FUNCTIONS OF EXPONENTIAL TYPE NOT VANISHING
IN A HALF-PLANE AND RELATED POLYNOMIALS

BY
N. K. GOVIL AND Q. I. RAHMAN

1. Introduction and statement of results. If f(z) is an entire function of ex-
ponential type v and | f(x)| £ 1 for real x, then according to a well-known theorem of
S. N. Bernstein [2, p. 206]

(1.1 | ff )| £, —0 < X < 00,

Besides, it is a simple consequence of the Phragmén-Lindel6f principle that
[2, 6.2.4, p. 82]

1.2 fx+iy)| £ e, —0 < X < 0, —0 <y < 00,

It has been proved by Boas [3] that if 2(=/2)=0
16
(h,(O) = lim sup wis the indicator function of f (z))

and f(x+iys0) for y>0, then (1.1) can be replaced by

(1.3) || £ 7/2, —0 < X < 0,
and (1.2) by
(1.9 [f(x+ip)| £ (e +1)/2, -0 <x<00,—-00<ys0.

An entire function f(z) of exponential type which is bounded on the real axis,
does not vanish in the upper half-plane, and for which h,(7/2)=0 is called asym-
metric.

The class of asymmetric entire functions of exponential type = includes all
functions p(e'?) where p(z) is a polynomial of degree n<{r] and p(z)#0 in |z| <1.
Thus the above results of Boas are generalizations of the following theorems about
polynomials.

THEOREM A [5]. If p(2) is a polynomial of degree n such that |p(z)| £1 for |z} £1
and p(z) does not vanish in |z| <1, then

(1.5) |P'(2)| = nj2
Sor |z|£1.

THEOREM B [1]. Under the conditions of Theorem A
(1.6) |p(2)| = (R*+1)/2
Jor |z|=R>1.
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About ten years ago the following problem was proposed by Professor R. P,
Boas, Jr.

If f(z) is an entire function of exponential type = such that | f(x)| <1 for real x,
h(m/2)=0 and f(x+iy)#0 for y>k, what are the bounds for |f’(x)| and
| f(x+1iy)|? For k=0 these should reduce to (1.3) and (1.4) respectively.

While seeking the desired extension of (1.4) we have only been able to prove the
following

THEOREM 1. Let f(z) be an entire function of exponential type r such that | f(x)| <1
for real x, hy(w{2)=0 and f(x+iy)#0 for y>k where k0. If, in addition, f(2) is
periodic on the real axis with period 2=, then for 2k <y <0

(1.7 |fGe+ip)l = (€' +e*D/(1+ ™).

In the problem proposed by Professor Boas the hypothesis *f(x+iy)#0 for
y>k” is stronger than the hypothesis “f(x+iy)#0 for y>0” if k<0 but sur-
prisingly enough we cannot improve upon (1.3) as the following example shows.

Let 7 be rational, i.e. it is the quotient of two positive integers N,, N,. Let
a=1/N3N, where Nj is a positive integer. Then

Jol2) = (" —e™*)/(1 + e~ ))le
is an entire function of exponential type = such that 4, (=/2)=0,

max |fa(x)| =1

—-—0<x<

and | f,(x+iy)| has all its zeros on y=k. But >0 being given we can make

, eiax_e—ak tla—-1 T
_max |fi()| = max (——He_ak ) e
= 7/(l+e"%)
> 72—¢

by making a sufficiently small. Thus the bound in (1.3) cannot in general be im-
proved by assuming that f(z)#0 in a larger half-plane. However, we prove the
following

THEOREM 2. Let f(z) be an entire function of exponential type v having all its
zeros on Im z=k=0. If h(n/2)=0, h(n[2)S —c; <0, and |f(x)|=1 for real x,
then

(1.8) [f'(x)] £ /(1 +exp (c;]k])), —0 < X < 00.

If 7/c, is a positive integer, then the function

_ (exp (iciz) —exp (—cik)\¥s
fe(2) = ( 1+1exp (—cik) )
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satisfies the hypotheses of Theorem 2 and
max /el = 7/(1-+exp (es kD).

Hence the bound in (1.8) is sharp.
We also prove

THEOREM 3. Let f(z) be an entire function of exponential type + having all its
zeros in Im zk<=0. If h(w/2)=0, h;(7/2)< —¢, <0, and also h,(m[2)S —c, <0
where g(z)=¢€""* con {f(Z2)}, then | f(x)| £ 1 for real x implies (1.8). The result is sharp
and f..(2) is extremal.

Theorem 3 includes as a special case the following result recently proved by
M. A. Malik [7].

THEOREM C. Let p(z) be a polynomial of degree n which does not vanish in |z| < K
where K2 1. Then |p(z)|£1 for |z| <1 implies |p'(z)|Sn/(1+K) for |z|S1. The
bound is attained for p(z)=((z+ K)/(1+ K))".

In fact, p(e**) satisfies the hypotheses of Theorsm 3 with v=n and ¢, =1.
It is clearly of interest to determine a bound for the sth derivative. Here we
restrict ourselves to polynomials and prove the following

THEOREM 4. Let p(z) be a polynomial of degree n which does not vanish in |z| < K
where K2 1. Then |p(2)|£1 for |z| £1 implies

nn—1)--(n—s+1)

(8),
1.9 |p9(z2)| < K

Jor|z| £ 1.

We also consider the analogous problem for rational functions, i.e. quotient of
two polynomials.

Let f(z)=p.(2)/ps(2) be a rational function of degree n in the sense that f(z)=w
has n roots for general w. Suppose that f(z) has neither zeros nor poles in |z] < K
where K> 1. If | f(z)| =1 for |z| <1 what is the bound for |f"(z)|?

The function #(z)=/(Kz) has all its zeros and poles in |z|= 1. Let |z,| <1 and
consider the function v(z)=u((z + z,)/(Z,z+ 1)) which is also a rational function of
degree n and its zeros z,, poles ¢, lie in |z/2 1. Hence

V' ©@)/p(0)] = |2, (~1/2)-2, (—1/4,)| < 2.

Since v'(0)/v(0) = (1 — | 20| 2)u'(zo)/u(z,) we conclude that |u'(z,)/u(zo)| < 2n/(1 — | zo|?).
Thus | f'(Kzo)/f (Kzo)| =(1/K)|u'(z0)/t(z0)| S 2n/K)[(1 — |20]?).  Taking zo=
(1/K) exp (if,) we get | f f(exp (#0,))/f (exp (i6,))| = 2nK/(K?—1). Hence

(1.10) max |f(@)] = 2nK/(K%=1).

Next we consider the following more general problem.
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Let f(z) be a rational function of degree n. Assume that f(z) does not have poles
in the annulus 1 —d<|z|<1+d. If |f(2)|£1 for |z|=1, what is the bound for
|f'(2)?

We prove

THEOREM 5. Let f(2)=p,(2)/po(2) where p\(2), po(z) are polynomials of degree n,
and n, respectively, |f(2)|£1 for |z|=1, and let f(z) have no poles in 1—d<|z|

<14d. Then

(1.11) max |f'@)| £ no(3+4/d) ifny £ ny,
whereas

(1.12) max [f'@)| £ (A +1/d)—ny ifn, 2 n,.

One might wish to determine a bound for the sth derivative of the f(z) of Theorem
5. To this effect we prove the following

THEOREM 6. Let f(z)=p(2)/po(z) where p,(2), po(z) are polynomials of degree
m, ng respectively with nySny. If |f(2)|£1 for |z|=1 and py(z) has no zeros in
1-d<|z|<1+d, then

(1.13) max |f9(z)| < ess!(n—z)s
12h=1 d
l_'fnzg 3.
We also prove

THEOREM 7. Let f(2)=f1(2)/fx(z) where fi(2), fo(z) are entire functions of ex-
ponential type T, 7, respectively. If the zeros z, of fy(z) do not lie in |Im z|<d and
Zn=11/|Im z,| £ A <0, then | f(x)| 21 for —oo<x <0 implies

t rn s i
© s! 11+12+1) . 2A4dsin 0
(L.14) _sup 1/O)] < wﬁ,( d expdsinb+ T s 6y Y

L? inequalities. The following theorem which is analogous to (1.3) is proved
in [8].

THEOREM D. If f(z) is an entire function of exponential type v belonging to L,
1£p <0, on the real axis, h(m/2)=0 and f(z)#0 for y>0, then for p=1 we have

(1.13) ([7 e ax)” s aeef [~ 17w ax)™
where

. = 2r _ 2'”#1/2F(-}p+1).

P 1 +et|? da I'3p+3)

If we use Lemma 11 below, the argument of Rahman [8] yields the following
extension of Theorem D.
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THEOREM 8. If f(z) is an entire function of exponential type = belonging to L?,
1Sp<o0, on the real axis, h(w/2)=0, h;(n[2)S —c; <0, h(m/2)S —¢,<0 and
f(2)#0 for Im z>k where k<0, then for pz 1 we have

(116 (] e ax)” s piee([” 1rco0e ax) ™,

where

_ 2
e 2% lexp (c1|k])+€|” do

We do not know if inequality (1.16) is sharp.
From Lemma 11 below it follows that if p(z) is a polynomial of degree n having
all its zeros in |z]2 K21, g(z)=z" con {p(1/Z)}, then

(1.17) ) K|p@)| £ 19'@)| for |z] = 1.
Hence if p(z)=3%., a,z’ then

a+&) [ et as = [ e aos [ kolpenpao
s [T Iper do+ [ lgrenle ao

= 2{ 3 lapi+ 3 o-oiaft)
- 2{ 3 e +a-iar)

21
= [ 7 lpten)= ao
0
and we get

(L.13) [ 1o as s 2 [ 1pents o

We can prove the following more general

THEOREM 9. If the polynomial p(z) of degree n has no zeros in |z| <K where
K21, then for 621

27 27
[T 1peer do s B f |p(e)|’ do,
0 0

where E;=2m/[2" | K+ e'|° do.
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For K=1, Theorem 9 reduces to a theorem of De Bruijn [4]. Our method of
proof is analogous to a proof of De Bruijn’s theorem given in [8] and so we shall
omit it.

Theorem 9 is not precise. The sharp inequality does not seem to be easily obtain-
able even for 8=2. To substantiate this remark we take the simple case of cubic
polynomials and prove the following

THEOREM 10. Let p(z)=asz3+a.z%+a,z+a, be a cubic polynomial having all
its zeros on |z|=K2= 1. Then

9
[ 1renn ao < s [ ot ao
or

9(1+4K%+K*) 2"
[T1ren as s S s [ 1pter ao

according as KS K, or K2 K; where K; is the (only) root of the equation K®+4K®
—8K%—-5=01in (1, ).

We have considerable evidence in favour of the following
CONJECTURE. Let p(z) be a polynomial of degree n having all its zeros in |z|Z K2 1.
Then
[ lpEnpde
J'(z”' lp(eiﬂ)|2 do = g’l Ieln8+Kn|2 do

or
j‘gn |p'(ei6)|2 deé < n? J'gﬂ et + K |2~ df
1o pe)2de = [37 [+ K| db

according as K< K, or K= K, where K, is the (only) root of the equation

1 3 j‘ﬁn e“’+Kl2"‘2 do
[ |e™+K"2do [* |+ K|2" db

in (1, ).
2. Lemmas.

LeMMA 1. Let f(z) be an entire function of exponential type having no zeros for
¥ >0 and having h(«) 2 h(— ) for some o, 0 <a<m. Then | f(z)| 2| f(2)| for y>0.

Lemma 1 is due to Levin [6]. For a proof see [2, p. 129].

DEFINITION 1. An entire function f(z) of exponential type having no zeros for
¥ <0 and satisfying one of the conditions (equivalent, by Lemma 1) h(— )2 h(e)
for some o, 0<a <, or | f(z)| 2| f(Z)| for y <0 is said to belong to class P.

DEFINITION 2. An additive homogeneous operator B[f(z)] which carries entire
functions of exponential type into entire functions of exponential type and leaves
the class P invariant is called a B-operator.
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LeEMMA 2. Differentiation is a B-operator.

For a proof of Lemma 2 see [2, pp. 226-227].
Lemma 3 below is due to Levin [6]. For proof see [2, p. 226].

LeMMA 3. If f(z) is an entire function of exponential type r, B is a B-operator,
w(z) is an entire function of class P and of order 1, type a= t, then

()] £ |w(x)], —00 < x < 00,
implies
[BLf(x))] < |Blw(x)]], —o < x < oo.

LEMMA 4. If f(2) is an entire function of exponential type + such that h(m[2)=0,
f(x+iy)#0 for y>k20, then

2.1 | fOx)] £ e~ g9(x—2ik)|, —0 < X < ©.
Here and elsewhere g(z) stands for ¢'** con {f(2)}.

Proof of Lemma 4. Let F(z)=f(z+ik) and consider G(z)=e'* con {F(2)}=
e~ g(z—ik) which is an entire function of order 1, type 2 . Since f(2) has no
zeros for Im z >k, h(w/2)=0 and h,(—=/2)< 7, the function G(z) has no zeros for
Im z<0, he(—m/2)=r and he(m/2)<0. The function e~**2G(z) therefore belongs
to the class P mentioned above, and by Lemma 1

lexp (—iz/2)G(z)| = |exp (— irZ/2)G(2)|
for Im z <0. Thus for Im z<0 we have
|F(2)] = |e"= con {G(2)}] < |G(z)].

From Lemma 3 it follows that |F®(z)|<|G“(z)| for Imz<0. In particular,
|FO(x— ik)| £ |G(x —ik)|. Since |FO(x—ik)| = | fO(x)],

|GO(x —ik)| = e~ ™*| g (x— 2ik)|
the lemma follows.

LEMMA 5. Iff(2) is an entire function of exponential type t such that h(—n[D)=~
and f(z) has all its zeros in Im z2 k=0 then

2.2) e ™| g9(x—2ik)| £ | fO(x)], —00 < X < 00.

Proof of Lemma 5. Since f(z) has all its zeros in Im z> k>0 the function g2
=¢"* con {f(2)} has all its zeros in Im zs ~k<0. Hence g(z—2ik) does not vanish
in Im z>k20. Since hy(n/2)=0 the function g(z—2ik) satisfies the conditions of
Lemma 4. Hence

|89(x—2ik)| < e *|(d*/dx)e™™f(x)}|, —o0 < x < o0,
which is equivalent to (2.2).
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LEMMA 6. If f(2) is an entire function of exponential type v such that h(=[2)=0
and f(x+iy)#0 for y >k where k<0, then

(2.3) |g9(x)| = | fO(x+2ik)|, -0 < x < 0,

Proof of Lemma 6. Since f(z)#0 for y>k where k<0, the function g(z)
=¢'" con { f(2)} has all its zeros in Im z= —k=0. Hence by Lemma 5

2.4) |g9(x)| = ™| fS(x+2ik)|, —0 < X < 0.

LemMa 7. If f(z) is an entire function of order | type = such that h(mj2)£ —c <0,
| £(x)| is bounded for real x and f(x+ iy) has all its zeros in y2 k where k<0, then

2.5 | f(x+2ik)| = exp ((+ )| kDI f(x)], -0 < X < 0.

Proof of Lemma 7. Note that 4, —n/2)=r, otherwise f(z) cannot be of type .
If F(z)=f(z+ ik) then the function e~'***2F(z) belongs to the class P. Hence by
Lemma 1

lexp (—i(m+¢)z/2)F(z)] Z |exp (—i(r+¢)Z[2)F(Z)|
for Im z£0. Thus for real x
| f(x+2ik)| = |F(x+ik)| Z exp (—(v+c)k)|F(x—ik)| = exp ((r+)|k])| f()|.
Hence Lemma 7 is proved.

LemMA 8. If f(z) is an entire function of order 1 and type T such that hy(=[2)=0,
hio(m[2)S — ¢, <0, | f(x)| is bounded for real x, f(x+iy) has all its zeros on y=k <0,
then

(2.6) exp (kDSOS |g°@)],  —o0 < x < co.
Proof of Lemma 8. By Lemma 6
2.7 1g9(x)| = €| fO(x+2ik)|, —0 < X < 00,

Now we note that £f)(z) has all its zeros in Im z= k. This follows from the fact that
f(z+ik) belongs to the class P and differentiation leaves the class P invariant.
Hence by Lemma 7

|/ 0x+2ik)| 2 exp ((7+c) | kD|SO ().
This together with (2.7) gives Lemma 8.

LeMMA 9. If f(2) is an entire function of exponential type = such that hy(w=/2)=0,
f(x+iy) has all its zeros in y<k, then for every real y the function f(z)+ €' #(z),
where F(z)=¢€"**~" con {f(Z+2ik)}, has all its zeros on Im z=k.

Proof of Lemma 9. It is clear that | #(z)| =| f(z)| for Im z=k. Besides it can be
proved with the help of Lemma 1 that

(2.8) |#(@)| 2 |f()]
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for Im z <k, whereas

2.9 |#@)| = /@)

for Im z> k. The argument is contained in the proof of Lemma 4 so we omit it.
Equality is possible in (2.8) or (2.9) only if f(z) is a constant multiple of #(z). This
follows easily from the maximum modulus principle. Hence unless f(z) is a constant
multiple of #(z2), |#(z)| > | f(z)| for Im z <k, whereas | #(z)| < |f(2)| for Im z> k.
Therefore f(z)+ € #(z) can vanish only when Im z=k. In case f(z) is a constant
multiple of #(z) the function f(z) cannot have a zero in Im z < k; otherwise F(z)
which has all its zeros in Im z= k cannot be a constant multiple of f(z). Hence in
this case f(z) has all its zeros on Im z =k and so does f(z) + €'"#(z), being a constant
multiple of f(z).

LemMa 10. Let f(z) be an entire function of exponential type v with |f(x)|S M
on the real axis. If h(w/2)=0 then

(2.10) [ X)]+]|g'(x)] £ M, —00 < X < 0.

The proof of this lemma is contained in ([8], see (3.12)). For sake of completeness
we include a brief outline of the proof. From h,(m/2)=0, | f(x)| £ M, it follows that
|f(z)|£M for Im z>0. Hence for |A|>1 the function ¢(z)=f(z)—AM is asym-
metric. From Lemma 4 it follows that

@11 @ =¢@] = &), —o<x<o,
where (z)=¢"* con {¢(Z)}. Noting that ¥(z)=g(z) — MAe'* we can easily deduce
(2.10) from (2.11).

LemMA 11. Let f(z) be an entire function of order 1 type = having all its zeros in
Im z=k<0. If | f(x)| is bounded for real x, h/(m[2)=0, h; (w[2)S —c, <0, hy(=/[2)
£ —¢, <0, then

(2.12) exp (ci[kD /()| = |[g(¥)], —o0 < x < o0,

Proof of Lemma 11. If f(z) has all its zeros in Im z<k <0 and y is real, then by
Lemma 9 the function

Lz) = f(z)+ €™~ con { f(Z+2ik)}

has all its zeros on Im z=k. Besides we claim that A, (/2)=0 except possibly for
one value of y mod 2=. The fact that 4, (=/2) <0 for every y is obvious. We need to
prove that h, (7/2)2 0 except possibly for one value of y mod 27. From A,(/2)=0
it follows that for a given >0 there exists a sequence {y,} tending to infinity such

that | f(iya)| > exp (—epn). If F(iyn)/f(iys) = pn €xp (i,), then

IL(iyn)| = |f(ya)| |1+ e(F(iyn)lf (ipa))
= |f(ipa)| |14 pa exp (ily +¢1))].
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Now unless y+ ¢, tends to =, there exists a positive number & and a subsequence
{y+éa};=1 of the sequence {y+¢,}x-1 such that |y+¢,|<7—8 for j=1,2,....
Since p,<1 we have

lLY(iyn;)|

|f(iyn,)| |1 + pa €XP (i(‘l’n;+7))|
Z exp (—eyn,) sin 8.
Hence h; (/2)2 0 except possibly for one value of y mod 2.
In an analogous manner it can be verified that L,(z) is of order 1 and type =
except possibly for one value of y mod 2.

Thus the conditions of Lemma 8 are satisfied for L,(z) except possibly for two
values of ¥ mod 2#. Therefore

exp (¢1]k))| f/(x) +€'"{e'* >~ 1% con { f(x +2ik)}}'|

(2.13) < | g'(x)+e e (x + 2ik)|

for real x and for every v in [0, 2m) except possibly two.
By continuity the above inequality holds for every y. Now we first choose y such
that the left-hand side of (2.13) is

exp ((co]kD|f(x)| +exp (cilk{e"* >~ con {f(x +2ik)}}'|.
Thus

exp (c1| k)| f/(x)] +exp (c1|k])[{e™* ~* con { f(x+2ik)}}']|
< | g (x)| + €| f(x +2ik)).

Next choose y such that the right-hand side of (2.13) is equal to |g'(x)|
—e™| f'(x+2ik)| which is possible by Lemma 6. We get

exp (c,|k))| f/(x)| —exp (¢, }k])[{e"™™* —* con { f(x+2ik)}}'|
< |8/ — e 1 (x+ 2ik).

Adding the corresponding sides of (2.14) and (2.15) the lemma follows.

(2.14)

(2.15)

3. Proofs of the theorems.
Proof of Theorem 1. Since f(z) is periodic on the real axis with period 2a, and
h,(m/2)=0, we have [2, p. 109]

1) = 3, ae” = pe)

where n=[r]. The polynomial p(w) does not vanish in |w| <e'*! since f(z) has all its
zeros in Im z£k<0. Thus

pW) = ay ,H (w—R, exp (i6,))

where R,2e'*! for j=1,2,...,n.
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If 12 p< 2, 05 ¢ <2, then clearly

pe'®~ R, exp (i0;)| _ {PZ +R7—2pR,; cos (-0
e®—Ryexp (i6) | | 1+RF—2R,cos ($—6))

P+Rj < P+e”‘|.
I1+R; = 1+e™
‘p(pe"”)

2@ | = \[vem

for 1< p<e?*, 0= ¢ < 2. This implies that

IIA

Hence

p + elkl n
e 2% P01 5 () s 00,
which is equivalent to the desired result.

Proof of Theorem 2. The theorem follows immediately from Lemmas 10 and 8.

Proof of Theorem 3. This theorem follows from Lemmas 10 and 11.

Proof of Theorem 4. Let P(z) be a polynomial of degree n having all its zeros in
|z} <1. If Q(z)=z"con{P(1/Z)}, then the function f(z)=P(z)/Q(z) is analytic
in |z|<1and |f(z)| =1 for |z| =1. By the maximum modulus principle | f(z)| <1 for
|z| 1. Replacing z by 1/Z we conclude that |Q(z)| < |P(z)| for |z|= 1. Hence for
every A such that |A| > 1 the polynomial Q(z)— AP(z) has all its zeros in |z| < 1. By
Gauss-Lucas theorem the polynomial 0)(z)— AP®(z) does not vanish in |z|2 1 for
any A with |A| > 1. This implies that

G0 |Q9@)| = |P9z)| for |z 2 1.

If p(z) is a polynomial of degree n such that |p(z)| < M for |z|<1, then by
Rouché’s theorem the polynomial p(z) — AMz" has all its zeros in |z <1 if |A| > 1.
Applying (3.1) to the polynomial p(z)—AMz" we conclude that if g(z)
=2z" con {p(1/Z)}, then

3.2 [PO@)] +[99@)| £ Mn(n—1)- - -(n—s+1)|z|*~* for |z| = 1.

Inequality (3.2), which holds for all polynomials p(z) of degree n satisfying
|p(z)| £ M for |z| £1, is a result of independent interest.

Now we wish to prove that if p(z) is a polynomial of degree n having all its zeros
in |z|2 K= 1, then

(33) K¥p®()] < g9, 056 <2m

To start with let us suppose that all the zeros of p(z) lie on |z|=K21. All the
zeros of the polynomial P*(z)=p(Kz) lie on |z|=1 and so do the zeros of 0*(z)
=z"con {P*(1/2)}=K"q(z/K). For every A with |A|>1 the polynomial P*(z)
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— AQ*(z) has all its zeros on |z| = 1. By Gauss-Lucas theorem all the zeros of the sth
derivative P*®(z)— AQ*®(z) lie in |z| £ 1. This implies that

KSIP(S)(KZ)l = ]P*(S)(Z)| < |Q*‘3)(z)| = Kn—slq(s)(z/K)l
for |z|2 1. In particular we have
3.9) |pO(K2%')| < Kn-2|q@(e)], 0< 0 < 2m

The polynomial p®(Kz) is a polynomial of degree n—s having all its zeros in
|z] £1. Considering the quotient

z"~* con {p(K/Z)}/p*(Kz)

in |z]21, it is an easy consequence of the maximum modulus principle that
|2"=% con {pX(K[2)}| £ | PU(KZ)| for |z]2 1.
This gives

(3.5) K*3p9(e)| £ [pO(K%)|, 0= 6 < 2m

Combining this with (3.4) we get (3.3) for polynomials having all their zeros on
|z|=Kz=1.

If the zeros of p(z) lie in |z|2 K= 1 but not necessarily on |z| =K, then for every
real y the polynomial p(z) + €'” Q*(z/K) has all its zeros on |z| =K 2 1. This follows
from the fact that either p(z) is a constant multiple of Q*(z/K) or else |p(z)|
<|Q*(z/K)| for |z| > K, and |Q*(z/K)| <|p(z)| for |z] < K. Since (3.3) has already
been proved to be true for polynomials having all their zeros on |z|=K21, we
obtain

Ks|p(s)(ew) + eir(l/Ks)Q*(s)(ew/K)|
< |g9(e)+e "(1/K*)p*(Ke)|, 0= 6 < 2m.

Arguing in the same way as for Lemma 11 we can now complete the proof of (3.3).
Theorem 4 follows from (3.2) and (3.3).

Proof of Theorem 5. Let us consider thecase n, Sn,. If £, &,, ... &, are the zeros
of py(z)=b,, [ 172, (z—¢,) lying in |z| £ 1—d, we write
z nz (£z—]
() = 2i(2) T &2 - hehe.

b TG T1_ @1y o 9
On |z|=1, | fA2)| =1, | A(®)| = |f(@/fx(z)|£1, and hence
(3.6) 1F'@)| = 11@f@)+L2)fE) £ 1@+ /)]

Since the polynomial

0:@) = bny ﬂ @—£) TI (Ez-D)

j=m+
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has all its zeros in |z] <1 and
lA@] = p@)a:@) =1 onlzf =1,

it follows from a theorem of De Bruijn [4, p. 1265] that | pi(z)| £ |q1(z)| on |z|=1.
Hence for |z]=1

=00 0@ @
<A@ ]14G)|, |n@)| |6G)
- ‘11(2) 41(2) 7:(2) | |9.(2)
0(2)
3. =240
m l ng 1
=452+ 3.

= 2ny(14+-d)/d.

On the other hand, it is fairly easy to verify that for |z|=1

f42)
@)

< |4 +]1 _ ny2+d)

3.8 <
(3:8) 2 JEm1= " a

=

Inequalities (3.7) and (3.8) imply (1.11).
If the degree n; of the polynomial p,(z) is greater than the degree n, of the poly-
nomial py(z), we write

f(2) = zM7"a(py(2)/2" ~"2py(2)).
Then by (1.11)

max
l2l=1

a‘iz {Z_L;)(Z_)}‘ < m(3+4/d),

and obviously enough

d
£ (@)

max
dz

l2l =1

= N; —HNy.

Hence for |z| =1
If'@)| £ ny—ny+n,(3+4/d) = 4ny(1+1/d)~n,

and (1.12) follows.
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Proof of Theorem 6. With the notation used in the proof of Theorem 5, the
function f1(z)=p,(2)/q.(2) is analytic in |z|= 1, | fi(z)| £1 on |z| =1. Hence by the
maximum modulus principle, | fi(z)|£1 for |z|= 1. Hence for |z|2 |

/@] = 1A |/2)]

2 |2
_ fz—1
semirl 2§
(3.9
€] |z] -1
=< L - forl4+d> |zl 21
ks 161 T i
(L+d)|z] =1\
< JUTAAEI 0 >
={(l+d)—|zl for1+d > |z| 2 1
In particular, for 1 <|z|Z 1 +d/n,
(3.10) @) < &
if np=3.

In order to estimate | f(z)| for 1 —d<|z| <1, we write

16) = —— 28110 fen)
bnz II;II (sz_l)j=l’_nl+1(z—§1)j=l !

On |z|=1,
Il =1, 1@ = /@] = 1

Since f3(z) is analytic in |z| < 1, inequality | f3(z)| <1 holds inside the unit circle as
well. Hence for |z| <1

/@) £ 1)
—I_I f,z 1

=1z§1

@3.11)
|41 |2] _
.|[]zI B for1—d < |zl <1

1—(1—d)|z]\"
= {lzl—(l—d)‘

In particular (3.10) holds for 1 —d/n,<|z| <1 if ny2 3.
By Cauchy’s integral formula

for 1-d < |z < L.

: /@)
reois 5 [ Ll
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Using (3.9) for |z] > 1, (3.11) for |z] <1, we easily get

LFo)| < _-f”_ws_l‘”z"z (1+d)(1 +d?/ng+(2d/ng) cos B)*2— 1"~ (@)s 7
I (1+d)—(1 +d?*/n§+(2d/ny) cos 6)*72 d

N 1 —(1—d)(1 +d*/n}+(2d|n,) cos 6%\ ™ ( ) .
™ Ja-costaang \ (1+d%[n3+(2d[ny) cos 6)'% —(1-d)

This last inequality is a refined version of (1.13).
In case the degree n;, of the polynomial p,(z) is greater than the degree n, of
Dpo(2) we may write f(z) in the form
(z) = 2™ "3py(2)/z" " 2py(2)
and get a bound for | f©(1)] in the obvious way.
Proof of Theorem 7. By Hadamard’s factorization theorem

2 exp Q@) exp ( 3, 216 [ (1-2/)

n=

(Z) = ® )
exp (Qu(2) exp ( 3, 2/z) [T (1 -1z

where ¢, are the zeros of f1(2) and z, those of fy(2). If «, are the zeros of f3(z) which
lie in the lower half-plane and B, those which lie in the upper half-plane, then

mep @@ exp (3 206) [Ta-z6) [T a-2/8)

@) = s e - 2
exp (Qu) exp ( 5, 2/za) [ (1—2fen) [T (1-2i80) TT (1-218)
(312) i = n= n=1 n=1
[T (1-2/8)
= H@z)is

11 -2/

It is easy to verify that under the hypotheses of the theorem H(z) is of exponential
type 7, + 7, in the upper half-plane. Since |H(x)| 21 for real x we have [2, see 6.2.4

on p. 82]
(3.13) |H(x+iy)| < exp((r1+73)y), 0=y <oo.
For 0sy=Im:z<d
Ha-z8) e
exp (2, 1os | 1= )
H (1- Z/B) =1
con(S ol

IA

P (i @m B.— y))

exp ((2d Ay)/(d—y)).

A
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Combining (3.12), (3.13) and (3.14), we get for 0=y <d
@B.15)  |fxe+ip)] < exp ({(ri+72)+2d A(d—p)}y), —o0 < x < 0.

Clearly we can infer a similar inequality for —d <y <0. Hence for 0= 0 < 2=,

de'® 2d A d|sin 0|
— %  J<
'f(x+(fl+72+1))‘ S exp | (n+ma)+ ~_dlsind] b (n+m+D)|,
(ri+7+1)
-0 < X < 0.

Therefore by Cauchy’s integral formula

SUL® (i 410+ 1)° 24(r1+ 72+ 1) dsin 6

() < = Tt 27 1772

lf (X)l T fo ( d ) exp [{(TI+T2)+(71+"’2+1—Sin 6) ("1+"'z+1)]d0

S! * 7'1+7'2+1
<[5

) exp [d sin 68+ 24d sin 6 ]

(ry+ 724+ 1 —sin 6) b,

— 0 < X <00

T Jo

and (1.14) follows.
Proof of Theorem 10. Without loss of generality we may assume a;=1. Since
|a;| =K|a;| we have

[ 1P E)*do _ |a;|*+4]ag|*+9
J& | p(e®)|2ds — K°+]a|*+]ag]*+1

(K2 +4)|af>+9
T KS+(K2+1)ja,f2+1

This last expression is at most equal to

9 or 9(1+4K2+ K*)
1+ K¢ 14+9K2+9K*+ K8

according as
(K®+4KS—8K2—5)|a,|2 £ 0
or
(K®+4K®—8K2—5)9K?— |a,|?) = 0.

This gives the desired result since clearly 0= |a,|2< 9K2.
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