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FUNCTIOIUL D'B~BERElV'i'TAI, EQUATIOIJS 

Jack K, Hale 

Abstrpct 

The pmpose of t h i s  paper i s  t o  p'csent an introduction t o  a 

c l a s s  o?fu!lctional d i r i e r e n t i a l  equations p resen t ly  being studLeci 

vigoroiisly by myself al;? some of my collea,4:es, The c l a s s  inclucies 

difference equa+ions, d i f fe ren t ia l -d i f fe rence  equations as v c l l  as 

r e t a r i e ?  fullcti@?~?.l d i f f e r e n t i a l  equations; t h a t  i s ,  those systems 

i n  vhili-h t h e  d f r i v s t i v e  of thc  s t a t e  of the  system a t  a given time 

de~jends 01ly ugon t h e  s t a t e  of t h e  system f o r  previous val-ues or' 

time. I f  tine s o l u t i o ~ ~ s  of our system have e~!ou& smoothness proy- 

e r t i e s ,  then they s a c i s f y  equstiona f o r  ~ 4 i i c h  the  der ivz t ive  of 

t h e  s-cate a t  a giver1 time depend both upon t h e  s t a t e  a n l  t h e  deriv- 

asive of' the scz te  f o r  ~ r f v i o u s  values of time; t h a t  i s ,  neu t ra l  

func t iona l  d i f f e r e n t i a l  equations. The advantage i n  t h e  a2proach 

seems t o  he t h e  u t i f i c a t i o n  t h a t  i s  provided a s  well  as  the  f a c t  

$hat a geoinetric theory becomss more feas ib le .  



I. Liii'icrciici. u!i:i 1j.i Ti'erc11tial-Diffe1-~1ricc Equntions. ---- 
I!, ti!: s ,c~~i.tioii, \re dS scuss t h e  funck~mentnl c lasses  o r  d i f l e r -  

ence snri differential-clifference equations together wjth thc  

1. %iffer?nce equations. Let Rm be m-dimensio~lai r e a l  - 
Eoclidem sFace. A difrerence equation i s  a r e l a t i o n  of t h e  form 

vhere x i s  an n-vector, ni  i s  a pos i t ive  integer and g i s  a con- 

t i ~ u o u s  function oa 
Rmmt 3. . Suppose o,xl,. . . ,xm a r e  given r e a l  

nrmbers. A reasonable i n i t i a l  value problem f o r  (1.1) i s  t o  s>eci+j 

t h a t  x(o-1) = xl,. . .,x(o-nl) = x and determine x(u+k), k = 0,1,2,. . . n 

fro!:! re?.aSion (1.1). A s o l u t i o : ~  of (1.1) i s  uniquely determiiled by 

the i n i t i a l  da ta  (u,xl,. -.,xrn) and depends continuously u?on the  

i n i z i a l  data,  

Since difference equztions a r e  not  the  main concern of t h i s  

SKer ,  we do not dwell upon the  propert ies  of solut ions and r e f e r  

the reader t o  tiLc references [1,2]. It i s  ins t ruc t ive  on the  other  

ha=& t o  consider another c lass  of difference equations which 

gener2lly a r e  not discussed i n  much d e t a i l .  Consider t h e  equation 

(1.2) x ( t )  = h(t ,x(t-r , )  ,..., x(t-r,)) 

'i.:hi.~.e h j.s continuo:!; o:i I?'.' , 2 < r < < r m >  1, are  m ' 
such t h a i  a-i l c a s t  o~ic  or  thc  r a t i o s  rj/rk i s  irrational..  111 

such a si tuat ion,  it is  no lo112cr possible t o  specify s e a l  nunibcrs 

( 0 , ~ ~ ) .  " .,xm) an3 f i n 3  a f inct ioi l  x(-L) sa t i s fy ing  (1.2) f o r  any 

t > u ~ i h i c h  a l so  s a t i s r i e s  x(u-rl) = xi, . . .,x(u-r ) = x A m m' 

reasonable i n i t i a l  value problem for  (1.2) can be specif ied i n  t h e  

followini; manner. Suppose q i s  a given continuous n-vector func- 

t i o n  on [o-rm,u] with 

A solut ion of (1.2) throu&i the  point  (u,p) i s  define3 t o  be a 

continuous function defined on an inxsrval  [u-rm, u+A), A > 0, which 

coincides with cp on [o-rrn,u] =d saz is f ies  (1.2) on [U,U+A). 

The basic progert ies  of these eyoztions a r e  discussed i n  [TI. 

2. Differential-difference eo_il~.tions. For s impl ic i ty  i.n 

notation, w e  discuss i n  t h i s  sect ion cniy a differential-difference 

equation ( D ~ Y ?  of %hi: fo rn  

where r > 0, v > 0 are  given c o n s t a ~ t s ,  b ( t )  = dx( t ) /d t  =d x 

i s  an n-vector. b!uch nore general s i tua t ions  w i l l  a r i s e  i n  the  sub- 

sequent djscussjor~.  Evvrn for. (.'.l), it i s  not c l e a r  ho~? t o  phrase a 



bctii..r :".cl f o r  the  d i . f f i c ~ & t e s  j.nvulve3, IIC coilsiclcr spcc ia l  cases 

of ( 2 . ) )  and as a consequence obtain a c l a s s i f i c a t i o n  of DI)E1s. For 

mori 5.::: L P >  E ~ P  [ l i ] .  

Ey f a r  t h e  sihipLe6t ty;)i w e  the  retarcled different ial . -difference 
. - 

where r > 0 and f i s  continuous on R ~ ~ + ~ .  Since a spec i f ica t ion  

of Y. a t  t an3 t - r u n i w e l y  deternines P ( t ) ,  a reasonable 

i n i t i a l .  valve ?roblcm f o r  (2.2) i s  the  lo'_Lo-::i?ig. Sup;?ose a i s  a 

given r e a l  number and p i s  a continuo2s n-vector f u ~ c t i o n  on 

[a-r,u]. A funct ion x w i l l  be se id  t o  be a solut ion of (2.2) 

through ( 0 , ~ )  i f  x i s  continuous on [a-r,a+A), A > 0, coincides 

with rp on [a-r,a], i ( t )  i s  c o n t i l ~ ~ c u s  on (a,a+A) and s a t i s f i e s  

(2.2) on (a,a-+A). 

Usinz the  equivalent i n t e z r a l  ?;j-:?tion 

and procecdint: as  i n  ordii1si.y >.ill'r?er,zial ecflations, one can prove 

t h e  l o c a l  existence of a sol1,t.ion s throu$ (a,rp). With f u r t h e r  

,,_, . =. I r . i ,  1,io:is on f onc oLLsjil:j un5 qucncAzs and c o ~ ~ t i n u c u s  dei~e:ilc :!cc 

cI. 4 iLL, .. ~cl.i:Lion 011 the in.iLibL clzLa (G,(v). 

Tile ~ ? o l . l o ~ ~ l n ~  observation i s  very important. Even though p 

fs c::iy cvii-li~lr!ous, t h e  so lu t ion  through ( a , ~ )  i s  contim~ously 

d3r'i'erentiable f o r  t > u, This ind ica tes  t h a t  the  nat ,ursl  evo1.1,~lon 

c l  the so lu t ion  of system (2.2) i s  i n  khe Cirectior, of increasin; t. 

?cr a givcn q ,  the re  mzy not e x i s t  any so lu t ion  of (2.3) on an in-  

:srval [a-r-A, a], A > 0, which coincides with cp on [a-r,a'J, In 

r'c-t, i f  such a so lu t ion  x ex i s t s ,  then there  i s  an & > 0 such 

tht G ( t )  nus-t e x i s t  f o r  a - E < t 5 a and 

TI-.-refore, f o r  an  a r b i t r a r y  continuous funct ion q ,  t h e r e  ceq be no 

so lu t iob  i n  t h e  d i r e c t i o n  of decreasing t. Furthermore, even i f  

{(L) i s  continuous f o r  a - r S t 5 a, the re  w i l l  not be a so lu t lon  

'-?less 

- ,r.? r e l a t i o n  (2.4; may not even be enough since e so lu t ion  of (2.2) 

I c r  d e c r e a s i n ~  t w i l l  involve t h e  determination of x ( t - r )  from 

(2.2) as  a funct ion of A(t),x(t), 

A di f fe renz ia i -d i f fe rence  equation of n e u t r a l  type (NnDE) i s  a 



A vcry sigiii fit:-:ni coj-~tribxl..! on t o  tinis y.~cstion was made by 

wherc r > 0 an6 f i s  continr~,us on Since a specif ica-  

t i o n  of  x a t  t an* x,? a t  t - r uniquely d e t e r ~ i n c S  i ( t ) ,  

it i s  natural  t o  specify t h e  following i n i t i a l  value problem. 

Suppose a i s  a given r e a l  n~unber and r.p i s  an n-vector function 

on [u-r,a] which i s  continuous Cogetlle~ ~ r i t h  i t s  f i r s t  derivat ive.  

A solut ion of (2.5) through (u,cp) i s  a function x defined on 

an i n t e r v a l  [a-r,u+.L), A > 0, r\~hich coincides with (P on [u-r,u], 

has a continuous f i r s t  derivat ive excect a t  the  points  a + ks- f o r  

a l l  k = 0,1,2,. . . f o r  vllich u + kr belongs t o  [u,a+A). A 

theory f o r  (2.5) along t h i s  l i n e  i s  developed i n  [4]. 

One shortcoming of t h e  above def in i t ion  of the  i n i t i a l  value 

problem i s  t h a t  it cannot be general5.zed t o  the  s i tua t ion  i n  ~rh ich  

there  i s  general dependence of R( t )  upon values of x(s)  f o r  

s S t. Even i n  (2,5), and even more so  VTIIP:I r depends on t, 

there  w e  grea t  clifficuici-es i n  discussin& thc  dependence o i  zolb- 

t i o n s  zpon t h e  in i t i a l .  da ta  (u,p). Other objeciions a r i s t  i f  one 

t r i e s  t o  develop a geometric theory ror (2.51 i n  the same s p i r i t  a s  

i n  ordinary d i f f e r e n t i a l  equations. Therc have been many papers 

devoted t o  the  forinulation of t h e  i n i t i e l  value problem and the 

reader msy consult [5,6] f o r  referer.ccs. 

Driver [TI who gave a foriflulation r,rii-ich recezitly has a l s o  been 

generalized by h:cl.vin i n  h i s  Ph.D. d i sser ta t ion  a t  Bro7.m. We only 

illustrate t h e  ideps Tor C ~ L I R ~  ion (2.5). Sugpose i s  a. givcn 

absolutely contin>~,cus fu~lc t ion  on fa-r ,u] .  A solut ion of (2.5) 

through (a,g>) i s  an absolutely continuous function defined on an 

i n t e r v a l  [ a - r , u + ~ ) ,  A > 0, coinciding w i t h  rp on [u-r,a] an8 

sa t i s fy ing  (2-5) ~ L n o s t  evcl-where on [a,uiA). Of course, i n  order 

for  t h i s  i n i t i e l  value problem t o  maice sense, t h e  function f must 

s a t i s f y  t h e  f o l l o ~ i n g  property, I f  x i s  any given absolutely con- 

tinuous i ~ n c t 4 ~ 1  on [a-r ,  u+A) and 

then the  function F m ~ ~ s t  be l o c a l l y  integrable on [u,u+A). A 

s a t i s f a c t c r y  I'u??ci;ion f i s  

I f  r' s a t i s f i e s  (?.6) and the  i n i t i d  value prob1.em i s  defined as 

above, then a theory of existence, uniqueness and continuous de- 

pendence on the  i n i t i a l  d ~ t a  i s  deve1.oped i n  [TI .  

As an a!.ternative way t o  look a t  a spec ia l  type of MIDE which 

occurs f requer~t ly  i n  the applicat ions,  consider the equation 



whcre g,h a r c  corltinuotis funct ions of  t h e i r  nrg~uncnts and g ( t , x )  

has e  coi~tinuc:ls f i i - s t  dcr.ivativc i n  t. If 

then eq~ .a t ion  (2.7) can be V'ritteil a s  

 liere re ~ ( t , x , y )  = h( t ,x ,y )  - &(t,y)/&L-L, It i s  no?? goss ib le  t o  

pose t h e  follo>ring i n i t i a l  value probleiii f o r  (2.9). Su_npose cp i s  

a  given continuous n-vector func t ion  on [a-r,a]. A so lu t ion  of 

(2.9) throug?? (uJq)  i s  a  continuous func t ion  x defined on 

[a-r,a+A), A > 0, coinciding with on [a-r,u] such t h a t  t h e  

functioll x ( t )  - G(t ,x ( t - r ) ) ,  not  x ( t ) ,  i s  continuously d i f f e r -  

e n t i a b l e  on (a,u+A) -.il s a t i s f i e s  (2.9) on (a,a+A). A thecry  

i n  t h i s  d i r e c t i o n  was i n j t j s t e i ,  i n  [Sj, [?] and -,?ill rece ive  more 

a t t e n t j o n  l a t e r .  ;t zs i n t e r e s t i n g  t o  note  t h n t  a  d i s c r s s ~ o n  of  

(2.9) i n  t h i s  s e ~ t i n f ;  includes t h e  F3DE (2.2) [mke  G = 0 i n  

(2.9)] without t h e  necess i ty  of 5m9osin: add i t iona l  ~moothness con- 

d i t i o n s  on t h e  i n i t i a l  funct lon cp. 

I n  a  IDDE and i n  con t ras t  t o  RDDE, t h w e  i s  no reason t o  suspect  

t h a t  t h e  so lu t ion  cn jo j s  nny m o ~ . ~  sii~onthi!ess proper-ties thnn t h e  

. .  . - . . . - , . , .... .. .... $2 .5  prxedxr i .  r r i l l  Siefj.11~ sol:itjons f o r  val-scs of t < u. 

E"1-e :he?? i s  gener-liy no pl-eference fo? i n t e g r a t i n t  i n  2r.y 

_*..- .- ._-.,_?;. : ...- d i ~ e c t i o r ,  t b i a  i s  probabl] t h e  1-eason f o r  t h e  t e r : ~ ~  

,.-.. - .,.= ..< .. . - - .. 
-2. Bi f f e r e ; ~ t i r . l - d j  ff a.c:lce equatt.5on of a8.vsncci tyge (.UD3) i s  

l;>,s:.s r 7 L1. Si.nze t h i s  eq:iaL:o:l i s  t h e  s-.!.12 s s  a WDE ?:it!i t 

1.~:-=-.l by -tJ a ~ ~ r  S O ~ L I ~ - ~ : . O X  o r  (2.11) ,.hit-h i s  def ine2 foz in-  



rrhere r > 0. V?vy l i t t l e  i s  kno-,,,m about such equa-Lions and it 

c e r t a i n l y  2ppc23s tha-:. a re:iaonnble forr!!ulation f o r  t h e  exis tence 

of a  solut ici!~ slio,;l? bc i n  terms 02 boutldarji values a t  tvo  given 

po in t s .  

As 2 f i n a l  ~.c?izrB on DD3, one cannot avoid no t ic ing  t h e  m a l o ~ u e  

beLr.:-en t11c above c!assifi:atSon B J I , ~  t h e  c lass i f i ca t ion  of secolld 

order  p z t i . 1 .  c!iEerc:;ti~.l equations. I n  f a c t ,  a  RDDE has p roper t i e s  

suggestive or' 2 ~ a r - z S o l i c  equation, a  NI)DE those of an hf lerbol ic  

equation m.d a E~DDE: those  of an e l l i p t i c  equation, Actually, thcse  

analogues a r e  more t h m  s u p e r f i c i a l  because c e r t a i n  problems i n  

parabolic  eq~e.tiolls c c ~  be redi;ced t o  a  E ~ D ~ E  (see [ N ] )  and some i n  

hyperboljc t o  h3lE (see [ l l ] ) .  The rels t . ion msntioned r.rith e l l i p t i c  

11. %nctio:1?1 Di f5eren t ia l  Eq~.?i;iins --- -- - 
I n  t'r.is sec t io3  :re general ize t h c  concept of DDE and give sonle 

of  t h e  bas ic  pro,-erties of t h e  equations of retarded and n e u t r a l  

type. 

j. Defj.nj.tioll of t h e  cc~uiilat5 on. Supsose r 2 0 i s  a  given --.---.-- 

real n ~ a i b ~ ~ ,  R :: (a=,*), J? i s  a real. o r  cori?l ,:x n-cl-ir!cnsionsl 

l i n e a r  vcc to r  space with norm / - 1 ,  ~ ( [ n , h ] , E ~ )  i s  t h e  Banach spncc 

of continu.ous fu.nctions mapping t h e  i n t e r v a l  [e,bl jnto E~ bribh 

t h e  topology cf v:iiforin convergence. I f  [n,b] :- [-I-,@], l e t  

C = r l([-r ,"] ,~~\  and d e s i m a t e  t h e  nonri of an n lem~nt  p i n  C 

by I yl = sup -,,e,O ( 0 )  1 . Even thoiidi s ing le  bei.s used f o r  
A - 

norms in diffel .cnt  spaces, no co!lfusion s!?cL~ld a r i se .  I S  u E R, 

A 2 0 and. s E c ( [ u - ~ , u + A ] , E ~ ) ,  then  f c r  each t i n  [u,ui-A], 

l e t  xt E C bc de f ine3  by x (a) = x ( t i @ ) ,  -r 5 9 5 0. The symbol t 

R w i l l  alrrays denotc an open s e t  i n  R x C. 

I f  D, f :  $2 -> a r e  conti!luous, t h e r  2 f t ! :~~ t io i?? l  d i f f e r e n t i a l  

equation (FUE) i s  2 r e l e t i c n  

A f u n c t i o r  x i s  s a i d  t o  be a  so lu t ion  oz (3.1) i f  the re  a r e  

u E R, A > 0, such t h a t  x E c( [u -T ,u+ .~) )E~) ,  ( t r s t )  E 0, D(t x ) ' t  

i s  continuously d i i ' f e ~ e n t i a b l e  and s a t i s f i e s  (3.1) on (uJu-+A). It 

i s  no t  required t h a t  s ( t )  be d i f f e r e n t i a b l e  on (u,u-+A). A 

so lu t ion  of (3.1) through !o.p) E I? i s  a  sol~.:t:or x  = s(u,c?) of ---- 
(3.1) on [u-r,o+A) such t h a t  x = p. 

Equation ( j .1)  I s  very gener?.l 22-,9 i;!c1.>~3e~ o~din3r .y  d i f f e r -  

entja! ecp%tiolls [ r  = 0, D(t,rp) = rp(O)] as  ??el l  as tilt? following: 



I.hlch rto?? $,cn:.r,:! epl!-,t,ic!:s arc 3ncl.l;Ae~l. i n  (3.1) end a cri?.plctc 

cl.as:<ific?.tici~ i n  t!lc s:'irit of Sectioil 2 i s  no t  zva5l&hle. >Lo?:- 

CYCT, eci~..i~tio!: (3.2) i s  c~ll.ied 2 rs tardefi  fu11ctio:lal difr'ere:itis..: 

equ?:,ii..i (R?~l:)  [D(i,:!) .- g>:r(O)] en& e ~ f i a t i o n s  (3.5) - (3.5) a r s  

res>ect i ;e ly suecinl. cases  of neutral.  ( I D E ) ,  arlvanced (.@D:w;) and 

mixed (I.ZDR) func t iona l  d i f f e r e n t i a l  equa t ic? .~ .  Difi'ere:;ce equn- 

t i o n s  a r e  a l s o  i~?cli~fined i n  (3.1) by tdcine, f 7: 0 and considerjn& 

only in i t in j .  (o,cp) f o r  i.!hich D(o,q>) = 0. 

Frc ! Ynne above t o f i n i t i o n  a FDR i s  a t r i p l e  (Ll,f,r) e.nd it i s  

c1.ee-r t h a t  t h e  h?.sic rcb?cc i  i s  t c  clctcm.5nz t h e  bekcvior of  t h e  

so!ctions of (5.1) on !D,f,r). T3 be ncrs specific, stipgosr 

(D:f,r) a:-e reqviri.6 t o  l i e  i n  so!?e l i n e a r  to;inlot,ical spqce. 

Given EL c e r t a i n  p q a r t y  of the  so lu t ions  of (3.1.) f o r  a given 

(il ,f,r),  i s  t h i s  kroperty preserved f o r  t h e  so lu t ions  of equations 

(j.i) corcespo.liiin; t o  those t r i p l e s  i n  3 nei;hb~r.lioo.l of (D,f,r)? 

E.!o;t of t h c  !jep$r: i n  t h e  l i t e r a t ~ ! r e  <;.nl. p r e ~ i s ~ 1 . y  ~,:i.:Jtll .~~Ic!I 

a_iiest40!lc. 

WithmL ii:):,e co.~.iiijnn:: wi I )  ill (3.1.), 3 t  secliis hopel e;s 3t 

t h c  p r c s c ~ t  t5rl; t o  obtain very ~ c n c r a l  ~osu!.ts, I n  Eact, cv,?n i l l <  

i n i t i a l  value p r o t ~ l e ~ n  f o r  (3.1) wil l  not  have a so lu t ion  s incc i t  

i n c l ~ ~ c l e s  (3.1)) ?!I?. (3 .5) )  s j i ~ c : i ~ l  cases  of vhich Were disc~!ss?cl j.11 

some cietni l  ii: Section 2. 3i.r f i r s L  objective, therefore,  1 s  t o  

impose add i t io : ld  restrictions cn U i n  orcler f o r  t.he i n l t i a l  veLi3- 

prol;lcm t o  be v e l l  del inrd.  

D e f i n i t i o l ~  3.1. S u p ~ o s c  Cl C R x C i s  open, D: R + E~ i s  --- 
continuous, D(t,q>) has a c o n t i n u o ~ ~  Frechet  de r iva t ive  D ( ~ , T I  

'P 

with respec t  t o  q on R an? 

f o r  (t,cp) E R, i E C, %.llei-e ii(tJq,O) i s  an n X n matr ix ftinctioli 

of bounded v z l ' i ~ t i o n  i n  0 E [ - r ,O] .  For any B i n  [-r,O], we say 

D i s  a ton ic  z t  p o n e . )  i f  



D:?i~~i.f,<f,!~ 5 - 2 -  f. I!.,!~I I , , !  I l ' ~ l ! ! ~ ~ L ~ i f > ~ i : ~ ?  c l i I ' i ' e~~~nLia1  equatiori -- . - - .- - - . - , . -- - -. - -- - -- 
(IWDZ) i s  a sysieyr ( 5 . 2 )  I'r.1. ! ? ; i i ~ . i i  I) i s  a t o ~ . j c  a t  zero on 0. 

The sysien i s  autcao!nor.s if i),~' ayi3 jndependfnt c f  t. 

A WDE corresponds t o  a Ml~ll im: i:ith ~ ( t , c p )  = ~ ( 0 ) .  Syeterii (2.9) 

i s  ; iTFDE. Another very s y i s i c l  cnsc of a WDE i s  the  case i n  which 

d e t  B(t)  0, B( t )  = v(t,O) - ~ ( t , o - )  

f o r  (t,m) E 0, s k 0, B, r continuous, y(t,O) = C. A spec ia l  case 

of t h i s  l a t t e r  s j t u a t i o n  i s  (3.2) and the  system 

0 0 

where h ( t )  < t, {( t )  > 0, h ( t )  a r e  continuous f o r  t z 0 and 

a = 1/i. I f  x i s  a so lu t ion  o?((3,9)  wt1jc.h has a der iva t ive  al- 

most everywhere, then x w i l l  s a t i s f y  thc eq~ia t ion  i ( t )  = i ( h ( t ) ) .  

These examples should ind lca te  tke  condition.; tha t  a re  hposed  by 

dei'inine a 1dF'l)E i n  the above manrier.. A Inore geitcral I'orinm~loiicv:~ i s  

contaiiieil 511 [9], 

4. Basic p roper t i es  of sol.~ltions, The fol lo~r<n,-  1-esulta xi? --- -- 
proved i n  [12]. 

Theo~ciii 4.1. I f  (3.3 ) i s  a h3DE on n, then, f o r  any (a,ql) E fl, 

the re  i s  a sol-utioil of (3.1) thlov* (a,$>). 

Theorcm 4.2. Su2pose (3.1) i s  a iWDE on R and f o r  any closed 

bounded s e t  W i n  fl with a 6-nei@:horhood of W i n  P, f m?ps 

W i n t o  a bounded se t ,  D, D a re  uniformly contiouo,~s on I! and D 
f? 

i s  uniformly atomic a t  zero on W. I f  x i s  a nonco~~t inu?ble  solu- 

t i o n  of (3.1) on [a-r,b), then there  i s  a t f  i n  [o,b) such t h a t  

( t '  ,Xt , )  f! V, I f  D(t,cp) i s  l i n c a r  i n  9, then ( t ,s t )  { f o r  

t ' I: t < b. 

Theorem 4.7. Suppose (3.1) i s  a NFDE on 0, A(t,?,O), D a re  

uniformly continuous on closed bounded subsers of R and the  solu- 

t i o n  x(a,q?) of (5.1) through (a,rp) i s  unique, then x(u,p)(t) i s  

continuous i n  (a ,q, t )  i n  i t s  domain of d e f i n i t j o l .  

Results  on the  continuous dependence of a so lu t ion  cf (j.1) on 

(D,f,r) a r e  a l s o  cont-ioed i n  [12]. Even f o r  WDb:, the dcv-1ci.x-nt 

of the  f i f l d  proceeded u n t i l  t h e  early- 1950's by con:;iciii,ins the  



- . .  
~ Ltm..,L I , , :  . ~ ( , , : Y , , )  , - ~  (:>,.,I , , , , , - . I  ( c , , r ) )  !<:,, :i ~~Lv : , , :  ~,r : i~,c  

. - a ?  r .! I!,.: j j v ,  (; j .,,,) ti,:,; t , j v p ,  ~;rp,::~\rs!:ji ? a j l ~ t ~ ~  . 

C L ~ L  i;l>i, -ill> :,.,-: . *  . L , , ' . ' L C \  ,?(,'-;.:j!-, :;:? t c  ?c,.]~!<j...-,. t1:r: &<, 

I,?! : i c i I-:,<: r '  
%', 

L<>.i:,-; de.?3 

by X .  (o,,,!). !?or i' I."::.LF, '1.y. t h e  coi-~ver;;~: ihcorc.-i;, 01; 1,izpuncv do 

lioL, 11<3? . : l  ?j' Lllc ~ ? F L ~ . ~ I ? S  io!! i s  ~-e:,?,?:.i?i*.~i .l.o x.., b;L 6o h@]$. if th,p 

in.terprit:;iIc>:? .I c j:? C ( s c c  [Ij, 11'1) . Zic pi.c-~:;:lt.ztioil i n  :.his 

l>zj-er 21~: 2 ?c,s:;  ,c,: Jb: > ;, st?i,5 s> ; 2 2  5 C'" 

l i l  t . 1 -  f ' i ; ! - L ~ . : . ~ ~ ~ . ,  I.:;. hl.~rs:':, SU::-C'~:* - A  thc? soltitioil x(o JP ) ( I; ) of 

t h e  l,?!JZ (;;,IS) I I I I .VLI%~ ( u , ~ )  i e  cc:ilir?~:oils j n  (t,o,c;) m l  de- 

l'incil fo r  c l ~ i  t ?. 0, (G,$:) E H x C, Dc.;i!:e t ! l c  I.:̂:. 

T(T,u): C ->C, t :. 0 ,  11:. 

Dve t o  t h e  f r c i  ;hni "i,?j.c i s  i n  3"1~??.1. no r.;i:si.:.. t o  s::s;,ict 

t h e  s o l u i l o i ~  of a !Pi; is sn) s;ilcit!iir t':~:.i! tile i~litiil dlt;i, it 

suggests  t .hat  t h e  mn~$ln; Y(ji,o) dcfincd b:r (j1.1) >:ill be a lioim- 

aorpl~js j?  pr@vi?oi. one can ~ j w  s i : f f i c ien t  co~1.li:io!is f o ~  tile 

e:iiscen-c cf 3 so lu t ion  f o r  3icr3il:'si% t. T1his i s  ~ c t l ! ? l P y  tile 

case an:l as s conscyxncz of [12], we h3ve 

Tneorez 1 1 ~ 4 ,  Su:~csc D i s  atomic a t  0 an.! - 2  on a. I f  --- 
D(t,p), A(t,q,O), A(+,<?, -I.) a,,? un.i?&.~.1;. cotitj!:t,ot,s on closed 

bodriiei s ~i,r-Ls cL' S! : , i i i  l ' ( t ,p)  i s  lor.21 l ~ y '  l i t : : i s 1 i i  L ..i:in i n  G,, 

tkicn 121,. rn .~yl . in~:  T ( ~ , G )  i i: o hi... , , ~ w ~ , j r i ~  i:.!n. 

If ~ ( t , q > )  = p(0);  rhn-L 5 s (3 , l )  i :: a XI<l>R and f ( t , ~ )  j s 

aturdc a t  -r on 0, t i ~ c ! ~ ~  t h c  ~ : I J B ~ , ~ I I ; :  ~ ! ( t , o )  i s  one-to-oae. 

For r > 0, t h c  m2p T( i ,o )  cnr~cs1,onding t o  a RFDE can never 

be  a h o i . ~ s o ~ n ~ r ~ h i s n .  I n  f n c t ,  a siinpie n;>pl icat jon of t h e  f w z c i  ,-. 

Asccl i  lefima ~ 2 l i e s  t h e  f o l l . o r r i ~ i ~  ~.esul l :s .  

Lemns 4.1. For FGWE, t h e  map T( t ,o )  i s  l o c a l l y  cornpletcly 
p-- 

continuc::~ f o r  t Z o i r; tiis'i, i e ,  T( t ,o )  i s  continuous and f o r  

any t B u 4- r, p E C, there i s  a nei@ibo~.llood v(t,o,cp) of cp 

such t h a t  ~ ( t , o ) ' i ( t , o , p )  i s  peccnlpzct i n  C. 

Lenvla 4.2. For RF'DZ, if f: R x C + E" takes bcunded s e t s  

i n t o  bounded s e t s  T(t,o) takes bounded s e t s  i n t o  bounded s c t s ,  

then  T(t ,a)  i s  coic,letoly continuous f o r  t z o + r. 

L a n a  4.3. For R-3, i f  f: R x C +E" t akes  bounded s e t s  i n -  

t o  bounded s e t s  c ~ 3 ,  f o r  a given p,  [ ~ ( t , o ) p ,  t 2 o)  i s  bounded, 

then  [T(t,a)p, t B a )  belongs t o  a compact s e t  of C. 

Lemma 4.3 i m ~ l i e s  i n  p r t i c u l r r -  t h a t  abounded o r b i t  of an 

autono~r~ous PZD3 hzs s ncn?n;ty cu-l i r~ l i t  s e t  whj ch i s  canpact, 

connccted and i n v a r i x l t ,  z r e s u l t  very important i n  the stlldy of 

s t a b i l i t y  of F3DE (see [15], [iG]). E!cny other  p c o m ~ t r i c  ~ ; r o y e r + i e s  

of the  so iu t i cns  of a itPDZ h a w  beeti develoLwd usin,; C a s  t h e  

s t a t c  space and we r e f e r  t o  [17-251 f o r  rt,;i.lts and references,  



L..: :r ~:-l iii;.t tile c i t l ~ , i . i u n  o:,o.:~lur T ( ~ , u )  of a RPDF i s  

cc,.;;.l.;t.-!y con-Linuous alLlo,rs onc t p  apply s o p h i s t i c a t ~ d  rnathemntical 

the stucly c r  ti73 progert jes  of so1.utioris. Theorem 4.4 

S?~C-:: il - ', I:o cuch njcc  ~ ~ i ' i ; . ~ r t y  liolcls for  thc  map ~ ( t , o )  nf a  

P32 .  I:o:izver, the ie  i s  :, l a rge  c l a s s  of WDE which seem to be 

irr~sr",n', i n  the  aqp?ieat lons an3 such t h a t  an analogue of Lelnnia 4.3 

hoi5s s:.?. the  msp ~ ( t , u )  f o r  i: s u f f i c i e n t l y  l a r g e  has t h e  f ixed  

r c in t  . -.rc?i:..t;v. . J ) t h a t  i s ,  i f  ~ ( t , o )  f o r  t s u f f i c i e n t l y  l a r g e  

ms.;s a closii3 bounded ?onvex subset  U of C i n t o  U, t h m  t'nere 

i s  2 f ixeb  ?oint  i n  U. This c l a s s  i s  described i n  d e t a i l  i n  t h e  

next s ~ s t l o n .  

5 .  Stable operatcrs ,  For s i r ~ p l i c i t y ,  we su>gose throu@ov'i. 

t h i s  sec t ion  t h a t  D". +zn i s  l inear ,  continuous, atomic a t  zero 

an5 consi?er the  NTUE 

where f: 9 x C -, E" i s  continuocs an?. tak-s bounued sex4 i n t o  

boun-iecl s e t s .  The folio;-ir,g :oncept rms introducer1 jn [ 2 6 ] .  

Defini t ion 5.1. D i s  sa id  t o  be s t a b l e  i f  the re  are K > 0, - 
a > 0 such t h a t  t h e  so lu t ion  x = x ( q )  of the  homogeneous func t iona l  

equation 

11 ll($x) - $:(Cij, t bcn  D i s  sLsh?r; t i le t  is, E,:'J:.: c.c??l.es;.,:~-: ic 2 

N 
st~12.~' .* :>. :I:* ]~,(:;) :- 5'. , :iL.q (--:,*) l::,+:h ;;I? 1.); c c , ~ ~ s ~ ~ r ~ ~ .  r: x f~ ?:. :,y;ccs 

3 . .  a 

. . 
7 .  > 5 ,  :'/ .k I : ' - U ? ~ : : Z ~  5 ; .  1: > 1, a:? ni! ~ 0 3 . ' ~ ~  C: ti:: c~-::~so:. 

J 

h;,.%~c: n;o<i;l.ii l e s s  t?~?.r! on.., t h s r  n i s  s-i-c..l,le. 

Lcm12 5.2 [fIa:z, un:~ublished]. If D i s  s t sb le ,  T(t,o) is ------ - 
defincc by (1i.i)  en,? m.,.s c ? . o s f d  bo-ccli: s e t s  in to  bc;;i;.ie3 s s l - ~  

b-> 

then W.sr- i s  a p > 0 such thc.t 



, 7 ,  If X ( ~ , T )  iz +,!I,., : ,  !.  ;. ir: '  L, ' (-I.>') 'L:!c ,,! (a,., ,> I<,;., 1 ,  

def ine  t h e  t rajcctol-A,  i;l:i,(,.:s~ (6.q  ) : .; C.'!: :.:1 0 (>,xt(u;;)) -- . . .. .- - . . -- . , . . - ., - . 
t > o  

i n  R x C, Uniqueness or zol.uLjil:?.i 0:' (5 .2)  i!.:>?;.:; ii!2t j f  

--,,. x ( 0 , ~ )  = xT(o,,$) f o r  s,'c .~,  :: < h  i,!:--,s ?:t(c., : ,)  :- 1. (3 , t )  ' < -  

t 2 7; t h a t  is, thh-t prii.L of L!:e il , jcctor . ies  J i . l ; ? i z  by t:a!.il.: 

t 5 T coinci8e. Thai; v.i ;pc.nc?;.  tic.;.:, 1.3'~ n?ct?;;rr:!)- hr l ;  I:? 'tii: 

direction of dccreesing t i s  co;?t-i.:r : i~ 

be one-to-cne. I n  fac t ,  ccnsi<?z ;hi si.r.lcr ST;; 

6, ~ c : ? . v j r , ~ .  c l  r.>l.y~:icls o i  1:?:l3~ In  t h i s  scctior., ::- t l v c  ---- - --.- 
-?- -. ... ., ;;,ci:ic o:cs!:;lis of X 7 3 3  i n  or4er  L? coniyast  t h e  3d1av;er. 2 2 t h  

. . -." -.->.... ,....-.... ;, &'CZer.i!i:.i::l ey,:-:.ic,?s. 

..... :..,. . . 12s the  sc1utFa:ls s .; s i n  t, :: : cc.: t. 

where a i s  a constant ,  Eq~tat ion (6.1) il%s ill'. scli;ijo:l ~ ( t )  r: 1 

f o r  a l l  t i n  (-m,m), CK t h z  cirl?.?r kr:-.iJ ir' c E C, v(O) = 1 

then  x(O,q~)( t)  = 1 fc?  a?! t I. 0. 'i'i?ar;.fc,.-~ ?cr 51-1 s ~ i :  > - 

i n i t i a l  val.ues, xt(O,p), .c 2 1, i;: the  cc,lstsn: f 3 n ~ t i c 3  1. A 

t r a n s l a t e  of a subsgace of C cf cc i i ? : .~ i l~ io l i  o l ~ c  i s  rn~2p.d~ by 

T(t,O!, t P 6, i n t o  a pci.ii:, 

The f a c t  t h a t  t h e  m.? ~ ( t , u )  nscJ not 32 o:~-to-0::s i s  vm.y 

disturbin:. Suf f i c ien t  con.i,itions Isr' oil;-to-oneness were given 

i n  Theoreci 4.4, b u t  it i s  instr.:ciive t? look a t  t i l e  general  sit,:ia- 

t i o n  i n  a l j t t l e  nore  d e t a i l .  Suyi.c.- fl 2: H x C a n i ~  a l l  s o l ~ ~ t i o i i s  



sucli t .)~>it x (b,rp) := x (I?,$); t imt  i s  (u,cp) ; s  equivalent t o  

(I?,?,) if i h c  tra.jcc-Lcxics t!lroupJ~ (a,q)) and (o,l/i) have e poiiit 

i n  connioii. lt i s  easy t o  sec t h a t  "-" i s  an equivalence r e l a t i o n  

dd,c b!ic sii-. 5 i s  - _ a , k y - - j  i v , t n  ~ n , l < r i - , l i . n - ~ n  ' -5sr.s ' I T  1 for  
Li 

e w h  f ixed G. If ~ ( t , a )  i s  one-to-one, then each eouivalcnce 

c l a s s  col ls is ts  of a  slng1.e point; n a ~ e l y ,  the  i c i t i a l  value q, a t  

o. For each eciuivalense c l a s s  Va choose a  represelitative element 

cpu)" and l e t  

FI-om the  point  of view of t h e  q ~ ~ a l i t n t - i v e  theory of funct ional  

d i f f e r e n t i a l  e q u ~ t i o n s ,  t h e  s e t  B(o) i s  very i n t e r e s t i n g  since it 

i s  a  maxinal s e t  on ~.!"ich the  map T(t ,o)  i s  one-to-one. Hor.rever, 

i f  seer% t o  bs very d i f f i c u l t  t o  say m c h  about the pro;jeit;cs of 

( u ) .  I n  fac t ,  without some more prec i se  descript ion of the manner 

i n  which cpu7a  i s  chosen from V one callnot hope t o  discuss such 
a) 

topological  propert ies  of W(o) a s  connectedness. For esm?le,  

consicler the s c a l a r  e q u a t i o ~  

c l j : ; ~ ~ : .  Va a r c  i h c  s e t s  Ca, -- < (? < -, fo r  each u. An a r b i t r a r y  

c i ,~ , i ce  of leads t o  a  ve1.y t i : ;<i l tcrcst j , l~ s e t  W(o). On tlic 

other hancl, ~ ( o )  c o n s i s t j n ~ :  of a1.l the  constant funct ions i s  c e r t a i n l y  

thc s e t  t h a i  i s  o; i n t e r e s t  f o r  t h e  equetion, I n  a  genera.] s i t )  i 'or., 

r e  E-do:, nothing about thc  "appropriate" choice of cpu7". The f o l i o ~ r -  

ir,& examples a re  given t o  ind ica te  suae of the  other  d i f f i c u l t i e s  

involved. 

Xemark 6,j. For. zutonoricus l i n e =  equations, n(0) i s  col~ipletely --- - 
dete~mjned i n  a  f i n i t e  t h e  i n t e r v a l  and cen be chosen as a  l i n e a r  ---- 
~ ~ > s p a c e  of C. I n  f a c t ,  f o r  an autono!nous l i n e a r  equation, D, Henry 

[jl] has show there  i s  a ntruiber 'c such t h a t  if xt(O,q)) = xt(O,$) 

f o r  t 2 to, then t 5 T; t h a t  i s ,  t h e  equivalence c lasses  a r e  

c o q l e t e l y  detenained i n  the  i n t e r v a l  [O,.r]. Let T ( ~ , O )  = T ( t )  

an3 co l~s ider  t h e  s e t  S = [tp E C: T(t)q, = C, t 2. 7 ) .  Tnis i s  a  

c l o s e i  l i n e a r  subspace of C invar ian t  under T ( t ) .  The s e t  S ad- 

mits  p ro jec t ion  i n  C (continuous?), C = S @ TJ where U i s  a l s o  

inverie.nt u d e r  T( t ) .  Furthemore, T ( t )  i s  one-to-one on U. 

Tms, lie cen take  W(0) = U and each element of U corresgonds t o  

one of tho equivalence c lasses  va. 

Re3ar.k 6.4. For nonlinear equations, t h e  equivalence_ c lasses  -- 
considered a s  a  funct ional  d i f fe ren t ia? .  equa t io~l  k i t h  l a g  r > 0- 

If C = [(n E C: ~ ( 0 )  = a), the= q, E Cn im?lies s ( 0 , ~ )  i s  the  t 

constant funct ion a f o r  t 3 o + r. Therafore, the  eqtiivalence 

Va mny involve the c o n s i d c ~ a i i o n  of t r a j e c t o r i e s  which have a point  - 
i n  ccprcon a f t e r  any .jrea;sicn-d times. The f o l l o ~ ~ i n g  example i s  due -- 
t o  A. AaLisrath. For p > 0, r  - 1, consider the sca la r  eqnation 



For a givcli cp i n  C = c( [ -~ ,o ] ,R) ,  t h e r e  i s  a  unrique solutj.on 

x = x(;>,p)( t )  oi. t h j s  eguotjon throush (0,cp) which i s  continuc.us 

i n  (v,B. t)-  

I f  cp(0) ;. 0, g $ 0, then  x(rp,p) ( t )  i s  a  p o s i t i v e  c o n s t a i t  

f o r  t 2 1. I n  fac t ,  s ince  g ( t )  2 0, it folloris t h a t  lxt /  = x ( t )  

f o r  t 2 1 and unigilsoecs imglies x ( t )  i s  a  consta3t  2 ~ ( 0 )  f o r  

t $ 1. Also, i f  cp(0) = 0, then  cp # 0 4 k(0)  > 0 and x ( t )  > 0 

f o r  t 5 1. Therefore, f o r  any p o s i t i v e  constant  funct ion,  t h e  

corresponclin:: ecpivalence c l a s s  contains  more than one element. 

Also, tl?e above argm,~ent and t h e  autonomous na tu re  of the  e q u ~ t i o c  

show t h a t  t h e  equivalence c l a s s  correspon35.ng t o  t h e  constant  fu:lc- 

t i o n  zero contains  only zero. 

I f  p(0)  < 0, the11 it i s  clea-z t h c t  :i(l+,$)(t) ?g?oa"he" 

constant  a s  t -, m. I f  x(cp,p) ( t ) ,  cp(0) < 0, has a  zera z(p,B), 

it must be s b - p l e  and, therefore,  z(cp,p) i s  cont i .nuo~s i n  p,P. 

Fox any p > 0, t h e r e  e x i s t s  a  Q E C such t h a t  z(cp,B) e u i s t s .  

I n  f a c t ,  l e t  Q E C, q)(O) = -1, cp(8) = -7, r > 1, -1 5 8 S -1/2 and l e t  

cp(c); be a  monotone incrensing funct ion f?r -l/d b 8 S 0.  As long 

as  x ( t )  < 0 and 0 :: t : 112, we have 1xtl = Y azd 

Tnerefore, x ( t )  P By: - 1 .  Fcr  py/2 > 1, it f o l l o ? : ~  t h a t  x mnst 

havc a  zero, 

Tie cioscci subrc l  -- (41 c C: cp(0) .- -1)  can bc w r i t t e n  as  
C-1 - 

c - ~  = c :~  U crl where c : ~  = [cp E C-l: ~(cp,p) e x i s t s ) ,  

c : ~  = [q) E C-l: z,(q>,p) does not. e x i s t ) .  Since z(cp,p) i s  continuous, 

t h e  s e t  c:, i s  open and, therefore,  cfi i s  clcsed. For any 

cp E c", x(cp,p) ( t )  0  rnonotonicity as  t -t m. Tnerefore, i f  L':' 
-1 

i s  no t  empty, then t h e r e  i s  a  sequence cp. E c:~, c p j  
J 

4 cp e  clil as  

j + m  and z(cpj,F) + rn as j + m. 

There i s  a  ,B, > o such t h a t  cfll i s  not  empty. I n  fec t ,  

choose Fo > 0 l e s s  than o r  equal  t o  t h a t  value of p f o r  which 

t h e  eqcat ion h + f3 = -ge-' has  a  r e a l  roo t  X of m u l t i p l i c i t y  

tvo. For t h i s  Po, t h c  equation h + 6 = has t ~ i o  r e a l  
-hot  

negat ive rooxs. I f  ho i s  one of these  roots ,  then x ( t )  = -e 

i s  a  so lu t ion  of  ?;he above equation with i n i t i a l  value cpo(0) = 
-Ao@ 

-e , - r 5 @ 5 O J q  E CT1. Therefore, cn i s  not  em;rty. 
-1 

W i t h  po as  above, it follows t h a t  6 (p  ) d:f sup z(cp,fJo) = rn. 

cpec-1 
Therefore, usin: t h e  f a c t  t h a t  olur o r i g i n a i  c q ~ a t i o n  i s  p o s i t i v e  

hcmogenoc~~s of degree 1 i n  x, it f o l l o i s  t h a t  f o r  any p o s i t i v e  con- 

s t a n t s  a,to, t h e r e  e x i s t s  a  cp E C, such x(q,po)( t )  = a, t z t 
o 

x(q,p,)(t) < a f o r  0 5 t B to. This proves t h e  a s s e r t i o n  i n  t h e  

remark. 

I n  [31], it i s  shown t h a t  l i n e a r  a u t o n a n c ~ s  equations have t h e  . 
proper-cy -chat no two d i s t i n c t  so lu t ions  can e x i s t  on (-m,m) and 

coincide on [O,m).  The following ranark a s s e r t s  t h i s  statement i s  

f ~ l s e  f o r  nonl inear  equetions. 



~ i . r : . : ~ ~ l .  6.5. 1;11:r.e m y  bc twv d j s t j n c i  eol~ntioris or" a 10'11it: d c -  

f i r~- . :  oil (--,w) ai1.1 ye t  tl1i.y coi~ir?t ie  oil [O,m). Thc fol-l oicinr, -- 
exan,r~le I s  due t o  A. liavsrxth. Let r = 1, f ( s )  = 0, 0  5 s  5 1, 

2 
. . , .  

j = - ( - , s , A,  .*.a co:..._l ... _.>. L i 3 . i  

The fnnctiori x  5 0  i s  a  so lu t ion  of t h i s  equation 011 ( -5m) .  

Also, the  f u , ~ c t i o n  x ( t )  '= -t3, t < 0, = 0, t 2 0  i s  a l so  a  solut ion.  

I n  fac t ,  s ince x  < 1 f o r  t 2 -1, it i s  clz2.r t h a t  x  s a t i s f i e s  

the  eclu.ation f o r  t r 0. Sincc x  i s  ~llonotonc decreasing f o r  t 5 0, 

2 
jx / - x( t -1)  = -( t -1) '  and % ( t )  = -jt . It i s  easy t o  v e r i f y  t 

t h a t  -jt2 = f((1-t) ' )  f o r  t < 0 .  

Reinark 6.6. T'ne map ~ ( t , a )  i s  l o c a l l y  bounded f o r  any t 2 a; ---- ---- 
t h a t  i s ,  f o r  any t ? a, g, E C, there  i s  a  neighborl~ood V(t,g,q) 

of p  sdch t h a t  T(t,a)V(t,a,p) i s  bounded. This i s  an h e d i a t e  

conseqilence of the con t inu i ty  of T(t,a)p i n  q?. The f a c t  t h a t  

I(t,o.)p i s  continuous i n  t,a,q ac tua l ly  imslies  t h e  fol1owir.g 

s tronger resulk: For any T  > 0, a  E R, 4) E C, 6 > 0,  there  i s  a 

nei&borno~d V(E,C,T,T) of p  such t h a t  

Remark 6;(. T ( ~ , G )  may not t&e closed bounded s e t s  of C -- 

in io  bouvidcl s t i s  o; C. 7'he ?ollor~irii: i>:>:ij>ic if due t o  K. H;~nnsgeii, - ...-- 

suppore 1/4, C : C ( [ - ~ , o ] , R )  ail2 conr53er the equation 

d_ef 2  0  
(6.3) ? ( t )  = f ( t  ' x )  t - x ( t )  - I 1 ~ ( ~ ) j ~  " 

min[t-r ,0)  

It i s  c lea r  t h a t  f takes closed bounded s e t s  in to  bounded s e t s  and 

i s  even l o c a l l y  Lipschitzian. I f  B = (rp E C: IT( 5 1 1  and ~ ( b )  

i s  the  sol.iiiion of (6.7), then x(b)  i s  alvays t - 1. Also, 

i(b)(o') < 1 f o r  a l l  b  E B ank, thus, the re  i s  a  o. > 0, in- 

-1 
dependent of b  such t h a t  x(b)  (a) < (1-0) . I f  y(t ,a ,x(b)  (a ) ) ,  

2 
y(a,a,x(b) (a ) )  = x ( b ) ( ~ )  i s  tine so lu t ion  of $ ( t )  = y  ( t ) ,  then 

-1 5 x ( b ) ( t )  s y ( t , a , x ( b ) ( a ) )  < ( l - t ) - l ,  a  5 t 5 r .  ~ h u s ,  x ( b ) ( t )  

- 1 
e x i s t s  f o r  -r 5 t 5 r and x ( b ) ( r )  < (1-r)  for  a l l  b  E B. 

2 
For t Z r, k ( b ) ( t )  = x  (b) ( t )  and t h e  f a c t  t h a t  x(b) ( r )  < (I-?)-' 

implies x ( b ) ( t )  e x i s t s  f o r  -r 5 t 5 1. 

I f  ?re show t h a t  f o r  any & > 0, t h e r s  i s  a  b  E B such t h a t  

x ( b ) ( r )  > - &, then the  s c t  x ( B ) ( ~ )  i s  not bounded. To 

-1 2Cr 
show t h i s ,  suppose & - >  0  i s  given, C = 11-rl , M = 2Cre + 1, 

0 
Choose b  E B so t h a t  b (0)  = 1, 1 ( b ( t ) ) d t  < &/M and l e t  

t- r 
2 

y ( t )  = y(t ,O,l) ,  y(0,0,1) = 1, be t:ie sol.ution of $(t) = y  ( t )  

and x ( t )  = x ( b ) ( t ) .  I f  $ ( t )  = y ( t )  - s ( t )  fo r  0  < t < r, then 

g ( t )  2 0  and i(t) 6 2C$(t) + &/K. Since $(O) = 0, one thus  ob- 

t a i n s  *(rj s E. T'nis silows t'nnat x ( r )  = y ( r )  - $ ( r )  = 

-1 
( 1 )  - ( r )  2 ( 1  - e and prove:; t l ~ t ?  g t n e r t l  a sse r t ion  ma82 

above. 
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R 6 .  T ! ! i i ~  :,i.? fmci~i'oniil. dii'fe~.i.i~ti;~.I. eclu::tions f o r  r\-hkh -.- - 

the;? j:, z to > 0 ~ , : i l . i !  l ' ( t ,a)C = (0) f o r  a l l  t Z to. Thc f o l -  ---- -- -. 
101;in~ exznplc i s  tdc;lri.n from [32]. ConsS?cr t h e  equation 

f o r  eacl: in legcr  n. For any a E R, 41 E C, we show 

T(t ,a)p = 0, t 2 o + k .  I n  fac t ,  i f  N i s  the  s n e l l e s t  odd fn- 

t e g e r  such t h a t  N I o, then x ( t )  = x(N), t E [N,N-1-11 an? 

( t )  = ( t ) ( )  t E [N+l,N+2]. 

Thus , 

N+2 
x(N+g) = x(>l)[l-2 1 s i n  nsds! = 5. 

N+1 

Therefore, x ( t )  = O f o r  t E [N+2,N+j] an? x ( t )  = 0 f o r  

t ? N + 2 .  
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I The purpose of thisprper i s  t o  present an introduction t o  a class of I I 1'unci.ional d i f ferent ia l  equations presently being studied vigorously by myself I I and some of my collea@es. The class includes difference equations, d i f ferent ia l  I 
I oifference equations as woll as *etarrie?d fmct ional  d i f ferent ia l  equ~fions;  tha t  I 
I i s ,  those system:: jn k:.iCh the derivative of the  s t a t e  of tke system a t  a given I I time clepends 0nl.y q o n  the s t a t e  of the system fo r  previcus values of time. I f  I 
I the solutions of our system have enough smoothness properties, then they sa t i s fy  I 

equations for  which the derivative of the s t a t e  a t  a given time depend both upon 

the s t a t e  and the derivative of the  s t a t e  for previous values of time; tha t  i s ,  

neutral functional differential equations. The advantage i n  the approarh seems 

to  be the unification that  i s  provided as wt.l.1 as the fac t  tha t  a geometric the0 1 
11r~:ornrs more feasible. 


