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ABSTRACT -- 

- -  I .  7 In+=r>--rn.,+inn i.ri f .?,-inn _ * - _  _- 
L 3 i L ~ b  aRaI"C s LIII.V -..... j - h r o -  o ~ a m p l e j _ .  3f 

~tatisrical d a t a  are  r e a n a l y z e d  and show r e a s ~ n a b l y  d e f i n i t e  

c o n c l u s i o n s .  One i s  conce rned  w i t h  t h e  m u l t i p l e  compar ison 

prcblem f o r  t h e  means i n  no rma l  p o p u l a t i o n s ,  The second  i s  conce rned  

w i t h  t h e  g r o u p i n g  of t h e  c a t e g o r i e s  i n  a  c o n t i n g e n c y  t a b l e .  The 

r h i r d  is conce rned  w i t h  the m u l t i p l e  compar ison problem f o r  t h e  

a n a l y s i s  of v a r i a n c e  by %he l n g i t  modei i n  c o n t i n g e n c y  t a b l e s .  

F i n i ~ e  c o r r e c t i o n  of A k a i k e ' s  i n f o r m a t i o n  c r i t e r i o n  i s  a l s o  p roposed .  

L e t  L (6 )  b e  t h e  l i k e l i h o o d  b a s e d  on a  random sample  of s l z e  

n h a v i n g  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f(x/0), where  t h e  u n k n o m  
( 1 )  p a r a m e t e r  0 l i e s  i n  t h e  u n i o n  of  open sets 0 = 6 1, . . . y  O (k) 

i n  E u c l i d e a n  s p a c e s  of  d i f f e r e n t  d i m e n s i o n s ,  t h a t  is,  O(i' is a n  

o r e n  s e t  i n  p. d i m e n s i o n a l  E u c l i d e a n  s p a c e  RPi .  We can  s a y  t h a t  t h e  

Copyrrght  @ 1978 by Marcel Dekker ,  Inc  All Rrghts Reserved Uerther  this  work n o r  any  part  
may he r e p r o d u c e d o r  t r a n s m ~ t t e d  In a n y  f o r m  o r  by a n y  means,  e lectronic o r  m e c h a n ~ c a l  including 
p h o t o c o p y ~ n g ,  r n ~ c r o f ~ l m i n g ,  and  recording,  o r  b y  a n y  i n f o r m a t ~ o n  storage and  retrreval system 
* i thou t  permission rn wrl t ing f r o m  t h e  pubhsher  
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(i ! 
when g 0 E ~ . - ,  . Here f(y j 8;-' ) 

for future observation v when 

1s the predicted probabli~ty aenslty 

3~-(') and y is assumed to be 

when I.= zaxii,, . . . ,  i k j ,  which is equivalent to seieceing the no2sl 
L I 

sucn rhat the expected vaiue of Kuiiback's disciiminatilin i;l;urz:.A- 

t ion 

is minimized. The quantity I. in (1.2) cannot be computed from 

the data so that the maximization of the asi~mptotically unbiased 

estimate n-'log ~(8:~)) -piin is recommended. 

Three examples are given to snow how the model is selected 

by AIC. 

2 .  .k?JALPS! S OF THE DATA 

2.1. The Data with Different ..cans 
-. 
lhe foiiowing Table I is a reproduction from Snedecor and 

Cochran (1967,p.259). For this, equality of four means, namely 



D
ow

nl
oa

de
d 

B
y:

 [C
D

L 
Jo

ur
na

ls
 A

cc
ou

nt
] A

t: 
18

:0
7 

1 
A

pr
il 

20
08

 

3 . =,J I a - with comnon unknown v a r i a n c e  i n  normal p o p u l a t i o n s  

i s  r e j e c t e d  w i t h  5% l e v e l  of s i g n i f i c a n c e .  Then s e v e r a l  methods 

z r e  mentioned t o  d i s t i n g u i s h  the t r u e  d i f f e r e n c e s  between f o u r  

x e a n s ,  namel>r, LSD (Leas r  S i g n i f i c a n r  D i f f e r e n c e 1  method i m p l i e s  

. d L , ' r , i  - *, . . , z L  x i ?  , ? + , d , ,  Q 3,ethod iTn! a;.pi i n =  0n1y jh;, and s.2 on 

j3c , i=- i= iLi  / P - - - A  an? Cor:l.ran, 1 9 6 7 ,  p . 2 7 2 ) .  

However it i s  conc luded  on page 2 7 5  of  t h i s  book t h a t  no method 

I s  u n i f o r m l y  b e s t .  We canno t  make any c o n c l u s i n n s  w i t h  exact 

c o n f i d e n c e ,  G r a p h i c a i  p r e s e n t a t i o n  of  T a b l e  I i s  g i v e n  i n  F I G .  1 

from .-L:-L wi ,LL, ,  ..- w c  ,--- i a L ,  = a a i i y  - - . - I T -  iiiiligii;r :---:-- c i j i ; a l i t i e s  --..- and i n e q ! ~ a l i t i e s  between 

f o u r  means. 

A s  Akaike n o t e s ,  t h e  problem of  d e t e c t i n g  t h e  d i f f e r e n c e s  

b e t v e e n  f o u r  means i s  n o t  a problem o f  h y p o t h e s i s  t e s t i n g  b u t  a  

f c r m a t i o n  z r i c e r i o n  fi.r T i l i i  m u l t i p l e  d e c i s i o n  probirm.  h 'xdike 's  in. . 

problem is  g i v e n  by 

where  n = t o t a l  sample  s i z e s = 2 4  and a 2  i s  t h e  maximum l i k e l i h o o d  e s t i -  

ma te  of  c o m o n  v a r i z n c e  U ~ P P  t he  model c o n s i d e r e d .  By t h i s  A I C  we 

I 1 Grams 
5 0 6 0 7 0  8 0 9 0 100 

FIG. 1 
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-. 
best model is :Ss2 i ,~?# j J l  i> . iC=is ; .5 j .  xorsr nodel is L?=-,?,: 

d L 2  (,\LC=i96.&). 'The lsst :olumns in Ta-lr :I sivs tie sc.rr2cced 

3 : r  A -  -" #. -. .. .* .: i? LE!? :L?x: 5??:<.3?; fr?? .;3?<:-? -,.:2 :.>7. rt.2: ::-:e . - - - - - - - - - - - 

parameters in each model. 

,̂ ,., 7 Grouping of :ne Cateqories in 1 C ~ n t i n g e - ~ c ~ '  I . i n l s .  

Table 111 is a reprndu~tion from Sugiura and Otake (19731, 

from which we wish L O  decide an appropriarr regrouping o f  <he scaei; 

categories. One method proposed originail>- by  Otaie is based o ~ .  

L i ^  j - +  .-...A - r " r \ r , , v ; m . ? c n  r r i - i , - - -  n.-,n-- 
L,,C J C a L L J L - L L = . ,  U I Y , , L I J . Z L I . I ( I I I L  I .LCLI- i~  eYL.LL-  21-3- con?ur_ed irk 

. . . - .  
S u g i u r a  2nd Otake(lW/!), .;r:;ich I r n p i ~ e s  tnnt f a r  tnis dasa cne rlrsc 

TABLE I1 

p Model c-AIC Xodel XIC 
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so * " - -  ,,,,, ;;e s h a u l 2  d e c i d e  :r:".i-h p ' s  e r e  n q > ~ a l  .and r ~ h i c h  p ' s  a r e  un- 

e;udi, T h i s  is asain a 3 u l t : p l s  d e c i s i ~ n  = r = b l e m ,  s o r e  t i a t  c a r e -  

; o r  ali p o s s i b l e  c o m b i n a t i o n s  of che  p r q u a ' : : '  I I L i i l b .  

The first columns i n  T a b l e  I V  i n d i c a t e  t h e  mode l s  a c c o r d i n g  t o  

the  positions of t h e  s e p a r a t i o n  of t h e  c a r e g o r i e s ,  c o r r e s p o n d i n g  co 

t h e  s m a l l  a r a b i c  n u m e r a l s ( ! , 2 , ?  . . .  :) shown i n  T a b l e  I11 and F I G .  2 .  
- .  , . - - i i i 3 L  - - - c,LL,-T - - -L-  -.--- (1 ? <\, in ~ ~ b l ~  IV - n s x =  & I - - &  nnrC < c :  j r_  

~ i l c  3 ~ i l i ~ O i  \ L ;  L .  I ,  ,,A+-..r i i i n i  ---- _ -- 

t h e  f i r s t  g r o u p ;  Dose h i 9  i s  che  second  g r o u p ;  Dose 2G,-b199 i s  t h e  

t h i r d  g r o u p ;  a n d ,  f i n a l l y ,  Dose 2OOf i s  t h e  f o u r t h  g r o u p ;  s o  t h a t  

we g e t  a 2x4 c o n t i n g e n c y  t a b l e .  Accord ing  t o  A I C  o r  c o r r e c t e d  A:C 

i n  T a b l e  IV, t h i s  r e g r o u p i n g  o f  r h e  c a t e g o r i e s  is  t h e  b e s c  among a l l  

p"ssi'o;e ,,.., . . 
- A +  C a b l e s .  The minimum AIC o r  t h e  m;nlmum c o r r e c t e d  A I C  

is 2 - t t a i n e d  by  r e g r o u p i n g  ( 2 ; 5 ?  [ u n d e r l i n e d  i n  T a b l e  IV) which i s  

t h e  same c o n c l u s i o n  a s  o b t a i n e d  i n  S u g i u r a  and Otake  (1973) by 

FIG. 2  
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a n o t h e r  method based  on X 2  s t a t i s t i c s ,  From F I G ,  2 we c a n  s e e  t n a s  

t h i s  r e g r o u p i n g  seems t o  be  r e a s o n a b l e .  The f o r m u l a  f o r  t h e  c o r -  

r e c c e d  ATC i s  given i n  i h e  rielit s e c t i o n .  T a b l e s  11 and 1'2 t 2 1 1  ds 

t h a t  c o r r e c t i o n s  ~ l r ~ a y s  i n c r e a s e  A I C ,  b u t  l e s s  t h a n  107;. 

2.3.  Analysis of V a r i a n c e  by L o g i t  Model 

T-L m - v i r  7 - T T  v 1s a r e p r o d u c t i o n  f rom S u g i u r a  and Otak-e ( 1 9 7 L ;  --  

o r i g i n a l l y  r e p o r t e d  by J a b l o n  and Kato (19-., showing t h e  number 

of d e a t h s  f rom l eukemia  o b s e r v e d  ?t  Atomic Bomb C a s u a l i t y  ,:ammissi.zn 

(now R a d i a t i o n  E f f e c t  Resea rch  F o u n d a t i o n ) .  
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distribution b ( c , . . p . ; ) .  An analysis of this data was given by 
L.2 lJ 

Sugiura and Otake (l974), assuming the logit model fsr p ; ; ,  namely - J 

The :C parameters are caiied che age factor and the 3's are called 

the dose factor, Ce have computed the maxlmum iikeiinood estirnaces 

for these parameters by Newton-Raphson iteration or the iterative 

scaling method (Sugiura, 1 9 7 4 ) ,  giving the asymptotic 954 simul- 

taneous confidence intervals for dose factors as 

If 31=62=...=B5=0, we can say that, eliminating the age factor, 

radiation dose exposed has no effect for leukemia. However, this is 

not the case and with high significance, the above hypothesis was 

rejected, Then che problem is to decide which 0's  are positive. 

Simulraneous confidence intervals give some information about chis, 

but it is not sufficient since we cannot get definite conclusio~~.- 

from Table VI. The parameters pj5 and B b  are certainly positive but 

other 3's are only possibly positive. 
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FIG. 3 
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f c r  t h e  e s t i m a t e  S of  5, we can  r e f i n e  i r :  by c o n s i d e r i n g  clie 

e x a c t  b i a s  f o r  t h e  f o l l o w i n g  p rob lems  of p r a c t ~ c a i  impor rance .  

Tn d e a l i n g  w i t h  t h e  m u l t i s a m p i e  c a s e s ,  t h e  q u a n t i t y  I i n  (i . L ') is 

slightly modifLea s o  t h a t  w e  have m u l t i s a m p l e  f u t u r e  o b s e r v a t i o n s  

3f e t i ac t iv  c h e  sane sarnpie s i z e s  a s  t h e  o r i g i n a l  obse - r - - - - - - - -  V ~ L I C ~ L ~ ,  

3.1. Xormal P o p u i a t i o n s  w i t h  D i f f e r e n t  Hea* 

Le t  X . , . . . , S .  b e  a  random sample  from normal  d l s t r l b u t l o n  
1 i LIL . 

N ( u ~ , u ~ )  f o r  i=l,. . . , k .  T h e  h y p o t h e s e s  of i n t e r e s t  a r e  H .  : kJ 
J ~ .  . . j c  j l  

=. . . = p  w i t h  m k n o m  o2 f o r  a l l  p o s s i b l e  c h o i c e s  of  c and ji:. . . , j c  
j c  

such  t h a t  i z c j k  and l < j  - l < .  . . < j  <k. The p a r a m e t e r s  a r e  deno ted  by 
k c= -. 

= ( P ~ . , , .  P u t  n=ZiZlni. 1nen t h e  l i k e l i h o o d  i s  g ; v n  by  

k n .  2 
l o g  L ( B )  = -n l o g ( u 6 )  - -i&ji; (xij-vi) . (3 .1 )  

Ey Aicaike (1975: o r  f rom Sectio:: 1, t h e  mximum likelj-.,.ti i o g  L ( 8 j  

may b e  r e g a r d e d  a s  an e s t i m a t e  of  
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T C -  L L L c  ,~i,nd p q - -  :ern in the last e q u a t i o n  gives the ssacr b i a s  or 

Considering the canonical form we may assume that X= (X, , . . . , X _ )  nas 
L 

N ( * , u ' I )  where E[X.]=8. f o r  i=l,. . . ,k and E [ X .  ] = O  for i=k+l,. . . ,n. 
1 1  

The hypothesis 3 is equivalent to saying that 3 = . , . = ?  =O. By :h2 
1 ' b  

same argument as in Section 3.1 we get 

A ?n(k-b+l) 
c-AIC = -2 log L ( 0 )  + n-k+b-' . 

This is an extension of Section 3.1. The problems for the linear 
L i~ypothesis - models are i~cluded in chis formula, For exampie, if 

we consider two-way classification models without interaction such 
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<. - - .  . ~ , , 1 .  is 2 random sjnp?e r r n m  ! i < ; s  .c2! 2 ,  1 ., * ,.,, 3 .:: -.LA t :< . 
~n : i' i' 

i 

- . .  ;or i=,, . , . ,k 2nd tha: t h ~ .  h-ip:>:hqsi= sf j n t e ~ e ~ t  is E: ~1 . = ..A?: 

J 
with unknown J ~ .  F r v m  ( 3 . 2 )  we get ' c 

- 

where we have put n ,..., n. such that in. ,..., n , ? = 
j c+l 'k 1 j jk 

n . .  . n From (3.7) we get the correc:ed AIC as 

C C 

C-aIc = -2 log L ( 8 )  + 2[(c+l) C n .  / ( C n. - c -2 )  
J i  i=l J i  

k 
+ ; 2  - n2 /(n4 - 3 )  .., ., : j . ( 3 . 8 )  

'i J i  

This can be generalized to a multivariate case where we have a 

random sar?.ple from the p-variate normal distribution N(y.,C.), and 
1 1  
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w h e r e  3 = 
- a u t i  X. /I a u t i  n ; I f  X has b i n o m i a l  distribution 

uti '. 
.=a +1 i = a  +1 

u 

b ( n , p ) ,  t h e n  i t  i s  w e l l  known t h a t  

E [ I  ( ~ - n p ) / & j ~ ]  = ( l - 2 p ) / ~ G ,  

E [ i ( ~ - n p ) / G } ~ l  = 3-6/n  + l / ( n p q )  ( 3 . 1 1 )  

f o r  q= l -p ,  wh ich  y i e l d s  

*In ] = i - l / n  + ( i 1 2 n p q )  + ~ ( n - ~ ' ~ ) .  ( 3 . 123  E[ (X-np) log  - 
1-X/n 

The a b o v e  e q u a i l t y  is  n o t  t r u e  sn t h e  strict s e n s e .  However b y  
Y 

s u i t a b l y  m o d i f y i n g  l o g  X/n when X=O and l o g  (1 - :) when X=n, t h i s  
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