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Abstract

In this paper we study the fundamental solution (FS) of the multidimensional time-fractional telegraph
equation with time-fractional derivatives of orders a €]0,1] and S €]1,2] in the Caputo sense. Using the
Fourier transform we obtain an integral representation of the F'S expressed in terms of a multivariate Mittag-
Leffler function in the Fourier domain. The Fourier inversion leads to a double Mellin-Barnes type integral
representation and consequently to a H-function of two variables. An explicit series representation of the
FS, depending on the parity of the dimension, is also obtained. As an application, we study a telegraph
process with Brownian time. Finally, we present some moments of integer order of the FS, and some plots
of the F'S for some particular values of the dimension n and of the fractional parameters . and (.
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1 Introduction

In the last years, the interest in the study of fractional differential equations has increased considerably due
essentially to the wide range of applications. These type of equations are used mostly to model processes
in the fields of engineering, viscoelastic materials, hydrology, system control, just to mention some (see [11,
17]). One important type of fractional differential equations is the class of space-time fractional diffusion
equations, which models anomalous diffusion and wave phenomena. Recently, two of the authors studied the
multidimensional time-fractional diffusion-wave equation (see [8]). This equation is a particular case of the
time-fractional telegraph equation. In the one-dimensional case the telegraph equation is given by

DZu(x,t) + adwu(z, t) + bu(z,t) = 02 u(x,t),

where x € R, t > 0, a,b,c € R, ¢ > 0. In contrast to the wave equation, the telegraph equation has the potential
to describe both diffusive and wave-like phenomena, due to the simultaneous presence of first and second
order time derivatives. Telegraph equations have an extraordinary importance in electrodynamics (the scalar
Maxwell equations are of this type), in the theory of damped vibrations and in probability because they are
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connected with finite velocity random motions. In this paper we study the following class of multidimensional
time-fractional telegraph equation

DPu(z,t) + aDfu(z, t) = A Agu(z, t), (1)

where z € R", £ >0,1< <2, 0<a<1,a>0,c>0,and A, is the Laplace operator in R". For v > 0, D}
is the Caputo fractional derivative of order «y defined by
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u(™ (1), y=m
where u(™) = ”f;—,ﬁ, m € N.

The use of fractional derivatives in the telegraph equation give us the possibility of describing memory and
heredity properties of telegraph processes (see [11,17]). One of the first works studying the time-fractional
telegraph equation is the paper of Cascaval et al. (see [5]). Here, the authors discussed some properties of the
time-fractional telegraph equation in R x R™ such as the well-posedness and the asymptotic behavior of the
solutions, by using the Riemann-Liouville approach. In [16], Orsingher and Beghin obtained the FS of the time-
fractional telegraph equation of order 2« in R x R and gave a representation of their inverses in terms of stable
densities. For the special case o = %, the authors showed that the FS is the probability density of a telegraph
process with Brownian time. In [4] it was discussed the solution of a general space-time fractional telegraph
equation by means of the Laplace and Fourier transforms in the variables x € R and t € R™, respectively.
In [19] it was obtained the solutions of the space-time fractional telegraph equation in R x R* in terms of
Mittag-Leffler functions, using an operational approach. In [15], Mamchuev considered the inhomogeneous
time-fractional telegraph equation with Caputo derivatives, and obtained a general representation of regular
solution in rectangular domain in terms of fundamental solution and appropriate Green functions. Regarding
the multidimensional case, in [6] the authors discussed and derived the solution of the time-fractional telegraph
equation in R™ x RT with three kinds of nonhomogeneous boundary conditions, by the method of separation
of variables.

The aim of this paper is to obtain an explicit integral and series representations for the FS of the time-
fractional telegraph equation in an arbitrary dimension. A representation of the FS in the form of an absolute
convergent series enables to handle these functions in an easier way and to apply them to study other Cauchy
problems. Our results generalize those presented in [8] for the case of the multidimensional time-fractional
diffusion-wave equation.

The structure of the papers reads as follows: in the preliminaries section we recall some basic concepts
about fractional calculus, special functions and integral transforms. In Section 3 we construct integral and
series representations for the FS of the time-fractional telegraph operator in R™ x RT. More precisely, we
apply operational techniques via the Fourier transform obtaining an integral representation of the F'S expressed
in terms of a multivariate Mittag-Leffler function. After Fourier inversion, the FS is represented as a double
Mellin-Barnes type integral and, consequently, as a H-function of two variables. For the explicit calculation
of the double Mellin-Barnes type integral we apply the Residue Theorem obtaining an explicit double series
representation of the F'S, which depends on the parity of the dimension. In Section 4 we deduce a general
expression for some moments of integer order of the FS. In Section 5 we present an application of our results
to the law of a telegraph process with Brownian time. Finally, in Section 6 we present and discuss some plots
of the F'S obtained in Section 3 for some particular values of the dimension n and of the fractional parameters
a and f.



2 Special functions and basic results

In this section we present the main tools concerning fractional derivatives and special functions that we will use
in our analysis. We start by recalling some properties of the Gamma function that are used in this paper.
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For the poles of the Gamma function we have the following relation:
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ress—_,I'(s) = 0 keZg. (8)

A special function that appears when we solve our fractional differential equation is the multivariate Mittag-
Leffler function.

Definition 2.1 (see [13]) The multivariate Mittag-Leffler function E,, .. a,)5(21,-..,2n) of n compler vari-

ables z1,. ..,z € C with complex parameters ay,...,a, € C (with positive real parts) is defined by
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where the multinomial coefficients are given by
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In particular, when n = 2, the multivariate Mittag-Leffler function (9) can be written as
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For n = 1, the multivariate Mittag-Leffler function (9) reduces to the two-parameter Mittag-Leffler function

1117 kZ:OF b+ ka , ay,b,z1 € (C; %(al), %(b) > 0.

For general properties of the Mittag-Leffler function see [10,13].

Definition 2.2 (see [12]) The For H-function H}'" is defined via a Mellin-Barnes type integral of the form
(a‘la 041), R} (a’Pa O‘;D) 1
(bla /31)7 cey (an ﬂq)

where m,n,p,q € N such that 0 < m < ¢, 0 < n <p, a;,b; € C, and «;,3; € R* (i =1,2,...,p;j =

2,...,q).

B / L(b; + B;s) [T, T(1 — a; — aus)
- 27TZ Hz =n+1 az+az )Hg:m-l-l F(libjiﬂjs)

z7%ds, (12)

e



The conditions for the existence of the Fox H-function and the orientation of the contour £ are given by Theorem
1.1 in [12]. More general, we have the H-function of r complex variables. Here, we present only the definition
of the H-function of two complex variables.

Definition 2.3 (see [3]) The H-function of two complex variables is defined via a Mellin-Barnes type integral
of the form
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with x,y € C, ms,ni,pi,qi € Z such that 0 < m; < q;, 0 < ny < p; (i = 1,2,3), a3, bj,¢i,dj, e, f; € C, and
ai, Ai, By, Bj, i, 05, Ei, Fj € RY.

The conditions for the analyticity and convergence of this special function, its general properties, and the
orientation of the contours £; and Ly are studied e.g. in [3]. Moreover, when all poles of the integrand are
simple, we have the following asymptotic behaviour for large values of = and y (see [2])

Hlz,y] = O (|z|™, [y|") . (13)
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Now we recall the definition of the spaces Cy, € R, and CZ7*,m € N given in [13].

where

Definition 2.4 (see [13]) A real or complex-valued function f(t), t > 0, is said to be in the space Cy,a € R,
if there exists a real number p > a such that f(t) =tP f1(t) for some function fi € C[0,00).

It is easy to see that C, is a vector space and the set of spaces C,, is ordered by inclusion according to C, C Cp
if and only if o > .

Definition 2.5 (see [13]) A function f(t), t > 0, is said to be in the space C,m € N, if and only if f(™) € C,.

The next theorem will be used in our analysis and allow us to solve general linear differential equations with
constant coefficients and Caputo derivatives.

Theorem 2.6 (see [13, Thm 4.1]) Let p > p1 > ... > pin, >0, mi—1 < pu; <m;, m; e N, \; eR i=1,...,n.
Consider the initial value problem

Diy(t) — Z AiD}y(t) = g(t)

y®O0)=cLeR, k=0,....m—1, m—1<pu<m,



where g is assumed to lie in C_y if u € Ng or in C if u & No. Then (14) has a unique solution in the space
C™, of the form

t m—1
y(t) = / s“_lE(H_M7“,#_%)7“()\15“_“1, coy At TR gt — s) ds + Z crug(t), t>0,
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with
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The natural numbers ly,, k = 0,...,m — 1 are determined from the conditions my, > k+1 and my, 11 < k. In

the case m; < k,i=0,....m—1, we setly :=0, and of m; > k+1,i=0,....,m —1, then l; :==n.

3 Fundamental solution of the multidimensional time fractional tele-
graph equation

In this section we compute the FS for the multidimensional time-fractional telegraph equation, i.e., we look for
the function G2A(x,t) that satisfies the following Cauchy problem:

(Df +aDy — CQAE) GO (2,1) = 0

G2P (2,0) = §(x) (15)
0GP
5t (x,0) =0,

where z € R™ and § is the delta Dirac function in R™. Applying the Fourier transform in R™ to (15) we get the
following initial-value problem:

(Df +aD? + 2 |/<;|2) GoB(k,1) = 0
GP(r,0) =1 . (16)

0GP
ot

(k,0)=0

To solve the problem (16) we apply Theorem 2.6 with \; = —a, Ao = —c* |k|>, u =B, p1 = @, po = 0, n = 2,
m =2, g(t) =0, k = 0, yielding the following solution:

Gg”ﬁ(fs,t) =1- 02|/£|2 t? E—a,p)1+5 (—atﬂ_o‘, —c2|/£|2t5) . (17)

By (11) we can write the multivariate Mittag-Leffler function that appears in (17) in the form of a double series:
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Moreover, we have the following lemma.

Lemma 3.1 The multivariate Mittag-Leffler function in (17) has the following representation in the form of
double Mellin-Barnes integral

1+ s+w)l(—s)T'(—w)
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Proof: Cousidering the change of variables s — —s and w — —w in the right hand side of (19) and taking
into account the theory of the Fox H-function presented in [12] we have that the integral with respect to the
variable s is convergent and is equal to
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Moreover, since A = 8 — « > 0 then the integral is convergent and the contour of integration £ is transformed
into the loop £_o (cf. [12, Thm. 1.1]). As the gamma function I'(s) has simple poles at s = —j, for j € Ny,
and res,—_;I'(s) = ( jl!) then, by the Residue Theorem, we obtain that the integral Z is equal to

400 j ;
_ (_1)J 21..12 1 F(1+j —’LU) F(w) —a\—w
I=3 o (@) 27m/ FAT -G _awrgy @ (21)

Now we compute the integral with respect to w. Since
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and A = 8 — a > 0 we conclude that the integral is convergent and Lo = L_ (cf. [12, Thm. 1.1]). Now, as
= 1)
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the gamma function I'(w) has simple poles at w = —k, k € Ny and res,—_I'(w) = then, applying the

Residue Theorem to (21), we get the desire result
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From the previous lemma we get by immediate application of Definition 2.3 the following corollary.

Corollary 3.2 The multivariate Mittag-Leffler function in (17) has the following representation in the form of
H-function of two variables

at’~e
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(_ﬁ;ﬁaﬁ_ )’( ) ); (Oal) (22)

_ 0,1;1,0; 1,0
E(B—a,B),Hﬂ (*atﬂ “ *02|“|2tﬁ) = Hl 1;0,1;0,1 [

We observe that due to the conditions presented in [3] we can guarantee that the double Mellin-Barnes integral
in (19) is convergent and the correspondent H-function of two variables (22) is analytic. Applying the inverse
Fourier transform we get

1 . ~
GoP(z,t) = (QT)"/R e~ GOB (k. 1) dr x €R™, t>0. (23)

Since G%B(k,t) is a radial function in x then the integral (23) can be reduced to radial integration. Using the
following formula (see [18])

S e tas = s [ et e g el 2
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where J,, represents the Bessel function of first kind with index v, we can write (23) as
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Taking into account (17) we get

o]t~ % ¢

Ggyﬁ(xat) = 6($) - (27_[_)%
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where §(x) corresponds to the Dirac delta function in distributional sense. Taking into account (19), the second
term in the right-hand side of (26) is equal to
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Using Formula (7) in [7, p. 22] we have that
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for — 242 < R(s) < —2. Therefore, (26) is equal to

s - 4P —w) T(1+s+w) T (1+2+5s)
Gu(@t) = () || t2 e (2mi)2 /L1 /52 1 + 5 +(B—a)w+Bs) I'(~1~5s)
4C2tﬁ tﬁf& w d d 28
() oy awas, a

Using the Definition 2.3, the double Mellin-Barnes type integral in (28) corresponds to the following H-function
of two variables:
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Considering now the change of variables s — —s and w +— —w and applying the general theory of the Fox
H-function presented in [12] we realize that
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is convergent and L3 = L_ since A = f—a > 0 (cf. [12, Thm. 1.1]). As the gamma function I'(w) has simple
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poles at w = —k, k € Ny and res - I'(w) = (_kl!)k then, by the Residue Theorem, we get
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To compute now the Mellin integral in order to s we observe that
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and since A = —1 < 0 then contour of integration £; must be transformed into the loop L1 (cf. [12, Thm.

1.1]) starting and ending at infinity and encircling all poles of the functions I' (1 — s + k) and T’ (1 + 35— s)

Remark 3.3 To avoid the appearance of the delta Dirac function in (31) we could have used the following
alternative representation for (17):

é%’ﬁ(ﬁ,t) =EB_apn (—atﬁfo‘, —02|I€|2tﬂ) + atf® E—a,8)1+8-a (—atﬁfo‘, —CQ|I€|2tﬂ) ) (33)

To see that (33) is equal to (17) we can simply expand and compare the terms of the series in both expressions.

Applying the techniques presented in this section to (33) we get another representation of (31) given by:

1% (catbey [ 1 F(1—s+k) D(2—s) [42tP\°
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Since (31) will lead in the end to less double series we choose to work with it instead of the representation

(34). Finally, considering a =0 in (33) and (34), we obtain immediately the correspondent expressions for the
time-fractional wave operator deduced in [8].

To find a series representation for (32) we need to take into account the parity of the dimension n, as we will
see in the next subsections.



3.1 The case of odd dimension

From the analysis of (31) we conclude that for n odd we have two non-coincident infinite sequences of simple
poles at s = j +k + 1, for j € No, and at s = p+ 5 + 1, for p € Ny, coming from the gamma functions
P(l—s+k)andT (1 +5 - s), respectively. Therefore, applying the Residue Theorem we obtain the following
series representation for the FS
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The series in brackets can be combined in one single series. For obtaining this we start by considering the

change of variables m = 25 + 1 and m = 2p in the first and the second series in brackets, respectively. Hence,
we get
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To have the same exponent in both series we consider the changes m = p+n + 1 — 2k and m = p in the first
and the second series in brackets, yielding
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Now, we analyse the coefficients of the odd and the even series. For p odd, using (4) and after straightforward

calculations we obtain
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Considering now the following relation proved in [8, Sec. 3.2.1] for p odd
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On the other hand, for p even, using (3) and after straightforward calculations we obtain
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Considering now the following relation proved in [8, Sec. 3.2.1] for p even
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From (37) and (39) we see that the coefficients of the series in brackets are equal up to a minus sign in the odd
series, which can be included as (—1)? for p odd and even. Therefore, summing the even and odd series and
considering the change p = 2¢ — n 4+ 2k in the finit sum, we get the simplified series representation for the FS
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From (13) we conclude that in the odd case the function G%# has the following asymptotic behaviour at infinity
GB(z,8) = O (t—%") .

Remark 3.4 If we consider a =0 in (40), we get (up to the singular term) the FS of the time-fractional wave
operator deduced in [8, Sec. 8.2.1] for the case of n odd, which is

n 3

Get) = —yr s PEL-ats) ( laP )
e B 4027r2|x|" 248 r1-p8(g+1)) ¢ 4c2th

z 1 (-2
47r02t5 (B£1) - 1’\(1_@) p! ct?

2

3.2 The case of even dimension

For the case of even dimension we consider first the change of variables 1 —s+k = w in the integral (31) yielding

4¢P *f atﬁa L/F(lJrku)F(u)F(ukwL%) 42PN\
T || 2 &= « T(l—ak+pu)T(k—u) ||

k-1
du. (41)

G (x,t) = b(x)

We have to consider now the infinite loop £ = £_.. Analysing the poles of the gamma functions I' (u) and

I(u—Fk+2)we conclude that the function I (u) has poles at u = —i, for i € Ny and the function I' (v — k + %)
has poles at u =k — 2 — j, for j € Ny. Since n is even we can have simple and/or double poles in the following
three cases:



e for £k — 5 < 0 there are simple poles at u = —i, for i = 0,...,—k + 5 — 1 and double poles at u = —i, for
P2 —k+3;

e for £k — 4§ = 0 there are only double poles at u = —i, for i € Ny;

e for k — 5 > 0 there are simple poles at u = k — 5 — j, for j = 0,...,k — 3 — 1 and double poles at
u=k—5—j,forj>k—-3.

Therefore, applying the Residue Theorem and splitting the series in k& we obtain the following series represen-
tation for the FS:

n

z_ 3 o1 . . . i+k+1
4627 (—at?=o)t (1) D (i—h+8) (i +h) (o2
aBp 4) = §la) — 20 =/ .
Gl (z,t) (z) s || 2 I;O k! ; 7! F(l —Ozk‘—ﬁi) <4C2f’6)

s (“DE 4y 2 )T () g Ay 2\
« i+ k= $NT(1 — ak — Bi) \4c2t? (2) (GN2T (1 - Bj —42) \4ctP

=5 2/ j=0
00 Cu k—2—1 4 _ e
MBS s RIS A2 I
k=21 k! s gV T(1=B( —k+2)—ak) \4c2tP
—_1Dkt5 A 2 \Jt5+1
.S T e ('i'ﬁ) , (42)
Pt j*k‘i’g).r(lfﬂ(‘]*k‘l*a)*ak) 42t

where A1, A; and As are the following expressions

A = 1+(i+k)<ln<4|62|t;)+1/)(1+z)+1/)(1+z+k—) 5¢(1akm)>,
a = e (5 2) (m (SR ) 2w - e (1- 05 ).
As = —1+(j+g)(1n(4|;|t6)+w(1+3)+w(1+j—k+g)—Bw(l—ﬁ(j—k—i—g)—akz)),

and 9 (z) denotes the digamma function. From the previous expression we see that the series of residues obtained
for the case k = 5 can be included as a limit case in the series of residues obtained for the case k > 5. Moreover,
rearranging the inner series we obtain the simplified expression

o) — oty - A [ S Carop [ G D ik ) ) (e
n WU EOA TR ) & 2o i T T(1-pi-ak)  \4°
k+3 4 2\ tto+l
.S (i g
pars WV (i—k+ 3T —-8G—k+5%)—ak) \4c?t8
+°° tﬂa N D (—j+k—2)G+2) <|x|2 >J‘+%+1
k_i = '! F(lfﬂ(]fkqt L) — ak) \4c2tP
+J§ 1)k+s Ay o2 ) (43)
= J! g (G + k 2)! (1 — 85 — ak) \ 4ctP ’
where A4 and A; are the following expressions
Ay = —1+(z‘+ﬁ) In Act? +w(1+i—k+ﬁ)+w(1+i)*ﬂw(lfﬂ<ifk+ﬁ)fozk:)
b 2) M\l 2 > ,
4ctP
45 = —1+(j+k:>(1n(| |2)+w(1+a+k——)+w<1+y> ﬁwa—ﬁj—ak))-

Remark 3.5 For some rational values of B we have an indetermination in the series coefficients due to the
terms Bop(1 — B(i —k + %) —ak) and I'(1 — B(i — k + §) — ak) in the first inner series, and due to the terms

10



BuY(l —Bj —ak) and T'(1 — 85 — ak) in the second inner series. These indeterminations can be removed after
applying (3) with n = 1, (6), (7), and the relation (1 — z) = weot(nz) + ¥(z) for the digamma function.
Moreover, if we consider a = 0 in (43) we get (up to the singular term) the FS of the time-fractional wave

operator deduced in [8, Sec. 3.2.2] for the case of n even, which is

L(5-i-1) 2 \'
D(1—B(i+1))d (4c2tﬂ)

(C1zrt = 0(+3) - Bu(-B(+3) +ul+ D)+ () /e
T P L(i+4)T(1-6(i+%))i <4c2tﬂ)

-2

w3

1

4e2 3 |xp|n—2tP

G(z,t) =

=0

4 Moments

In this section we obtain the expression for some moments of the FS G%#. Our approach consists in a rein-
terpretation of the moments in terms of the Laplace transform (see e.g. [16]). Applying the Laplace transform
with respect to the variable ¢ to (16) and taking into account the initial conditions and Lemma 2.24 in [11], we
get

Sﬁfl + asafl

s+ as>+c2r?’ (44)

c{@ttrs) =
where r = |k], 0 < @ < 1, 1 < 8 < 2. Now, computing the integer derivative of order v > 0 of (44) with respect

to r at r =0, we get

0, v is odd
Dy {ﬁ{@f{*ﬁ}} (0,5) = ()3l : (45)

, is even
s(as® + s8)2 7

On the other hand, taking into account the definition of the Fourier transform for radial functions in R™ (see [18])
and due to the convergence of the improper integrals, we have

~ +oo 2m)z [T n
DY [z{vaﬂH 0,5) = DI U st (Zle/ GO (w, ) Ty 1 (wr)w? dw dt] 0, 5)
0 0

re2
Gl (rt)
+oo +oo n
2 n
= / e st / DY {(Z—zf Jn 1 (wr)w? GP(w,t) dw dt. (46)
0 0 re =0
Since
. 0, 7 is odd
¥ (27.[-)5 o
DY | Jymlwn)wd | =0 () (- Dpd et :
r=0 511 F(#) , 7y is even

then when + is even (46) becomes

~ 13 (v =D as o Foo
pe{af s = SO [ e [T w Gt du
0 0

a,Bn

_ ;T ' E{M””*l} (5), (47)

where Mzzﬂfl is the moment of order n + v + 1 of G%#. Moreover, from (45) and (47) we get

~!! 231 T ('HT”)

7% s(as+s8)2

c{mrm )
Inverting the Laplace transform, we have

2z -1¢ T (2 1
M) = 1 2 cl{ . } ). 48
apm (1) Sas )3 (t) (48)

M2
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Taking into account formula (5.1.26) presented in [9]

gPH—V

L{t"EL, (At")}(s) = PV

R(s) >0, Rv)>0, XeC, |As7H| <1,

where Ef, , is the three-parameter Mittag-Leffler function defined by the series (see [9])

o X (P)k
Ef (2) = kZ:O T + 1) 2~ (49)

we finally conclude that the moments of order n +~ + 1 of G%# are given by

ML) &

a,Bn

2-1 y+n
_ M2t T () . f-a
= — PTE] s, (—at”=*), (50)
where 7 is a non-negative even integer. We observe that with our approach it is not possible to compute the
moment of order 0 and, therefore, we cannot guarantee that G# is a probability density function. In expression
(49) if p = m € N the function Ef}, , takes the following particular form (see formula (5.1.39) in [9])

1
E? = A/ N Fm y T PR [
mo(2) I'(v) ! <p m  m m mm

v v+1 v+m—1 z>

where 1 F,, is the generalized hypergeometric function. In our case, due to the fact that 0 < o <land1 < <2
it is possible to have § — a = 1 for some values of o and . In these cases we can apply the previous formula,

obtaining
N2s-1¢v D (1n 0n 1
ML = 2 C) e (lu—( +O‘)V;at)
’ ’ ﬂ'% T (1 + (1+20‘)'Y) 2 2
N2s-1¢v D (an 0n 1
S (52) josp <I><g;1+7( +2a)7;at)7

nz (1 + %)
where ®(p;v; z) is the Kummer confluent hypergeometric function.

Remark 4.1 If we consider v =2, f = 2a and n =1 in (50) we obtain the expression deduced in [16] for the

variance of the FS, i.e.,

M2

a,2a,l

(t) =22 By nat1 (—at®).
Remark 4.2 Considering a =0 in (50) and taking into account (49), we get

N23-1er (12 1
:’7 Cn ( 2 )t% (51)

L) : :
)

a,Bn

Using the following relation for the double factorial (see [1])
" 1 (cos(mm)—1)
mll = 2% (f) r(1+m), m €N,
2 2
and after straightforward calculations, expression (51) becomes
_ n+
Mn+v—1(t) — 27 ! I (1 + %) r (T’Y)
a2 T (1 —+ %)

By
2

t

a,Bn

which corresponds to the moment of order n+~ + 1, with v a non negative even integer, of the FS of the time

fractional diffusion-wave equation studied in [8].

We observe that this approach does not give all the moments for any dimension. For example, when n = 1 it

is only possible to calculate the moments of even order, while for n = 2 we can only calculate the moments of
odd order.
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5 An application to the law of a telegraph process with Brownian
time

In this section we study a particular case of the time-fractional telegraph equation. Let us consider in the one
dimensional case the following fractional differential equation with g = 2a, 0 < a < 1, and a = 2\ > 0 given
by:

D?u(x,t) + 2\ Dfu(x,t) = 202 u(x, t), (52)

where x € R, t > 0, ¢ > 0, and subject, for 0 < a < % to the initial condition u(z,0) = §(z) while, for % <a<l,
besides the previous condition, also u;(x,0) = 0 is assumed. Equation (52) was already studied in [16], where
the authors presented only an integral representation for the Fourier transform of the FS. Moreover, for a = %,
it was obtained an integral representation of the FS based on the Fourier inversion transform (see Theorem 4.2
n [16]). Here we present an explicit series representation for such FS. Since our previous results are still valid
when 0 < @ <1 and a < § < 2, we can consider in (40) 8 = 2« with 0 < @ <1 and n = 1, which leads to the

following explicit series representation of the FS of (52)

+00 ayk +oo _pt1 2\ ?
G(ly,2oz($,t) _ 6($) + 1 Z (_22!t ) pzzo F(l +( 2 )k (_u) , (53)

2t =~ alk—p—1)) ct®

It is known that this function can be interpreted as probability density function (see [16]). In Section 6 we
present some plot of the F'S for n = 1.

5.1 Particular case of o = %

If we consider a@ = % in (52), we obtain a heat equation with damping term which depends on all values
of w in [0,¢] and assigning an overwhelming weight to those close to ¢ (see [16]). The damping effect of the
fractional derivative reverberates on the distribution «, where the solution of the heat equation (governing term)
is perturbed by the telegraph distribution (which represents the impact of the fractional derivative).

Moreover, when w is Gi’ , it can be understood as the distribution of a particle moving back and forth the

real line with velocities +c¢ for a random time interval. Making a = % in (53) we get the following series

1
. 11
representation of G7’

1 koo ;r . N
oo = soag B O N ()

6 Graphical representations of G/

In this section we present and discuss some plots of G%#, for a,c = 1, n = 1,2,3 and some values of the
fractional parameters o and 8. The plots were made summing the alternate series using the MatLab code
ALTSUM [14], which provides a convergence acceleration of alternating series.

6.1 Casen=1
Putting n =1, a = ¢ =1 in (40) we obtain

1 *i (7 & () (-5, ( le)”

GYP (1) = 8(x) — —5 -
200 i M S (-2 goak)p \ 13

We show in Figure 1, the graphical representation of the reduced Green function G?’B (z,1) for some values of
the fractional parameters v and .
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Figure 1: Plots of G?’B(x, 1) for « = 0.2, 0.4, 0.6, 0.8, 1.0, 8 = 1.0, 1.2, 1.4 (1st line, from left to right), and
B =15,1.7,1.9 (2nd line, from left to right).

When ¢t = 1 and n = 1 our FS corresponds to a fast perturbed wave phenomena (the perturbation is due to
the fractional parameter «), in fact, these plots are deformations of those presented in Section 7.1 of [8]. From

the analysis of the plots we conclude that the first derivative of our functions has a discontinuity in x = 0. We
can also derive that for small values of 8 €]1,2] the FS has only one extreme point in 2 = 0, and then the FS
starts to have two symmetric maximum points that move apart from the origin. Moreover, the plots shrink

horizontally as  — 27.

The influence of the parameter o can also be seen in the absolute value of the two

symmetric maximum points, since the increase of the parameter « results in a increase of the absolute value of

the maxima points.

In Figures 2, 3, and 4 we show the time evolution of G?’ﬂ(:c, t), for a,c =1 and some values of o and 3.

0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
54321012 3 45 5 5
X X
1 1 1
—t=02 —t=02

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0

5 4321012 3 45 5 -4

X

X

Figure 2: Plots of G?’B for 6 =1.2,t=0.2,04, 0.6, 0.8, 1.0, and @« = 0, 0.2, 0.4 (1st line, from left to right),
a = 0.6, 0.8, 1.0 (2nd line, from left to right).
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Figure 3: Plots of G?’ﬂ for  =1.5,t=0.2,0.4, 0.6, 0.8, 1.0, and o = 0, 0.2, 0.4 (1st line, from left to right),
a = 0.6, 0.8, 1.0 (2nd line, from left to right).
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Figure 4: Plots of G?’ﬂ for =1.7,t=0.2,0.4, 0.6, 0.8, 1.0, and « = 0, 0.2, 0.4 (1st line, from left to right),
a = 0.6, 0.8, 1.0 (2nd line, from left to right).

From Figures 2, 3 and 4 it is readily seen that the with the increasing of time the behavior of the FS changes
in the origin and the decay becomes slower.
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6.2 Casen=2

Putting n =2, a = ¢ =1 in (43) we obtain

3P (2,1) = 6() Z b lay
2 v 4c2msﬂ Wi+ 1)1 — B(1+1)) \4t8
tﬂa Y T(jk=D G+ (2P
4mﬂ Z ZO —B(j—k—1)—ak) (W)

tB—Oé +o0 32 |l‘|2 j+k2
|x|2 Z Z I'G+k—1)IT(1 - Bj — ak) (W) ’

where By and Bs are the following expressions

Bo= ) (in (35 v+ el - Bu - 5 +)).
B = 1+ (1 (25) 0 R+ 000 - B 55— ak)

In Figure 5 we present some plots of GS’B

Figure 5: Plots of Gg"ﬂ for $=1.2, «=0.6 (left), 8 = 1.4, « = 0.4 (center), and § = 1.5, & = 0.8 (right).

From Figure 5, we see that the behaviour of the FS changes in time and in space accordingly with the
parameters « and S chosen.

6.3 Casen=3

Putting n =3, a = ¢ =1 in (40) we obtain

o, — 1 1 -
Gl (@ t) = &@+4mﬂ(Fﬂﬂﬂﬂ+F@aJ
. 100 (_yB—ayk 0 (p+3) (1*%) -1 z[\"

&= ( ) > " (_I I)

_l’_
m(4t7)* o k! p=0 (p—l—l)l"(l_ (B—a)k— ﬂ(p2+3)> P!

Njw

We show in Figure 6 the graphical representation of Gg"ﬂ
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Figure 6: Plots of Gg"ﬁ for 5 =1.2, «=0.2 (left), 8 = 1.2, & = 1.0 (center), and § = 1.4, a = 0.4 (right).

For the three dimensional case we observe similar behaviours as in the case n = 1, with the difference that

these solutions are no longer non-negative. We also observe a different range of values of Gg"ﬂ , which is caused

by different choices of the parameters a and § in the plots.
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