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Further Improvements on Bose’s 2D Stability Test

Li Xu, Minoru Yamada, Zhiping Lin, Osami Saito, and Yoshihisa Anazawa

Abstract: This paper proposes some further improvements on N.K. Bose’s 2D stability test for
polynomials with real coefficients by revealing symmetric properties of the polynomials,
resultants occurring in the test and by generalizing Sturm’s method. The improved test can be
fulfilled by a totally algebraic algorithm with a finite number of steps and the computational
complexity is largely reduced as it involves only certain real variable polynomials with degrees
not exceeding half of their previous complex variable counterparts. Nontrivial examples for 2D
polynomials having both numerical and literal coefficients are also shown to illustrate the

computational advantage of the proposed method.
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1. INTRODUCTION

Two-dimensional (2D) systems have wide
applications in areas such as signal and image
processing, multipass processes and iterative
algorithm designs. As stability is the first necessary
requirement for a 2D system to work properly, the
problem of algebraic tests for 2D system stability has
been continuously attracting considerable attention
(see, e.g., [1-8] and the references therein). A 2D
discrete system given by the transfer function

N(zi,z5)
G(z1,2) =2 (1)
D(ZI’Z2)
is (structurally) stable by definition if and only if
D(z1,25) #0, |z|<L]|z [<1, (2)

where N and D are assumed to be 2D factor
coprime polynomials. It is well known that the
condition of (2) is equivalent to the conditions [9]
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D(ZI,O)?fO, |Zl |S1a (3)
D(Zl,Zz)io, |Zl |:1, |22 |Sl (4)

The condition of (3) can be checked by well-known
1D methods, and the main difficulty is how to test the
condition (4). Based on Schiissler’s 1D stability
criterion, N. K. Bose has developed a resultant-based
algebraic test for (4) and also a simplified version of it
as follows [1,2].

Let D(z,z,) be a 2D polynomial in two complex
variables z;, z, with real or complex coefficients,

ny the degree of D(z,z,) in z, , and write

Dy(21,25) = 252 D(z,25") in the form
ny i
Dy(z1,2;) = Z di(z))z; , (5)
k=0
where dj(z;) are 1D polynomials in z; with real

or complex coefficients. Furthermore, define

1| &2 ) B
=3 Eaendt + 22 a0 o
k=0 k=0

1122 ny ~
Dy,(21,2,) =3 D d(z)z5 — 252 Y di 7))z } (N
=0 k=0

where dj(z;) denotes the complex conjugates of

both the coefficients and the complex variable z.

Then, the simplified Bose’s test for (4) is given by the
following theorem.
Theorem 1 [2]: The polynomial D;(z;,z,)#0 for

|z1|=1, |z, |21, or equivalently, D(z,z,)#0 for
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|z;|=1, |z;|<1 ifand only if

@) |do(@yd,, ()|<1;

(b) all the zeros of Dy (l,z,) and D, (1,z,) are
located on the unit circle |z, [=1;

(c) the zeros of Dy (1,z,) and Dy, (l,z,) are
simple and alternate on |z, |=1; and

(d) the R(z;) of Dy(z,z,) and
D,,(z1,z,) satisfies that R(z)#0 for z = e,
0<0,<2m, ie., |7|=1.
Dy(l,z,) and Dy,(l,z,) are 1D

polynomials, it is possible to test the conditions of (b)
and (c) by using, e.g., the 1D continued fraction
expansion (CFE) method [10]. On the other hand, the

resultant R(eje) is a trigonometric function and it

resultant

Since

may not be as straightforward to simplify this
trigonometric function and carry out the test of
condition (d) [2].

As the use of resultants is an effective method for
stability tests, the purpose of this paper is to propose
some further improvements on Bose’s stability test for
the case where D(zj,z,) has real coefficients, such
that the test can be fulfilled more efficiently by a
totally algebraic algorithm and can be implemented
more easily and systematically using a 2D CAD
system [12]. In the paper, it is first shown that
Di(1,z,), Dj,(1,z;) can be expressed in the forms

Of DlS (1,22) :LlS(ZZ)DN‘ls(ZZ) and Dlu(LZz) =
L, (22) D14(22) where D, (25), Dy,(25) are certain

self-inversive polynomials. Thus they can be easily
converted into polynomials 1, .(x;) , P;,(x;) with

degrees in the real variable x, =(zp +2z, /2" not
exceeding n,/2. This fact then leads to a result that

the conditions of (b) and (c) hold true if and only if
the zeros of p,(x,) and p,,(x;) are located

within |x, |<1 and are simple and alternate in a

certain order, which can be tested by generalizing
Sturm’s method. In fact, this is a significant new
result even for the 1D stability test as it clarifies that
by exploiting the symmetric properties of the
associated polynomials we only need to carry out the
test for certain real variable polynomials with degrees
not exceeding half of the degrees of the original
polynomials. Further, it is shown that the resultant

R(z;) isin fact a self-inversive polynomial itself and
thus can be converted into a polynomial f?(x) with

the degree in x; =(z; + 2| 1)/ 2 being only half of the
degree of R(z) in z. Therefore, the test of (d) can

be readily accomplished by directly applying Sturm’s
method to Ié(xl) on |x |<1. We note that some
related results on using Chebyshev polynomials in 1D
stability tests have recently been given in [11].

The paper is organized as follows. In Section 2,
improvements on the 1D stability test portion will be
given, while in Section 3 the self-inversive property of
the resultant R(z) will be shown and possible
improvements for Bose’s 2D stability test will be
presented. Nontrivial examples for polynomials
having both numerical and literal coefficients will also
be shown in Section 4 to illustrate the computational
advantage of the improved test. Finally, some
concluding remarks are given in Section 5.

2. IMPROVEMENTS ON THE 1D STABILITY
TEST PORTION

Let F(z) be a 1D polynomial of degree n
described by

F(z2)=Y fi 2" (8)

k=0

where f,,k=1,...,n are real coefficients and define
F(z), Fy(z) as

R(2)= %(F(z) PG = % S it O
k=0

Fy(z)= %(F(z) CSFEEY) = % S fxzk. (10)
k=0

For the stability of F(z), the following result stated

in Lemma 1 is widely known [13,14]. It should be
noted here, however, that the stability conditions for
1D polynomials are usually given with respect to a
forward operator, while in the 2D context delay
operators are usually used. Though this difference in
stability conditions may cause confusion, to maintain
consistency with the results in the literature, we use
z and z; to denote the forward and delay operators
respectively  throughout this paper. Therefore,
whenever we mention 1D stability, we imply the
corresponding definition with respect to z or z,

ie, F(z)#0, V|z[21 or F(z)=0, V|z|<]1.
Lemma 1: The polynomial F(z) is stable, i.e.,
F(z)#0, V|z|>1 ifand only if
D | folfy <15
2) all the zeros of Fi(z) and F,(z) are located

on |z|=1;and
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3) the zeros of F{(z) and F,(z) are simple and
alternate on |z|=1.

This stability criterion can be tested by the CFE
approach [10]. In this section, however, we want to
show the following results: by revealing and utilizing
the symmetrical properties of Fi(z), F5(z), two real
a 1(x)7
constructed that have degrees not exceeding half of
the ones for Fi(z), F,(z), and the stability of F(z)

can now be tested by simply checking if
Fi(x), Fo(x) satisfy the conditions of Lemma 1

variable  polynomials Fo(x) can be

within the real interval |x|<1 , which can be easily

fulfilled by using some extended results of Sturm’s
method.

Lemma 2: F(z), F,(z) can be expressed as

follows.
22 f(2) n:even
E@=1 . » g (11)
2"z 4+ D) Fy(2) n:odd
2"2(z-zYE.(z)  n:even
B@O=1 " (12)
z (z-1)F,(2) n:odd
where [(z), i=1,2 are self-inversive polynomials
given by
I | R
F,.(z)_E fl.’0+kZ:fi,k(z +zF) (13)
=1

and when 7 iseven,

J;Lk:fl,n/2+k> k=0,L,...,
Fox=Lomrskn * Sonnekss + oot Soporss (15)
k=0,1,...,n/2-1, my=n/2-1],
n/2—-1 n/2+k:even,
:{ nl2  n/2+k:odd,

ni2,m=n/2, (14)

when n 1is odd,

f = fiins) 24k — Ji(nety 24 k41
Lk e ! (16)

“1)/2+k
+ Lty 2eke2 — 0 F (-p Jin
k=01 (=112, my=(n—-1)/2,

fz,k = foinety2ek T Sonay2eker T So (17)
k=0,1,....(n~1)/2, my=(n—1)/2.

Proof: First, note that F(z), F,(z) can always be
written as

1[ & n_
FI(Z)ZE kazk +z"kaZ k]
Lk=0 k=0
&, 4 o k
=3 PIN/EAE DI
Lk=0 k=0
[ n n (18)
1 k k
=5 kaZ +an_kZ :*
L k=0 k=0
1 n
. (fk + - k)Z
2k=0
Lo o bk onse ok
F(z)=— kaz -z kaz
2= k=0
{ (19)
_Z(fk fr)Z"
2 :
Comparing (18), (19) with (9), (10), we see
fi,k :fl,n—k = fk +fn—k= (20)
ok ==Sonk = Ji = Juk - 21
If n iseven, multiplying (9) by z /2 vyields

n
2 E (2) = 1 S fiph
220

[n/2-1

1 k=n/2 y k=n/2
=5 Z iz + finn t+ Z Jixz "
| k=0

k=n/2+1

1 [n/2 . n/2 .
= 3 2 Jinr-kz "+ ozt Z Jin2k?

Li=1 =1
1 [n/2 " n/2 i
=3 D SiwrskZ " F fian + D frwaik?
k=1 i=1

1 n/2
=5 fln/2+Zfln/2+k(Z +z75) |,

k=1

(22)

where fi; = f,_ 18 used. Setting the right-hand
side of (22) as f;(z), we get the results of (11), (13)
and (14).

Further multiplying (10) by z ">

gives

n
2 (2)= % Z fz,kzkfn/2

n/2-1 n /2
—n
Z Joxz +fz,n/z + D oz

k=n/2+1
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1 n/2 . n/2 i
=3 D fomr iz fowa + 2 frmrik?
k=l =1

1 n/2 ‘ n/2 :
=3 =D fowrekZ A D Srmaik?
k=1 k=1
1 n/2 : ‘
:EZfZ,n/2+k(Z -z "),
k=1
(23)
where the relations  f5,=—/2, k> Sou2 =Fun

—fu2 =0 are applied. Since =z

T+ B M Y for k22, (23) can
be expanded as

- 1 -
2P RE=5E=2 ) a1 )
+ fomria( 2427 )
+ rwnis (@ +1427)

w202 odd

]

.even

totz

]

Sou@ e
+

ol NI

fz,n(zl’l/z—l +"'+Z+Z_1 +“.+Zl’l/2—1)’
(24)
By collecting all the coefficients of the terms of 1
and (zX+z7%), k=1...,n/2=1 in the parentheses
and denoting the calculated coefficients as f 9k
respectively, the relation
—n/2 1 N
z Fz(z)=5(z—z )| fao™t kzl Fope +27)
(25)
can be obtained that implies (12), (13). It is ready to
verify that £, satisfies (15).
When n is odd, the following result can be

obtained by multiplication of (D2 H(z).

n
02 () = % S frp k02
k=0

| (=172

1,k
=3 Y NG +270), (26)
k=0

where the fact f,; =/, 1s used again. Noting

that M4z F =K 1) and 2k +1 s

always an odd number, we can show zF™'+z7F =

(z+ 1)(Zk L L N ).
Substituting this result into (26) yields

o 1
L, 1)/2Fi(z):E(z+1){ﬁ’(n+l)/2( 1 )

-1
+ S+ ( z=l+z )

2 R
+ Sy (zT —z+1=27 +27)
+fin (Z(n—l)/z _n=h2-1 (_1)(n_1)/2

(28)
oo D241 D2y,

Again, collecting the coefficients corresponding to the
terms of 1 and (zk +z_k), k=1,...,(n-1)/2 and
denoting the obtained results by fl ; » the results of

(11), (13) and (16) are obtained.
Similarly, noting that f, , =—f, ,_4 , we can show

n
02 () - % S k02

=0 9
1 " k+1 -k
=3 > frmnauE T =27,
k=0
Since 2% =K =z + 2T 4wz the

following equation holds.

o 1
S 1)/2F2(z):E(Z—l){fz,<n+1>/2( b

-1
+ S ety ( z+1+z )

2 -1 -2
+f2’(n+1)/2+2(2 +z4+1+z  +z )

+f27n (Z(n—l)/2 + Z(n—l)/Z—l R 1 4o
41241 Z—(n—l)/Z)} '
(30)

In the same way as above, we see that the coefficients
f i for (12), (13) summarized from (30) are the

ones given in (17).
Corollary 1: The coefficients fl. .o i=1,2 for

F(z) defined by (13) can be calculated recursively

as follows.
Siwasks k=0,1,...,n/2 n: even
- N nny2+k —fl,kﬂa n: odd

= 31
Lk k=0,1,...,(n=1)/2-1 1)

(with 7 Lnty2 = Jin)
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Sonizvknt T f g pi

n: even

k=01,..."2_3
2

Jox= With £ o 1= Soms fapan = Son-1)
Soatyoek = f 2h40

k=0,1,...,(n=1)/2-1, n: odd

(with 7 2 (nety2 = J2n)-

(32)

Proof: It follows directly from (14)—(17).

As Fi(z), i=1,2, are self-inversive polynomials
and z =z'on the unit circle lz|=1, Fi(2), i=1,2,
can be converted into polynomials in a real variable
x=(z+z')/2 in the following way [15].

FilD)=F,Z") = fiDyxm 2 F (), i=1,2 (33)

where fi=[f10 fll .fN‘i,mi]’
’ . 11 4
2! dixi
Z('"i): 22472 |= dorx) =Dml»Xml~’
|27+ 2™ | dm;Xm,
xp=[1x 2?7
di=ldyo dpydiy]
which is defined by
k k< j
zt 4z Zde,jxj =dixi (4
=0

and calculated by the recursion

dio=-drn0, dij =2dp_y i1 —di_ >

(35)
k>3, j=12,...k

with [dy dy)|=[0 2], [dyy dyy dyy]=[-2 0 4]
and d; ; =0,Vi< . Further, it is easy to see that

1 0 o - 0
dyo dy 0o - 0
Dy, = dz,o d2,1 dz,z :
: : : 0
_dmi’o d’”iﬁl d’”i’z " dmi’mi ]

Now, for f,(x), i=1,2 obtained above, the

following result can be given.

Theorem 2: The polynomial F(z) is stable,
ie., F(z)#0, V|z[>1,if and only if

(@) | fylf, 1<0;

(b) all the real zeros of fF(x) and f,(x) are
located within the interval |x|<1; and

(c) the real zeros of f(x) and fF,(x) are
simple and alternate within |x|<1. Further, when n
is odd and if we order all these zeros within |x|<1

according to their values starting from the smallest,
then the last (first) zero belongs to  £,(x) ( F,(x)).

Proof: Denote by I'(F(z)) the set of zeros of
F(z). Then, due to (11) and (12), we see that, for
z#0,

(£ (2) =T(#,(2)), (36)
L (2) =T(Fy(2) UL, (37

when 7 is even, while

L(F(2) =T(F (2 U{-13, (38)
[(F(2)) =T(F(2) UL}, (39)

when #n is odd.

Based on these relations, we first show the
necessity. In view of the fact that F;(z)=0 for
|z|#1 implies that F(z)#0 for [z]z], if F(2),
i=1,2, satisfy the conditions 2), 3) of Lemma 1,
then the zeros of f,(z), i=1,2, must be on |z|=1
except z==1, and are simple and alternate. Noting
that x=(z+z_1)/2 maps the unit circle |z|=1 of

the complex plane to the real interval —1<x<1, and
that the complex zeros of a polynomial with real
coefficients appear only in pairs of conjugates, we
conclude that f£(x), i=1,2, have zeros between

—1<x<1 and the zeros are alternate. Further, when
n is even, as F,(z) has certainly the zeros of
z==1 as shown in (11) or (37), £ (x) must have

zeros which locate, due to the condition 3) of Lemma
1, at the farthest two sides in |x|<1. As the degrees

of fi(x) and f,(x) in x are respectively n/2
and n/2-1, the condition that the zeros of f£(x)
and f,(x) are alternate implies that £ ,(x) has
zeros which locate at the farthest two sides in | x|<1.

On the other hand, when » is odd, in view of that
F(z) and F,(z) have surely zeros at z=-1 and
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z=1, respectively, and both of £ (x) and f£,(x)
have the degree of (n—1)/2, we conclude that £(x)

has a zero on the farthest right side, or equivalently,
F»(x) has a zero on the farthest left side in |x|<1.

it F(z),i=12
conditions of Lemma 1, then £ (x), i=1,2 must

In consequence, satisfy  the

satisfy the conditions of this theorem.

The sufficiency can be shown similarly by simply
reversing the process for the necessity proof except
for the case of z=0, which should receive special
attention as f(z), i=1,2 can never be zero at the

point z=0 and fF;(z)#0 does not necessarily
imply that F;(z)#0 at z=0. Therefore, what we
have to do now is to show that if £,(x), i=1,2
satisfy the conditions of this theorem, then F;(z)#0
at z=0.When 7 is even, the degrees of f£ (x),
and n/2-1, so if
Fi(x), i=1,2 satisfy the conditions of the theorem,

i=12 are respectively n/2

it is meant that f(z), i=1,2 have respectively n
and n—2 zeros on |z|=1. This, along with the
other additional two zeros of F,(z) at z==l,
signifies that both F;(z), i=1,2 have n zeros on
|z|=1, therefore F;(z)#0, i=1,2 at z=0. The
case when n is odd can be shown similarly, thus the
proof is completed.

In what follows we show that the conditions of
Theorem 2 can be easily tested by using the extended
Sturm’s theorem given by Lemma 3. Let g(x), g;(x)

be two given polynomials with real coefficients, and
without loss of generality let g(x) be the one whose

degree is not less than the other one, i.e.,
deg g(x) = deg gy (x). Further, for simplicity, suppose
that g(x) and g;(x) possess no common Zzeros.
Define the following polynomial sequence starting
from g(x), g;(x).

g()C), g](X), gz()C),"‘, gl(x) (40)

where

gi—1(x) =h;(x)g;(x) — g;11 (%),

: (41)
i=12,....,1-1, go(x)=g(x)

with degg,;(x)>degg,,(x) (i=2,..,/). Note that

the above polynomial sequence can be calculated by
using the Euclidean Division Algorithm.
Denote by V(x) the number of changes of signs

in the sequence of values of polynomials from (40) at

such that
g(xp)/g1(x9) =0, define y(x,) as follows. When

the point x. For the point x=x
x changes from x<x;, to x>x, near Xxg,

» if the sign of g(x)/g;(x) does not change,

x(x9)=0;

« if the sign of g(x)/g;(x) changes from - to +,
x(x) =13

» if the sign of g(x)/g;(x) changes from + to —,
1) =1

Lemma 3: Suppose that g(x)/g;(x)=0 at the
points x=a, x=b. Then,

Via)-V(b)= > x(xo) - (42)

xoe(xlg(x)/g) (x)=0;a<x<b}

Proof: It can be shown in the same way as in the
proof of Sturm’s Theorem [16,17].

In fact, the only difference of this lemma to Sturm’s
Theorem is that, for the case of Sturm’s Theorem

g1(x)=dg(x)/dx and therefore we always have that
x(xp) =1 such that g(x;) =0.
x(xp) =1 means by definition that V(x)
decreases by 1 at every zero of g(x) so that the

for every x,

surely

number of zeros of g(x) is equal to V(a)—-V(b).
However, for the case considered in this lemma,
x(xp) 1is not necessarily always equal to 1, so
V(a)—V(b) is just the sum total of the actual values
of x(xg) ateveryzeroof g(x)/g(x).

Based on the above lemma, the following results
can be given.

Lemma 4: Let g(x)=f(x), g(x)=F,(x), and
denote by ¥ (x) the number of variation of the signs

in the sequence of values of polynomials from (40) at
the point x. Then, polynomial F(z) satisfies the

conditions of Theorem 2, i.e., F(z) is stable, if and

only if

@ | folful<1,

(b)

V(-1) -V (1) =sign(f, - fz,n)-%, n:even (43)
and

V(=1)-V (1) =—sign(f,, - fz,,,)~”7_l, n:odd. (44)

Proof: Consider first the sufficiency under the
assumption that £ (£1)# 0, f,(£1)#0, ie., f(x1)/

Fo(x)#0 . It will be seen later in the proof of
necessity that f,(£1)/ fo(x1)#0 is necessary for
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the conditions of (43) and (44) to hold, thus it is
implicitly required by these conditions.

Suppose that (43), (44) are satisfied. When n is
even, the degrees of £ (x), i=1,2 are n/2, n/2-1,

respectively. Neglecting the sign of the term on the
right-hand side of (43) and just supposing that it is
+n/2, we see that, due to the results of Lemma 3,
F(x)/ F5(x), equivalently £ ,(x), has n/2 zeros

in the interval |x|<1 and F(£1)/ f,(*1) always
changes sign either from — to + or from + to —
at each of its zeros, namely, y(x,) always takes the

same value of either 1 or —1 at each of the zeros.
This means that the n/2 zeros of f(x) are simple

and are separated by the n/2-1 simple zeros of
F»(x). It should also be clear that the two zeros of

Fi(x) are located on the side furthest left and the
side furthest right within the interval of |x|<1,

respectively.
Next we determine the sign of x(x,) for all

Xg € x| fy(x) / Fo(x)=0;—1<x<1}. Since f,(x),
i=1,2 possess no zeros for x>1 as shown above,
for sufficiently large x, the signs of £;(x), i=1,2

must be the same as their leading coefficients f Ln/2?
n/2
i 2 - Tespectively, thus sign(f(x) / Fp(x)) =

sign( f — fz,n .- For the case

sign(fln/z-fzmz_l):l, one can conclude that

when

Fi(x) / f5(x) changes sign from—to+,i.e., x(xy)
=1(:sign(f1’n/2-fz,n/z_l)) at the largest zero of
Fi(x) / F,(x). Similarly, it can be seen that
sign(fl’n/z-f"z’n/z_l):—1 implies that y(x,)=-1
(=sign(f L2’ 7 away) at the largest zero of
Fi1(x)/ F5(x). As y(xp) has the same value for all
zeros of f(x) / fo(x), we have that y(xy)=sign
(fl’n/2~ 7 2o At each of such zeros. Further, in
view of Corollary 1, we see that f 2= Sin and

fz 2o = J2,n and the sign of the term on the right-

hand side of (43) is equal to sign(f, - f, )

= Sign(fl,n ’ fZ,n) .
Conversely, when n is odd, both £ ,(x) and
F,(x) are of degree (n—1)/2. Neglecting the sign of

the term on the right-hand side of (44) and supposing
that it is £ (n—1)/2, we can show similarly as above

that both £,(x) and f£,(x) have (n—1)/2 simple

zeros in | x|<1, and these zeros are alternate. Now,

consider the condition for the requirement that a zero
of f(x) is located on the side furthest right in

|x|<1. Let x, be the largest zero of f£,(x) and
denote by sign(f(xp)) the sign of £ (x) at points
which
means that f,(x) has the opposite sign with £,(x),

near x;, with x>xy. Then, if y(x5)=1

ie., f 2.1y for a point x immediately after x,
then sign(£(xy)) = _Sign(fz,(n—n/z) . In the same
way, we see that if
X(XO) = _L then Sign(ﬁl(xo )) = Sign(fZ,(n_l)/z)'
Suppose that

1(x0) = —sign(f L(n-1)/2" / 2, (n-1y2 (45)

Then, if Sy and S22 have different
signs, it follows from (45) that y(xy) =1, and this in
turn implies that sign(f(xy)) = Sign(il(n—l)/z)
= —sign(f1 (n—l)/2)‘ Similarly, we can see that, if

7 L1y and 7 2(nny2 have the same sign, then

X(XO) =-1 ’ and Sign(ﬁ](x() )) = _Sign(jzz’(n_l)/z) =-

sign(f1 (n-1) 1,) - In both cases, we have the result that

sign(ﬁl(xo)):—sign(fl’(nil)/z), ie, f(x) has

different signs for a point x immediately after x
(<1) and for a sufficiently large x (>>1). This fact
signifies that #,(x) must have another zero in

Xg<x<l. Now  substituting

S -2 = Jins
/s (n_1y2 = J2n into (45) yields that x(xp) = -sign
(fin " Sfan)- As (o) has the same value for all
zeros of fr,(x)/ f,(x), we see that this relation holds

true for all the zeros of f(x)/ f,(x), which is just

the sign given in the right-hand side of (44).
Therefore, if the condition (b) of Lemma 4 holds
true, then the conditions (b) and (c¢) of Theorem 2 are
satisfied. Thus the proof of the sufficiency is
completed.
The necessity is clear from the process of the proof
of sufficiency, since, if F(x), i=1,2 have any

zero(s) outside the interval |x|<1, including the

zeros of x ==1, the conditions of (43) and (44) can
never be satisfied.
Theorem 3: Let g(x), g;(x) and V(x) be the

same as those in Lemma 4. Then, F(x) is stable if
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and only if,

V(=) -V (1) =§, n: even (46)

and
n—1

VED-v)=- 5

n: odd. 47)

Proof: It follows from (20), (21) that f, =
fn+fo and fz,n = f,— fo- So, we have an ‘fz,n
= f2— (3. If | folf, |<1,then f?—f¢>0 and

sign(f, - fo0) =sign(f;} - f3) =1. (48)

Conversely, if (48) is true, | fo/f, |<1 must also hold

true. Therefore, it is clear that the conditions of this
theorem are equivalent to those of Lemma 4.

3. IMPROVEMENTS ON THE 2D STABILITY
TEST PORTION

Another important step in Bose’s 2D stability test is
investigating whether the resultant R(z) of
Dis(21,2zy) and Dy,(z,z,) is devoid of zeros on
|z; |=1. In this section, we first show that R(z;) is
in fact a self-inversive polynomial itself on |z |=1.

Therefore, it can also be converted into a real variable
polynomial with a reduction in the degree to half of
the degree for R(z). Then, improved versions of
Bose’s 2D stability test will be provided based on the
results obtained in this and the previous sections.
Lemma 5: The resultant R(z;) is self-inversive

on |z |=1.
Proof: Since z = zfl on |z1|=1, D(z,2),
Dy, (z1,z,) can be respectively written as
1 & ~13) K
RCIESEED) (e +d,, i (TH]5 L @9)
k=0
1 & RN
Dyy(z,25) = ) > {dk (z1)=dy, 1 (7 }Zz - (50)
k=0

Therefore, defining A ; (z) = %(dk (z)+d,, & (zl_l)) ,

hy i (z1) = %(dk (z21)—dy, & (Z1_1 )), the
R(z;) of Dy (z),z5) and Dy, (z,z,) with respect

resultant

to z, is given by

hony (20 hopy1(20) e h(z) 0 hgo(z) 0
by (21) o hoa(z)  hg(z)  hp(z)
R(z) 0 hs,nz(zl) hx,nz—l(zl) hs,nz—z(zl) hs,O(zl)
)=
R P E B T B RTCH SR EN) 0
hamy (1) 0 hap(21)  hy(z21)  hap(z)
0 ha,nz(zl) hu,nz—l(zl) hu,nz—z(zl) ha,o(zl)
(51)

Then, reversing the order of all the 2n, columns,
and reversing the order of the upper n, rows and the
lower n, rows respectively, we can obtain the

following result for all n, .

hoo(z1)  hoi(z) o B q(2) by, (21) 0
ho(z) - Dy 2(@) Ao, (2) D, (2)

0 by 0(z1) b 1(z1) ho(z) o by, (21)
hao(z) ey (z) o ey (2) Ry, (2) 0
hao(z) o Mgy 2(21) gy 1(21) By, (21)

R(z)=(-1"

hay(z)  hp(z) o kg,

(52)

0 hyo(z1)

It follows from Ky (z))=hy, x(z1'), hus(z)=

_ha,nz —k (Zl_l ) that

hopy(21) B a(z) e hgo(2) 0
By (2) e hia(z) h0(z1)
Rz = (-1y® 0 hony(21)  hguya(z) e hgo(2)
O ey G ey G () 0
*ha.nz (z1) . *hu,l(zl) *hu,o(zl)
0 “han (21) ~hgpy1(21) o —heo(2))
(53)

Multiplying the lower n, rows by —1 respectively,

we see that R(z;)=R(z;') signifying that R(z) is
self-inversive.
Now, using the relation of (33), we can transform

R(z;) into a polynomial R(xl) in the real variable

x=(z+z2 /2. It should be clear that to test the
condition (d) of Theorem 1 we only need to see
whether or not R(x)#0 on |x [<1.

Define p(z5), Dy,(z2) by

ny/2 ~
2" " Dis(z2)

Di;(1,zy) =
v 222, 1 1)f(2))
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222z, -3 pi(z)  n:even
Di(hz)=1"0 T (55)
Z, (zp =)Dy, (z,) n:odd
If we put F(z)=D(z) and  F(z)=

Dy,(1,z;) then Lemma 2 gives us that p(z),
Di,(z,) are self-inversive polynomials. Further,
transform by (33) p,,(z») and p;,(z,) into real

variable  polynomials

DA]s(xz) a'nd bla(xz)’
respectively, where x, = (z, +25)/2.

Based on the above results and those given in the
previous section, we can now give the following

improved versions of Bose’s 2D stability test.
Theorem 4: The polynomial Dj(z;,z,)#0 for

|z11=1,]zy |21, or equivalently, D(z,z,)#0 for
|z, |=1, |z, |<1 ifand only if

(a) |do(1)/d,,, ()| <1;

(b) all the zeros of p,(x,) and p, (x,) are
located within |x, |<1;and

(c) the zeros of p(x;) and p,,(x;) are
simple and alternate within |x, |<1. Further, when
ny, is odd and if we order all these zeros within
|x|<1 according to their values starting from the
smallest, then the last (first) zero belongs to Dj(x,)
(Dyy ().

(d) R(x))#0 for x <1.

Proof: It follows immediately from the results of
Theorems 1, 2 and Lemma 5.

Let g(x,)= [51,(%2). €(%;) = y,(x) and define
the polynomial sequence (40) and V(x,) for

g(xy), g1(x,) in the same way as stated in Section 2.

Then, the following theorem can be given.
Theorem 5: The polynomial Dj(z;,z,)#0 for

|z11=1,|zy |21, or equivalently, D(z,z,)#0 for
|z, |=1, |z, |<1 ifand only if
(a)
V(-1)-V () =g, n: even (56)

and
n—1

Vi-n-r=- , n: odd. (57)
(b) R(x))#0 for x <I.
Proof: It is obvious from Lemma 4 and Theorems 3

and 4.
It is noted that the condition (b) of Theorem 5 can

be checked directly by Sturm’s method [16,17]. A
totally algebraic algorithm for the stability test of a 2D
polynomial D(z;,z,) with real coefficients can now

be summarized as follows.
Algorithm:
Step 1. Verify the condition D(z,0)#0, |z |[<1 by

using the procedure proposed in Section 2 or any
other 1D stability test. If this condition is not valid

then exit with D(zj,z,) unstable.
Step 2. Calculate dj (z;) defined in (5) and verify

the necessary condition ‘afo(l)/afn2 (1)‘<1. If this

condition is not valid then exit with D(z},z,)
unstable.

Step 3. Calculate Dy (z,2;), Dy,(z1,2;) by (49)
and (50), and calculate p,,(z;), Dla(ZZ) defined in
(54), (55) by applying the results of Corollary 1 for
Di;(1,z), Dy, (1,25). Further, construct
Dis(x2), Dy,(x2) from py(z5), Diu(z2) by (33)
and verify if /. (x;), D;,(x;) satisfy the condition

(a) of Theorem 5 by the extended Sturm’s method
shown in Section 2. If this condition is not valid then

exit with D(zj,z,) unstable.
Step 4. Calculate the resultant R(z;) by (51) and

transform it to I%(xl) by (33). Then test the condition
(b) of Theorem 5 by using Sturm’s method [16,17]. If
ﬁ(xl) #0 on |x|<1, then the 2D polynomial
D(zy,z,) 1is stable.

4. ILLUSTRATIVE EXAMPLES

Several nontrivial examples are given to show the
effectiveness and computational advantage of the
proposed method.

Example 1: Consider the stability of the following
2D polynomial used in [1,2].

D(z),2,) = (12+10z +222) + (6 + 5z + 22 )z, (58)
D(z;,0) = 12410z +2z% =
2(z; +2)(z; +3) has zeros of —2,-3, thus is 1D

stable.
Step 2. Since

-
Dy(z1,23) = 2,D(z1,2; )

=(6+5z +27)+(12+10z, + 227 )z,

Step 1. Obviously,

and

12

doM] _112|_1_
dD| [24] 2
the condition (a) of Theorems 1 and 4 is satisfied.
Step 3. It is easy to see that

1

&l
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1 2 -1 -2
D, (z1,z0)=—[(18+5z; + z{ +10z; " + 2z
ls(l 2) 2[( 1 1 1 1 )(59)

+(18+ 5z + 272 +10z) +222)z,]
Dy, (z,25) = Lice+ 521+ 28 =10z = 227%)
2 (60)
~(=6+5z7" + 2% =10z —22})z,]

and Dls(1522)218(1+22)7 Dla(1,22)26(Z2 —1)

Thus, Dis(z2) =18, Dy, (22)=6.
Clearly, the condition (a) of Theorem 5 is satisfied as
Vi-D=r1)=0, n,=1 and V(ED)-V(Q)=
—(n, =1)/2=0.

Step 4. The resultant R(z;) is calculated as

we have that

R(z)=—186—-105(z; +z; ) —18(z + ;%)
1
=[-186 -105 -18]/z +z"

24,2
Zl +Zl

Let x =(z +2z 172, then it follows from (33) that

1 1 0 o1
zl+zl_1 =10 2 0}x
Z+z2 | |2 0 4%
and
R(x;) =—150—210x, — 72x7. (61)

Then, the Sturm’s polynomial sequence can be
constructed as

2o(x) :%R(xl) =36x} —105x,—75,  (62)

&1 (xl) = dgo (xl )/dxl = —72x1 - 105, (63)
25

-2 64

82(x1) T (64)

and it is ready to verify that gy(£1)/g;(x1)#0 and
V(-1)=V(1)=0. Then, due to Sturm’s Theorem we

conclude that R(x;)#0, for |x <1, and therefore
the 2D polynomial given in (58) is stable.

Noting that the above ﬁ(xl) is only a second
while the resultant R(x)

obtained in [1] is an 8th degree polynomial and the
one in [2] is a trigonometric function. It should be

degree polynomial,

noted that the correct results for Example 1 of [2] are
as follows:

Bls(ejel »Z29) =%[(18 +15c0s60; +3c0s20))(1+z,)
— j(5sin0; +sin 20, )(1 - z,)]
B, (e’ z))= %[(—6 —5c0s0; —c0s26,)

+ j(15sin0; +3sin20)
+((6+5co0s0; +cos26,)
+ j(15sin0; +3sin20,))z, ]
and
R(ejel)
=[(18+15c0s0; +3cos26)) + j(5sinB; +sin 26,)]
[(6+5c0s0; +cos20;) + j(15sin6; +3sin 26;)]
—[(18+15c0s0; +3c0s20;)— j(5sin6; +5sin26;)]
[(6+5c0s6; +c0s20;) + j(15sin6; +3sin26;)]
=—[(18+15c0s6; +3c0520;)(6+5c0s0; +2co0s20;)
+(5sin6; +2sin20;)(15sin0; +3sin20;)].  (65)

By making use of various formulas of trigonometric
functions, it is possible to reduce (65) to the form of

R(e”®)=—(186+210cosB; +36c0s26;)

(66)
=—(150+210cos6; + 72cos? 0)),

which corresponds to the result of (61) with
x = (e + ey = cos0;. However, in general it
would be rather complicated to reduce a polynomial
of trigonometric functions (sink and cosk0®) to a
polynomial of a single real variable x. Thus, it is
difficult to implement such operations by a computer
program, while the procedure proposed in this paper
can be implemented quite easily.

Example 2: Test the stability of the following 2D
polynomial used in [7,15]

1 1 1
D(z1,2,) :(ijg +(Zzl +5]Z§

. . . . (67)
2 3 2

+ —z{ +—z +l |z +| =z +—z{ +z + 2|
(41 27! )2 (41 2t j

It should be noted, however, that the polynomial
F(z,zy) given in [7] is in fact the reciprocal
polynomial of D(z,z,) with respect to z;, ie.,
F (zl,zz):sz(zl_ l,zz) and it corresponds to the
stability criterion F(z;,z,)#0 for |z |21, |z, [<1.

Step 1. It is easy to see that D(zl,0)=(1/4)zl3
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+(1/2)le +2z;+2 is 1D stable. In fact, it has the zeros

of -2, +2i.
Step 2. It is also ready to verify that

o)

d3(1)

a4l 1
=4 =—<1
15/4] 15

Step 3. It can be shown that

1 1 L o 3 1 3 3
D (zi,z))=(—+—zy+—zf +2z{ +—2 ")z
15(21,22) (8 PR B )Z3

+(%Zl +%le +%Zl3 + 213 21_2 + %zﬁ)zg
+(ézf ! —i&z{ 2 +%Zf 3 -iézlz -1%213 )z,
+l+1z1‘1+1z1‘2 +z3 +1z3,
4 2 8
Dy, (z,25) :(éJriZl +%212+213_é21_3)23
+(= Zl+411212+;zl3_ézf2_izf3)2%
+(—ézl_ ! —izl_ 2 —%Zl_ 3 +lzl2 +le3 )25
—é—iz{l—l 1_2—21_3 +—z,
and
Dy (L,zy)= 223 +%Zz2 +%zz +2,
Dy, (1,zy) = Zz + ; 7 - ;22 —%-
The self-inversive polynomials p(z,), D;.(22)

are then obtained as
- _1 1
Dis(22)=2(zy + 2, )+Z,
~ 7 1.9
Zy)=—(2, + 2z, )+ —.
Dia(22) 4( 2 +2) 2

which can be converted by setting x, =(z, + 2z, h2
into

N 1
DlS(X2) = 4x2 +Z,
9

. 7
X =—Xy +—.
Di1a(%2) T2t

For this simple case it is trivial to see that the zeros of

Dis(x2) and P, (x,) are respectively —1/16 and
—9/14, both
-9/14<-1/16, i.e., the zero of p, (x,) is located

located  within  |x, |<1, and

on the right side.
Step 4. The resultant R(z;) can be shown to be as

1 . _
R(zl):—M{64(zlg+zl ) +448(z, % +2,7%)

+1968(z; +2, ) +6976(z, %+ 2, %)
+19100(z,° + 2, ) +43228(z, * + 2,7
+83265(z,° + 2, ) +131818(z, % + 2, )
+176393(z +z, ") +197850}

(68)
and it can be transformed into ﬁ(xl) with
X =(z,+2 )2 as follows.

Ié(xl):—leg —28x{g —877)(17 —53xl6
1763 5 2583 4 13397 ;
- - A 1

32 64 512

_ 7261 2o 4449 3807

5121 10247 2088

By applying Sturm’s method it can be seen that
R(x;) #0, | x, |<1.Therefore, we have the conclusion

that the 2D polynomial of (67) is stable.
Example 3: Show the conditions for the following
2D polynomial to be stable [2], where a, b, c are real

numbers.
D(ZI’Z2) =l+azl +(b+CZl)Zz. (69)

Step 1. To ensure that D(z;,0)=1+az =0 for
| z; <1, it is necessary to have that |a|>1.
Step 2. Since dy(z)=b+cz; and di(z)=1+az,

the following relation must hold.

do(0]_[bre -
d@®| |l+a
Step 3. Since
DI(ZI’Z2):(b+czl)+(1+azl)225 (71)
1 -1
D, (zy,zy)=—1(czy +b+1+az
15 (2122) = (e 0 -

+(az; +1+b+czl_1)22},
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1 _
Dla(ZanZ):E{(CZl +b-1-az")

(73)
+(az; +1-b —czl_l)zz},
it follows that
Dls(l,zz):%(zz +)(+a+b+c), (74)
Dla(1,22)=%(22 -D(+a+b+c), (75)

which have already satisfied the condition (a) of
Theorem 5.

Step 4. The resultant R(z;) is calculated by

R(zy) = ha(z1)  hyo(z1)
Vb (@) hao(z)
1 _
=_Z{(1+a2 _p? _6,2)_‘_(61_bc)(z1 +2z) 1)},
where

hy(z)) =%(azl +1+b+cz D),
hyo(z1) :%(czl +b+l+azl_1),
hal(zl)=%(azl +1-b—cz ),

hyo(z) :%(czl +b—1—azh).
Letting x =(z; +z; 1Y/2, we have the result
; 1
R(x)) == (+a*> —b* —c*)+2(a—-bc)x | . (76)

Following Sturm’s method, set gg(x)= ﬁ(xl),
g1(x)) =dgy(x)/dx; =—(a—bc)/2 . Since gi(x) 1is
already a constant, to see if I%(xl);tO for |x |<1
we only need to see if V(-1)-V(1)=0 where
V(%) denotes the number of the sign variation in the

polynomial sequence gy(x), gi(x). It is easy to
see that

go(-1) = —i{(1+a2 e —cz)—a(a—bc)},
g1(=1)=2(a—bo),
go() = —%{(1 +a®—b* - +a(a —bc)},

g (1) = 2(a~bo).

As gi(-)=g/(1), to satisfy that V(-1)-V(1)=0,
go(=1) and gy(1) must have the same sign which
is equivalent to requiring that

go() 1+a*>-b*-¢? —2(a—bc)
gD 1+d*>-b*-¢? +2(a—bc)

_(-aP-(p-0
(+a)? —(b+c)?

(77

Condition (70) implies that (1+a)>—(b+c)>>0.
Hence, for (77) to be true, we must have

(-a)* —(b-c)*>0 (78)
which is equivalent to
‘b a3y (79)
l-a

Therefore, the necessary and sufficient condition for
the polynomial of (69) to be stable is

b+c

|a|>1,‘ boc
1+a

1-a

<l. (80)

<1,‘

This result is the same as the one given in [2,9]. Note
that the result of Example 3 is a special case of Bose’s
result [2] by restricting the coefficients to be real.

5. CONCLUDING REMARKS

Some improvements have been proposed for N.K.
Bose’s 2D stability test, for polynomials with real
coefficients, by revealing symmetric properties of the
polynomials and resultants occurring in the test and
by generalizing Sturm’s method. Consequently, the
improved test can be fulfilled by a totally algebraic
algorithm and the computational complexity is
significantly reduced as it involves only certain real
variable polynomials with degrees not exceeding half
of their previous complex variable counterparts.
Nontrivial examples have also been illustrated.

Kurosawa et al. [18] have proposed an efficient
algorithm for calculating the determinant of a matrix
with 1D polynomial entries by making use of DFT (or
FFT). It should be clear that this algorithm can be
directly applied to compute the resultant R(z;) so

that the complexity of Bose’s 2D stability test can be
improved even further.

An interesting question is whether the proposed
improvements for Bose’s 2D stability test could be
extended to the general nD (n>2) case. As it has
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recently been pointed out by the authors [19], it is a
nontrivial task to generalize 2D stability testing
methods to the general nD (n>2) case. We will

look into this problem in the future. Another possible
future research topic is to apply the proposed
improvements in the investigation of the stability of
interval 2D systems, which is important because
practical systems are usually subject to parameter
uncertainty.
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