4 and the argument in Theorem 5.1
in Cohen and Samorodnitsky (2006); see also Theorem 1.5 in Dombry and Guillotin-Plantard
(2009). O
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The next lemma establishes Holder continuity of the Mittag-Leffler process (3.1). The statement
might be known, but we could not find a reference, so we present a simple argument. In the case
0 < B <1/2 (most of) the statement is in Theorem 2.1 in Ehm (1981), through the relation with
the local time (3.7).

Lemma 3.4. For B >0 let
Mpa(t) — M,
K=  sup | M (t) 5(8)’1—5 .
0<s<t<s+1/2<B (t — s)5 [log(t — s)|

Then K is an a.s. finite random variable with all finite moments.

Proof. Because of the self-similarity of the Mittag-Leffler process it is enough to consider B = 1/2.
In the course of the proof we will use the notation ¢(3) for a finite positive constant that may
depend on 3, and that may change from one appearance to another. Recall the lower tail estimate

of a positive f-stable random variable:
(3.11) P(S5(1) < 0) <exp{—c(B)0~1=F1 0<0<1;

see Zolotarev (1986). Let A > 1. We have

P(K > \) ( Ms(t) — M )\152_”5)
Z LS My(t) = Mp(s) > c(B)An an
2_("+1)§t—s§2—"

For n=1,2,... we use the following decomposition:
aa(N) < P(Ss(Nlogn) < 1/2)
+P[f0r some 0 < t < Alogn, S <t + c(ﬁ)Anl—ﬁz—"ﬂ) — 85(t) < 2—"} =D\ + PN,

Using (3.11) and self-similarity of the stable subordinator, we obtain

an ) <c(p lexp{—c(ﬁ))\l/(lfﬁ)}.
On the other hand,
d@(\) < P(Sﬁ (2—1(i+1)c(ﬁ)m1—52—”5) — S5 (2—1z'c(5)m1—52—"5) <27 somei=0,..., Kn) ,

with K,, < 2¢(8)"'nf~12"%logn. Switching to the complements, and using once again (3.11)
together with the independence of the increments and self-similarity of the stable subordinator, we

conclude, after some straightforward calculus, that for all A > A\(8) € (0, c0),

Z qn ) <c(p -1 exp{—c(ﬁ))\l/(l_ﬁ)} .

The resulting bound on the tail probability P(K > \) is sufficient for the statement of the lemma.
O
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Recall that the only self-similar Gaussian process with stationary increments is the Fractional
Brownian motion (FBM), whose law is, apart from the scale, uniquely determined by the self-
similarity parameter H € (0,1); see Samorodnitsky and Taqqu (1994). This parameter of self-
similarity also determines the dependence properties of the increment process of the FBM, the
so-called Fractional Gaussian noise, with the case H > 1/2 regarded as the long memory case. In
contrast, the self-similarity parameter almost never determines the dependence properties of the
increment processes of stable self-similar processes with stationary increments; see Samorodnitsky
(2006). Therefore, it is interesting and important to discuss the memory properties of the increment

process

(3.12) V@B =y, s(n+1) = Yaps(n), n=01,2,...,.

n

We refer the reader to Rosinski (1995) and Samorodnitsky (2005) for some of the notions used in

the statement of the following theorem.

Theorem 3.5. The stationary process (Vé“’ﬁ)) is generated by a conservative null flow and is

mizing.
Proof. Note that the increment process has the integral representation
VTSO"B) = / (Mg((n +1-— 33)+,w/) - Mlg((n — x)+,w/)) dZop(w' ), n=0,1,2,....
Q' x[0,00)

Since for every x > 0, on a set of P’ probability 1, by the strong Markov property of the stable

subordinator we have

limsup Mg((n+1—12)4) — Mg((n—z)4) >0,

n—oo
we see that
Mg((n+1—2) ) —Mg((n—2)p,w'))* =00 P xvae.
B B
n=1

By Corollary 4.2 in Rosinski (1995) we conclude that the increment process is generated by a
conservative flow.

It remains to prove that the increment process is mixing, since mixing implies ergodicity which,
in turns, implies that the increment process is generated by a null flow; see Samorodnitsky (2005).

By Theorem 5 of Rosinski and Zak (1996), it is enough to show that for every e > 0,

(P'x v){(w,z): Mg((1 —2)4,0') > €, Mg((n+1—2)1,0') — Mp((n —z)4,0") > €}

—0 asn — oco.
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However, an obvious upper bound on the expression in the left hand side is

1
/0 P'(Mg(n+1—1z)— Mg(n—z)>¢€)(1— Bz da

1
_ / P'(Ms((1 — 6p_s)4) > €)(1 — Bz da,

0
where for r > 0, §, is a random variable, independent of the Mittag-Leffler process, with the
distribution given by (3.5). Since ¢, converges weakly to infinity as r — oo, by the dominated

convergence theorem, the above expression converges to zero as n — oo. O

Remark 3.6. Two extreme cases deserve mentioning. A formal substitution of 5 = 0 into (3.2)
leads to a well-defined process My(0) = 0 and My(t) = E, the same standard exponential random
variable for all £ > 0. This process is no longer the inverse of a stable subordinator. It can, however,
be used in (3.3). It is elementary to see that the resulting SasS process Y, o is, in fact, a SaS Lévy
motion.

On the other hand, a formal substitution of 8 = 1 into (3.2) leads to the degenerate process
M;(t) =t for all ¢ > 0 (which can be viewed as the inverse of the degenerate 1-stable subordinator
Si(t) =t for t > 0.) Once again, this process can be used in (3.3), if one interprets the measure v
as the unit point mass at the origin. The resulting SaS process Y, 1 is now the degenerate process
Yo1(t) =tY,1(1) for all ¢ > 0, where Y, 1(1) is a SaS random variable.

Both limiting cases, Y, 0 and Y, 1, are processes of a very different nature from the S-ML frac-

tional SaS motion with 0 < § < 1.

4. SOME ERGODIC THEORY

In this section we present some elements of ergodic theory used in this paper. The main reference
for these notions is Aaronson (1997); see also Zweimdiiller (2009).

Let (E,E , ,u) be a o-finite measure space. We will often use the notation A = B mod p for
A, B € £ when pu(AAB) = 0.

Let T : E — E be a measurable map that preserves the measure . When the entire sequence
T,T%,T3,... of iterates of T is involved, we will sometimes refer to it as a flow. The map T is
called ergodic if the only sets A in & for which A = T~'A mod p are those for which u(A) = 0 or
1(A€) = 0. The map T is called conservative if

o0
ZleT”:ooa.e. on A

n=1

for every A € € with pu(A) > 0. If T is ergodic, then the qualification “on A” above is not needed.
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The dual operator T is an operator L'(u) — L'(u) defined by

d(Vf o T_l)

f =

)

with vy a signed measure on (E,E) given by v¢(A) = [, fdu, A € £. The dual operator satisfies

the relation
(4.1) /ff-gduz/f-gonu
E E

for f € L*(n), g € L>=(u). For any nonnegative measurable function f on E a similar definition
gives a nonnegative measurable function T f, and (4.1) holds for any two nonnegative measurable
functions f and g.

An ergodic conservative measure preserving map 1" is called pointwise dual ergodic if there is a

sequence of positive constants a,, — co such that

(4.2) aln kaf — /Efd,u a.e.
k=1

for every f € L'(u). If the measure p is infinite, pointwise dual ergodicity rules out invertibility of
the map 77; in fact no factor of T' can be invertible, see p. 129 of Aaronson (1997).

Sometimes the convergence of the type described in the definition (4.2) of pointwise dual er-
godicity is uniform on certain sets. Let A € £ be a set with 0 < u(A) < co. We say that A is
a Darling-Kac set for an ergodic conservative measure preserving map 1 if for some sequence of

positive constants a,, — 0o,
1 n
(4.3) — g T%14 — p(A) uniformly, a.e. on A
%9
k=1

(that is, the convergence in (4.3) is uniform on a measurable subset B of A with u(B) = p(A)).
By Proposition 3.7.5 of Aaronson (1997), existence of a Darling-Kac set implies pointwise dual
ergodicity of T', so it is legitimate to use the same sequence (a,,) in (4.2) and (4.3).

Given aset A € £, the map ¢ : E — NU{oo} defined by p(z) =inf{n >1: Tz € A}, x € E'is
called the first entrance time to A. If T is conservative and ergodic (in addition to being measure
preserving), and u(A) > 0, then ¢ < oo a.e. on E. It is natural to measure how often the set A is

visited by the flow (7") by the wandering rate sequence

n—1
wn:;L(UT_kA), n=12....
k=0
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There are several alternative expressions for the wandering rate sequence, the last two following

from the fact that 7" is measure preserving.

n—1 n—1 0
(4.4) wy = p(Ap) =Y p(An{e>k}) =Y min(k,n)u(AN{p=k}).
k=0 k=0 k=1

Here Ag = A and Ay = A°N{p =k} for £ > 1. If p is an infinite measure, T is conservative and
ergodic, and 0 < p(A) < oo, then it follows from (4.4) that

(4.5) wy ~ plp <n) asn— oo.

Let T be a conservative ergodic measure preserving map. If a set A is a Darling-Kac set, then
there is a precise connection between the return sequence (wy,) and the normalizing sequence (a,)
in (4.3) (and, hence, also in (4.2)), assuming regular variation. Specifically, if either (w,) € RV;_g
or (a,) € RVj3 for some 3 € [0,1], then

1 n
T(2— BT (1+ ) wn

Proposition 3.8.7 in Aaronson (1997) gives one direction of this statement, but the argument is

(4.6) Ay, ~ as n — 00.

easily reversed.
We will also have an opportunity to use a variation of the notion of a Darling-Kac set. Let T be
an ergodic conservative measure preserving map. A set A € £ with 0 < u(A) < oo is said to be a

uniform set for a nonnegative function g € L(p) if

| AN
(4.7) — ZTkg — / g dp uniformly, a.e. on A.
n =1 B

If g = 14, then a uniform set is just a Darling-Kac set.

5. CENTRAL LIMIT THEOREM ASSOCIATED WITH CONSERVATIVE NULL FLOWS

In this section we state and discuss a functional central limit theorem for stationary infinitely
divisible processes generated by certain conservative flows. Throughout, T" is an ergodic conserva-
tive measure preserving map on an infinite o-finite measure space (E, g, ,u), and M a symmetric
homogeneous infinitely divisible random measure on (E, £) with control measure p and local Lévy
measure p, satisfying the regular variation with index —a, 0 < a < 2 at infinity condition (2.5).

We will impose an extra assumption on the lower tail of the local Lévy measure: for some py < 2

(5.1) xPp(x,00) = 0 as x — 0.
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Let f : E — R be a measurable function. We will assume that f is supported by a set of finite

p-measure, and has the following integrability properties:

LYP(y) for some p>py if0<a<1
(5.2) feq L>®) ifa=1
L?(p) ifl<a<?2

We will, further, assume that

(5.3) / F£(s) p(ds) 0.

We consider a stochastic process X = (X1, X2,...) of the form (2.1) - (2.2). The integral is well

defined under the condition

/ / min (1,22 f,(s)?) p(dz) p(ds) < oo
EJR

It is not difficult to verify that this condition holds due to the assumptions on the Lévy measure
p and the integrability conditions (5.2) on f. Therefore, the process X is a well defined infinitely
divisible stochastic process. It is automatically stationary. The Lévy measure of each X, is given
bY Vmarg = (p X ) o H~1, where H : R x E — R is given by H(z,s) = 2 f(s). The assumptions on
the Lévy measure p and the integrability conditions (5.2) on f imply that

Vinarg (A, 00) /If ) ds) (A, 00)

as A — oo. It follows that the marginal tail of the process itself is the same:
P(X, > X\) /|f )N ds)()\oo)

as A — 00; see Rosinski and Samorodnitsky (1993). In particular, the marginal distributions of the
process X are in the domain of attraction of a SaS law; its memory is determined by the operator
T through (2.2).

We will assume that the operator T" has a Darling-Kac set A (recall (4.3)), and that the nor-
malizing sequence (a,) is regularly varying with exponent 8 € (0,1). We will also assume that the
function f is supported by A. We will add an extra assumption on the set A. We will assume that
there exists a measurable function K : E — R, such that, in the notation of (4.4),

Trly,
1(Ay)

This condition is an extension of the property shared by certain operators 7', the so-called Markov

(5.4)

— K uniformly, a.e. on A.

shifts (see Chapter 4 in Aaronson (1997)), to a more general class of operators. See examples 5.5
and 5.6 below.
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Let p*(y) = inf{z > 0: p(z,00) <y}, y > 0 be the left continuous inverse of the tail of the
local Lévy measure. The regular variation of the tail implies that p* € RV}, at infinity. Define
(5.5) en =T+ B)CYanp™(1/wy), n=1,2,...,

where C, is the a-stable tail constant (see Samorodnitsky and Taqqu (1994)), (as) is the normal-
izing sequence in the Darling-Kac property (4.3) (or, equivalently, in the pointwise dual ergodicity
property (4.2)), and (wy,) is the wandering rate sequence for the set A (related to the sequence (a,)
via (4.6)). It follows immediately that

(5.6) Cn € RVB‘F(l—ﬁ)/a‘

The sequence (¢,) is the normalizing sequence in the functional central limit theorem below. We

will see that under the conditions of that theorem we have the asymptotic relation

1
(5'7) p(cn/amoo) ~ Ca(ca,ﬁ/r(l + 5)) |H (/E ’ ZfoTk )) asn — oo,

k=1
with

(5.8) Cap =T(1+8)((1 = B)B(1— 5,1+ aB) B (Ms(1))")
Here B is the standard beta function, and Mz the Mittag-Leffler process defined in (3.1). The

1/a

following is our functional central limit theorem.

Theorem 5.1. Let T be an ergodic conservative measure preserving map on an infinite o-finite
measure space (E,E, M), possessing a Darling-Kac set A whose normalizing sequence (ay) is requ-
larly varying with exponent 5 € (0,1). Assume that (5.4) holds. Let M be a symmetric homogeneous
infinitely divisible random measure on (E, ) with control measure p and local Lévy measure p, sat-
isfying the regular variation with index —a, 0 < o < 2 at infinity condition (2.5). Assume, further,
that (5.1) holds for some py < 2.

Let f be a measurable function supported by A and satisfying (5.2) and (5.3). If 1 < a < 2,
assume further that either
(i) A is a uniform set for |f|, or
(ii) f is bounded.
Then the stationary infinitely divisible stochastic process X = (Xl, Xo, .. ) given by (2.1) and (2.2)

satisfies

(5.9) *ZXk:HM WYas in D[0,00),

where (¢p,) is defined by (5.5), cmd {Yaﬁ} is the B-Mittag-Leffler fractional SaS motion defined by



FUNCTIONAL CENTRAL LIMIT THEOREM FOR INFINITELY DIVISIBLE PROCESSES 17

Remark 5.2. The type of the limiting process obtained in Theorem 5.1 is an indication of the long
memory in the process X. On the other hand, the Darling-Kac assumption (4.3) and the duality
relation(4.1) imply that

1 o 1 o RSN
Z,u(AﬂTkA):Z/lA-lede,u:/ZTklAdu%,u(A)ze(O,oo)
n = n =1/ E AT

as n — oo. Since a, = o(n), and f is supported by A, we see that for every e > 0,

%Z,u{x €E:|f(@) > e |f o TH(x)| > ¢} < %ZM(AQT"“A) 0,
k=1 k=1

and it follows immediately, e.g. from Theorem 2 in Rosiniski and Zak (1997), that the process X is
ergodic.
Under certain additional assumptions on the map 7', one can check that the process X is, in

fact, mixing. We skip the details. See, however, examples 5.5 and 5.6 below.

Remark 5.3. The statement of Theorem 5.1 makes sense in the limiting cases § =0 and g =1
of Remark 3.6 (in the case § = 1 the constant C, 1 needs to be interpreted as C’,}/ “). Most of the
argument in the proof of Theorem 5.1 automatically works in these cases. The limiting processes
would then turn out to be, correspondingly, a SaS Lévy motion and the straight line process; see
Remark 3.6. This case § = 0 corresponds to short memory in the process X, while the case § =1

corresponds to extremely long memory.

Remark 5.4. When 0 < a < 1, the argument we will use in the proof of Theorem 5.1 can be
used to establish a “positive” version of the theorem. Specifically, assume now that the local Lévy

measure p is concentrated on (0, 00), and that the function f is nonnegative. Then

1]
1 .
(5.10) o § Xk = p(f)Y, 5 in D[0,00),
k=1

where {Y," 5} is a positive S-Mittag-Leffler fractional a-stable motion defined as in (3.3), but with
SaS random measure Z, g replaced by a positive a-stable random measure with the same control

measure.

We finish this section with two examples of different situations where Theorem 5.1 applies. The

first example is close to the heart of a probabilist.

Example 5.5. Consider an irreducible null recurrent Markov chain with state space Z and tran-
sition matrix P = (p;j). Let {m;,j € Z} be the unique invariant measure of the Markov chain that
satisfies 1o = 1. We define a o-finite measure on (E,&) = (ZN, B(ZY)) by

u) =S mP(),

€7
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with the usual notation of Pj(-) being the probability law of the Markov chain starting in state
i € Z. Since } ; m; = 00, f1 is an infinite measure.

Let T : ZN — 7ZN be the left shift map T'(zg,x1,...) = (z1,29,...) for {zg, k =0,1,...} € ZN,
Obviously, T' preserves the measure p. Since the Markov chain is irreducible and null recurrent,
the flow {1} is conservative and ergodic; see Harris and Robbins (1953).

Consider the set A = {3: € ZN : zy = 0} and the corresponding first entrance time ¢(x) =
min{n > 1: z, = 0}, z € Z. Assume that

(5.11) > Ry(p=k) € RViI_g
k=1

for some 5 € (0,1). Since u(p = k) = Py(¢ > k) for k > 1 (see Lemma 3.3 in Resnick et al.
(2000)), we see that p(p < n) € RVi_g and, hence, by (4.5), the wandering rates (w,) have the

same property,
(5.12) wy, € RVi_g.

In this example,
T\klA(:c) = Py(z =0), constant for x € A;
see Section 4.5 in Aaronson (1997). In particular, the set A is a Darling-Kac set, and by (5.12) and
(4.6), we see that the corresponding normalizing sequence (a,,) is regularly varying with exponent
B. The assumption (5.4) is easily seen to hold in this example. Indeed, applying the explicit

expression for the dual operator given on p. 156 in Aaronson (1997) to the function
f(zo,z1,...) :1(SU]' #0,7=0,...,n—1, xn:O),

we see that
T"14, (z0,21,-.) = 1(20=0) Y iy D Pigis -+ D Pin_sin1Pin_10
W00 170 in—17#0

is constant on A and vanishes outside of A. Therefore, the ratio in (5.4) is identically equal to 1
on A.

We conclude that Theorem 5.1 applies in this case if we choose any measurable function f
supported by A and satisfying the conditions of the theorem.

It is easy to see that the stationary infinitely divisible process X in this example is mixing.

Indeed, by Theorem 5 of Rosinski and Zak (1996) it is enough to check that

w{z 1f@)] > e |foT"(x)| > ¢} =0
for every € > 0. However, since f vanishes outside of A, null recurrence implies that as n — oo,

plz: |f(z)] > € [foT™(z)| > e} < p(ANT"A) = Py(z, = 0) = 0.
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The next example is less familiar to probabilists, but is well known to ergodic theorists.

Example 5.6. We start with a construction of the so-called A FN-system, studied in, e.g., Zweimiiller
(2000) and Thaler and Zweimdiller (2006). Let E be the union of a finite family of disjoint bounded
open intervals in R and let £ be the Borel o-field on E. Let A be the one-dimensional Lebesgue
measure.

Let £ be a (possibly, infinite) collection of nonempty disjoint open subintervals (of the intervals
in E) such that A(E\ Uzee Z) =0. Let T': E — E be a map that is twice differentiable on (each
interval of) E. We assume that T is strictly monotone on each Z € €.

The map T is further assumed to satisfy the following three conditions, (A), (F'), and (N),
(giving rise to the name AFN-system).

(A) Adler’s condition:

T"/(T")? is bounded on U Z.
AS3

(F') Finite image condition:
the collection T¢ = {T'Z : Z € £} is finite.

(N) A possibility of non-uniform expansion: there exists a finite subset ¢ C £ such that each Z € ¢

has an indifferent fized point xz as one of its end points. That is,

lim Tz=2zz and lim 7T'z=1.
r—xz,x€L r—xz,x€EL

Moreover, we suppose, for each Z € (,
either 7" decreases on (—o00,z7) N Z, or T" increases on (zz,00) N Z,

depending on whether xz is the left endpoint or the right endpoint of Z. Finally, we assume that
T is uniformly expanding away from {zz : Z € (}, i.e. for each € > 0, there is p(€) > 1 such that

IT'| > p(e) on E'\ U ((:L'Z — €27 +€) OZ).
AS
If the conditions (A), (F'), and (N) are satisfied, the triplet (F,T,¢) is called an AFN-system,
and the map T is called an AFN-map. If T is also conservative and ergodic with respect to A, and
the collection ( is nonempty, then the AFN-map 7T is said to be basic; we will assume this property
in the sequel. Finally, we will assume that T admits nice expansions at the indifferent fixed points.

That is, for every Z € ( there is 0 < 8z < 1 such that
(5.13) Te =z +agle —xz|'/P7 4 of|lz — lel/ﬂZH) as r — xyz in Z,

for some ayz # 0.
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It is shown in Zweimiiller (2000) that every basic AFN-map has an infinite invariant measure

< A with the density given by du/d\(x) = ho(z)G(x), x € E, where

Gla) = {(w —a7)(e = (Tl7) @)™ itreZeq,
1 1fx€E\UZ€<Z,
and hg is a function of bounded variation bounded away from both 0 and infinity. We view T as a
conservative ergodic measure-preserving map on the infinite measure space (E, &, ).
An example of a basic AFN-map is Boole’s transformation placed on E = (0,1/2) U (1/2,1),
defined by

1
T(z) = M ze(0,1/2), T(z)=1-T(1—z), z€(1/2,1).
—xr—x
It admits nice expansions at the indifferent fixed points xz = 0 and zz = 1 with Sz = 1/2 in both

cases. The invariant measure pu satisfies

du 1 1

See Thaler (2001).
Let T be a basic AFN-map. We put

A:E\U((azz—e,xz—}—e)ﬂZ)

ZeC

for some € > 0 small enough so that the set A is non-empty. Since A(0A) = 0 and A is bounded
away from the indifferent fixed points {xz : Z € (}, it follows from Corollary 3 of Zweimdiller (2000)
that A is a Darling-Kac set. Moreover, the corresponding normalizing sequence (a,,) is regularly
varying with exponent # = minyz¢ 87 in the notation of (5.13); see Theorems 3 and 4 in Zweimdiller
(2000). The assumption (5.4) also holds; see (2.6) in Thaler and Zweimiiller (2006).

Once again, Theorem 5.1 applies if we choose any measurable function f supported by A and
satisfying the conditions of Theorem 5.1. Note that, by Theorem 9 in Zweimiiller (2000), Riemann
integrability of | f| on A suffices for the uniformity of the set A for |f|.

The stationary infinitely divisible process X in this example is also mixing. Indeed, the basic
AFN-map T is ezact, i.e. the o-field NS, T "B is trivial; see e.g. p. 1522 in Zweimiiller (2000) .
The exactness of T" implies that

p(ANT"A) = /AfHA dpp — 0
as n — 00; see p. 12 in Thaler (2001). Now mixing of the process X follows from the fact that f
is supported by A, as in Example 5.5.
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6. DISTRIBUTIONAL RESULTS IN ERGODIC THEORY

In this section we prove two distributional ergodic theoretical results that will be used in the
proof of Theorem 5.1. These results may be of interest on their own as well. We call our first result
a generalized Darling-Kac theorem, because the first result of this type was proved in Darling
and Kac (1957) as a distributional limit theorem for the occupation times of Markov processes
and chains under a certain uniformity assumption on the transition law. The limiting law is the
Mittag-Leffler distribution described in (3.2). Under the same setup and assumptions, Bingham
(1971) extended the result to weak convergence in the space D[0,00) endowed with the Skorohod
J1 topology, and the limiting process is the Mittag-Leffler process defined in (3.1).

The result of Darling and Kac (1957) was put into ergodic-theoretic context by Aaronson (1981)
who established the one-dimensional convergence for abstract conservative infinite measure pre-
serving maps under the assumption of pointwise dual ergodicity, i.e. dispensing with a condition of
uniformity. Furthermore, Aaronson proves convergence in a strong distributional sense, a stronger
mode of convergence than weak convergence. The same strong distributional convergence was es-
tablished later in Thaler and Zweimiiller (2006), with the assumption of pointwise dual ergodicity
replaced by an averaged version of (5.4). The latter assumption was further weakened in Zweimdiiller
(2007a). Our result, Theorem 6.1 below, extends Aaronson’s result to the space D[0,00), under
the assumption of pointwise dual ergodicity.

We start with defining strong distributional convergence. Let Y be a separable metric space,
equipped with its Borel o-field. Let (Ql, F1, m) be a measure space and (Qz, Fa, Pg) a probability
space. We say that a sequence of measurable maps R, : 21 — Y, n=1,2,... converges strongly
in distribution to a measurable map R: Qs — Y if P o R} = P,o R~ in Y for any probability
measure P; < m on (Ql,]-"l). That is,

/ o(R) AP — [ g(R)dP;
Ql QQ

L
for any such P, and a bounded continuous function g on Y. We will use the notation R, g ) R

when strong distributional convergence takes place.

Theorem 6.1. (Generalized Darling-Kac Theorem)

Let T be an ergodic conservative measure preserving map on an infinite o-finite measure space
(E, &, u). Assume that T is pointwise dual ergodic with a normalizing sequence (ay,) that is reqularly
varying with exponent B € (0,1). Let f € L'(u) be such that u(f) # 0, and denote S,(f) =
Sh_ foT* n=1,2,.... Then

(6:1) 1 (1) L WAL+ P in DI,
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where Mg is the Mittag-Leffler process, and D[0,00) is equipped with the Jy topology.

Proof. Tt is shown in Corollary 3 of Zweimiiller (2007b) that proving weak convergence in (6.1) for
one fixed probability measure on (E,E), that is absolutely continuous with respect to u, already
guarantees the full strong distributional convergence. We choose and fix an arbitrary set A € £
with 0 < p(A) < oo, and prove weak convergence in (6.1) with respect to pa(-) = u(- N A)/u(A).
It turns out that we only need to consider one particular function f = 14 and to establish the

appropriate finite-dimensional convergence, i.e. to show that

k

(6.2) (alnsw <1A>) = AT M), in R

forallk > 1,0 <ty <--- <tg, when the law of the random vector in the left hand side is computed
with respect to p4.

Indeed, suppose that (6.2) holds. By Hopf’s ergodic theorem (also sometimes called a ratio
ergodic theorem; see Theorem 2.2.5 in Aaronson (1997)), the finite-dimensional convergence imme-
diately extends to the corresponding finite-dimensional convergence with any function f € L'(u)
such that u(f) # 0. Next, write f = fy — f_, the difference of the positive and negative parts.
Since the process (S [nﬂ( fi), t > O) has, for each n, nondecreasing sample paths, Theorem 3 in
Bingham (1971) tells us that the convergence of the finite-dimensional distributions, and the con-
tinuity in probability of the limiting Mittag-Leffler process already imply weak convergence, hence
tightness, of this sequence of processes. Similarly, the sequence of the processes (S e (f=), t > O),
n=1,2,...1s tight as well. Since both converge to a continuous limit, their sum, (S(nﬂ (f), t> O),
n =1,2,..., is tight as well, because in this case the uniform modulus of continuity can be used
instead of the J; modulus of continuity; see e.g. Billingsley (1999).

This will give us the required weak convergence and, hence, finish the proof of the theorem.

It remains to show (6.2). We will use a strategy similar to the one used in Bingham (1971).
We start with defining a continuous version of the process (S[nﬂ(l A)y t > 0) given by the linear

interpolation

(6.3) Sn(t) = ((i +1) — nt)S;i(La) + (nt —i)S;11(1a) if — <t < ,i=0,1,2,....

S
3

With the implicit argument z € E viewed as random (with the law p4), each S, defines a random
Radon measure on [0,00). Therefore, for any k& > 1 the k-tuple product g,’f =S, X...x S, is a

random Radon measure on [0, 00)¥. By Fubini’s theorem,

() = [ S4(B)@) palde). B 0.0, Bore,
A
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is a Radon measure on [0,00)*. We define, similarly, S,, S¥ and m), starting with S, (t) =
Stn] (14), t > 0. Finally, we perform the same operation on the limiting process and define Mg 4
by p(A)I'(1 + §)Mg, and then construct ngA and 7”:1/(8/]61)4 = EME,A
Note that m;’“) is absolutely continuous with respect to the k-dimensional Lebesgue measure,
and
dkm (kr)
d iy

N .
/HleT% Vualde) on D <t < 01, =1, k.
n n

We will prove that for all £ > 1, 61,...,0; >0,

1 o0 (o] o0 oo
(6.4) ak/o/g e~ =1 O3ty mgf)(dtl,...dtk)%/o.../o e Ti=1 05t ), (dty, ... dty,)

as n — oco. We claim that this will suffice for (6.2).

Indeed, suppose that (6.4) holds. Convergence of the joint Laplace transforms implies that

a, m kg ( ) — mgc)
(vaguely) in [0, 00)*. Since the rectangles are, clearly, compact continuity sets with respect to the

(k)

limiting measure Mgy, We conclude that for every £ =1,2,...and t; >0, j =1,...,k, we have
k
/ Ha ) pa(de) = a;Fm k) <H[0,tj]>
j=1

k
k
—>mf3)A(H0t]>_ [H“ (1+8) Mg(tj)}
j=1
as n — oo. Since for every fixed ¢ > 0 and n > 1/5,
Sn(t) < Sn(t) < Sult+e)

for each t > 0, we conclude by monotonicity and continuity of the Mittag-Leffler process that

(6.5) /Ha Sulty) pa(d) %E[Hu D(1+ B)My(t)]

We claim that (6.5) implies (6.2). By taking linear combinations with nonnegative weights, we see

that it is enough to show that the distribution of such a linear combination,

k
Z@ng(tj), Hj >0,7=1,...,k,
j=1
is determined by its moments, and by the Carleman sufficient condition it is enough to check that

o0

1 1/(2m)
n; <E(Zf:1 ejMﬁ(tj))m> =00.
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A simple monotonicity and scaling argument shows that it is sufficient to verify only that

00 ) 1/(2m)
(6.6) > <W> = 0.

m=1
However, the moments of Mg(1) can be read off (3.2), and Stirling’s formula together with elemen-
tary algebra imply (6.6). Hence (6.2) follows.
It follows that we need to prove (6.4). Taking into account the form of the density of mﬁf) with

respect to the k-dimensional Lebesgue measure, we can write the left hand side of (6.4) as
ZF,LA(H#(D b))

where

k k
F, A(91 - 0k> = i / e / e Z?:l 0-7t-7/1,,4 ﬂ T Int1 A dty...dt,
7 an O<ty <<ty ’

j=1
and 7 runs through the permutations of the sets {1, ..., k}. To establish (6.4), it is enough to verify
that

(6.7) Fua(Or...01) = (AT +B8) (014 +00) 02+ +64) ... 6) "

as n — 0o, because Lemma 3 in Bingham (1971) shows that summing up the expression in the
right hand side of (6.7) over all possible permutations (0,,(1) .. 0x(x)) produces the expression in
the right hand side of (6.4).

Given 0 < € < 1, we use repeatedly pointwise dual ergodicity and Egorov’s theorem to construct
a nested sequence of measurable subsets of F, with Ay = A, and for ¢ = 0,1,..., A;41 C A;, and
p(Aiy1) > (1 —e)p(A;), while

1 =5
(6.8) . Z TF14, — pu(A;) uniformly on Az, q.
" k=1
It is elementary to see that with vy =61 +602+ -+ 0k, vo =02+ -+ - + 0Ok, ..., v = O,
1 [e’¢) [e¢) T k
(6.9) Foal®r.. 0k~ > 0 e 2=ty | ()T mttmig
Y =0 mp=0 j=1
1 e8] k )
_ k/ ( Z j:ﬂ‘Ll 14 6—v1m1/n> H Z 14 o T2t tm; e—vjmj/n dMA
I Ja | \mi=o j=2 \m;=0

= ,();

where the equality is due to the duality relation (4.1). Note that by (6.8) with i = 0,

(6.10) Z j:ml 14 e—U1m1/n — (1 _ e—vl/n) Z ( Z fﬂu 1A0> e—vli/n

m1=0 1=0 \m1=0
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[e.9]

M(AO)Ul Z —v1i/n
~——— ) aje
[
uniformly on A; as n — oo. Therefore,

o

1 u(A .
Fn,A(el - Hk) > (1 — 0(1))aku(0)v1 Z aie—vu/n

n
n i=0

k 00
X/ H Z 14 o T2t tm; e—vjmj/n d,uA
A

17=2 \m;=0

1 u(A = ,
= (1 o(1)) 7M 3 age il
n =0
00 k 0o
X/ (Z melAl ev2m2/n> H Z 14 OTm3+...+m]~ efvjmj/n dﬂA
A [ \ma=0 j=3 \m;=0

> (1= of1)) g Mo io/ [ ().

Using now repeatedly (6.8) with larger and larger i, together with the same argument as in (6.10),
we conclude that

Foa(fr...01) > (1 _0(1)) . 1(Ao)p(Ar)vrvs Zailefvlil/n Z a;,e~vzi2/n

2
a mn
n 11=0 i2=0

k 00
></ H Z 14 0 Tt 4mg gmvms/n | gy,
A

2 j=3 \m;=0

k-1 ko[
> > (1 — 0(1)) alk H_] =0 N 5)Vj+1 H (Za e—v]z/N> M<Ei14]€))

Jj=1

> (1= o(1)) (1 — &)1 (ﬁ‘j“‘))k( )11 (Za e /) -

7=1
Extending the sequence (a,) into a piece-wise constant regular varying function of real variable

(a(z), z > 0) and using Karamata’s Tauberian Theorem (see e.g. Section 3.6 in Aaronson (1997)),

we conclude that for every j =1,... k,
00 ' n
E ae Uit ~T'(1+pB)—a(n/vj), n—o0.
v
i=0 J

It follows that

k
Fualth-0) > (1 = o(1)) (1~ 072 (u(ayr(a + ) T 2L
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k
k
s (1 . g)k(k-l—l)/? (M(A)F(l +ﬁ)) ijfﬁ
j=1
by the regular variation. Since this is true for every 0 < € < 1, we have obtained the lower bound

(611)  liminf Fy4(01...60%) > ((ATA+ ) (014 +00)Oa+ - +0) .. .0) "

n—oo
The lower bound (6.11) is valid for any measurable set A with 0 < p(A) < co. We will now show
that for any £ > 1 and 0 < 6 < 1 there is a measurable set A g9 C A such that

(6.12) 1(Ag) = (1 - 0)u(A).
and such that

(6.13)  limsup Fya, (01 0%) < (u(Agg)T(1+ B)) (01 4 -+ )02+ - +05) ... 04) "

n—oo
We know that (6.11) and (6.13) together imply (6.7), hence that (6.2) holds for the set Ayg. We
claim that this implies that (6.2) for every measurable A with 0 < u(A) < oco.

Indeed, suppose that, to the contrary, (6.2) fails for some measurable A with 0 < p(A) < oo,
some k£ > 1 and some 0 < ¢; < ... < t;. By the one-dimensional result of Aaronson (1981), the k
components in the left hand side of (6.2), individually, converge weakly. Therefore, the sequence

of the laws of the k-dimensional vectors in the left hand side of (6.2) is tight, and so there is a

sequence of integers n; 1 oo and a random vector (Y7,...,Yy) with
d
such that
1
(6.15) . (S(nztﬂ (1a),..., S(ﬂltk] (1,4)) = Y,...,Y%),
ny

when the law of the random vector in the left hand side is computed with respect to p4. It follows
from (6.14) that there is a Borel set B C R such that, for each b > 0, bB is a continuity set for
both (Y7,...,Y;) and p(A)T(1 + B)(Mga(t1) ... Mp(t)) and (abusing the notation a bit by using
the same letter P),

(6.16) P(M(A)F(l +B)(Mps(ty) ... Ma(ty,)) € B) >(1+ p)P((Yl, R AR B)

for some p > 0. In fact, since the law of a Mittag-Leffler random variable is atomless, such a B can
be taken to be either a “SW corner” of the type B = H?Zl(—m, z;] for some (71,...,z)) € R, or
its complement.

Choose now 0 < 0 < 1 so small that

(6.17) (1—6)(1+p)>1,
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and consider the set Ay g. It follows from (6.15) and Hopf’s ergodic theorem that

1 1(Ak)

(anztﬂ (lAk,e)v ) S(nztﬂ (1Ak,9)) = 1(A) (Y1,...,Y%),

ng
when the law of the random vector in the left hand side is still computed with respect to 4.

However, since (6.2) holds for the set Ay g, we see that

. 1 1Ak,
P((Yla oY) € B) = lliglo MA(anl (S’—"ltl“ (Lag)s -+ STt (1Ak,9)) € ;(L(A) ) B)
 u(Are) 1 #(Ary)
= 1(A) lli}& H Ay (anl(sﬁlztl] (lAk,e)v e 7S(nltﬂ (1Ak,9)) < 1(A) B)

> (1= 0)P(u(A)T(L+ §) (Ms(t1) .. My(ts)) € B)
> P((Y1,...,Y) € B),

where the last inequality follows from (6.16) and (6.17). This contradiction shows that, once we
prove (6.13), this will establish (6.2) for every measurable A with 0 < u(A) < cc.

We call a nested sequence (Ag, A1, ...) of sets in (6.8) an e-sequence starting at Ag. Its finite
subsequence (Ag, A1, ..., Ay) will be called an e-sequence of length k + 1 starting at Ay and ending
at Ai. Let A be a measurable set with 0 < pu(A) < co. Fix 0 < 6 < 1. Let 0 < r < 1 be a small
number, to be specified in the sequel. We construct a nested sequence of sets as follows.

Let By = A. Construct an r-sequence of length k + 1 starting at By, and ending at some set
Bi C By. Next, construct an r2-sequence of length k + 1 starting at By, and ending at some set
By C Bj. Proceeding this way we obtain a nested sequence of measurable sets A = By O By D

By O ..., such that

p(Bn) = [J(1 =) u(A), n=1,2,....
=1

The sets (By,) decrease to some set Ay g with
1(Are) = TT(1 =) u(A).
i=1

Notice that, by choosing 0 < r < 1 small enough, we can ensure that (6.12) holds. Note, further,

that by construction, for every d = 1,2, ...,

[ee)

1(Arp) > fap(Ba), with fo= ] @ —r)*.
i=d+1

Clearly, fq 11 as d — oo. Starting with the first line in (6.9), we see that

o) 00 k
1 - o
Foa,e01...0) < (1 + 0(1)) o g ... E e S SRS m T (mt.tmy) g

"' mi=0  mp=0 j=1
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k 00
11 >
< (1_+_0(1))fak/ ( E : Tml]-Bd,l emml/n) H Z 1Bd OTszr...erj efvjmj/n d,Ude ]
d Uy By

m1=0 j=2 \m;=0
Using repeatedly uniform convergence as in (6.10) above, we conclude, as in the case of the corre-

sponding lower bound calculation, that

B,_ ° ,
Frn(Or.-.00) < (1 + (1)) LB S~ i

k
fa n " i=0
9] k o)
v Z Tm1p, | e—v2ma/n H Z 15, o Tt tmy o—vym;/n dug,
By mo=0 j=3 \m;=0

k

<...< (1—}—0(1))2(%) H(i vji/n)

=1

< (1+40(1)) fd;ff_l <M(7;2:9))k(vl ) H (i aie—vji/n) ‘

j=1 i=0
As in the case of the lower bound, Karamata’s Tauberian theorem shows that

(Ao + ) T 2L

j=1 "

Fn,Akﬁ (01 s ek) < (1 + 0(1))!}(‘(1;k
d—1

> g, (et - 0) HU

as n — 0o. Since this is true for every d > 1, we can let now d — 00 to obtain (6.12), and the proof

of the theorem is complete. O

Remark 6.2. It follows immediately from Theorem 6.1 and continuity of the limiting Mittag-Leffler
process that for the continuous process (S,) defined in (6.3), strong distributional convergence as
n (6.1) also holds, either in DI[0, c0) or in C]0, 00).

We use the strong distributional convergence obtained in Theorem 6.1 in the following proposi-

tion.

Proposition 6.3. Under the assumptions of Theorem 6.1, let A be a measurable set with 0 <
w(A) < oo, such that (5.4) is satisfied, and suppose that the function f is supported by A. Define a
probability measure on E by pn(-) = p(-N{p <n})/u({e < n}), where ¢ is the first entrance time
of A. Let 0 <t1 < ---<tyg, H>1, and fixr L € N with tg < L. Then under u,r, the sequence
(Stnty] (f)/an)hH | converges weakly in R to the random vector (p (f)F(1+,3)M5(th—T(L))+)hH "
where TCEO) is a random variable independent of the Mittag-Leffler process Mg, with P( 7 < w) =

(x/L)'P, 0<x<L.
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Proof. Since T preserves measure u, for the duration of the proof we may and will modify the
definition of Sy, to S,(f) = Sy foT*, n=1,2,.... Fix 0y,...,0y € R and let A € R. Since f is

supported by A, we have, as n — oo,

"
1
nL (an };%S[nth](f) > A)

1 H
~ KnL (AC N {an Zehsfnth] (f) > A})

1 H
pu(p < nL)~ Zu (A ﬁ{anzlehs[mﬂ(f) >)\}>
1 H
pu(p < nL)~ Z I <A nr—m {azehS([mh]_m)+(f) > )\})
" h=1

nL

1 m
- /124 Iu(gp S nL) Z T IAm ' I{Zthl ehs([nth]—m)+(f)>)\an}d'u'

m=1
Note that the measure on E defined by 7(-) = [ Kdp with K in (5.4) is necessarily a probability
measure. We conclude by (5.4) that

H
(6.18) UnL ( Z HhSWh] ) Z n (; Z ehS([nth]—m)Jr (f) > )\) pn(m) ,
" h=1

L)

where p,,(j) = pu(A )/Zm 1 (Am), j =1,...,nL, is a probability mass function. Let 7 be a

discrete random variable with this probability mass function, independent of Sp,,.1(f), which is, in
turn, governed by the probability measure 7. If we declare that T,(LL)

space (Qn, Fn, Pn), then the right hand side of (6.18) becomes

H
1
(77 X Pn) (Cln ;ehS([nth]TéL))+(f) > )\) .

Since n is a probability measure absolutely continuous with respect to p, it follows from the

is defined on some probability

strong distributional convergence in Theorem 6.1 that

1 .
(6.19) = Sju(f) = a(FT(A+A)Ma() in IO, L],
when the law in the left hand side is computed with respect to n. On the other hand, by the regular

variation of the wandering rate sequence and (4.5), for = € [0, L],

(L) [nz] _
(6:20) P, <Tn ) =3 palm) ~ L (2)F

WnJ, L
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which is precisely the law of TO(OL )

S, and TT(LL) to obtain

H
fint, (;Z%Srmhw(f) > A) — P (M(f 1+ 5) ZehMﬂ ((th = TLE)4) > A)
" p=1

h=1
for all continuity points A of the right hand side, and all 6; ...0y € R by, e.g., Theorem 13.2.2 in

Whitt (2002). This proves the proposition. O

. We can put together (6.19), (6.20), and independence between

7. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 5.1. We start with several preliminary results. The first lemma

explains the asymptotic relation (5.7).

Lemma 7.1. Under the assumptions of Proposition 6.3, assume, additionally, that the set A sup-
porting f is a Darling-Kac set. Let 0 < a < 2. If 1 < a < 2, assume, additionally, that f € L?(u),
and that either

(i) A is a uniform set for |f]|, or

(73) f is bounded.

Then

(7.1) ([1su0ldn) " ~ )] Cagpamlf® asn =,

and (5.7) holds.

Proof. 1t is an elementary calculation to check that (7.1) implies (5.7), so in the sequel we concen-

trate on checking (7.1). It follows from (4.5) and the fact that f is supported by A, that

1/
(72) ([ 1suOan) " = enluto <) AL~ aaslfeale),
where A = ([z15.(f)/ £)/an|*dpn)Y®. Therefore, proving (7.1) reduces to checking that
(7.3) Al S| u(f)| Cap as n— oo.

If « = 1 and f is nonnegative, then this follows by direct calculation, using the definition of C,, g. If
f is not necessarily nonnegative, we can use the obvious bound —S,, (| f]) < S, (f) < Sn(|f]) together
with the so-called Pratt lemma; see Pratt (1960), or Problem 16.4 (a) in Billingsley (1995).

It remains to consider the case v € (0,1) U (1,2). Proposition 6.3 shows that (A;a)) is the
sequence of the a-norms of a weakly converging sequence, and the expression in the right hand side
of (7.3) is easily seen to be the a-norm of the weak limit. Therefore, our statement will follow once
we show that this weakly convergent sequence is uniformly integrable, which we proceed now to
do.
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Suppose first that 0 < o < 1. Recalling the relation (4.6) and the fact that T" preserves measure

1, we see that

Sh,
SUP/ (f))dun—sup /IS )| dp
n>1JE| On n>1 anjt(e <n
7.4 < su / du < oo,
(74) o anu(wﬁn) E|f| :

which proves uniformly integrability in this case.

Finally, we consider the case 1 < o < 2, when it is sufficient to prove that

(7.5) sup/E <S”(f))2dun < 0.

n>1 Qn
Under the assumption (i), since f is supported by A, we can use the duality relation (4.1) to write
/S du—n/fzdu+z Z /foTk foTldu
k=11=1 k-l
n—1n—k
=n [ Paus2 33 [ s an,
k=1 j=1
so that
n—1n—k
Sn(f>>2 / 2 1 /
dptn < fed T\ f| - | f|dps.
L (% e zz 71141
Clearly, n/ (afuu(cp < n)) — 0. Further, since A is uniform for |f]|,
n—1n—~k
T [Pl — s | ZTJm |l
- k 1j5=1
9 n
~ )
(17D oo <)

Using (4.6), we see that (7.5) follows. On the other hand, under the assumption (i7), the ratio
Sn(f)/Sn(14) is bounded, hence for some finite C' > 0,

2 2
sup/ (W) dp, < Csup/ (Sn(lA)) dpiy,.
n>1JE an n>1JEF Qn

However, the Darling-Kac property of A means that it is uniform for 1 4, and so we are, once again,

under the assumption (). O

In preparation for the proof of Theorem 5.1, we introduce a useful decomposition of the process
X given in (2.1). We begin by decomposing the local Lévy measure p into a sum of two parts,
corresponding to “large jumps” and “small jumps”. Let

p1(-) = p(-N{lz[ > 1}),
p2(-) = p(-N{lz[ <1}),
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and let M1, M>s be independent homogeneous symmetric infinitely divisible random measures, with-
out a Gaussian component, with the same control measure p and local Lévy measures pi, p2
accordingly. Under the integrability assumptions (5.2), the stochastic processes X =/ glfo
T™(x)dM;(x), n = 1,2,..., for i = 1,2, are independent stationary infinitely divisible processes,
and X,, = XS) + X,?), n=12...

Our final lemma shows that, from the point of view of the central limit behavior in the case

0 < a < 1, the contribution of the process (X,(ZQ)), corresponding to the “small jumps”, is negligible.

Lemma 7.2. If 0 < a < 1, then
LS~ 4@
2) P
7.6 — ) X7 50.
(7.6) =X
Proof. By Chebyshev’s inequality, for any € > 0,
n
P (y S x> ecn> < E]X(2 =
k=1

(since ¢, € RV (1-p)/o implies n/c, — 0 in the case 0 < a < 1) as long as the expectation E\sz)\
is finite. Since for every p; > po in (5.1) and p; > 1,

1
| [ar@n(es ) > 1) patdn ntas) < [ e ot [ 1717 i),
the expectation is finite because, by (5.2), we can find p; as above such that [ [f|P* dp < co. O

Proof of Theorem 5.1. We start with proving the finite dimensional weak convergence, for which it
enough to show the convergence

’—Tlt h

H
L3, > e = ()13 Yas(t
" h=1 h=1

forall H>1,0<t <---<ty, and 01 ...0g € R. Conditions for weak convergence of infinitely
divisible random variables (see e.g. Theorem 15.14 in Kallenberg (2002)) simplify in this one-

dimensional symmetric case to

= 2
1 TCn/‘ZG}LS]—nth](f)|

(7.7) /E<nghs[nth]<f)>/o zp(z, 00) dz dps
" h=1

[
and

H
(78) /E’p <Tcn| Z ehsf’nth] (f)‘_lv OO) d:u

h=1

[0

ZahMB th — )1, )| P(dw)v(dx)




FUNCTIONAL CENTRAL LIMIT THEOREM FOR INFINITELY DIVISIBLE PROCESSES 33

rCo [pu(f / /
[0,00) J Q!

for every » > 0. Fix L € Nwith tg < L and r > 0.

«

ZehMﬁ (th — ), w')| P'(d)v(dx)

Since the argument for (7.7) and the argument for (7.8) are very similar, we only prove (7.7). By
Proposition 6.3 and Skorohod’s embedding theorem, there is some probability space (Q*, F*, P*)
and random variables Y, Y,,, n = 1,2,... defined on that space such that, for every n, the law of
Y,, coincides with the law of a1 th1 OnSnt, (f) under ji,r, the law of Y coincides with the law
of w(F)T(1+ B) SSH 6, Mg((t), — TCEOL))JF) under P/, and Y,, = Y P*-as.

Introduce a function
Ty
vly) =y [ zple.c0)de, y >0,
0

so that the expression in the left hand side of (7.7) becomes

/Ed} (|Z§:19,jgm](f)\> dn = (e <nl) B {w (J{Mﬂ '

By Karamata’s theorem (see e.g. Theorem 0.6 in Resnick (1987)),

T2

by ~ 5

p(ry,00) asy — oo,
(6%
so that, as n — oo,
C
7.9 < nL)y (")
(7.9) (e ) A

2
2 —

~

,u(cp < nL)|Y,|*p(renay’, 0o)

2

r _1 prenan Yol hi00) o
+ 2_a,u(<p = nL)p(rcnan 700) < P(Tcnanl,oo) Yal® ] -

By (5.7), Lemma 7.1 and (4.5),
(7.10) p(reqayt, 00) ~ r~C, (T +8) " (uly < n))f1 as n — 0o.

This, together with the basic properties of regularly varying functions of a negative index (see
e.g. Proposition 0.5 Resnick (1987)), shows that the second term in the right hand side of (7.9)

converges to 0. Therefore,

Cn r2-o 1-8 Y| @
ule <L)y <anm|) PR (P(1+6)> |

Integrating the limit yields

7"2704 |Y| (¢ T27o¢
* - aLl—ﬂ = r - _ aLl_ﬁ aEl
Fl5=aC 7 (raeg) | = 5o aCe B0

H (0%
> OnMa((th — Téf))Jr)]

h=1
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2 a ¢
_ % /0 / ,<ZGhM5 (th — o)+, /)) P'(du)v(da),

which is exactly the right hand side of (7.7). Therefore, in order to complete the proof of (7.7),

we only need to justify taking the limit inside the integral. For this purpose we use, once again,

Pratt’s lemma. We need to exhibit random variables G,,, n =0,1,2,... on (Q*,F*, P*) such that

Cn
< <
(7.11) ,u(go_nL)l/J (an|Y ’> G, P*-as.,
(7.12) G, — Gy Pr-as.,
(7.13) E*G, — E*Gy € [0,0).

We start with writing (using (7.10))
Cn Y (cnan HYn|™ 1) Y (cnay HYn|h)
< Cl 1 1
an|Yn‘ zb(Cnan ) ¢(Cnan )
where C] > 0 is a constant. Suppose first that 1 < a < 2, and choose 0 < £ < 2 — a. Then by the

/"L(SO < nL)dJ < {Cn>an|yn‘} + Cl 1{CnSan|Yn‘} ’

Potter bounds (see Proposition 0.8 in Resnick (1987)), for some constant Cy > 0,

P(cnay Vol ™)
w(cnaﬁl)

for all n large enough. Further, since y?t(y) — 0 as y | 0, we have, for some constant C3 > 0,

- —IY —1 2 Y 2
V(cnant| Y| )1{cngan|yn|}ﬁc3 <a"> zD(H

1{Cn>an|Yn\} < CQ(|Yn‘0‘—E 4 ’Yn|a+§)

lb(cnanl) C Cnanl)
hence, for some constant Cy > 0,
(7.14) ,u(go < nL)w < n > < Cy | Y] £ Y, ‘a+£ + < n>2 |Yn|2
B an|Yn| cn) W(cnan®)

for all n (large enough) and all realizations. We take

G, =C |Y\a—f+yY|a+f+<‘“‘)2W n=1,2
n — Y4 n n n i/J(CnCLr_Ll) gLy ey

Go = C4(JY|27¢ + |y |2+

Then (7.11) holds by construction, while (7.12) follows from the fact that
2
a 1
=) ———— € RV1_p)(1-2/a) »
<Cn> w(cnagl) (1 /3)(1 2/ )
and (1 — 5)(1 — 2/a) < 0. Keeping this in mind, and recalling that, by (7.5) (which holds also
for = 1 under the assumptions of the theorem), sup,~; E*Y,?2 < oo, we obtain the uniform

integrability implying (7.13). This proves (7.7) in the case 1 < o < 2.
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If 0 < a < 1, then Lemma 7.2 allows us to assume, without loss of generality, that p(z : || <
1) = 0. Then 1 is bounded on (0, 1], so that for some C5 > 0,
Ylenaz Yol ™) an  |Yal
w(cnanl) ¢(Cnan )
and the upper bound (7.14) is replaced with
Cn n ‘Y ’
M90<nL¢< ><06<Y|°‘5+|Y°‘+5+ >
(o<l v | e Ulenan)
for some Cg > 0, where we now choose 0 < £ < 1 — a. Since

i, <anvapy < Cs

a1
Cn @Z}(Cna;l)
with (1 — 8)(1 — 1/a) < 0 and sup,>; E*|Y,| < oo by (7.4), an argument similar to the case

€ RV(1—g)(1-1/a)

1 < «a < 2 applies here as well. A similar argument proves, in the case 0 < a < 1, the “positive”
version described in Remark 5.4.

It remains to prove that the laws in the left hand side of (5.9) are tight in D[0, L] for any fixed
L > 0. By Theorem 13.5 of Billingsley (1999), it is enough to show that there exist y1 > 1, v9 >0

and B > 0 such that
[ns] [nr] [nt] [ns]

P35 L) [ ) 2] < e

foral0<r<s<t<L,n>1 and A > 0. We start with a simple observation that, in the case

0 < a < 1, we may assume that the function f is bounded. To see that, note that we can always
write f = f1)5>am + f1y<m, and use the finite-dimensional convergence in (5.10) and the fact
that u(f1|f|>M) —0as M — oo.

Next, for any 0 < a < 2,if 0 <t —r < 1/n, then the probability in the left hand side vanishes.
If X, = Xﬁl) + X,(f), n = 1,2,... be the decomposition described prior to Lemma 7.2. We start
with the part corresponding to the “small jumps”. Note that, by Lemma 7.2, this part is negligible
if 0 < o < 1 (since we can apply the lemma to the supremum of the process). Therefore, we only
consider the case 1 < a < 2, and prove that there exist v1 > 1, 79 > 0 and B > 0 such that for all
0<s<t<L n>1, \t—s\>1/nand)\>0

(7.15) (‘%X ZX2)‘>)\cn) )\E(t—s)“.

Note that the Lévy-Ito decomposition yields
[nt] [ns]

S x? ZX 4 / Sttt et () M
k=1

// xS [nt] f[ns] dNQ + // xS nt 1—[ns] (f) dNg,
|28 nt) - ns1 ( f )SAen |28 [t ns1 (F)[>Acn
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where Ny is a Poisson random measure on R x E with mean measure ps x yt and Ny = No — (p2 X ,u).
Therefore,

[nt] [ns]

(‘ZX ZX ‘>>\cn>

(7.16) <P ‘// xsnﬂ [ns1(f)dN2‘>)\cn +P ‘// xsnﬂ s )dN2‘>0>.

[2S[r1 = [ns (HSAen [2S[r) = ns] (F)>Acn

It follows from (5.1) that for some constant C7 > 0,

‘ IS nﬂ [ns] dNQ‘ > )\Cn
//fs[nﬂ rns1(f)ISAcn )‘202

2

l‘S nt] [ns] (f) dNZ
|zs(nﬂ (ns] DNISAen

2S00 fns) (F)|” p2(dz) dpe
/\202 //|I5(nﬂ [ns] (f)|1<>\£n ]

Stotl—ns Acn /|S1nt)—ns1 ()
< 4/ (WM) / xp2(x,00) dxdu
E A 0

Cn
¢y 1
= )\pocIT;O/wanﬂ—[nsW (P dp.

Similarly, for some constant Cy > 0,

‘// xS nt] [ns1 )dNQ‘ > 0> < P(NQ{@SMH_MS] ()] > Aen} > 1)
|:ES“,H rng" H>XAen

< ENo{|2S [ ns) ()] > Acn}

= 2/ p2(An| S s ()71, 00) dp

CQ 1
= )\Po Cpo/ |S[nt [ns] |Od,U'7

so that, in the notation of (7.3),

[nt]

<’ZX2) ZX(Q)’ > Ac ) Cl);OCQC%O/E|S[nt]—[ns]<f)|p0 dp

(po)
_ G+ Coplp < [nt] — [ns]) (arnﬂ—rnsw )po (At pns)"
o (e < n) an (e <n)lag™
It follows from (7.5) that

A(po)

sup fnt]—ns] < O°-

n>1,0<s<t<L
Next, we may, if necessary, increase py in (5.1) to achieve py > «. In that case, the sequence
(e <n)"la,? € RV(1_8)(po/a—1) diverges to infinity, so for some constant C3 > 0,

< [n(t—s)]) <afn(ts>1 )pO

p(e < n) an

1
ﬁ /E |ant]—fns-\ (f)|p0d,u < (3 N(‘P
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By the regular variation and the constraint t — s > 1/n, for every 0 < n < min(3,1 — (), there is
Cy > 0, such that

ple

N < ¢, (W - sﬂ)l‘ﬁ‘" < BNy (t— )P

n

< [n(t -
il < )
Antt=9)] < 98=n ¢, (¢ — 5)P0.
anp B
Therefore, for some constant C’5 > 0,

(‘ZX(Q) ZX )| 2 Aen) < G (1 — ) im0,

Since pp > « > 1, we can choose 1 > 0 so small that 1+ (pg — 1) — (1 4+ po)n > 0. This establishes
(7.15).
Next, we take up the process (XT(LI)). Lévy-It6 decomposition and the symmetry of the Lévy

measure p; allow us to to write, for any K > 0,
[nt] [nt] (nﬂ

1
—ZXl if // xfdel—i—— // zfr dNy
n ‘mfk|<KCnan \sz|>Kcnan
= Z,S”“( £+ Z29 (),
where N; and N are as above. Here we first show that or any e > 0,

(7.17) lim limsup P( sup ‘Z(Q K)(t)‘ >e€)=0.
K—00 n—oo 0<t<L

Consider first the case 1 < o < 2. Choose 0 < 7 < 2 — «, and define

(1 if0<w<1
”(w) = w= et ifw > 1,
g(w) = (w+Dr(w) ", w>0.

Since 2g(w)/g(u) > 1 for 0 < u < w, we have

nL
P( sup ‘Z(QK) )] =e)<P (// |33|Z|f| oTk1(|:c||f| oTF > Kepay') dNy > ecn>
RxE —

_p<// |x|2|f]oTk (1f] 0 T’f)(/deleecn>
c1E<// IfC\ZIfIOTk IfIOTk)m 1)

o0
< Cyne;t / x(Kcna,:l/:C + 1)K(Kcna;1/:c) p(dx),
1
where C7 > 0 is another constant. It is now straightforward to check that for some constant Cy > 0,

hmsupP( sup ’Z )‘ > 6) < CyK (0D
n—00 0<t<L
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This implies (7.17).
On the other hand, let 0 < a < 1. Recall that we are assuming that the function f is now
bounded. We have

P( sup |Z7(12’K)(t)| >e) < P( max Ni{(z,s): |zfi(s)| > Kcnagl} >1)
0<t<L k=1,...nL

gENl{(x,s):|x]kq1ax \fi| > Kepay '}

yery

K —1
:2/p1( Enfn ,oo>d,u.
E maxg—1,.nL | fil

If we denote || f ||= sup,cp |f(x)] < 0o, then we can use once again Potter’s bounds to see that for

some constant C1 > 0 and 0 < £ < «a,

p1 (Kcpay,* (maxy | fr]) ™1, 00) 1 ¢ 1 o+t
< .
pl(cnanl,oo) <G K k= 1, ,nL|fk‘ + K k= 1, ,nL|fk‘

Therefore by (4.5), (5.7) and the fact that f is supported by A, for some constant Cy > 0,

_ 1 A ats
P( s 1ZE90] 2 ) <20 o0) [ (o mox 100) o+ (F o 16]) ae

0<t<L
< 2Cip1(enay, o0) ((” ! ”) (”;;”fg) ulp < ni)

AN (e
=G ((z«) * <K) |
and (7.17) follows.

It remains to consider the processes {Z,(ll’K)(t),O <t<L},n=1,2,... for a fixed K > 0. In
the sequel we drop the superscript K for notational convenience. We will show that exist v; > 1,

and B > 0 such that foral 0 <s<t<L,n>1,t—s>1/nand A > 0,
B
(7.18) PZD (@) ~ Z0(5)] 2 0) < 14t~ )"

Indeed, by Chebyshev’s inequality and the fact that f is supported by A, we see that

[nt] —[ns] 2

P(Z0 () = Z0(s)| > A) < 5 E / / o fud Ny
)‘202 Z |:Efk\<Kcnan
n(t—s)] [n(t—s) Kenar! /1711

| fr il 2% pr(d) dpe.
)\262 ; Z / kl/ 1

It follows from the Potter bounds and the fact that p; does not assigns mass to the interval (0,1)

that for any 0 < £ < 2 — « there is C' > 0 such that for all ¢ > 0 large enough and all r > 0,
ra 9
o T P1 (dI)

< O(p2-0—€\ 2att)
fo x? p1(dx) — r ' )
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Therefore, for all n large enough, for some constant Cy > 0,
c, [n(t—s)] [n(t—s)]

il
PIZDO =200 20 < g 2 IZ e [ @

[n(t—s)]

i
s > Z / v 2 e,

Note that by Karamata’s theorem, (4.5) and the definition (5.5) of the normalizing sequence (c;),
there is Cy > 0 such that

CnQn C2
/ 2% py(dz) < Cy 2.
0

nay,
If 1 < a < 2, we impose also the constraint £ < o — 1, and use the relation

|fkfl’ a—1F£
so that [ S —
1 n(t—s nt S |fkfl| Cnaﬁl ,
EAPOIDY e |, # )
1 [n(t—s)] [n(t—s)] e
<G ¥ % JARIA DAV 1D d
<2 |nte =] [ 1177 dy

[n(t—s)]—=1[n(t=s)]

+ (/ | full fel® lngdH‘l‘/ | fell fi] e 1$£du>]

k=1
1= Jn(1) + Jn(2) + Jn(3) .
The fact that t — s > 1/n and (a,) is regularly varying with the positive exponent 3, shows that
for any 1 < 1 < 14 § there is some constant Cs > 0, such that for alln =1,2,...,

Jn(1) < C3(t—s)™

Next, by the duality relation (4.1),

[n(t—s)]

(@) < 22— ) > [l

Qan

1, (=51
= 2= [ X T ) o

" k=1
If f is bounded, then by the Darling-Kac property of the set A we have, for some constants
Cy, C5 >0,
Arn(t—s
Ja(2) < Calt = )1 f]) < Cs(t - o), 1< <148,

n
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by the regular variation of (a,). If, on the other hand, A is a uniform set for |f|, then we can write
[n(t=s)] [n(t=s)1 [n(t—s)]
S e Y P Y L
k=1 k=1

k=1 = =
and obtain the same bound on J, by using both the Darling-Kac property and the uniform property

of the set A. A similar argument shows that, for some constant Cg > 0 we also have
Jn(g) < CG(t_ S)M? 1< M < 1 +Ba

which proves (7.18) in the case 1 < a < 2.
Finally, for 0 < a < 1 the same argument works, if we replace the relation (7.19) by

W%m < (Ifel A |fl|)1_£» W{;)Dl_g = (Il A LAL) (1fx] v \fl\)g,

respectively if a = 1, and

(If%] v]!c;fyl)t—aif < (Ifsl AN

if 0 < o < 1. This proves (7.18) in all cases and, hence, completes the proof of the theorem. ]
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