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Abstract
Main objective of this paper is to study further properties of fuzzy pseudo near compactness via ps-ro closed fuzzy

sets, fuzzy nets and fuzzy filterbases. It is shown by an example that ps-ro fuzzy continuous and fuzzy continuous
functions do not imply each other. Several characterizations of ps-ro fuzzy continuous function are obtained in terms
of a newly introduced concept of ps-ro interior operator, ps-ro q-nbd and its graph.
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1. Introduction

In (Ray & Chettri, 2010), while finding interplay between a fuzzy topological space p f ts, for
short) pX, τq and its corresponding strong α-level topology(general) on X, the concept of pseudo
regular open(closed) fuzzy sets and ps-ro fuzzy topology on X was introduced, members of which
are called ps-ro open fuzzy sets and their complements are ps-ro closed fuzzy sets on pX, τq. In
(Ray & Chettri, 2011), in terms of above fuzzy sets, a fuzzy continuous type function called ps-ro
fuzzy continuous function and a compact type notion called fuzzy pseudo near compactness were
introduced and different properties were studied.

In this paper, fuzzy pseudo near compactness has been studied via ps-ro closed fuzzy sets,
fuzzy nets and fuzzy filterbases. Further, it is shown by an example that ps-ro fuzzy continuous
and fuzzy continuous functions are independent of each other. An interior-type operator called
ps-ro interior is introduced and several properties of such functions are studied interms of this
operator, ps-ro q-nbd and its graph.
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We state a few known definitions and results here that we require subsequently. A fuzzy point
xα is said to q-coincident with a fuzzy set A, denoted by xαqA if α` Apxq ą 1. If A and B are not
q-coincident, we write A  qB. A fuzzy set A is said to be a q-neighbourhood (in short, q-nbd.) of a
fuzzy point xα if there is a fuzzy open set B such that xαqB ď A (Pao-Ming & Ying-Ming, 1980).
Let f be a function from a set X into a set Y . Then the following holds:
(i) f ´1p1´ Bq “ 1´ f ´1pBq, for any fuzzy set B on Y .
(ii) A1 ď A2 ñ f pA1q ď f pA2q, for any fuzzy sets A1 and A2 on X. Also, B1 ď B2 ñ f ´1pB1q ď

f ´1pB2q, for any fuzzy sets B1 and B2 on Y .
(iii) f f ´1pBq ď B, for any fuzzy set B on Y and the equality holds if f is onto. Also, f ´1 f pAq ě A,
for any fuzzy set A on X, equality holds if f is one-to-one (Chang, 1968). For a function f : X Ñ
Y , the graph g : X Ñ X ˆ Y of f is defined by gpxq “ px, f pxqq, for each x P X, where X and Y
are any sets. Let X, Y be f ts and g : X Ñ X ˆ Y be the graph of the function f : X Ñ Y . Then
if A, B are fuzzy sets on X and Y respectively, g´1pA ˆ Bq “ A ^ f ´1pBq(Azad, 1981). Let Z, X,
Y be f ts and f1 : Z Ñ X and f2 : Z Ñ Y be two functions. Let f : Z Ñ X ˆ Y be defined by
f pzq “ p f1pzq, f2pzqq for z P Z, where X ˆ Y is provided with the product fuzzy topology. Then if
B, U1 U2 are fuzzy sets on Z, X, Y respectively such that f pBq ď U1 ˆ U2, then f1pBq ď U1 and
f2pBq ď U2 (Bhattacharyya & Mukherjee, 2000). A function f from a f ts pX, τq to f ts pY, σq is
said to be fuzzy continuous, if f ´1pµq is fuzzy open on X, for all fuzzy open set µ on Y (Chang,
1968). For a fuzzy set µ in X, the set µα “ tx P X : µpxq ą αu is called the strong α-level set of X.
In a f ts pX, τq, the family iαpτq “ tµα : µ P τu for all α P I1 “ r0, 1q forms a topology on X called
strong α-level topology on X (Lowen, 1976), (Kohli & Prasannan, 2001). A fuzzy open(closed)
set µ on a f ts pX, τq is said to be pseudo regular open(closed) fuzzy set if the strong α-level set
µα is regular open(closed) in pX, iαpτqq, @α P I1. The family of all pseudo regular open fuzzy sets
form a fuzzy topology on X called ps-ro fuzzy topology on X which is coarser than τ. Members of
ps-ro fuzzy topology are called ps-ro open fuzzy sets and their complements are known as ps-ro
closed fuzzy sets on pX, τq (Ray & Chettri, 2010). A function f from a f ts pX, τ1q to another f ts
pY, τ2q is pseudo fuzzy ro continuous (in short, ps-ro fuzzy continuous) if f ´1pUq is ps-ro open
fuzzy set on X for each pseudo regular open fuzzy set U on Y . For a fuzzy set A, ^tB : A ď B, B
is ps-ro closed fuzzy set on Xu is called fuzzy ps-closure of A. In a f ts pX, τq, a fuzzy set A is said
to be a ps-ro nbd. of a fuzzy point xα, if there is a ps-ro open fuzzy set B such that xα P B ď A.
In addition, if A is ps-ro open fuzzy set, the ps-ro nbd. is called ps-ro open nbd. A fuzzy set A
is called ps-ro quasi neighborhood or simply ps-ro q-nbd. of a fuzzy point xα, if there is a ps-ro
open fuzzy set B such that xαqB ď A. In addition, if A is ps-ro open, the ps-ro q-nbd. is called
ps-ro open q-nbd. Let tS n : n P Du be a fuzzy net on a f ts X. i.e., for each member n of a directed
set pD,ďq, S n be a fuzzy set on X. A fuzzy point xα on X is said to be a fuzzy ps-cluster point
of the fuzzy net if for every n P D and every ps-ro open q-nbd. V of xα, there exists m P D, with
n ď m such that S mqV. A collection B of fuzzy sets on a f ts pX, τq is said to form a fuzzy filter
base in X if for every finite subcollection tB1, B2, ..., Bnu of B,

Źn
i“1

Bi ‰ 0 (Ray & Chettri, 2011).

2. Fuzzy Pseudo Near Compactness

It is easy to observe, as pseudo regular open fuzzy sets form a base for ps-ro fuzzy topology,
replacing ps-ro open cover by pseudo regular open cover, we may obtain pseudo near compact-
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ness.

Definition 2.1. Let xα be a fuzzy point on a f ts X. A fuzzy net tS n : n P pD,ěqu on X is said to
ps-converge to xα, written as S n

ps
Ñ xα if for each ps-ro open q-nbd. W of xα, there exists m P D

such that S nqW for all n ě m ,pn P Dq.

Definition 2.2. Let xα be a fuzzy point on a f ts X. A fuzzy filterbase B is said to
(i) ps-adhere at xα written as xα ď ps-ad.B if for each ps-ro open q-nbd. U of xα and each B P B,
BqU.
(ii) ps-converge to xα, written as B ps

Ñ xα if for each ps-ro open q-nbd. U of xα, there coresponds
some B P B such that B ď U.

Theorem 2.1. A f ts pX, τq is fuzzy pseudo nearly compact iff every tBα : α P Λu of ps-ro closed
fuzzy sets on X with ^

αPΛ
Bα “ 0, there exist a finite subset Λ0 of Λ such that ^

αPΛ0
Bα “ 0.

Proof. Let tUα : α P Λu be a ps-ro open cover of X. Now, ^
αPΛ
p1´Uαq “ p1´_αPΛ

Uαq “ 0. As
t1´ Uα : α P Λu is a collection of ps-ro closed fuzzy sets on X, by given condition, there exist a
finite subset Λ0 of Λ such that ^

αPΛ0
p1 ´ Uαq “ 0 ñ 1 ´ _

αPΛ0
Uα “ 0. i.e., 1 “ _

αPΛ0
Uα. So, X

is fuzzy pseudo nearly compact.
Conversely, let tBα : α P Λu be a family of ps-ro closed fuzzy sets on X with ^

αPΛ
Bα “ 0. Then

1 “ 1´^
αPΛ

Bα ñ 1 “ _
αPΛ
p1´ Bαq. By given condition there exist a finite subset Λ0 of Λ such

that 1 “ _
αPΛ0
p1´ Bαq ñ 1 “ p1´^

αPΛ0
Bαq. Hence, ^

αPΛ0
Bα ď p^αPΛ0

Bαq ^ p1´^αPΛ0
Bαq “ 0.

Consequently, ^
αPΛ0

Bα “ 0.

Theorem 2.2. For a fuzzy set A on a f ts, the following are equivalent:
(a) Every fuzzy net in A has fuzzy ps-cluster point in A.
(b) Every fuzzy net in A has a ps-convergent fuzzy subnet.
(c) Every fuzzy filterbase in A ps-adheres at some fuzzy point in A.
Proof. paq ñ pbq: Let tS n : n P pD,ěqu be a fuzzy net in A having fuzzy ps-cluster point at
xα ď A. Let Qxα “ tA : A is ps-ro open q-nbd. of xαu. For any B P Qxα , some n P D can
be chosen such that S nqB. Let E denote the set of all ordered pairs pn, Bq with the property that
n P D, B P Qxα and S nqB. Then pE,ąq is a directed set where pm,Cq ą pn, Bq iff m ě n in D and
C ď B. Then T : pE ąq Ñ pX, τq given by T pn, Bq “ S n, is a fuzzy subnet of tS n : n P pD,ěqu.
Let V be any ps-ro open q-nbd. of xα. Then there exists n P D such that pn,Vq P E and hence
S nqV . Now, for any pm,Uq ą pn,Vq, T pm,Uq “ S mqU ď V ñ T pm,UqqV . Hence, T ps

Ñ xα.
pbq ñ paq If a fuzzy net tS n : n P pD,ěqu in A does not have any fuzzy ps-cluster point, then
there is a ps-ro open q-nbd. U of Xα and n P D such that S n  qU, @ m ě n. Then clearly no fuzzy
subnet of the fuzzy net can ps-converge to xα.
pcq ñ paq Let tS n : n P pD,ěqu be a fuzzy net in A. Consider the fuzzy filter base F “ tTn : n P
Du in A, generated by the fuzzy net, where Tn “ tS m : m P pD,ěq and m ě nu. By (c), there exist
a fuzzy point aα ď A ^ pps-adF q. Then for each ps-ro open q-nbd. U of aα and each F P F ,
UqF, i.e., UqTn, @ n P D. Hence, the given fuzzy net has fuzzy ps-cluster point aα.
paq ñ pcq Let F “ tFα : α P Λu be a fuzzy filterbase in A. For each α P Λ, choose a fuzzy point
xFα

ď Fα, and construct the fuzzy net S “ txFα
: Fα P F u in A with pF ,ąąq as domain, where

for two members Fα, Fβ P F , Fα ąą Fβ iff Fα ď Fβ. By (a), the fuzzy net has a fuzzy ps-cluster
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point say xt ď A, where 0 ă t ď 1. Then for any ps-ro open q-nbd. U of xt and any Fα P F , there
exists Fβ P F such that Fβ ąą Fα and xFβqU. Then FβqU and hence FαqU. Thus F adheres at
xt.

Theorem 2.3. If a f ts is fuzzy pseudo nearly compact, then every fuzzy filterbase on X with at
most one ps-adherent point is ps-convergent.
Proof. Let F be a fuzzy filterbase with at most one ps-adherent point in a fuzzy pseudo nearly
compact f ts X. Then by Theorem ( 2.2), F has at least one ps-adherent point. Let xα be the unique
ps-adherent point of F . If F does not ps-converge to xα, then there is some ps-ro open q-nbd. U
of xα such that for each F P F with F ď U, F^p1´Uq ‰ 0. Then G “ tF^p1´Uq : F P F u is
a fuzzy filterbase on X and hence has a ps-adherent point yt(say) in X. Now, U  qG, for all G P G,
so that xα ‰ yt. Again, for each ps-ro open q-nbd. V of yt and each F P F , VqpF ^ p1 ´ Uqq ñ
VqF ñ yt is a ps-adherent point of F , where xα ‰ yt. This shows that yt is another ps-adherent
point of F , which is not the case.

3. ps-ro Fuzzy Continuous Functions

We begin this section by introducing an interior-type operator, called ps-interior operator and
observe a few useful properties of that operator.

Definition 3.1. The union of all ps-ro open fuzzy sets, each contained in a fuzzy set A on a f ts X
is called fuzzy ps-interior of A and is denoted by ps-intpAq. So, ps-intpAq “ _tB : B ď A, B is
ps-ro open fuzzy set on X}

Some properties of ps-int operator are furnished below. The proofs are straightforward and
hence omitted.

Theorem 3.1. For any fuzzy set A on a f ts pX, τq, the following hold:
(a) ps-intpAq is the largest ps-ro open fuzzy set contained in A.
(b) ps-intp0q “ 0, ps-intp1q “ 1.
(c) ps-intpAq ď A.
(d) A is ps-ro open fuzzy set iff A “ ps-intpAq.
(e) ps-intpps-intpAqq “ ps-intpAq.
(f) ps-intpAq ď ps-intpBq, i f A ď B.
(g) ps-intpA^ Bq “ ps-intpAq ^ ps-intpBq.
(h) ps-intpA_ Bq ě ps-intpAq _ ps-intpBq.
(i) ps-intpps-intpAqq “ ps-intpAq.
(j) 1´ ps-intpAq “ ps-clp1´ Aq.
(k) 1´ ps-clpAq “ ps-intp1´ Aq.

Now, we recapitulate the definition of ps-ro fuzzy continuous functions.

Definition 3.2. A function f from f ts pX, τ1q to f ts pY, τ2q is pseudo fuzzy ro continuous (in
short, ps-ro fuzzy continuous) if f ´1pUq is ps-ro open fuzzy set on X for each pseudo regular
open fuzzy set U on Y .
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The following Example shows that ps-ro fuzzy continuity and fuzzy continuity do not imply
each other.

Example 3.1. Let X “ ta, b, cu and Y “ tx, y, zu. Let A, B and C be fuzzy sets on X defined by
Apaq “ 0.2, Apbq “ 0.4, Apcq “ 0.4, Bptq “ 0.4, @t P X and Cptq “ 0.2, @t P X. Let D and E be
fuzzy sets on Y defined by Dptq “ 0.2, @t P Y and Epxq “ 0.6, Epyq “ 0.7, Epzq “ 0.7. Clearly,
τ1 “ t0, 1, A, B,Cu and τ2 “ t0, 1,D, Eu are fuzzy topologies on X and Y respectively. In the
corresponding topological space pX, iαpτ1qq, @α P I1 “ r0, 1q, the open sets are φ, X, Aα, Bα and Cα,

where Aα “

$

’

&

’

%

X, for α ă 0.2
tb, cu, for 0.2 ď α ă 0.4
φ, for α ě 0.4

, Bα “

#

X, for α ă 0.4
φ, for α ě 0.4

and Cα “

#

X, for α ă 0.2
φ, for α ě 0.2

For 0.2 ď α ă 0.4, the closed sets are on pX, iαpτ1qq are φ, X and tau. Therefore, intpclpAαqq “ X.
So, Aα is not regular open on pX, iαpτ1qq and hence, A is not pseudo regular open fuzzy sets on
pX, τ1q for 0.2 ď α ă 0.4. Similarly, it can be seen that 0, 1, B and C are pseudo regular open
fuzzy set on pX, τ1q. Therefore, ps-ro fuzzy topology on X is t0, 1, B,Cu. Again, E is not pseudo
regular open fuzzy set for 0.6 ď α ă 0.7 on Y . Therefore, ps-ro fuzzy topology on Y is t0, 1,Du.
Now, ps-clpBq “ 1´ B and ps-clpCq “ 1´ B where, p1´ Bqptq “ 0.6, @t P X. Define a function
f : X Ñ Y by f paq “ x, f pbq “ y and f pcq “ z. Then, f ´1pDqptq “ 0.2 “ Cptq, @t P X. Hence,
f ´1pUq is ps-ro open fuzzy set on X, for every ps-ro open fuzzy set U on Y . Therefore, f is
ps-ro fuzzy continuous function. But, f is not fuzzy continuous as f ´1pEq is not fuzzy open on
X. Clearly, every ps-ro open fuzzy set is fuzzy open but not conversely, as for an example here A
is fuzzy open but not ps-ro open fuzzy on X. This implies that a fuzzy continuous function need
not be ps-ro fuzzy continuous. Hence, ps-ro fuzzy continuous and fuzzy continuous functions are
independent of each other.

The following couple of results give characterizations of ps-ro fuzzy continuous functions.

Theorem 3.2. Let pX, τq and pY, σq be two f ts. For a function f : X Ñ Y , the following are
equivalent:
paq f is ps-ro fuzzy continuous.
pbq Inverse image of each ps-ro open fuzzy set on Y under f is ps-ro open on X.
pcq For each fuzzy point xα on X and each ps-ro open nbd. V of f pxαq, there exists a ps-ro open
fuzzy set U on X, such that xα ď U and f pUq ď V .
pdq For each ps-ro closed fuzzy set F on Y , f ´1pFq is ps-ro closed on X.
peq For each fuzzy point xα on X, the inverse image under f of every ps-ro nbd. of f pxαq on Y is
a ps-ro nbd. of xα on X.
p f q For all fuzzy set A on X, f pps-clpAqq ď ps-clp f pAqq.
pgq For all fuzzy set B on Y , ps-clp f ´1pBqq ď f ´1pps-clpBqq.
phq For all fuzzy set B on Y , f ´1pps-intpBqq ď ps-intp f ´1pBqq.
Proof. paq ñ pbq Let f be ps-ro fuzzy continuous and µ be any ps-ro open fuzzy set on Y . Then
µ “ _µi, where µi is pseudo regular open fuzzy set on Y , for each i. Now, f ´1pµq “ f ´1p_iµiq “

_i f ´1pµiq. f being ps-ro fuzzy continuous, f ´1pµiq is ps-ro open fuzzy set and consequently,
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f ´1pµq is ps-ro open fuzzy set on X.
pbq ñ paq Let the inverse image of each ps-ro open fuzzy set on Y under f be ps-ro open fuzzy
set on X. Let U be a pseudo regular open fuzzy set on Y . Every pseudo regular open fuzzy set
being ps-ro open fuzzy set, the result follows.
pbq ñ pcq Let V be any ps-ro open nbd. of f pxαq on Y . Then there is a ps-ro open fuzzy set V1

on Y such that f pxαq ď V1 ď V . By hypothesis, f ´1pV1q is ps-ro open fuzzy set on X. Again,
xα ď f ´1pV1q ď f ´1pVq. So, f ´1pVq is a ps-ro nbd. of xα, such that f p f ´1pVqq ď V , as desired.
pcq ñ pbq Let V be any ps-ro open fuzzy set on Y and xα ď f ´1pVq. Then f pxαq ď V and so
by given condition, there exists ps-ro open fuzzy set U on X such that xα ď U and f pUq ď V .
Hence, xα ď U ď f ´1pVq. i.e., f ´1pVq is a ps-ro nbd. of each of the fuzzy points contained in it.
Thus f ´1pVq is ps-ro open fuzzy set on X.
pbq ô pdq Obvious.
pbq ñ peq Suppose, W is a ps-ro open nbd. of f pxαq. Then there exists a ps-ro open fuzzy set U
on Y such that f pxαq ď U ď W. Then xα ď f ´1pUq ď f ´1pWq. By hypothesis, f ´1pUq is ps-ro
open fuzzy set on X and hence the result is obtained.
peq ñ pbq Let V be any ps-ro open fuzzy set on Y . If xα ď f ´1pVq then f pxαq ď V and so f ´1pVq
is a ps-ro nbd. of xα.
pdq ñ p f q ps-clp f pAqq being a ps-ro closed fuzzy set on Y , f ´1pps-clp f pAqqq is ps-ro closed
fuzzy set on X. Again, f pAq ď ps-clp f pAqq. So, A ď f ´1pps-clp f pAqqq. As ps-clpAq is the
smallest ps-ro closed fuzzy set on X containing A, ps-clpAq ď f ´1pps-clp f pAqqq. Hence, f pps-
clpAqq ď f f ´1pps-clp f pAqqq ď ps-clp f pAqq.
p f q ñ pdq For any ps-ro closed fuzzy set B on Y , f pps-clp f ´1pBqqq ď ps-clp f p f ´1pBqqq ď ps-
clpBq “ B. Hence, ps-clp f ´1pBqq ď f ´1pBq ď ps-clp f ´1pBqq. Thus, f ´1pBq is ps-ro closed
fuzzy set on X.
p f q ñ pgq For any fuzzy set B on Y , f pps-clp f ´1pBqqq ď ps-clp f p f ´1pBqqq ď ps-clpBq. Hence,
ps-clp f ´1pBqq ď f ´1pps-clpBqq.
pgq ñ p f q Let B “ f pAq for some fuzzy set A on X. Then ps-clp f ´1pBqq ď f ´1pps-clpBqq ñ ps-
clpAq ď ps-clp f ´1pBqq ď f ´1pps-clp f pAqqq. So, f pps-clpAqq ď ps-clp f pAqq.
pbq ñ phq For any fuzzy set B on Y , f ´1pps-intpBqq is ps-ro open fuzzy set on X. Also, f ´1pps-
intpBqq ď f ´1pBq. So, f ´1pps-intpBqq ď ps-intp f ´1pBqq.
phq ñ pbq Let B be any ps-ro open fuzzy set on Y . So, ps-intpBq “ B.Now, f ´1pps-intpBqq ď ps-
intp f ´1pBqq ñ f ´1pBq ď ps-intp f ´1pBqq ď f ´1pBq. Hence, f ´1pBq is ps-ro open fuzzy set on
X.

Theorem 3.3. Let pX, τq and pY, σq be two f ts. A function f : X Ñ Y is f is ps-ro fuzzy
continuous iff for every fuzzy point xα on X and every ps-ro open fuzzy set V on Y with f pxαqqV
there exists a ps-ro open fuzzy set U on X with xαqU and f pUq ď V .
Proof. Let f be ps-ro fuzzy continuous and xα a fuzzy point on X, V a ps-ro open fuzzy set
V on Y with f pxαqqV . So, Vp f pxqq ` α ą 1 ñ f ´1pVqpxq ` α ą 1. So, xαqp f ´1pVqq. Now,
f f ´1pVq ď V is always true. Choosing U “ f ´1pVq we have, f pUq ď V with xαqU.
Conversely, let the condition hold. Let V be any ps-ro open fuzzy set on Y . To prove f ´1pVq is
ps-ro open fuzzy set on X, we shall prove 1´ f ´1pVq is ps-ro closed fuzzy set on X. Let xα be any
fuzzy point on X such that xα ą 1X ´ f ´1pVq. So, p1´ f ´1pVqqpxq ă αñ Vp f pxqq ` α ą 1. So,
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f pxαqqV . By given condition, there exists a ps-ro open fuzzy set on U such that xαqU and f pUq ď
V . Now, Uptq ` p1 ´ f ´1pVqqptq ď Vp f ptqq ` 1 ´ Vp f ptqq “ 1, @ t. Hence, U  qp1 ´ f ´1pVqq.
Consequently, xα is not a fuzzy ps-cluster point of 1´ f ´1pVq. This proves 1´ f ´1pVq is a ps-ro
closed fuzzy set on X

Theorem 3.4. Let X, Y , Z be f ts. For any functions f1 : Z Ñ X and f2 : Z Ñ Y , a function
f : Z Ñ X ˆ Y is defined as f pxq “ p f1pxq, f2pxqq for x P Z, where X ˆ Y is endowded with
the product fuzzy topology. If f is ps-ro fuzzy continuous then f1 and f2 are both ps-ro fuzzy
continuous.
Proof. Let U1 be a ps-ro q-nbd. of f1pxαq on X, for any fuzzy point xα on Z. Then U1 ˆ 1Y is a
ps-ro q-nbd. of f pxαq “ p f1pxαq, f2pxαqq on X ˆ Y . By ps-ro continuity of f , there exists ps-ro
q-nbd. V of xα on Z such that f pVq ď U1 ˆ 1Y . Then f pVqptq ď pU1 ˆ 1Yqptq “ U1ptq ^ 1Yptq “
U1ptq, @ t P Z. So, f1pVq ď U1. Hence, f1 is ps-ro fuzzy continuous. Similarly, it can be shown
that f2 is also ps-ro fuzzy continuous.

Theorem 3.5. Let f : X Ñ Y be a function from a f ts X to another f ts Y and g : X Ñ X ˆ Y be
the graph of the function f . Then f is ps-ro fuzzy continuous if g is so.
Proof. Let g be ps-ro fuzzy continuous and B be ps-ro open fuzzy set on Y . By Lemma 2.4 of
(Azad, 1981), f ´1pBq “ 1X ^ f ´1pBq “ g´1p1X ˆ Bq. Now, as 1X ˆ B is ps-ro open fuzzy set on
X ˆ Y , f ´1pBq becomes ps-ro open fuzzy set on X. Hence, f is ps-ro fuzzy continuous.
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