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1. Introduction. Let Γ be a locally compact non-compact abelian group
and B(Γ) be the space of all Fourier-Stieltjes transforms of bounded measures
on the dual group G of Γ. Then it is known that a function Φ on the interval
[ — 1,1] is extended to an entire function if and only if Φ(/) £ B(Γ) for all /
in B(Γ) with the range contained in [ — 1,1] (see, for example, [10: p.135]).

A function φ denned on Γ is called an //-multiplier if for every fz LV(G)
there exists a function g in LP(G) so that φf — /7, where / denotes the
Fourier transform of /. The set of all //-multipliers will be written by
MP(Γ) and the norm of φ € MP(Γ) is defined by

\\<P\\MP(Γ) = sup { | | ^ |U^) : \\f\\LP(G) = 1}.

If we define the product in MP(Γ) by the pointwise multiplication, it is a
commutative Banach algebra with identity.

It is well-known that M^Γ) coincides with B(Γ) with the norm of
measures and M2(Γ) = L°°(Γ) isometrically. If 1 ^ q ^ p^= 2, then Λίβ(Γ)
cM p (Γ) and if 1/p + 1/p' = 1, then MP(Γ) =M P <Γ) isometrically.

Our main theorem is the following :

THEOREM 1. Let Γ be a locally compact non-com pact abelian group.
Assume l^p<2 and Φ is a function on [ — 1,1]. Then Φ(φ) € MP(Γ)
for all φ in Λίi(Γ) τvhose range is contained in [ — 1,1], if and only ifΦ
is extended to an entire function.

2. Equivalence of multiplier transforms. In this section we shall
show the equivalence of multiplier transforms which will be needed later.

A measurable function φ on the real line R is said to be regulated if
there exists an approximate identity uε not necessarily continuous such that

lim φi!ruε(x) — φ(x)
0

*) Supported in part by the Sakkokai Foundation.
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for all x.

K. de Leeuw proved the followings.

THEOREM A ([2]). Let φ be a bounded measurable periodic function
with period 2π and 1 :g p^ 2. Then φ e MP(T) if and only if φ^ MV{R).
In this case -we have

\\MP(R)

-where T denotes the circle group.

THEOREM B ([2]). Let φ be a bounded regulated function on R and
l^p^2. If φe MP(R), then φ(Xn) e MV{Z) for all λ > 0 and

\\φ{\n)\\Mp{Z) ^

-where Z is the set of integers.

The next theorem is the converse of Theorem B which is given in [7],
but for the sake of convenience we shall state the complete proof.

THEOREM 2. Suppose l^p^2 and φ is a function on R -whose
points of discontinuity are null. If φ(λn) € MP(Z) for all λ > 0 and
\\(pO^n)\\Mp{z) are bounded, then φ(ξ)^Mp(R) and we have

^ \\m\\φ(Xή)\\Mp{Z).
λ->0

Thus if φ is, furthermore, regulated, we have

PROOF. Let g be an infinitely differentiable function with compact support
and put g\(x) — Xg(\x) where λ is chosen so large that the support of gλ is
contained in T =[— n,π). We denote by the same notation g\ the periodic
extension of gλ. Then we have

\1/p

ή
dή
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where gx(n) denotes the n-th Fourier coefficient:

Changing variable we see that the left hand side equals

dx) ,

where

Since the sum multiplied by (λ/V/2τr)~1 converges to

for every x as λ. —» oo. we have by Fatou's lemma

VP

MP(Z)

Thus we get the theorem.

The n-dimensional extensions of Theorems A, B and 2 are obvious.
Let d(r) be the direct sum of countably many copies of the cyclic group

Z(r) of order r and D(r) be the dual to Δ(r). Every element x of Δ(r) or
D(r) has the expression ^ ^ ^ φ ^ θ , where x5 — 0,1, , r—1 are
the realization of Z(r). With this realization to every x = Xi Q) x2 ® ' * of
D(r) such that xj = 0 except finite numbers of j there corresponds an element
of J(r). Thus a function on D(r) is considered as a function on Δ(r).

THEOREM 3. Let φ be a continuous function on D(r) and l ^ / > ^ 2 .
Then <p£ Mp(D(r)) if and only if φ£ Mp(Δ(r)). In this case we have



(1)
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PROOF. That φzMp(Δ(f)) is equivalent to say that

\VP ί Λ P \ VP

Σ ψi^y) p(y)(χ9 y)p dx I ^ B (I ]>

for all polynomial ]Γ P(y)(x>y) o n D(r), where B is a constant and ( ,j>)

denotes a character of D(r). By the same way that φ <= Mp (D(r)) is equivalent

to say that

(2) ( Σ | / »<«)/(«X«^)^|TP.^ f(u)(u,v)du
D{r)

P\l/P

for all continuous step function / on D(r), where C is a constant.

We first deduce (1) from (2) with B^C. Let ]Γ p(y)(x, y) be a
y

polynomial. We may assume that the y's run over all elements of the form

y = yx 0 . . . 0 ^ 0 0 0 0 0 for some fixed N. Put fM(u) = p(y)rM if u
is of the form w ^ ^ i θ Θ ^ Θ O Θ OΘ uM+ι 0 uM+2 © and fM(u)
— 0 otherwise. Then we have

D{r) y

for all v = vt 0 0 vM 0 0 © 0 © and the integral vanishes otherwise.
We remark that the right hand side does not depend on the n{ > M)-th
components of v.

Let UM be the set of all u of the form M=O0 φ O 0 % + 1 0 % + 2 ® .
Then, since φ is continuous,

lim rM I φ(y 4- u)(u, v) du = lim rM I φ(y + ύ) du

Thus we have

Γ φiu)fM(u){u, v)du=Σ ρ(y)(y, v) rM J φ(y + u)(u, v)
JD{r) y UM

du
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uniformly in v of the form as before when M—> oo. Therefore

( Λ P vVP / f !

Σ fM{uχu,v) du\) =r*»[\ \
v J iKr) ' / \ B(r) \

where we replaced (y, v) by (v, y) and

φ(u)fM{u)(u,v)

\ )

P \ VP

D{r)

P(y) <p(y)(v> y) dv + o(l)
1/P

Thus we get (1) with B ^ C.
Now we show that (1) implies (2) with C ^ B. Assume φ is continuous

and satisfies (1). Let f be a continuous step function so that f(u) depends
only on the first iV-th components of u — ux 0 u2 Θ . Define p{y) — fiu)
for y = ux 0 0 uN φ 0 0 0 0 and p(y) = 0 for y not of that form.
We fix this p(y).

For every S > 0, there exists a continuous step function φε converging
uniformly to φ such that

(/ '\Σ<p&)P(yXχ>y)
\ D(r) ' y D(r)

Σ, P(yX*> y) dx
VP

Thus there exists an integer M so that φε{u) depends only on the first Λf-th
components of u. We may assume Λ/> N. Let Y be the set of u in D(r)
whose n( > N)-th components are zero and X the set of x's in D(r) whose
n( > Λί)-th components are zero. Then we have

/ φε{u)fiu)(u, v) du = r~M Σ <piy) Pίy)(y, v)
J D{r) y<-Y

for v € X and the left hand side vanishes for v not in X. By the same way
we have

Γ f(u)(u, v) du = r-* Σ. P(y)(y> v)
J B(r) yeY

for v in X and zero for v not in X. Therefore
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I I φlu)f{u)(u,v) du
1 J Mr)

<p > y)

and

'\JlKr) '

Therefore we get from (1)

J φE(u)f(u)(u,v) du

Mr)

l/P

Σ
Mr)

P\l/P

f(u\u,v)
J lKr)

du

Letting 8 —• 0 we get (2).

3. Proof of Theorem 1.

LEMMA 1. L^ί Γ be Z or Δ(r). Then for any 1 ^ /> < 2 we have a
constant Kp > 1 depending only on Γ

where φ ranges over all real-valued functions in Mi(Γ) satisfying \φ\Mχ{Γ)
^ a.

PROOF. Let G be the dual to Γ. For a function f on G define

p\ VP

*,(«) — Σ

where / denotes the Fourier coefficient of / . Then we know [9] that there
exists a constant Kp > 1 for which we have

sup Ap{G) > Ka

p,

where Q runs over all real polynomials on G with \\Q\\Aι(G) 7==Ξ a.
Since \\Q\\AI(G) = WQWMΛG) and \\f\\Ap^) ^ II/IUM*), there exists a real

polynomial φ on G such that H^H^^) ^ ^ and



310 S. IGARI

Assume Y = Z, then by Theorems A, B and 2 we have a real-valued
continuous function φ on T such that

\\eiφ{λn)\\MΛZ) > K% and MMlm ^Ξ a

for sufficiently small λ > 0. Remark that \\φ(λ>n)\\Ml{Z)^
and then we get the desired inequality for Γ = Z,

For the group Δ(r) the result is obvious by Theorem 3.

LEMMA 2. Let Γ be R or a discrete group and assume 1 ̂  p < 2. /f
Φ ^ Ξ M J X Γ ) /or all- <pz Mι(T) whose range is contained in [ — 1,1], then Φ
is continuous in [ — 1,1].

PROOF. First we assume Γ is a discrete group. If Φ is discontinuous at
a point in [ — 1,1], there exists a sequence {<Zj}jlo in [ — 1,1] and a finite
number B satisfying :

BΦΦ(μ\ a.Φa, (i Φ j\ £
.7=0

aj — a < oo

and

Σ Φ(Λ) — B < °°
; = 0

We may assume Φ(α) = 0.

Take a function / in LP(G) and a sequence {^}7=0, £,= ± 1 , such that

(x,yj) does not belong to LP(G), where f—Σ/(^X^ ^ ) ( s e e [3]
i=0 j=0

or [11]). Thus if we set η5 = Φ(αj) for ^ = 1 and η5 = 0 for ^ = —1, then

', Ύ̂ ) ̂  LP(G). In fact we have
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The first and the third sums on the right hand side belong to LP(G) and the
second does not by the assumption.

Put φ(Ίj) = aj for €3 — 1 and φ(Ί) — a for other 7. Then for any g in
Lι(G) we have

Σ f(y) <p(yXχ, Ύ) = Σ, ?(γ) ιx γ) - *\ (χ>γ) + a Σ tvtχ> γ)>

which also belongs to Lι(G), that is, φ € M^Γ). On the other hand Φ(φ(Ί 3))
= Vj. Thus Φ(<£>) € Mp(Γ) which contradicts our assumption.

Next we assume Γ = R. First we show that there exist positive numbers
δ and M such that if φ is a real-valued function in MX{R\ the support of
9>c[0,l] and \\φ\\MιW<h, then ||Φ(^)|Up(i2) ^ M

To prove this we may assume Φ(0) = 0. If this assertion is false, then
we have a sequence {φό} such that the suport of φόci(2jy2j + 1), the range

oo

of cpj c [ - 1,1], WΦMMΛR) < 2" j but | |Φ(^)|Up ( Λ) > j . Put ψ - Σ ^ T h e n

^ 1. Let f j be the continuous function such that ξ5{x) = 1 on (2/, 2J
+ 1), = 0 outside (2; - 1/2, 2/ + 3/2) and is linear otherwise. Then ξjΦ(ψ)

Thus

which is impossible.
Suppose Φ is not continuous at a point a. Let {a^} be a sequence

converging to a such that ΦC^) converge to BφΦ(a). We may assume
Φ(α) = 0 and α = 0. Let F be any closed set contained in (1/4, 3/4) and {C,}
be an increasing sequence of closed sets in [0,1]\F, such that m(F U Cj)—>1.
Then we have a sequence [Xj] of functions in Mι(R) which equal 1 on F and
0 on ( — oo,0) u C j U (1, °°) Take a sequence {k5} such that ||α*,%Jjrl(iϊ) < δ.
Then we have ||Φ(α*;^)lk(*) < M for all j = 1, 2, • • • , Since Φ(αfcj%,) = Φ(αfcj)
on F and 0 on (— °o,0) U (1, °°), Φ{akiX3) —> β%F almost everywhere as j —> oo
and IIBAVIUPCR) = ^ where XF is the characteristic function of F. This
implies that every open set in (1/4, 3/4) is an //-multiplier, which is
impossible (see, [8]).

LEMMA 3. Suppose Γ is a locally compact, non-compact abelian group
and 1 ^ p < 2. If Φ is a function on the real line possessing the property
that Φ{ψ) £ MP(T) for all real valued function <p in Mi(Γ), then Φ has the
similar property for an infinite discrete group.

PROOF. By the structure theorem Γ contains an open subgroup Γo which
is the direct sum of a compact group Λ and an JV-dimensional euclidean space
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RN. Let H be the annihilator of Γo. Then H is the dual to Γ/Γo and a
compact subgroup of G = Γ.

(a) The case where iV> 0. First we observe that Φ maps M^ΓQ) to
MP(ΓO).

In fact for φ^ M^ΓΌ) put φ = φ on Γo and 0 outside Γo. Then φ

For if fzLι(G). then f*(x) = f f(x+y)dmrr(y) belongs to Lι(G/H) and
JII

f*(y) = f(y) on Γo, where dm[T denotes the Haar measure on //. Thus there
exists a function g* in L\G/H) such that @* — φf* = φf on Γo. Let TΓ be
the natural homomorphism of G onto G/H, then g = g*°π£ LX{G) and satisfies
the relation g*= φf on Γ.

On the other hand if Ψ e MP(V) and Ψ = 0 outside Γo, then ψ € MP{ΓO).
For if f*zLp(G/H), then the function / = /* O 7 r £ Z/(G) and / = / * on Γo.
Thus there exists a function g in LV(G) such that Ψ / = #. Put <7*"(x)

= / g(x+y) dmH(y), then g* £ LP(G/H), since //is compact. Furthermore

we have ψf* = Ψf =§ = §* on Γo.
Therefore we can conclude that Φ maps Λfi(Γ0) into MP(ΓO).
Since Γo = A Θ Λ Θ Θ Λ, Φ maps also Mλ(R) into MP(R). Thus

Φ is continuous by Lemma 2. Let φ be a real-valued function in MX(Z), then
there exists a measure μ on T such that

9<n) = f <r'»* J/,(x).

Thus the function φ* defined by

φ*(ξ) - f e-f dμ{x)

is real-valued on R and φ* € Mλ{R). Thus Φ(^*) ̂  MP(R). Since Φ is
continuous, Theorem B implies Φ(φ*(n)) = Φ(^(w)) € MP(Z). Therefore Φ
maps Mλ(Z) into MP(Z).

(b) The case where N= 0. We shall show that Φ maps M ^ Γ / Γ Q )

into MP(Γ/ΓO).
For φ € Λ/^Γ/ΓQ) we put ^ = φoσ where σ is the natural homomorphism

of Γ onto Γ/Γo. Let 7 ,̂ and T^ be the corresponding multiplier transforms on
Lι{H) and L\G) respectively. Every element z of G is written as z = x+y
where x^H and y is an element of a coset of H. Then we have
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for all f in L\G). In fact the Fourier transform of the right hand side is

dma/π(y) [ {x+y,i) Tφ[f(y + •)] (x) dmπ(x)
G/ll JH

= ί (3/, 7) dmG//ί(y) [ J^y)Tφ[f(y + •)](*) dmH(x)
JG/tΐ JH

= I (jθO dmG/π(y) j (ϊ/7) ψ\Ί)f(y + x) dmH{x)
JG/H JHJG/H

The last term is the Fourier transform of Tφ*f.
On the other hand if Ψ e MP(Γ) and Ψ is constant on each coset of Γo,

then Ψ considered as a function on Γ/Γo belongs to MP(Γ/ΓO). For if

feLp(H) put / = / on H and 0 otherwise. Then / € L\G) and \\f\\^G)

= ll/IUp(/#). / W is constant on each coset of Γo and Ψ(7)/(7) = ^(70/(70

where 7! € Γ/Γo and 7 € 7X. Since TΨf = TΨf on H and 0 otherwise, we

get TψfzLXH), that is, Ψ € Afp(Γ/Γ0).
Therefore Φ maps ΛfiCΓ/ΓΌ) into MP(Γ/ΓO). We remark that Γ/Γo is an

infinite discrete group, since Γ is not compact.

We refer the following lemma to [5].

LEMMA C. (a) Let {Ωj}9j = 1, 2, , be a sequence of finite subgroups
of Δ (r)(r §: 2). Then there exists a sequence {γ5] of Δ(r) having the
property : Let Γ } be the group generated by Ωj and yj9 then no txvo of
groups Γj have a non-zero element in common. Let {fj} be a sequence of
polynomials {real-valued ifr = 2) on D(r) such that f5 has its support in
Ωj, then -we have an element x0 in D(r) so that

(b) Let Γ be an infinite discrete group of unbounded order and G is the
dual to Γ. Let {n5}, j = 1, 2, , be a sequence of positive integers. Then
there exist a sequence {ntj} of positive integers and a sequence {y3} in Γ
having the properties :

(4) The order of y5 exceeds 2m5 + §n).

(5) The sets E5 = [ny$: m5 — 2nό ^n^m5 + 2n5] are disjoint.
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(6) / / [fj] is a sequence of polynomials on T such that f5 has its support

in [n: \n\^2nj], then we have an element x0 in G such that

Il/Jo. ^ 2 dl[(x0, mjΊj) it ffrXxo, Ύj)l j = 1, 2 , . . . .
-2nj

LEMMA 4. Let Γ be an infinite discrete group and Φ be a continuous

periodic function. Suppose Φ{φ) £ MP(Γ) for every real-valued multiplier

φ in M^Γ). Then for any positive number a, there exists a constant Ca

such that

for all real-valued φ i?ι Λfi(Λ) such that \φ\Mί{A) ~ ^, where Λ is a group
Δ{r)(r ̂  2) or Z.

PROOF. We may suppose Φ(0) = 0. If (7) is false, we can find polynomils
pj on L and real-valued multipliers φ5 satisfying

i 2~\

(8) WΨJWMM ^ a,

where Λ indicates the groups Δ(r) (r ̂ 2 ) or Z, and L is the dual to Λ.

Here we can assume that the support of φ5 is finite. For let kό be the

polynomials on L so that ||&JZi(z;) ^ 3 and kj = 1 on the support of ρό. Then

U) ^ 3α and

Σ, Φ ( ^ (Ύ)^/7)) P faXx, y) = Σ Φ(ψ,(y)) h(yX*> y)
7 7

First we assume that Γ is a group of bounded order. Then we can write
Γ = Δ{r) 0 Π for some r §: 2. Therefore Φ has the same property for Δ(r)
as in the lemma, so that we can assume Γ = Δ(r). We show (8) is impossible
for Λ = Δ(r).

Let Ωj be the subgroup generated by the support of <pjy then Ω i is a finite
subgroup of Δ(r). Let X be the space of real-valued continuous functions f
of the form
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where {7̂ } is a sequence of (a) in Lemma C and the support of fj is contained
in Ω,. Then this representation of / is unique and we have

.7 = 1

Thus the functional denned on X by

j = l JD(r) Ύ

is bounded. Therefore there exists a finite measure μ on D(r) such that

Tf=f f(-X)dμ(x).
D(r)

In particular β(y + jj) = <Pj(y). If β is not real-valued we replace β by its real

^ 1, we havepart. Since β £ Mx(Δ(f)) and ^ p}{ ,7^)

Consider the characteristic function of
one. Then

< oo.

Ij + jj which is a multiplier of norm

+ y,)) ?XΎ)( , Ύ + y,)

j = 1, 2, , which is impossible.
Next we treat the case where Γ is not of bounded order. Assume (8)

holds for Λ = Z.
We can suppose that the support of pjd[ — nj9 tij] and the support of
[ — 2nj,2nj]. Let {7;}, {Ej} and {nij} be the sequences of (b) in Lemma C.
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Let X be the space of continuous functions f on G of the form

J=ι

2 ft;

where ff(x) — Σfj(n){x,nΊj). Then the representation is unique. For /'* put

where fό{θ) = ^ fj(n)eίnθ. Then we have, by (b) of Lemma C,

We define a functional T on X by

j=i -7c -2m

Then this is bounded on X. Thus there exists, by extension theorem, a finite
measure μ on G such that

Tf=\f*{-X)dμ{x).

In particular β{mόΊj + w7j) — 9>/w) for | w | ^ 2/Zj, 7 = 1, 2, . As above
we may assume β is real-valued.

Now for the polynomial q on T of order ^ T^, put

If Ίj is of infinite order, then ||^*|U»(C)= llίΊU^Γ). If V} has order d, say, then
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This differs from

r d -. r {2k+i)π/d -r

Lk = i ^ J(2k-i)π/d J

by at most

Thus we have

Therefore from (8) we get

(9)

= 1, 2, . Since /ί € Mt(Γ) and

Lp{G)

Pt\\ ^ 2 ,

, m,Ί,

If we put K0) = min(l, 2 - \n\/n}) for Ύ =

otherwise, then \\Kj\\Mp{Γ) ̂  3. Thus

Lp(G)

< OO.

+ riYj9 \n\ ^ , and K, = 0

which contradicts (9). Thus the lemma is proved.
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Now we proceed to the proof of Theorem 1. Let Φ be the function in the
theorem. Considering Φ(sin t) and Φ(£ sin t) (0 < £ < 1), it is sufficient to
show that Φ is entire under the additional assumption that Φ is defined on
the whole line and periodic. By Lemmas 2 and 3 Φ is continuous and maps
real-valued functions in Mχ(Λ) into MP(A) where Λ is an infinite discrete
group. We have

i r

27Γ J _π

where φ £ Mx{&) and Λ = Δ(r){r ^ 2 ) or Z. Hence by Lemma 4

for any φ such that \φ\Mι{Λ)=a. Therefore by Lemma 1 we get |Φ(w)|
:=g CaKpan for any a > 0. Therefore Φ is extended to an entire function.

REMARK. Let Γ be a compact abelian group and l r g ^ > < 2 . If Φ is a
function on [ — 1,1] and Φ(φ)^Mp(Γ) for all φ in Mi(Γ) with the range
contained in [ — 1, 1], then Φ is the restriction of a function analytic in a
neighborhood of [ — 1, 1].

In fact Mχ(Γ) = A^Y) and MP(V) c AP(Γ), so that this follows from a
theorem of Rudin in [9].

4. Some consequences of Theorem 1. Let 1 ^ p < 2 and mp(Γ) be
the space of continuous functions in MP(Γ). Since H ÎU ̂  II^HIJVD, ^ P ( Γ ) is
a closed subalgebra of MP(Γ) and each point of Γ is identified with a maximal
ideal of mp(Γ).

THEOREM 4. Let l^p<2 and Γ be a locally compact non-compact
abelian group. Then for any complex number z there exist a real-valued
function φ in mp(Y) and a homomorphism h of mp(Γ) such that h(φ) = z.

PROOF. Otherwise the function Φ(x) = (x — z)'1 would carry the real-
valued functions in mp(Γ) to MP(Γ), which is impossible since MX(Γ) c mp(Γ).

COROLLARY 5. Under the conditions in Theorem 4 the algebra mp(Γ)
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is asymmetric and not regular.

PROOF. By Theorem 4, Γ is not dense in the maximal ideal space 2ίί of
mp(Γ). Therefore mp(Γ) is not regular. Let φ be a function in mp(Γ) such
that the Fourier-Gelfand transform φ is real-valued on Γ but not on Έί. If

for some ψ € mp(Γ) we have ψ = φ on 3Jί, then ψ{7) = φ(V) for all Ί € Γ,

that is, >̂ is real-valued. Thus

THEOREM 6. Under the conditions in Theorem 4 ίΛertf exists a real-
valued function φ in Mχ(Γ) such that φ(Ί) ^ 1 but 1/φ £ MP(Y).

PROOF. It suffices to consider the function Φ(x) = l/(x2 + 1).

This will be interesting in connection with the inversion theorem of the
singular integral operators see Calderόn-Zygmund [1].

From Theorem 1 and Remark in § 3 we have the following result which
is proved partially by Hormander [6] and Figa-Talamanca [4] in the case
T = R.

THEOREM 7. Let Γ be a locally compact abelian group and l^
Then the contraction does not operate on MP(V) and mp(Y).
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