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FINITE CORRECTIONS

the means in normal populations. The second is concerned

[~}

ping of the categories in a contingency table. The
concerned with the multiple comparison problem for the

variance by the logit model in contingency tables.

correction of Akaike's information criterion is also proposed.

1. INTRODUCTION

£{x|8), where the unknown

parameter 8 lies in the union of open sets @ = e(l) Yooy G(k)
in Euclidean spaces of different dimensions, that is, o(l) is an

y p. dimensional Euclidean space RPi. We can say that the
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as a correction rfor the

- [ Lo (1) ,
I.=E-, . [] £{yviggilog £(v|6 dy {(1.2)
i a({iy-4 "I S ‘ )
n
(i) PR & 5 PO : ; NP . .
when §7e0° 7. Here r(y;aq ) is the predicted probabilitcy density
- . . i . )
for future observation y when age( ) and y is assumed to be
~(1) ) N oA (1)
3 to select the model

tion

2 (1)

8, )iyl (1.3)

E; (1) {jf<y!ao)log{f(y{eo)/f(y2
n

is minimized. The quantity Ii in (1.2) cannot be computed from
the data so that the maximization of the asymptotically uabiased
estimate n-llog L(é;i))—pi/n is recommended.

Three examples are given to show how the model is selected
by AIC.

il AN A
2. ANALYSTS OF THE DATA

2.1. The Data with Different licans

The following Table I is a reproduction from Snedecor and

Cochran (1967,p.259). For this, equality of four means, namely
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However it 1is concluded on page 275 of this book that no method
iformly best. We cannot make any conclusions with exact

confidence. Graphical presentation of Table I is given in FIG. 1

four means.
As Akaike notes, the problem of detecting the differences

between four means 1s not a problem of hypothesis testing but a
multiple decision problem. Akalke's information criterion for this

problem is given by

where n=total sample sizes=24 and 0° is the maximum likelihood esti-

considered. By this AIC we
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can reach definite conclu

model giving minimum AIC

second best model 1s not one bucr two; namelv,

The p columns in Table II stand for the number of estimated

parameters in each model.

ing of the Categories in a Contingency Table.

P
Table IIT is a reproduction from Sugiura and Otake
from which we wish to decide an appropriate regrouping of the seven

categories. One method proposed originally by Otake is based on

P
each observed number Ki (i=1~7) of leukemia deaths has indebendent

TABLE II

p Model AIC c=AIC D Model AIC c~AIC
2 uyRupTug=ng 192.7 193.3 4 up=upFusFu, 187.8 190.0
3 ui=up=us#u,  186.1 187.3 4 uy=usFusFuy 183.0 185.1
3 uy=up=uyFus 194.5 195.7 4 5 187.5
3 up=uz=ueFup,  186.5 188.1 ' 187.3
3 up=ug=ugfu; 194.6 195.8 4 198.5
3 upmupFusTuy 190.9 192.1 4 6 190.7
3 wy=waFup=uy 194.7  195.9 4 up#uoFusFuy 184.5 187.8
3 pl=Uu#U2=u3 186.2 187.4



binomial distribution b(n,,p,), regroupl of the categories means
the homogeneitv of p’s (povulation rates) within those categories.
So that we should decide which p’s are equal and which p’s are un-
equal. This is again a multiple decision problem. Note that care-
gories are ordered Only the equality the adjecining categories
should be examined Table IV gives the C and the corrected AILC
ror all possible combinations of the p equalities.

The first columns in Table IV indicate the models according to
the positionsg of the separation of the categories, corresponding to
the small arabic numerals(i,2,3...) I
For instance, the symbol (1,2,5
the first group; Dose 51019 is the

ird group;

th

we geb a 2x4

in Table IV,
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showing the number

deaths from leukemia observed at Atomic Bomb Casualitvy

of
(now Radiation Effect Research Foundation)

originally reported by Jablon and Kato (197 ., .
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The « parameters are called the age factor and the B's are called

the dose factor. We have computed the maximum likelihood estimates
for these parameters by Newton-Raphson iteration or the iterative
scaling method (Sugiura, 1974), giving the asymptotic 95% simul-

taneous confidence intervals for dose factors as

If 51=82=~"=86=O’ we can say that, eliminating the age factor,
radiation dose exposed has no effect for leukemia. However, this is
not the case and with high significance, the above hypothesis was
rejected. Then the problem is tec decide which B’s are positive.
Simultaneous confidence intervals give some informatiom about this,
but it is not sufficient since we cannot get definite conclusious
from Table VI. The parameters Bs and B, are certainly positive but

tive

other 3’s are only possibly posi
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Y11, since we have smaller AIC than without assuming logir.

maximum

i, we can refine it by consic

a
exact bias for the following problems of practical importance.
In dealing with the multisample cases, the quantity I inm {1.2) is
chtly modified so that we have multisample future observations
f exactly the same sample sizes as the original observations.

1. Normal Populations with Different Means.

Let X’l""’XiW be a random sample from normal distribution
i n,
i
N(ui,cz) for i=1,...,k. The hypotheses of interest are Hj

. 2 £ . .
=.,.=y, with unknown o< for all possible choices of ¢
c
such that l<c<k and lfjl<...<jcgk. The parameters are

-k

s, . B . .
a=(ul,...,uk,s‘). Put n=L Then the likelihood

P+ T
i=1"1

log L(8) = -n log(o/f?) - 5;7

By Akaike {1975) or from Section 1, the maxim

-~

«

may be regarded as an estimate of
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ensity of

same size as the {'s, and it 1s3

The second term in the last equation gives the exact blas ot
log L(9). Multiplying by -2, we get the corrvected AIC as
~ T (e rdt?
AT — D e T(Q) e SRR L‘g) (3
C=Aalu = ~a L0F L\9) T N 5 I
n=Krc—3

which coincides with AIC as

3.2, Regression

Suppose we have a nxl vector X having normal distribution

o d
and

Xl

(kxl) 1is the unknown parameter. The hyporthesis of incerestc
B

Considering the canonical form we may assume that X=\Xl,....xq) has
N(*,0%1) where E[X ]=8, for i=l,...,k and E{X;]=0 for i=k+l,...,n.

The hypothesis H is equivalent to saying that 91=,..=8b= . By the

same argument as in Section 3.1 we get

2n(k-b+1)

c=AIC = -2 log L(8) + =5

. (3.3)

This is an extension of Section 3.1. The problems for the linear
hypothesis models are included in this formula. For example, if
i

Tn Ve L~ P ad B <
has N{uta,+8.,0¢) for lELEA, 1 J‘B, 1

ijk i 7]

we consider two-way classification models without interaction such
h

k<C and the hypot

esis



far =1 I
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with unknown PR From (3.2) we get

3= =t Ellog(s, V2T + ((n, +1)5% /(262 )}]
T iy Jg I :El
R a 1 k
= E{log L(8)] +5 -5 L[ {n, (n +L)/(ni =331
- T odme+l 1 Y4 bt
1 c < <
Y T, -c~ .
7 ¢ i=lnj.)(.i nj‘+<:)/(. ny -e 2y, (3.7
i i=1 -i i=1l -1
where we have put n, ,o-e,n, such that {n, ,...,n, ,...,n, } =
Jer1 Tk 71 e Tk

{nl,...,nk}. From (3.7) we get the corrected AIC as

~ C c
c-AIC = -2 log L(8) 4+ 2{(c+1) Z n. /( T n, =-c=2)
i=1 94 i=1 Ji

t1
[0

~
_.
—~
(W8]
0
-

n, /{n, -3

IS 1

T4 Y
izl J4 3
i=c+l -1

Leie

[

This can be generalized to a multivariate case where we have a

random sample from the p-variate normal distribution N(u,,Zi), and
1



che equality of covariance marrices H:Z, =,..=. :,
4 4 i
<1 o =
is of interest., The result is given by
- , ¢
T
. pti, . / . .
c-AIC = -2 log L{3) + 2p[(c+ 17—) Son, / -c-p-1)
i=1 “1 i
. <
L oPTO - J - PO I T Ta0
- 5 I 31. ST, TETLS G L.
Toime+l i C
TF a1l n ramd Fa infinire in (2 Q) rhae hizs nf -2 log L{2) tends
If all n, tend te infinity in (3.9), the bias log L(=) te

For convenience we shall put ag=0. Then we get

I E[(X.,-n,p.)log(p./(1-p.))]
1 1 1

E{log L(8)] - J = I 1)1
i i
= P03.107
a . a
where 8 .= T STLow /8 T aL. If X has binomial distribution
“ i=a 41 © ima +1 T
u u
b(n,p), then it is well known that
E[{(X-np)/vnpq}3] = (1-2p)/vapq,
E[{(X-np)/vnpq}*] = 3-6/n + 1/(npq) (3.11)

for q=1l-p, which yields

X/n
1-X/n

3/2

E[ (X-ap) log ] =1~1/n+ (i/2npq) + 0(n ' 7). (3.12)

The above equality is not true in the strict sens However by

) when X=n, this

Sl

suitably modifying log X/n when X=0 and log (1 -



The corrected AIC in Table IV was computed by (3.1
the maximum likelihood estimate ; was used instead of 2.
for some u, the last term in (3.13), namely [—2+{1/5u(l—6u)}], was
understood to be zero. in this case the correction of AIC
increases the value.

% L7 l
Akademiai Kiado,

new look at the statistical model identifica-
v A0LT18 . T16-23,
, 716-23.
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