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FUNDAMENTAL THEORY OF CONTINGENT DIFFERENTIAL
EQUATIONS IN BANACH SPACE
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SHUI-NEE CHOW(!1) AND J. D SCHUUR

ABSTRACT. For a contingent differential equation that takes values in the closed,
convex, nonempty subsets of a Banach space E, we prove an existence theorem and we
investigate the extendability of solutions and the closedness and continuity properties of
solution funnels. We consider first a space E that is separable and reflexive and then a
space E with a separable second dual space. We also consider the special case of a point-
valued or ordinary differential equation.

0. Introduction. Consider the contingent differential equation
) Dx c F(t,x)

where F maps R X E into the closed, convex, nonempty subsets of E, E a Banach
space. A solution to (1) is a function ¢ mapping some interval / into E such that
if Dg(f) is the contingent derivative of ¢, then Do(f) C F(t,¢(?)) on I. In this
paper we prove an existence theorem for the initial value problem associated with
(1); we discuss the extendability of solutions and the closedness and continuity
properties of solution funnels; and we investigate the initial value problem
associated with (1) in the special case where F is point-valued, i.e. when (1) is any
ordinary differential equation.

In §1 we state basic definitions, we state the conditions to be placed on F in
the hypotheses of the existence theorem, and we give a characterization of
solutions.

In particular, if (¢, xy) € R X E is our initial point and N is a neighborhood
of (7y, xy), then we assume that for all (1, x) € N, F(¢, x) lies in a fixed bounded
set and F(¢, x) is upper semicontinuous in a certain sense (stated in condition A).

Condition A is interesting in that it extends to Banach spaces Cesari’s
condition Q [2] and it is similar to Marchaud’s concept of regularity [11] and
Zaremba’s idea of upper semicontinuity [17]. And in the case F is point-valued,
condition A reduces to weak continuity.

In §2 we prove our existence theorem in the case of E a reflexive and separable
space. In this case and under the above mentioned hypotheses we show that the
initial value problem associated with (1) has a solution ¢(¢). Further, the

Presented to the Society, January 17, 1972; received by the editors March 3, 1972.

AMS (MOS) subject classifications (1970). Primary 34A10, 34G05; Secondary 26A15.

Key words and phrases. Ordinary differential equations, contingent differential equations,
existence of solutions, fundamental theory, Banach spaces, weak topology, upper semicontinuity.

(") Partially supported by the National Science Foundation under Contract NSF GU-2648.

133 Copyright © 1973, American Mathematical Society

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



134 SHUI-NEE CHOW AND J. D SCHUUR

Wazewski result [15] holds: The strong derivative of ¢, ¢', exists and ¢'(¢)
G F(t, (1)) a.e. (strong or weak refers to limits in the strong or weak topology
on E).

Also, we discuss the extendability of solutions (using ideas of Corduneanu [5]),
we prove that funnels of solutions are closed, and we discuss the continuity
properties of solution funnels.

In §3 we investigate the initial value problem for E a general Banach space.
Consider the ordinary differential equation.

@ x' = f(t,x)

where f: RX E - E.

It was shown by example in [6] and [16] that if we only assume f is continuous,
then the initial value problem for (2) need not necessarily have a solution. (In the
special case of E = E", the continuity of f does, of course, imply the existence of
such a solution.)

Subsequently, existence theorems for the initial value problem for (2) were
proved where, in addition to the assumption of the continuity of f, it was
assumed:

f=fi +f, where f, is completely continuous and f, satisfies a Lipschitz
condition [9];

fis uniformly continuous and its range lies in a compact set [5]; and

f satisfies a Kamke-type condition [13].

In [1] the idea of a weak solution (i.e. a strongly continuous function whose
weak derivative satisfies (1)) was used, and it was shown that if f is weakly
continuous and bounded and if E is reflexive and separable then there exists a
solution to the initial value problem.

In §3 we prove the following: Let E be embedded in its second dual space E**,
which is assumed to be separable, and let E** with the weak star topology be
denoted by E**. If, in a neighborhood of (f,x,), f can be extended so that
f: R X E** — E** is continuous and fis bounded in the strong norm, then there
is a function ¢ : (f; — 8,1y + 8) — E** with @(fy) = x, which is strongly contin-
uous and whose weak* derivative satisfies (2). If, additionally, F is reflexive and
its dual space is separable, then @ has a strong derivative which satisfies (2) a.e.

In §3 we also investigate (1) when E is a general Banach space. We show that
F can be defined as a mapping from R X E** into the closed, convex, nonempty
subsets of E** in such a way that condition A holds. Then assuming the range of
Flies in a fixed bounded set we prove that (1) has a solution ¢ : R — E**. When
E is reflexive and E* separable we are back to the setting of §2.

Some of these results were presented in [4]. An existence theorem for ordinary
differential equations under similar conditions is contained in [3].

1. Definitions and basic theorems. Let E be a real Banach space with norm ||-||.
Denote E, when equipped with the weak topology, by E, and denote the dual
space of E by E*.
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CONTINGENT DIFFERENTIAL EQUATIONS 135

Let W be an open connected set in R X E. Points in W are denoted by P,
(tp, xp), o1 just (1, x). For P, Q € W, ||P — Q|| = max(|tp — t,], ||xp — xg]).

For A C E, 0 A is the closure of the convex hull of 4. And cf(E) is the
collection of all nonempty, convex, closed subsets of E.

Definition 1. A function f: W — cf(E) is said to satisfy condition A if there
exists a countable set G = {F, € E*} such that, at each P, € W,

F(Po) = 0) Qulf (Po)l,

where

Qulf(Po)] =0 U(f(P) : |tp — to| < 1/n,|Fi(xp — xo)| < 1/n,
i=12,...,n).

If 3 is dense in E*, the following hold.

(1) For E = R" condition A is equivalent to Cesari’s condition Q [2]. (This is
also called semicontinuity in the sense of Cesari [10].)

(2) For E = R" and f(P) is point-valued at each P, condition A is equivalent
to the continuity of f.

(3) If f(P) is point-valued at each P and if we consider W c R X E, and
f: W — E,, then condition A is equivalent to the continuity of f. (We show this
at the end of the section.)

If 9 is not dense in E*, but “smaller”, then the set of solutions of our
contingent equation will be larger.

Condition A yields directly the properties needed in f(P) for an existence
theorem and it avoids examining a topology on cf(E).

Definition 2. A set 4 C W is an a-set (Corduneanu [5]) if 4 is bounded and if
the inf{||P — Q|| : P € 4,0 € Bdy(W)} > 0.

Definition 3. A mapping f : W — cf(E) is said to satisfy condition B if for each
a-set A C W there exists a constant m such that ||f(P)|| < m on 4.

Definition 4. If {x,} is a sequence in E, x, — x weakly means that for every F
in E*, F[x,] - F[x].

If 9 : I - E (I an open interval in R), ¢(t) is weakly continuous means that for
every Fin E*, Flo(t)] is a continuous function of .

When we say that a property holds nearly everywhere on I we mean that it holds
everywhere except, possibly, at a denumerable number of points.

Definition 5. Let A, @(f) = (p(t + k) — @(?))h~! and let

Do(t) = {y € E : Dy, (1) — y weakly for some sequence a(n) — 0+}.

A contingent differential equation is any expression of the form

¢)) Dx C f(t,x)
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136 SHUI-NEE CHOW AND J. D SCHUUR

where f: W — cf(E).

A solution of (1) on I is a continuous function ¢ : I — E such that @ = De(f)
C F(t,9(f)) nearly everywhere on I (i.e. except, possibly, at a denumerable
number of points).

Theorem 1. Let ¢ : [ — E be continuous and assume that Do(f) # @& nearly
everywhere on 1. Then ¢ is a solution of (1) on I if and only if fort € I and m > 0
there exists an n(t,m) > 0 such that

0<h< =8¢0 € Q.lfe®))]

The following is used in the proof of Theorem 1.

Theorem 2. If A is a closed convex set in E, if Y : (a,b) — E is continuous, and
if there exist sequences {y, € A}, {h(n) — 0+} such that [AnuY(t) — y,] =0
weakly, nearly everywhere on (a,b), then

Yt — W)/ (t,— 1) €EA fory, t, € (a,b), 1 # 1.

A proof of Theorem 2 when E = E" may be found in Zaremba [17], but for
general Banach spaces we refer to Mlak [12].

Proof of Theorem 1. Let ¢(f), a solution of (1), and ¢+ € I, m > 0 be given.
Choose > 0 such that |s — | < 7 implies

sup{|s — ¢| : |Fles) — M)} < I/m for F € F,i=12,...,m.

Then Do(s) C F(s,9(s)) C Qn[f (s, 9(2))] nearly everywhere on |s — ¢| < 7 im-
plies A, ¢(t) € Q[ f (1, @(1))] for 0 < h < 7.

If A,(t) € Qulf(t, @) for 1 € I, h € (0,m), then Do(t) C Qn[f(1 @(1)]-
But m is arbitrary so

Do(t) € £ Qulf (9] = £ (1, 9().

Corollary 1. In Theorem 2, and hence in Theorem 1, we may replace the phrase
“@(f) is continuous and the stated conditions hold nearly everywhere” by “q(1) is
absolutely continuous and the stated conditions hold almost everywhere” and the two
theorems are again true.

Corollary 2. If {g,(¢)} is an equicontinuous sequence of solutions of (1) and if
@, (1) = @(t) weakly on I, then ¢(t) is a solution of (1).

Proof. First, for € > 0 there exists a 8 such that |h| < & implies ||p,(t + h)
— @,(0|| < eforallnand ¢ € I. Then the weak limit lies in the same sphere, i.e.,
llp(t + h) — @(2)|| < € and ¢(?) is continuous.

Second, in the theorem we may choose (7, m) such that 0 < A < n implies
A9, (H) € Q.S (1, ()] for all n sufficiently large.
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CONTINGENT DIFFERENTIAL EQUATIONS 137

Third, Q,[f(t, ¢(?))] is convex and closed, hence weakly closed, so A, ()
€ Onlf ()]

Addenda. (1) Relation of condition A to continuity: Assume that f(P) is point-
valued at each P € W and consider W C R X E,,. We shall show:

(i) f satisfies condition A = f: W — E,, is continuous;

(ii) f: W — E,, is continuous, m = sup{||P|| : P € W} < oo, and T is dense
in E* = f satisfies condition A.

Since f(Po) = M21 Qalf(Po)l and Q[ f(Po)] D Qo[ f(Po)] O ..., (1) follows.

Suppose x, 7%~ f(P,). There exists a Gy € E* such that Gy(xo — f(Py)) > 1
and by the continuity of f there is a weak neighborhood

4= (110 lig— 1] < 8,1G(xg — x0)| < 8)

G; € E*, of P, such that f(4) C {x : Go(x — f(Py)) < m}.

Choose N such that N > 2/8 and such that for each i € [1, M] there is a
J € [, N] with ||F; — G;|| < 8/4m where m = sup{||P|| : P € W}.

Then |E(xg — xo)| < I/N (j € [1,N]) implies |G,(xq — x0)| < |E(xq = %o)|
+ ||F = Gi|l l|xo — xol]l < & for i € [1,M] and hence

On[f(Po)] C {x : Golx = f(Py)) < m}-

(2) A simple example to emphasize the difference between strong and weak
continuity:

Let E = /% and let ¢, be the element of E with one in the nth place and zeros
elsewhere. Define g by

g0 =0 <0,
=€, t 2 1,
=[l/n—=1(n+ D He, [t = 1/(n+ D]+ ey - [1/n — 1]},
t € [I/(n+ 1),1/n].
Then g(1/n) = e, and g(¢) is continuous in the weak topology. But g(¢) is not
continuous in the strong topology at ¢ = 0.
Now define f: E — E by f(x) = g({e;,x)), where (-, -> denotes the inner

product in E. Thus f is continuous in the weak topology but not in the strong
topology.

2. Existence theorem and fundamental properties of solutions. In this section we
assume, additionally, that E is separable and reflexive.

Theorem 3. Let (1) be given and assume that f(t, x) satisfies conditions A and B.
Then for (ty, xy) € W there exists an interval I containing ty and a solution ¢(f) of
(1) on I such that @(ty) = xo. Further, ¢'(t) (the strong limit of A, @(t) as h — 0)
exists and ¢'(t) € f(t,(t)) almost everywhere on I.
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138 SHUI-NEE CHOW AND J. D SCHUUR

Proof. Choose an a-set A C W such that Py = (fy, xo) is in the interior of 4
and let m be the constant given by condition B. Choose a > ¢, such that

R={(tx): [t —t] < a—t1|x — x| < m@a- 1)} C A

With no loss of generality assume 4, < t < a < fH+ 1.

Form a partition A, of [tg,a] : 1o < 4, < ... < t,=a with (t; — t,_)) < 1/n
i=1,...,n).

Define the polygonal line

Palto) = Xo,
Qu(0) = @, (6iy) + (1 = 1i)viy f, <t<3G=1,...,n

where v;_; € f(tio, @a(ti-1)) and vy | < m.

Since {,(?)} is a uniformly bounded, equicontinuous family, a subsequence
{p (1)} converges weakly, uniformly on [¢, 4], to a function ¢(¢) on [¢,a]. Then
¢(t) € E for each ¢, ¢(fy) = xy, and as in the proof of Theorem 1, Corollary 2,
¢(?) is continuous.

Let m > 0, 1, € (#,a) be given. We claim there exists N(m,t,), n(m,4,) > 0
such that @,() € Q,[f(t, o)) for |t — 4| <m, n > N ( is here the right
derivative in the strong sense). It will then follow from Theorem 2 that

(Pa(t3) — a3 — )™ € Ol f (11, 9(1))]
forn > N, |t; — ;| < n (i = 2,3), hence by the convexity of Q,, that

Ao(t) € Qulf(h,o(1))),

and thus, by Theorem 1, that ¢(?) is a solution of (1) on [#, a].

To prove the claim assume 1/m < min(# — fg,a — t;) and choose € (0,
1/2m) such that |t — 1| < 27 implies |F[g,(?) — ¢,(t)]| < 1/2m for every n and
i=1,...,m

Choose N > 2/ such that n > N implies |F[e,(t) — o)) < 1/2m, i
=1,...,M. Then |t — 44| < m, n > N, implies @,(f) = v; € f(4;,9,(¢)) for ; a
point of the subdivision A, and further |t — ;| < %/2. Then |4, — ;| < 27 s0

|Elea(t) — (] < 172m  (i=1,...,m),
max{|y; — 4|, |Fle() — o@)) (=1,....m} < 1/m,

and @,(1) € On[f (1, (1))}

To see that ¢’(?) exists a.e. and hence that ¢'(t) € Do(r) C f(t,¢(t)) a.e. on [
we employ a theorem of Pettis [14] which states: For a reflexive space E, a
function of bounded variation ¢ : I — E is strongly differentiable a.e. and its
derivative is integrable in the sense of Bochner.
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CONTINGENT DIFFERENTIAL EQUATIONS 139

From the definition of ¢, (?), ||@,(22) — @,(1)|| < m|t, — 4| (.4, € I). Hence,
llp(t2) — @(1)]| < mjt, — 4| and @ is of bounded variation.

Remark. In Theorem 3 we may weaken condition B as follows: For each a-set
A C W there exists a constant m > 0 such that f(P) N {x : ||x]| < m} 5= & on
A.

We now state some fundamental properties of solutions of (1). We sketch only
a few proofs since they involve standard techniques from the theory of ordinary
differential equations.

Definition 6. Let ¢(7) be a solution of (1) passing through (¢, xo). Let (ay, w,)
be the domain of @ and Y = {(t,9(?)) : t, < t < w,}. Then Y(r) is a right
extension of @(t), and ¢(f) is extendable to the right if (i) ¢ is a solution of (1)
passing through (#,xo); and (ii) w, < wy, () = Y(t) on [ty,w,). If ¢ is not
extendable to the right, then ¢ is fully extended to the right .

Theorem 4. The solution (1) of (1) is extendable to the right if and only if T} is
an a-set. Further, each solution of (1) which is not fully extended to the right has a
right extension which is fully extended to the right.

Proof. See Corduneanu [5].

We may similarly discuss left extensions and extensions of solutions.

Definition 7. For P € W, let ®(P) be the family of all solutions of (1) passing
through P. If all members of ®(P) are defined on [v, 8], then Z(P; v, §) or simply
Z(P)={tp(1) 1y <1 < 8,9 € O(P)).

For A C W, assume all members of ®(P) are defined on [y, 8] for each P € A.
Then Z(4) = U{Z(P) : P € A}.

Theorem 5. If A C W is closed and bounded and if all solutions of (1) through
any point of A are defined on [y, 8), then Z(A) is an a-set and is closed.

Proof. We sketch the proof. First assume 4 is a point P. Using weak
compactness we can extend the proof to sets.

If {@, (¢, P)} is a sequence of solutions of (1) passing through P whose graphs lie
in an a-set B for t € I C [y, 9], then {g,(¢, P)} is a uniformly bounded, equicon-
tinuous family. Hence by Corollary 2 of Theorem 1 some subsequence of
{p,(t, P)} converges weakly to a solution of (1) on 1.

Also, such an a-set B always exists, viz., the usual small rectangle with center
at P.

Now if Z(P) is not an a-set, then there exists a sequence Q, = (t,,®,(,, P))
€ Z(P) such that 1, - t, € [y,6] and either ||@,(t,, P)|| — = (as a limit) or
Q, — Bdy(W) as t, > t,. By standard methods we may find a subsequence
@i (t, P) — (1, P) weakly where (2, P) is a solution of (1) through P which cannot
be defined at ¢ = ¢,. This gives a contradiction.

If Z(P) is an a-set, then ||f(z,x)|| < m on Z(P) and ®(P), the family of
solutions of (1) passing through P, is equicontinuous. The closedness of Z(P)
again follows from Theorem 1, Corollary 2.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Theorem 6. Let {A,} be a sequence of closed bounded sets in W with A; D A,
D ... and assume that all solutions of (1) passing through any point of A, are
defined on [y,8). Then M2, Z(A,) = Z(MN2, A,).

Proof. Suppose Q € M2, Z(4,). Then Q = (1, 9,(t9,B)) where ¢, is a
solution of (1) and P, € 4,. Now {¢,(s, B)} is an equicontinuous family since
Z(A,) is an a-set. So some subsequence of {g,(¢, )} converges weakly, uniformly
on [y, 8], to g(t, Py)- Then Py € M2, A, and Q = (¢g, (1, Po)).

The other half of the proof is immediate.

Specific continuity properties of solutions follow from Theorem 6. For
example:

Corollary 1. Let |B, — Py|| - Oasn — oo (B, Py € W) and let ¢,(¢) be a fully
extended solution of (1) through B with (a,,w,) as its domain of definition,
n=0,1,.... Then

lim sup a, < oy < wp < lim inf w,.

Corollary 2. For P € W let Z,(P) = Z(P) N {(s,x) : s=t,x € E}. Let ||B,
— Py|l >0asn— oo (B,Py € W) and assume Z,(Py) 5 &. Then given € > 0,
F € E* with F(x) < 0 for all x € Z,(Py), there exists an N such that n > N
implies F(y) < eforally € Z,(E).

3. Differential equations in a nonreflexive Banach space. In this section we
again consider the initial value problem. We drop the requirement that E be
reflexive but we do require that the second dual space of E be separable. Hence
the dual space of E and E itself are separable. First we make some remarks on
ordinary differential equations.

Consider the initial value problem

)] x' = f(t,x), x(0) = 0,

where f: R X E — E is point-valued.

As the example of Dieudonné [6] shows, even if f is uniformly continuous a
solution of (1) may not exist in E. But one does exist in E**, the second dual
space of E, and in fact this is also true in general.

Let E be embedded in E**. On E** we shall use both the norm ||-|| topology
and the weak* topology, i.e. the topology induced by the functionals in E*
considered as a subset of E***. We shall denote E**, when equipped with the
weak* topology, by E**.

Let I=[-1,1], W={(t,x) € RXE** : |t < 1,||x|]| < 1}, and B={x(-): I
— E** : x(f) is continuous}, ||x(*)|| = sup,||x(?)||. Since E** is separable, B is
separable.
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CONTINGENT DIFFERENTIAL EQUATIONS 141

For € >0, F € E* x() € B, let Nx()] = {y() € B: |F[)(t) — x()]
< eon I}. Using these sets and all finite intersections of these sets we have a
base for a weak topology on B and we denote B with this topology by B,,. Since
B is separable, B, is separable and since E* is separable, B, satisfies the second
axiom of countability. Hence, in B,,, sequential compactness will imply compact-
ness.

Let

£={x() € B: x(0) =0, |x()[| < I and [|Ix(t) — x(s)]| < |t — si).

If {x,(-)} is a sequence in &, then {x,(-)} is uniformly bounded. And since the unit
sphere in E** is weak* compact we may apply Ascoli’s theorem to obtaina
subsequence {x,(-)} and an x,(-) such that F[x,(r) — xo(¢)] — O for every F € E*
uniformly in ¢,

Now x, (1) — xo(¢) in EY* implies ||xo(9)]| < lim, ||x,(#)[|. Hence [Ix()|| < 1,
[Ix0(#) = xo(s)|| < |t — 5], and x,(0) = 0 s0 xo(") € £ and £ is a compact set in
B,.

Assume that f: W N (RXE)— E can be extended to a function f: W
— E** such that:

(@) [If( x)|| is bounded on W. We denote the bound by ||f|| and for simplicity
we assume || f|| < 1.

(i) f: W, — E%* is continuous and it is uniformly continuous in x. By W, we
mean W with the R X E,, topology and by uniform continuity in x we mean that
given € > 0, F € E*, there exists a weak* neighborhood M(x) such that, for all
lxl| <1,y € M(x)implies |F[f(t,y) — f(t,x)]| < eforallt € I.

Define T: E* X I X £ - R by

t
T(F1,x()) = [, FLf(s,x(s))]ds.
Then (i) T is linear in F and |T(F, t,x(:))| < ||F)l |t 111l
(i) |T(F, 12, x()) = T(F, 4, x()| < (|Fll e, = 4| IIf1l;
(i) for € > 0, F € E*, x/(*) € &, there is a neighborhood N, £[x, (-)] such that
x2() € Nerlxi ()] implies |T(F, 1, x,()) = T(F,t,x,())| < et|.
Fix x(') € £ and ¢ € I and let ®(t,x(-)) € E** be the bounded linear
functional defined by 7. This, in fact, is the Dunford third integral [7]. Then
@) 1@ XM < e 11115
W) 1952, x()) — (1, xCPI < |2 — 4l If]-
Let y(r) = ®(z, x(-)). Then
i) |ly@®| < 1fort € I and y(0) = 0;
(vii) [|y(5) = y)Il < 162 = 45
(viii) fore > 0, F € E*, x| (") € £ there is a neighborhood N, £[x, ()] such that
x2() € Nplxi ()] implies |[F[y,() — »1 ()] < e
We thus have a mapping 7 : £ — £ where T is continuous in the B,, topology
and we can use the Schauder-Tychonov fixed point theorem [8, p. 405] to infer
the existence of an x(f) € £ (ie. x(0) =0, ||x(?)|| < 1, and ||x(?) — x(s)||
< |t = s]) such that
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t
()= [ Ff(s,x(s)]ds forall F € E*.

Further, if F € E* and € > 0 then there exists a § such that |h| < & implies

[x(t +h) = x())
h

|F sex@]| = |1 [ Fip. o) - s xonds] < e

i.e., the weak derivative of x(f), x(¢), exists and x(¢) = f(¢, x(?)).
We have thus proved

Theorem 7. Let (2) be given and assume that in a neighborhood W of the origin f
can be extended to a function mapping R X E** into E** in such a way that

@) IIf (¢, x)|| is bounded on W; and

(i) f (¢, x) is weakly continuous in (t,x) and is uniformly weakly continuous in x.

Then there exists a function x(t), with values in E**, such that x(0) = 0, ||x(?)|| is
Lipschitz continuous, and the weak derivative of x(t), X(t), exists and x(t) = f(t, x(?)).

We can also give an existence theorem for the contingent differential equation
(1) in the case where E is not reflexive, but E** is separable.

We first observe that if f : R X E — cf(E) satisfies condition A, then f can be
extended to a function f : R X E** — cf(E**) where f satisfies condition A (with
respect to 9 which is considered as a subset of E**¥).

For P € E** let

JPy= (3,8 U : lig = 1] < 1/m,|Flxg = xp)| < 1/,

i=1,...,n}
where Q € E C E*and F, F,... € T.
Assume f : R X E — cf(E) satisfies condition A. Then
() f: R X E** > cf(E**) and if P € E, f(P) = f(P).
(i) f satisfies condition A.
To see (ii), we note that (a)
f(py) = fj] o U(f(P) : tp — tp,| < 1/n,|Exp — xp,]| < 1/n,
i=1, ,n}
c 8% U® : It = tp,| < Un|Elxp = xp,)| < 1/n,
i=1, ,n};

(b) for n fixed, we have for m > n
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R,[F(P) = U{F(P) : |tp — tp,| < 1/, |F[xp — xp,]| < 1/,

i=1,2,...,n

C U U{f(Q:ltg—tel < 1/m,|FE[xg = xp)l < IUm,i =1,...,m}:

ltp — tp,| < 1/n,|E[xp — xp,]| < 1/n,i=1,2,...,n}
C @ U(f(Q) : lig = tn,| < 1/m + 1/n,|Flxq ~ xp,]

< UVUm+Vni=12,...,n}.

Since this is true for every m > n, we have

0,17 (Po)] = ©0 R,[(Py)]
C @ U(f(Q): ltg — tp,| < 1/n,|E[xg — xp,]| < 1/n,
i=12...,n}.

Now if we take the intersection from n = 1 to n = oo on the left and then on the
right, we obtain

B Q.7 (Po)] € f(Po),

and we have proved (ii).
By using the method in Theorem 3 we have the following:

Theorem 8. If f satisfies condition A and if | is bounded on every a-set, then the
equation Dx C f(t,x) has solution for the initial value problem.

Remark. For the continuity properties of solutions we need to know more
about the set I, considered as a subset of E***, and separability of E*. This can
then be discussed as in §2.
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