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Abstract. Many applications of Amari’s dual geometries involve one or
more submanifolds imbedded in a supermanifold. In the differential
geometry literature, there is a set of equations that describe relationships
between invariant quantities on the submanifold and supermanifold when
the Riemannian connection is used. We extend these equations to statis-
tical manifolds, manifolds on which a pair of dual connections is defined.
The invariant quantities found in these equations include the mean
curvature and the statistical curvature which are used in statistical
calculations involving such topics as information loss and efficiency. As
an application of one of these equations, the Bartlett correction is
interpreted in terms of curvatures and other invariant quantities.
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1. Introduction

In 1985, Amari introduced dual geometries and applied this theory to
statistical inference in exponential families. The observed geometries of
Barndorff-Nielsen (1986) are related to Amari’s (1985) expected geometries
and enjoy similar dual geometric structures. More recently, the dual
geometries have been applied to generalized linear models and quasi-
likelihood functions (Vos (1987)), statistical models outside of exponential
families, Gaussian time series models (Amari (1987)), and linear systems
(Amari (1986)). In many applications of these dual geometries, there is
interest not only in a single manifold but also in one or more submanifolds
and how these relate to the supermanifold. In particular, we are interested
in the relationship between various tensors on the submanifolds and
supermanifold. For the Riemannian or metric connection that is typically
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found in the differential geometry literature, these relationships are expres-
sed by the Gauss formula, Weingarten formula, and the equations of
Gauss, Codazzi and Ricci. These equations have such an important role for
the Riemannian connection that they are called the fundamental equations
for submanifolds (Spivak (1975)). We show here that the Weingarten
formula and the equations of Ricci and of Gauss take on a slightly
different form with the dual connections, while the Gauss formula and the
equation of Codazzi are unchanged. Since these equations have a central
role in the study of Riemannian connections, their importance may also be
realized in the study of dual connections and their application to statistical
manifolds.

One such application is given for the Bartlett correction, which has
gained much attention in recent years (e.g., Barndorff-Nielsen and Cox
(1984), Barndorff-Nielsen and Blasild (1986), Mgller (1986) and Barndorff-
Nielsen and Hall (1988)). Lawley (1956) expresses the Bartlett correction
using various moments of the score function and higher order derivatives
of the log likelihood function. McCullagh and Cox (1986) express the
Bartlett correction in terms of invariant quantities and interpret this
correction in normal regression theory using the Riemannian curvature and
the square of the mean curvature. In Section 5, we extend McCullagh and
Cox’s (1986) result for normal theory regression to exponential family
regression. The curvatures and other geometric quantities used in this
section will be defined using the dual geometries. We shall use the
statistical curvature, the mixture curvature, and the second Riemannian
scalar curvature, each of which appears in other statistical calculations. In
Section 6, we show that Amari’s (1987) approximating local exponential
family allows us to extend the results of Section 5 to quite general
statistical families.

2. Preliminary definitions

Since the dual geometries can be used in a diversity of applications, we
give a formal definition of a Riemannian manifold with dual connections.
It is easily verified that the expected geometries, observed geometries, and
the geometric structure arising from the aforementioned applications satisfy
our requirements of a manifold with dual connections. This formal develop-
ment of dual geometries was first given by Lauritzen (1987).

We briefly introduce some notation and terminology. A more complete
description of these terms can be found in Amari (1985) and Lauritzen
(1987). We consider an n-dimensional Riemannian manifold S and an m-
dimensional regular submanifold M. Since M is regular, there exists a
coordinate system (U, ¢) on S for each p € M such that
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o(p)=00,....0%  S(U)=(-¢9)",

2.1 1 .
H(UNM)={(x,...,x",0,...,0) | x| <é&}.

Any coordinate system that satisfies (2.1) is called a preferred coordinate
neighborhood. The tangent space of S at p, denoted by S,, is an n-
dimensional vector space with canonical basis for 0

9
06"

A vector field X is a family of smooth tangent vectors {X,: p € §} where
X, € S,. For X to be smooth, we require that X: C*(S) — C*(S).

The Riemannian metric on S is denoted by € X, Y') for vector fields X
and Y; the metric evaluated at p is written {X,, Y,). Vectors in nearby
tangent spaces are related by an affine connection V, which is any function
from X(S) x X(S) to X(S) that satisfies

Vx(Y+2)=VxY + VxZ,
VxaY = (Xa)+ aVxY,
VaxsprZ=aVxZ + BVrZ .

The vector field VxY can be interpreted as the instantaneous change of the
vector field Y in the direction of X. Amari (1985) and Lauritzen (1987)
describe how V relates vectors in different tangent spaces.

Since M is a regular submanifold of §, the tangent space of M at
P> M,, is a linear subspace of S, and the metric and connection on S can be
used to define the corresponding quantities on M. We shall be concerned
more with vector fields on M than on S, and so we change notation by
letting X, Y,... represent vector fields on M and X, ¥,... be extensions of
X, Y,... to vector fields on S. The vector field X is an extension of X if
X|u=X. A metric{-, -> on M can be defined by

(2‘2) <XP9 YP> = <<XP3 },P>> ’

because M, C S,. The metric defined by (2.2) is called the induced metric
on M.

The induced connection V cannot be defined quite so simply. Since V
is not a tensor, it depends on the vector fields X, ¥ and we must define
VxY(p) rather than Vx,¥,. In order to use Vz¥ to define VxY, we must
check that V¥ is the same on M for all extensions X, ¥. Appendix 1
shows that this is indeed the case, so that we can write VxY as an
abbreviation for (Vg ¥)|ar without ambiguity. Since (VxY)(p) € S, but we
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need (VxY)(p) € M,, we define
(2.3) VxY(p) = Pu,(VxY(p)) ,

where P, is the orthogonal projection onto M,. It is easily shown that
VxY defined by (2.3) is a connection on M. Although there are many
connections that can be defined on a Riemannian manifold, there is only
one connection that satisfies the following two conditions

() Vx¥Y—VyX=XY-YX,
(i) Z(X, Y>=(VzX, Y5+ (X, VY.

Any connection satisfying (i) is called torsion-free, and the unique connec-
tion satisfying both (i) and (ii) is the Riemannian or metric connection. To
distinguish the metric connection from arbitrary connections we use the
symbol V°. It can be shown that if V° is the metric connection on S, then
the induced connection V° is the metric connection on the submanifold M.
An extension of this result is given in Proposition 3.1.

So far we have described a Riemannian manifold and submanifold
with a single connection. A statistical manifold (Lauritzen (1987)) is a
Riemannian manifold in which there exists a pair of torsion-free affine
connections V and V* that satisfy

ZX,YY=(VX, )+ (X, VFY).

The connections V and V* are called dual connections, and it is easily
shown that (V*)* = V. One can also show that any torsion-free affine
connection V has a dual connection given by V* =2V°—V (see, for
example, Lauritzen (1987)). To emphasize the relationship between these
two connections, we use the terminology dual connection rather than
torsion-free affine connection. For a pair of dual connections, it is possible
to generate an entire family of dual connections (e.g., a-connections of
Amari (1985)). For our purposes, however, we shall just be interested in a
single pair of dual connections V and V* and the self-dual connection V°.

3. The Gauss and Weingarten formulas

It will be useful to write the dual connections on the supermanifold S
as

(3.1a) VxY= T (VxY)+ L (VxY),
(3.1b) Vivy= T (ViY)+ L (ViY),
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where T (-)and _L () are smooth functions such that T (-)|s, = P, and
L (+)ls = — Pu,). Forve X(S), T (v) and L (v} are called the tangential
component of v and the normal component of v, respectively. The follow-
ing proposition shows that the induced connections

(3.2a) VxY= T (VxY),
(3.2b) viv= T (Vi)
are dual.

PROPOSITION 3.1. On M, the connections V and V* defined by (3.2)
are dual with _respect to (-, ). Furtheg’more, the normal vector fields
h(X,Y)= L (VxY)and h*(X,Y)= L (V$Y) are symmetric and bilinear.

PROOF. Making two substitutions into (3.1a), we have
(3.3) VxY=VxY+h(X,Y).

Replacing X and Y by aX and BY, respectively, where o, f € C*(M), we
obtain

(3.4) Vax(BY) = a{(XB)Y + fVx Y}
={a(XB)Y + afVxY} + afh(X,Y).

Considering the tangent and normal component of (3.4), we have

(3.5) Vex(BY) = a(XB)Y + afVxY,
(3.6) h(aX,BY)=afh(X,Y).

Since t1~1e affine gonnection VxY is additive in X and Y, ie, Vxiz¥ =
VxY+ VY and Vx(Y+ W) =VxY+ VxW, VxY and h(X,Y) are each
additive in X and Y. Equation (3.5) together with the additivity of VxY
make V an affine connection on M. The additivity of A(X, Y) and (3.6)
show that A(X, Y) is bilinear.

Since V has no torsion, we can write

(3.7) 0=VxY- VyX-[X, Y]
=VxY+h(X,Y) - VX - h(Y,X)~[X, Y],

where [X, Y]= XY — YX. Grouping the normal and tangential compo-
nents of (3.7), we have
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h(X,Y)=h(Y,X)

and
0=VxY-VyX-[X, Y],

because [ X, Y](p) € M,. These equations show that V has no torsion and
that A(X, Y) is symmetric. The mappings

3.8) pr(VxY), and prh(X,Y)

are C” because Vx¥, T (+)and L (-) are C”. In (3.8), we write (V¥Y),
for VX¥Y(p) and h(X, Y), for h(X, Y)(p). The proof for V¥Y and h(X, Y)
follows immediately by substituting V* for V in the preceding argument.
The connections V and V* are torsion-free, so we need only show they are
dual. Duality of V and V* is proved from the duality of V and V* as the
following calculation shows

XY, Zy= XY, ZY\u
={V2?, 2 + (¥, VEZ)}|um
=(VxY, ZY+ (Y, V¥Z»
=(VxY,Z>+(Y,V%Z),

where X, Y, Z are any vector fields in T(M). O

When V is the Riemannian connection, equation (3.3) is called the
Gauss formula. Proposition 3.1 allows us to extend the Gauss formula to
any dual connection. Notice that equation (3.3) contains the dual equation

ViY=VEiY+h(X,Y)

by taking V* to be the primal and V its dual.

In the differential geometry literature (Chen (1984)) when V=v*
h(-, ) is called the second fundamental form of M (the first fundamental
form is the metric ¢-, -)). Following Amari (1985), however, we call (-, -)
the imbedding curvature tensor of M in S for V and A*(-,:) is the
imbedding curvature tensor of M in § for V*. In statistical apphcatlons
the dual connections used most often are the exponential connections (V)
and its dual, the mixture connection ( V*), so that A(-, -) is the exponen-
tial imbedding curvature and A*(-, -) is the mixture imbedding curvature.
Since A(X, Y) is linear in X and Y, h(X,Y) = h(X,, Y,) depends only on
X,, Y, € M, and not on their extensions. This implies that for each ¢ in
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X*(M)={X e X(S)u: X, L M,} there exists linear transformations (A¢),:
M, — M, at each p, such that

(3.9a) (AeX, Y)=<h(X,Y), &),

for all X, Y e T(M). Of course h*(X, Y) has an AZ with the properties A¢
has for A(X, Y),

(3.9b) A2X, V) =" (X, Y), L) .

We can write Vx¢ in its tangential and normal components just as we
did for VY,
(3.10a) Vxé= T (Vx&) + Dx¢,
(3.10b) Vie= T (Vi) + D¥C.
We do not introduce a new symbol for the tangential components, T (Vx&)
and T (VZ¢), because they are related to A¥X and A:X as Proposition 3.2

states. Proposition 3.3 justifies the symbolism chosen for the normal
components, Dx¢ and D¢

PROPOSITION 3.2. A:X and A¥X are each bilinear in X and ¢.
Furthermore, for all X, € M, and & € X*(M)

(3.11a) T (Vxé&) = — 42X,
(3.11b) T(VEE = - A X, .

PROOF. Bilinearity of A¢X follows from bilinearity of A(-, -) and
€+, +» in (3.9a). This implies A:X is only a function of &, and X,. Similar
remarks hold true for A#X. Equation (3.11b) is proven as follows

0=¢VxY, &y + (¥, V£
=Ch(X, Y),E9 +<¥, T (VX&)
=(AeX, Y) + <Y, T (VEE .
This proves T (V&)= — Ac X,. Equation (3.11a) is proven similarly.

Smoothness (C*) of T and V imply — A*X is C”. Likewise, — A:X is
c”.0

Before stating Proposition 3.3, we give an informal definition of the
normal bundle of M. At each p € M, there exists an (n — m)-dimensional
linear subspace M, C S,. If we collect these vector spaces in a smooth
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manner, the resulting object becomes a manifold called the normal bundle
on M and is denoted by T*(M). The manifold formed by using the tangent
spaces M, is T(M), the tangent bundle of M.

PROPOSITION 3.3. D and D* are Riemannian dual connections with
respect to the induced metric on T (M).

PROOF. That D(D¥) is a torsion-free connection follows from the
properties of the connection V(V*). Also, D(D*) is C” because V(V*) is
C”. The induced metric on T(M) is just &&,n for all & ne TH(M).
Hence, the duality of D and D* follows from

X4E Y =KVxE,ny + 4&, Vi
={Dx¢, Yy + K& D¥ny . a

For the Riemannian connection, the eigenvalues and eigenvectors of
A; are called the principal curvatures and principal directions for £,
respectively. The trace of A; is the component of the mean curvature vector
in the direction of . Proposition 3.2 shows that we may extend these
definitions to any dual connection.

Substituting (3.11a) and (3.11b) into (3.10a) and (3.10b), respectively,
we obtain

(3.12a) Vxé= — A*X + Dx¢,
(3.12b) Vi = — A:X+ DY

We shall call (3.12a) and (3.12b) the Weingarten formulas for dual connec-
tions since they reduce to the Weingarten formula (3.13) when V = V*

(3.13) Vxé= — Ae X+ Dx& .

4. The fundamental equations

The fundamental equations for submanifolds with dual connections
are statements about the Riemannian curvature tensor R(X,Y) on M and
the Riemannian curvature tensor R(X, ¥) on S restricted to M. The tensor
R(X, Y) is defined by

R(X,Y)YZ=VxVyZ—-VyVxZ-VixnZ.
The definition for R(X, Y) follows by replacing V with V in the above

equation. It should be noted that for fixed X,, Y, € M,, R(X,, Y,): My— M,
and R(X,, Y,): Sp+ S, are linear transformations. For a geometric inter-
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pretation of this transformation, see Amari (1985). Proposition 4.1 gives
the fundamental equations for submanifolds.

PROPOSITION 4.1. Let V be a dual connection on S and V the
induced connection on M. Let R(-,+) and R(-,+) be the Riemannian
curvature tensors for V and V, respectively. Then,

@4.1)  (R(X,Y)Z,Wy=(R(X,Y)Z, W)+ Ch(X, Z), h*(Y, W)
— KHN(X, W), h(Y, 2)Y,
42)  (R(X,Y)Z)" = Dxh(Y,Z) - h(VxY, Z) - h(Y, VxZ)
—{Drh(X, Z) — h(V¥X, Z) - h(X, V+Z)},
43)  (Ro(X, Y)&,ny=CRX, V)¢, 1y + (A2, ANX), V),

where Rp(-, ) is the Riemannian curvature tensor on T (M), n e
X (M) and[A{ A’l] A{*Ar] Aqu

The proof of Proposition 4.1 is a laborious calculation which we
postpone to Appendix 2. Notice that equations (4.1)«(4.3) are each a
statement about R(X, Y). The Gauss equation (4.1) describes the tangential
component of the image of a vector Z, € M, under this transformation. The
normal component of R(X, Y)Z is given in the equation of Codazzi (4.2).
Finally, the normal component of the image of a vector field ¢ € T4 (M) is
described by the equation of Ricci (4.3). In the next section we show that
the Gauss equation is useful in statistical calculations because it relates the
imbedding curvature tensor and its dual. The role of (4.2) and (4.3) is less
clear; we present them here for completeness

In many applications (R(X, ¥)Z, Wy=0forall X, 7, Z We X(S)in
which case § is said to be flat in the connection V. When S is flat,
equations (4.1)-(4.3) simplify to

(44) (R, Y)Z,W)=<h*(X, W),h(Y,2)) - Ch(X,Z),h*(Y, W)y,
(4.5) Dxh(Y,Z) - h(VxY,Z) — h(Y, VxZ)

= Dyh(X,Z) — h(VyX,Z) - h(X,V+Z),
(4.6) <(Ro(X, V)¢, 7y =4, A)(X), Y,

respectively.

It is often useful to have these equations in coordinate form. We use
a,b,c,d=1,...,m to index vector fields whose vectors at each p € M form a
basis for M,, x, A= m + 1,...,n to index vector fields whose vectors at p
form a basis for M (the orthogonal complement of M, in S,), and
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a,p,y,6=1,....mm+1,...,n to index vector fields that form a basis for
S, = M, + M;". We denote these vector fields by Z,..., Zse X(M),
Ze,Zi€ X (M) and Z.,..., Zs € X(S) where Z, = Z, when a = a and Z« = Z.
when k = a. If we use the preferred coordinate neighborhood (U, ¢) at p
and let {d.} be the canonical basis for ¢, then Z; =d, while Zx = _L (dx).
The components of the metric on S are given by

8as = KZo, Zg) .
The components of the connection V are
Fan=4Y22s, 2,
and the components of the imbedding curvature h(Z,, Zy) are
Huw = Kh(Za, Zb), Zs) .

We can raise or lower indices of these components by muitiplying by
g = (gu)", the inverse of the inner product matrix. In particular,

n ’, ’,
I = Elfaby'g” = faby'g” ‘

In the second equality of the preceding display, we have used the Einstein
summation convention, where we sum over the range of an index if it
appears both as a subscript and as a superscript. To raise the subscript x
on Hux we need only multiply by g** since g = 0. Notice that

h(Zas, Zy) = Hpp Z.

gz‘,Zb = fagly = ra(i)Z(; + Ha’;)ZK 5
where I, = (Vz.Zs, ZHg"*. If we let

Rabcd = <R(Za, Zb)Zc, Zd> )
(RD)abld - <<RD(Za, Zb)Zx, Z).>>

be the components of the Riemannian curvature tensors on T(M) and
TL(M ), respectively, then equations (4.4)—(4.6) become

Rapea = (Haﬁbed - Hacbe:‘;l)gxl ,
4.7 (0HE) — (O Hae) = T35 — InTas

(Rp)abii = (Hacr Hot — HafobdA)ng ,
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respectively. Notice that — (Rp)axi = (R3)asic and — Raca = R¥ac. Since
Rapea is skew-symmetric in ab, we have

(4.8) Ryaca = Riac .

Equation (4.8) shows that the Riemannian scalar curvature R = gbdg“Rbacd
is the same in the primal and the dual connection.

Many of the tensors in this and the previous section occur in statistical
calculations. The imbedding curvature tensor Has« is particularly important
as are its contractions

y2 = Hacbe':igadgbc s
M* = HuHreg"s™ .

The first contraction j° is called the statistical curvature, while M? is called
the square of the mean curvature. The difference between these two
quantities, S = M*—y?, has been used by Amari (1985) to describe
information loss in exponential families and will be used in the next
section.

5. Bartlett correction in exponential family regression

McCullagh and Cox (1986) have given geometric interpretations for
the Bartlett correction in normal theory regression and the results in this
section are an extension of their work. We show the Bartlett correction for
exponential family regression can be written in terms of geometric quanti-
ties that are used in many statistical calculations. In order to accomplish
this task, we show how McCullagh’s (1987) theory of tensor notation
relates to the dual geometries.

First, we show how exponential family regression can be viewed as a
statistical manifold. Let Y= (Y',..., Y") be a random vector with density
from a given exponential family of density functions .S,

$={p:p(3:6)=exp| £0n0) - y(6) )] :

Usually, the components Y' are independent and each marginal density
belongs to the same exponential family so that any density p € S can be
written as

p=p(:0) =11 1(56),

where f(y% ) is a univariate exponential family with natural parameter
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6' € R'. For the exponential families commonly used in practice (e.g.,
generalized linear models), we find that #; is the identity function and that
the parameterization 8 = (6',..., 8" typically defines a homeomorphism ¢s
between S with the weak topology and a space homeomorphic to R".
When § is a regular minimal standard exponential family, ¢ is homeo-
morphic on its image. A weaker set of sufficient conditions to ensure that
¢s is a homeomorphism are given in Theorem 8.3 of Barndorff-Nielsen
(1978). Using ¢, the topological space .S becomes a manifold that we also
call S. ‘ ‘

For each realization ' of Y', we observe k covariates xi,..., xt and
denote the n x k covariate matrix by X. (In this section and the next,
vector fields will not be denoted by X or Y as they were in Sections 2, 3
and 4, so there will be no conflict of notation.) The exponential regression
hypothesis states that the random vector Y has density with natural
parameter

(5.1) 6=L(B X),

where L(-,-) is a known function and = (f',...,f") is a column of
unknown parameters. For a generalized linear model, K = m and L(f, X) =
L(Xp) for another known function L(-). In many applications, L(-, X) or
L(-)is a 1-1 immersion so that the set of all densities satisfying (5.1) can be
made into a regular submanifold

M={peS:ds(p)=L(B,X)}.

To define a metric on S it is sufficient to consider the canonical basis
{9 = 9/38'|en)}] for 0. Corresponding to each basis vector d;, there exists a
random variable 9/ = 9;1(6; Y)1s-s,p Where /(8;y) = log f(y;6) is the log
likelihood function. The random variable d;,/ is called the 1-representation
for d;, (Amari (1985)). The metric can now be defined as follows

(5.2 €dip, Ipp) = E(pldjpl) .
The components of the metric with respect to the basis {d;} are given by

gi = 8i(p) = E(dipldpl) ,

the components of the expected Fisher information matrix for the para-
meter 6. When [(6; Y) is a smooth function of #', then di/ becomes a
smooth vector field and the metric defined pointwise by (5.2) is also
smooth.

We also use the 1-representation to define a pair of dual connections
on S. If (V59,)" is the 1-representation for V,d;, then
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(V29)" = 3:9,1(8", Y') — E(8:9;1) .
The components of this connection are given by
(5.3) T = Vad), 0> = E@i9;104) .

Notice that [ is a function on § and that the expectation and derivatives
in (5.3) are evaluated at the same point p € S. The components of the dual
connection are given by

(X)) Ik =Ty + Tie,

where Ty = E(d:19;19xl) is known as the skewness tensor for S. The first
connection [ is called the exponential connection and its dual 3% is the
mixture connection. It is a simple calculation to show that [ defined by
(5.4) is dual to T (Vos (1987)). Lauritzen (1987) discusses further proper-
ties of the tensor with components Ty and its characterization of statistical
manifolds.

The metric{-, -> on M, and the connection V on T(M) are the metric
and connection induced from the corresponding quantities defined on the
supermanifold S. The f parameterization on M defines a coordinate chart
(¢s, M) so that

o

is the canonical basis field for f. Derivatives with respect to f will be
represented with subscripts 7, s, ¢, u,... . For a fixed po € M, we can define a
coordinate chart with a canonical basis vector field that extends {d,} to a
basis vector field {d,} on all T(S), such that {d,} ={d,,d«} for p=1,...,n,
r=1,....mand k=m+ 1,...,n and &9, d)p. = 0. In other words, {d«} is a
basis for M., the orthogonal complement of M), in Sp,. The components of
the metric and dual connections on M with respect to {d,} will be denoted
by g, Irsi, I¥, respectively. For notational simplicity we have not written
dwp. and dxp, for the natural basis vectors in Sp,. The context will determine
whether d, is vector in M, or a vector field on M.

Having placed a pair of dual geometries on exponential family regres-
sion, we are now ready to consider the Bartlett correction. We consider the
log of the likelihood ratio statistic

w(Bo) = 2{1(B; ¥) — I(fo; Y)}

to test Ho: f = fo where fo= ¢s(po) and we have written /(f; Y) for
I(¢s(¢3' (B)); Y). Under appropriate regularity conditions, w(fo) has asymp-
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totically the chi-squared distribution with m degrees of freedom when
B = Bo. The expectation of w(fo) can often be written as

b(Bo .
Es(w(fo)) =m ( 1+ _r(z%l+ O(n )) )

By dividing w(fo) by the Bartlett correction, (1 + b(fo)/n), the approxi-
mation to the chi-squared distribution is improved, often to O(n %)
(Barndorff-Nielsen and Hall (1988)).

McCullagh and Cox (1986) give the following invariant expression for
b(Bo) in the Bartlett correction

1 _ _ _
(5.5) b(Bo) = ) (3p1s + 255 — 3pa)

1
-1 rs ¢t
+ T m vy u(2Vrl,su = Vrs,tu — 2vr,s.tu) N

The first three quantities, 53, p» and ps, are multivariate generalizations of
the univariate measures of skewness (p3) and kurtosis (ps). The v’s in the
last term, call it ¢(fo), are defined in terms of the cumulants of the
derivatives of the log likelihood and are tensors. For non-linear normal
theory regression, McCullagh and Cox (1986) show that ¢(fo) reduces to a
simple expression involving the Riemannian scalar curvature and the mean
curvature. We extend their regression example to allow for error structures
from an exponential family.

We begin by relating the notation of McCullagh and Cox (1986) to the
tangent vectors in Sp. By equation (24) in McCullagh and Cox (1986),

(B Y) _ _ B Y)
aﬂr . Urs h 8'851 - aﬂ’aﬁs ’

so that U is just the 1-representation for the basis vector d, and Uy — E(Uss)
is the 1-representation for Vsd,. Substituting from equation (5.6) into the
expression following (24) in McCullagh and Cox (1986), we have

(5.6) Ur = arl =

nk, = E(U;) = E@1)=0,
nirs = E(Uss) = E(0:95l) = — grs ,
5.7 nK, s = cov (U, Us) = E(@ddl) = g5 ,
nK,.ss = cov (U, Uy) = E(3,10:9,]) = Isr ,
nkr.s.. = cum (U, Us, U,) = E(3,10519,0) = Tat ,
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where the first equality in each line of (5.7) is the definition given in
McCullagh and Cox (1986). These authors also use the following tensors

V.=U and Vis= Urs_ﬂgsUa s
where
b b (1
ﬁgs = K" Kb.rs = ga rr(sb) = rr?s s

and a = 1,...,m. Notice that ¥,;= L (Uy) so that V,;= V,; — E(Uy) is the
1-representation for h(d,,ds) and BrU, = I'<U, is the l-representation for
Vads.

We are now ready to interpret the invariant quantities in the Bartlett
correction. The v’s in the last term of the Bartlett correction are n”' times
the cumulants of ¥, and Vs, in particular,

nvr,s = COoV (VH VS) )
(58) RVrs, .0 = COV (Vrs; Vtu) s
NV, s, = CUM (Vr, Vs, Vtu) ’

and the matrix inverse of v, is V"°. From the second equation in (5.8), we
see that

5.9 NV, = E( I7rs, I7tu)

= {(h(0r, 95), h(3:, 3u)D

= Hr’;grdHI};l ’
where Hyd« = h(d:,d5) so that Hy; are the components of h(drds) with
respect to {d«}. The trace of the exponential imbedding curvature H" =
g"H/; gives the components of the exponential mean curvature vector
H = Hdx € M,. There is not complete agreement on terminology in this

case; some authors (Spivak (1975), p. 96) call m 'H the mean curvature
vector. The quantity

(5.10) YV s = g0 (HiH ) go
= H"H’g
=|H|*=M*

can now be interpreted as the squared length of the exponential mean
curvature vector. While
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(5.11) VIV = g g Hri Hogo = y°

where y” is the statistical curvature.
We have one more term to consider, namely

(512) AV, s, = CUM (Vr, Vs, Vtu)
= E(V,V HuVy)
= TwH r’; .

Using equation (5.4) we can express 7jo: as
T;)at = fpﬁ‘r— fpar 5

where the components are with respect to {d,} = {d:,dx} with p=1,...,n,
r=1,...,mand k =m+ 1,...,n. Recall that we chose {d,} such that (3., d)p,
=0 so that

];sx = Hrsx - Hr’skx .

where H% is the imbedding curvature tensor in the mixture connection
which is dual to Hrsx.
Making this substitution into equation (5.12) we obtain

(513) RVr s, = Hrtth};zng - Hr’;Hr)z;gxl .

We can make the same definitions for the mixture connection as for the
exponential connection so that H* = g*H¥" are the components of the
mean curvature vector for the mixture connection. Equation (5.13) can be

contracted to give

(5.14) YV Y= MY - M
where
(5.15) MY = H¥H'go=(H* H>.

Equation (5.15) shows that M'' can be interpreted as the inner product of

the mean curvature vector in the exponential connection and the mean

curvature vector in the mixture connection. The first superscript of M "'

indicates the number of terms in the inner product that come from the

exponential connection; the second sn*perscript indicates the number from
-1_rt su

the mixture connection. Although n vV"'v**v,,» does not appear in (5.5),
this contraction of v, can be written in terms of geometric quantities,
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~1_ri 3, 11 2
n vrlvsuVr,s,tu=y Y,

where y'' = HuwHt:g"g"“g”. In (5.18) we see that y'' — »* appears in an
invariant expression for the Bartlett correction.
Making substitutions from (5.10), (5.11) and (5.14) into (5.5) we have

(5.16) c(Bo) = ﬁ Qyt+ M —2MY),

When the error distribution is normal, (5.16) must reduce to n(M* — 2R)/
4m, the expression for the Bartlett correction given by McCullagh and Cox
(1986). To see this, we can use the Gauss equation (4.7)

R = (Hrsttt). - HmcHsﬁl)g’d s

s _tu

since Rysu = 0 for exponential families. Multiplying both sides by g"g™ we
find

(5.17) R=g"¢"Rsu=M" —y"".

Substituting (5.17) into (5.16) gives
n
(5.18) c(Bo) = 1 {(M* = 2R) +2(* = y')}

Equations (5.16) and (5.18) are not the only invariant expressions for
¢(Po) in terms of statistical geometric quantities. Amari (1985) defines a
quantity Srsw = Hrse Hua ~ Hrie Hsa Whose contraction

(5.19) S=g"g"Su= M-y,

we call the second Riemannian scalar curvature since S = R for the self-
dual connection. Substituting (5.19) into (5.16), we obtain

(5.20) e(Bo) = 4—”’”— (—25+3M%-2M").

For normal error distributions S= R, so the second Riemannian scalar
curvature is an extension of the scalar Riemannian curvature. Another
interpretation for S follows from (5.19). Efron (1975) originally defined y*
only for 1-dimensional submanifolds. In this special case y> = M?, so that
both y*> and M’ are multi-dimensional generalizations for the original
statistical curvature that Efron defined for one dimension. The second
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Riemannian scalar curvature is simply the difference between these two
extensions. Vos (1987) considers S and its relationship to R and R'”, the
scalar Riemannian curvature in the metric connection.

6. Bartlett correction in statistical manifolds

Having given a rather detailed discussion of the Bartlett correction in
exponential family regression, it is now a fairly simple matter to extend this
interpretation to statistical manifolds outside the exponential family. We
consider a set of n-dimensional distributions

M={p(y;B):PeA},

where y = (',...,)") € R"” and & is homeomorphic to R™. We also assume
that the parameterization is such that M becomes a smooth manifold. We
shall not require that p(y; ) come from an exponential family, nor shall
we require that M be a submanifold of some larger manifold of distribu-
tions. Rather, we approximate M at a point po € M with a curved exponen-
tial family M(po), called the local exponential family (Amari (1987)). Since
we only consider the local exponential family at po, we can write M for
M( po) without possibility of confusion.
In order to define M, we shall require the random variables

Ur = Ur(pO) = arllﬁn
and
Us = Urs(pO) = (arasl + gVS)‘ﬁo s

where fo = ¢s( po), ! is the log likelihood function, and g,s = — E(./) is the
Fisher information matrix for fo. We assume that span { U,;} has dimension
myz=m(m+ 1)/2 and that the dimension of span {U, Uu} is m+ m..
Following Amari (1987), we define an exponential family at po that
depends on an (m + mz)-dimensional natural parameter 6 with components
01

S=1{q: q(y;6) = p(y;Bo) exp {8'Ui — y(0)}}

where U;= U ifi=r<mand U;= Usif iis in the range m + 1,...,m + ma.
For values of i larger than m, we assign a value to each ordered pair rs
where r < s. Finally, we define the approximating local exponential family
at po

~

M={peS p(y;p)=q(y:0(8)}.
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which is indexed by the parameter f’ so that 6'(f)= (B - fo) when
i=r<m and 6'(8’)= (B — Bo) (B’ — fo)’ when i=m + 1. Notice that
P(»; B) =p(y; Bo) when B’ = Bo and that U, = U, and U= U,s where U, =
d/log p=4a/9p" log p and U,s = 3/3; log p at B’ = fo.

Since each term in the Bartlett correction depends only on the first
and second order derivatives of the log likelihood, we can interpret each
term using the approximating local exponential family #7. In particular,
the scalars p3, p5» and ps are the multivariate measures of skewness and
kurtosis for the curved exponential family Af. Furthermore, since V. is
defined using only U, Uss, and the expectations of these random variables
at f' = B, Vs is the l-representation for the exponential imbedding curva-
ture of M in S. If we assign a value « from m + 1,...,m + m; to each rs
where r <s, then V. spans the l-representation for My, the orthogonal
complement of M,, in S,. We can write Vs = H/V« so that H); are the
components of the exponential imbedding curvature of # in §. Hence,

(6.1) Vi = €OV (Vis, Vi) = HisHiugoa

where gu = cov (Vx, Vi). Furthermore, if we let T, ;.= cum (U, Us, Vi),
then

(62) NV s, = CUM (Ur, Us, I/tu)
= Ht)tcxﬁ,s,x
= Hl’tcl(Hr:!;c - Hmc) .

The last equality follows from the definition of H,%, the components of the
mixture imbedding curvature. Notice that equations (6.1) and (6.2) are
identical to (5.9) and (5.13), except that Hy and H,¥* are now the imbed-
ding curvatures of # in S. Since the Bartlett correction involves pis, p, P
and contractions of (6.1) and (6.2), we see that for a general statistical
manifold the Bartlett correction takes the same form as for exponential
family regression (equations (5 16) (5.18) and (5.20)). The only dlfference
is that the scalar curvatures M>,y*, § and R and the invariants M'' and "'
describe how the approximating exponential family 47 is imbedded in S

7. Conclusion

The dual geometries can be applied to a variety of situations and when
these geometries are used in statistical inference a number of curvature
tensors and other invariant quantities arise. In order to relate these
quantities we have derived the fundamental equations for statistical sub-
manifolds. To illustrate how these equations can be utilized, we have
considered the Bartlett correction for which we have given an invariant
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expression using curvatures that describe how a statistical submanifold is
curving in a supermanifold. Each term in this expression is some contrac-
tion of the exponential imbedding curvature and/ or its dual. The exponen-
tial imbedding curvature as well as its contractions, the statistical curvature
and the square of the mean curvature, appear in many statistical calcula-
tions. The Gauss equation for statistical submanifolds is useful because it
relates these imbedding curvatures to the Riemannian scalar curvature. The
extension of this result beyond exponential family regression is a simple
matter if one uses Amari’s (1987) local exponential family.
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Appendix 1

PROPOSITION Al.l. If X and ¥ are extensions to S of the vector
fields X and Y on M, respectively, then Vz¥|y is independent of the
extension.

PROOF. In the following, we will use a canonical basis {d;} on S and
a canonical basis {3,}T on M, so that X = X9 and X = X, for smooth
component functions X' and X“. Notice that d; # d. even when i = a. Since
M, C §,, there is a linear mapping B(p) with components B,(p) at each p
such that 9,, = Bi(p)dip. As a function on M, B, € C™ (M) for all i,a and
(AL1) X'\u=B:X*,

since X'0ily= Xaln = X Bidi|n. Writing X and ¥ in terms of the
canonical basis on S, we obtain

(A1.2) V¥ =(X'a, 7))+ X'7'Vad; .
From (Al.1) and (A1.2), we see that
V2¥ |u= X0.(BIY")S; + BIX°BlY*Vs9; . O
Appendix 2
PROOF OF PROPOSITION 4.1. Recall that X, ¥,Z e T(M) and R(-, -)
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is the curvature tensor of .S defined by

RX,Y)Z=VxVyZ - VyVxZ-VixnZ.
Substituting from the Gauss formula (3.3) we find

R(X, Y)Z = Vx(VyZ + h(Y, Z)) - V(VxZ + h(X, Z))
- (VnZ + h(X, Y1, Z))
= R(X, Y)Z + h(X, VvZ) — h(Y,VxZ) — h([X, Y], Z)
+Vxh(Y,2Z) - Vyh(X, Z),

where R(-, -} is the curvature tensor of M. Now, substituting from the
Weingarten formula (3.12a) we obtain

(A2.1) R(X,Y)Z=R(X,Y)Z- A¥vnX + Akx2Y
+ h(X, V¥Z) - h(Y,VxZ) - h(X, Y], Z)
+ Dxh(Y,Z) - Dyh(X,Z).
Equation (A2.1) immediately gives us the equation of Codazzi (4.2) since V
1s torsion-free; the equation of Gauss (4.1) follows by taking We T(M)
and applying equation (3.9b).
Finally, we use the following calculation
CRX, V)&, = «VxVré, ny ~ (Ve Vxé, my
- Vixné,
= —(Vx(AZY), 1y + «VxDr&, 1y
+ V(A2 X),ny — «VeDx&, )
~ D, np
=—Kh(X, A2Y), ) + Kh(Y, A2 X), 1)
+{DxDy¢, 1y — DyDx¢, ny
—&Dx,né, )
=~ (ApAZY, XD+ {AAZX, Y
+<&Ro(X, Y)E, 1) .

The equation of Ricci (4.3) follows from the last equality upon noting that
the symmetry of A(X, Y) in (3.9a) and (3.9b) implies
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(A AFY, X> = (A} Y, Ay X> = (Y, A* 4, X> . O
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