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Further PDE Methods for Weak KAM Theory

Lawrence C. Evans*
Department of Mathematics
University of California, Berkeley

Abstract

We introduce and make estimates for several new approximations that in appropri-
ate asymptotic limits yield the key PDE for weak KAM theory, namely a Hamilton-
Jacobi type equation for a potential u and a coupled transport equation for a measure
.

We revisit as well a singular variational approximation introduced in [E1], and
demonstrate “approximate integrability” of certain phase space dynamics related to the
Hamiltonian flow. Other examples include a pair of strongly coupled PDE suggested
by the Lions-Lasry theory [L-L1] of mean field games and a new and extremely singular
elliptic equation suggested by sup-norm variational theory.

1 Introduction

The PDE approach to weak KAM theory (see Fathi [F4] or [E3]) focusses upon two funda-
mental equations, the Hamilton-Jacobi type equation

(1.1) H(Du,z) = H(P)
and the coupled transport (or continuity) equation
(1.2) div(D,H (Du,x)o) =0,

which is the adjoint of the linearization of (1.1). Here the Hamiltonian H = H(p,x) is
assumed to be nonnegative, uniformly convex in p and T"-periodic in x, T" denoting the
unit cube in R™ with opposite faces identified. We introduce the vector P € R™ for reasons
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that will be apparent later. The unknowns for (1.1) are both the value of the effective
Hamiltonian H at P and the potential u = P - x + v, where v is T"-periodic in . The
unknown in (1.2) is the measure o.

The overall goals are (i) to ascertain the solvability of the PDE (1.1) and (1.2), and, more
importantly, (ii) to understand what these two equations imply concerning the Hamiltonian
dynamics

x = D,H(p,x)

This is a continuation and elaboration of my earlier papers [E1] and [E2], which intro-
duced two unusual PDE approximations into weak KAM theory. We are particularly inter-
ested in finding smooth approximations to the equations (1.1) and (1.2), for which various
formal calculations giving information about the dynamics (1.3) can be made rigorous.

In Section 2 we revisit the singular variational scheme proposed in [E1], and deduce from
the estimates found there a sort of “approximate integrability” assertion for certain trajec-
tories of (1.3). Sections 3 and 4 propose two completely new approximation schemes, one
Hamiltonian the other Lagrangian, and both involving the Donsker-Varadhan I functional
[D-V]. We show in both cases how analogs of (1.1), (1.2) arise, and derive some basic esti-
mates. Section 5 points out that the recent mean field game theoretical methods of Lions
and Lasry [L-L1] yield in the deterministic case a strongly coupled pair of equations general-
izing (1.1), (1.2). We modify some of our estimates, showing that in certain cases the strong
coupling in fact regularizes the measure o. In Section 6 we propose a highly speculative
“second order” variant of the PDE for weak KAM theory and derive a few estimates.

Hypotheses on H. We suppose throughout that the Hamiltonian H : R" x R" — R,
H = H(p,x), is smooth, nonnegative, and satisfies these conditions:

(i) For each p € R", the mapping x — H(p, z) is T"-periodic.

(ii) There exists a constant v > 0 such that

(14) Hpipj(p’ x)fzgj Z 7|§|2

for all p,z,& € R™.
(iii) There exists a constant C' such that

|D2H (p,z)| < C, |D2,H(p,z)| < C(1+|p|), |ID2H(p,z)| < C(1+|p|*)

for all p,x € R™.



2 Entropy regularization, approximate integrability

In this section we return to, and reinterpret, the singular variational problem introduced in
[E1] and also explain how minimizers vy = vy (P, x) of the functional

(2.1) I [v] ::/ FH(P+Dv.E) .

in the singular limit & — oo provide some information about the Hamiltonian dynamics
(1.3). This section should be regarded as an addendum to [E1].

(M. Rorro [R] has developed effective numerical methods for computing both the effective
Hamiltonian and the measure o, using the variational approximation (2.1).)

2.1 Entropy and approximation. We can interpret our approximation (2.1) by introduc-
ing the entropy h(u) of a Borel probability measure p on T”, defined as

h() = {an flog fdox  ifdp= fdx

+00 otherwise.

Then for each fixed function v, we have

1 1 1
(2.2) sup{ H(P+ Dv,z)du — %h(ﬂ)} =7 log </ okH(P+Dv.c) da:) =7 log I;,[v],
’]1‘77. n

I

the supremum attained at the measure

normalized by 7 := [, ekH(P+Dv,x) ..

We will in Sections 3 and 4 below introduce various alternatives to the functional (2.2).

2.2 Hamiltonian viewpoint. For the reader’s convenience, we briefly review the connec-
tion between the variational integrand (2.1) and the Hamiltonian dynamics (1.3). Setting

ub =P x40,
we note first that the Euler-Lagrange equation associated with (2.1) reads
(2.3) div(e" D,H) = 0,

H evaluated at H = H(Du*, z). Writing

(24) H’k’(P) = log (/ ek’H(Duk7I) dx) , O_k’ = ek’(H(Duk,x)—Hk(P))’

| =
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we have

n

div(e*D,H) =0, o" > 0, / of dr = 1.

In particular,

_ 1
Hy(P) :infsup{ H(P + Dv,z)du — Eh(u)}
v "
The function u* = u*(P, z) is smooth. Also, estimates derived in [E1] provide the uniform
bounds
max [u®|, |Du*| < C.

Sending K — 0o, we may assume, passing if necessary to subsequence, that u*¥ — u =
P -z + v uniformly on T" and o*dz — do weakly as measures on T". I proved in [E1] that
limy,_ .o H*(P) = H(P) and

(2.5) lim H(Du", z)o* dx = H(P),

k—o0 Tn

where H = H(P) is the effective Hamiltonian associated with H = H(p, z), introduced by
Lions, Papanicolaou, and Varadhan [L-P-V]. Furthermore,

H(Du,z) < H(P) a.e.;

u is almost everywhere differentiable on the support of o;

(2.6) H(Du,r) = H o-a.e.;
and
(2.7) div(e D,H(Du, z)) = 0.

Equation (2.6) is a version of our basic Hamilton-Jacobi PDE (1.1), and (2.7) is the transport
PDE (1.2).

2.3 Lagrangian viewpoint. The Lagrangian L = L(v,x) associated with H is

L(v,z) = mgx(p v — H(p,x)).

Passing as necessary to a subsequence, we may assume for all continuous functions & =
®(p, ) that

(2.8) lim @(Duk,x)akdac—/n /an(p,x)dV

k—oo Tn
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for some probability measure v on the cotangent bundle R™ x T". We then use the change of
variables v = D,H (p,x),p = D,L(v, x) to push v to a probability measure p on the tangent
bundle, defined by the formula

(2.9) / /n\IJ(U,x)d,u:/n/n\I/(DpH(p,x),x)dv

for all continuous ¥ = ¥(v, x).
Define

(2.10) V= / /nvdu.

I proved in [E1] that u is a minimizer of Mather’s action functional

(2.11) Al = / / L(v,2) dp

among all probability measures on R™ x T”, satisfying the constraint (2.10) and the flow
invariance condition

(2.12) /n/nv.qudﬂzo

for all smooth and T"-periodic ¢ = ¢(z). The minimum value is L(V'), where the effective
Lagrangian L is the convex dual of H.

Later in this paper we will introduce several other quite different approximations that
also yield probability measures p minimizing (2.11), subject to (2.10) and (2.12).

2.4 Canonical change of variables. This section is motivated by the classical observation
(see for instance [E3]) that if u = u(P, z) is a smooth solution of (1.1) and if we can solve
the expressions

(2.13) {p = Dou(P,2)

X = DPU(P, ZL')
for X = X(p,x), P = P(p, x) as smooth functions of p, z, then

X(t) == X(p(t), x(1)), P(t) := P(p(t), x(t))

solve the dynamics

(2.14)



In other words, u is a generating function for a canonical transformation from the variables
(p,z) to (P, X), with respect to which the new Hamiltonian dynamics (2.14) have the trivial
solution

X(t) = Xo+tDH(P), P(t) = P.

It is in general impossible to carry out this process, but we may ask to what extent our
PDE /variational methods identify some sort of “approximately integrable” dynamics.

2.5 Approximate dynamics, approximate canonical change of variable. We intro-
duce the solution x* = x*(P,t) of the ODE flow on R"

(2.15) x* = D,H(D,u"(P,x"),x"), x"(0)= .
We also put

(2.16) p" = D uf(P,x");

so that

(2.17) x* = D, H(p*,x").

Finally, define X* = X*(P,t) by

(2.18) X* .= DpuF(P,x").

We ask to what extent p* solves the second equation in (1.3) and X* solves the first
equation in (2.14). The keys to understanding these questions are two identities from [E1].
The first is formula (3.3) from [E1]:

219) [ (Hypdl,  HDHP) e = [ (@Hnh, + Ho ) do

for DH := D, H + D,HD?u* and H evaluated at (Du”, z). The second identity we will need
is equation (4.3) in [E1]:

D*HY(P) = k / (D,H(Du*, z)D2pu* — DH*(P))
(2.20) ®(D,H(Du*z)D2pu* — DH*(P))o* dx

+ DzH(Du r)D?puf @ D2 pubo da.
T



Theorem 2.1 (i) For each R > 0, there exists a constant Cr such that

2.21 p* + D, H(p* x")|?ckdx < %
k
Tn
for allt € R and |P| < R.
(ii) There exists a constant C' such that
: _ C
(2.22) / IX* — DH*(P)|?0"* dedP < =&
B(0,R) JT" k
for allt € R and R > 0. Therefore
_ CrT
(2.23) / max |X* — X¥ — tDH*(P)[*o* dzdP < =2
B(0,R) JTn [tIST k

for Xt = X*(0) and for each time T > 0.

Interpretations. (i) According to (2.17), the functions x* exactly solve the first of

Hamilton’s equations (1.3). We understand (2.21) as providing a quantitative estimate show-
ing that the functions p* are approximate solutions of the second of Hamilton’s equations,
at least for initial data where o* has positive mass in the limit & — oo.

(ii) Obviously P = P exactly solves the second of Hamilton’s equations (2.14), trans-
formed into the new variables (X, P). We interpret (2.22) as asserting that the functions X*
are approximate solutions of the first of the equations (2.14), corresponding to initial data
where ¢* has positive mass in the limit k& — oo. In this weak sense, the smooth function
u” acts like an approximate generating function, selecting out “approximately integrable”
dynamics. It would be extremely interesting to make this assertion more precise.

Proof. 1. We compute
p* + D, H = D>u*D,H + D,H = DH.
Thus

p* + D H|?0"de = | |DH|*c" du,
Tn T"

the integrand evaluated at (p*, x*) = (Du*(x"), x*). But since div(6*D,H) = 0, the measure
okdx is flow invariant. So

(2.24) \pk+DxH\20kdx:/ |\DH|*c" du,
T T

H evaluated at (Duf(x),z).



Now according to (2.19), we have the estimate
(2.25) / (|D2*)? + k|DH?)o" do < (J/ (ID2,H|* + |D2H|)o" dv < C,
T Tn

provided |P| < R. This and (2.24) imply (2.21).
2. We have '
X" = D2pufx* = D2 pu* D, H;
and consequently for fixed P,
IX* — DH*?0* dx = |DxpukDpH — DH**6"* dux.
Tn

In the integrand u"* is evaluated at x = x* and H is evaluated at (p*,x*) = (Du®(x*), x").
These expressions depend upon ¢ € R and the initial point x*(0) = z for the flow (1.3). But
the flow invariance of o*dx implies

(2.26) / IX*¥ — DA*(P)|*o*dx = / |D2u*D,H — DH" 0" du,

where now u* and H are evaluated at z and (Du”*(z),z). In view therefore of (2.20), we
have the inequality

. _ 1 _
|X* — DH*(P)[*0* d2 < Etr(DQH’“(P));
Tn
and then

. _ 1 _
(2.27) / |X* — DH*(P)|*0*dzdP < — DH*(P)- PdH" .
B(0,R) 9B(0,R)

Finally observe from (2.20) that P — H*(P) is convex; whence follows the estimate

C
(2.28) H(laX |\DH"| < = r(%z;}é |H"|.

Furthermore 0 < H < C(|P|*>+1) implies 0 < H(P) < C(]P|?*+1). Since [E1, Theorem 4.1]
implies H* < H, we have

(2.29) H*(P) < C(|P]* +1).

Also

(2.30) H*(P) > %log(|'ﬂ'”|) =0.

Hence (2.27)—(2.30) imply the stated estimate (2.22). O
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3 Hamiltonian approximation by principal eigenvalues

3.1 A new approximation. This and the next section introduce alternative variational
principles, based upon two regularizations using various forms of the Donsker—Varadhan
[D-V] I-functional.

Let us first recall that %A is the infinitesimal generator of Brownian motion and that the
corresponding Donsker—Varadhan I-functional for probability measures p on T" is

_ A¢ 2 Jon | DY da if dp = p?dx
3.1 I[p] = — inf —Zdu=<{2T
(3.1) ] isgo / n 20 K {—}—oo otherwise.
We introduce next for € > 0 and smooth functions v the functional
(3.2) Je[v] := sup { H(P+ Dv,z)dp — El[u]} :
n Tn

which should be compared with the entropy regularization (2.2) that leads to (2.1). In view
of (3.1), for each function v we have

(3.3) J:[v] :—mlpin{/ng‘Dw?_H(P—i—DU,x)w?d:c] w2dx:1}.

’]I‘n

We select v° to minimize J.[-| among functions with mean zero over T". That is, we take
v = v so that the corresponding principal eigenvalue A = J.[v] of the problem

%Aw + H(P + Dv,z)w = \w

is minimized. Let A. denote this minimal value of the principal eigenvalue, and w® be the
corresponding principal eigenfunction. Then

(3.4) gAwE + H(P + Dv®, z)w® = \w*

on the torus T", normalized so that

(3.5) w® >0, / (w®)? dz = 1.
For later reference we define
(3.6) 0% = (w)?, ' :=P-x+0°.

We will show that versions of the basic PDE (1.1), (1.2) of weak KAM theory are hidden
within this new minimization problem.



We will hereafter simply assume that the minimizer v* exists and is smooth, and thus
u® = P -z 4+ v° and the corresponding principal eigenfunction w® are smooth. It seems
possible to prove for each € > 0 the regularity of u® and w® using the PDE (3.4) and (3.7)
(derived below), but a developing a full proof would be a distraction from the main issue,
the derivation of weak KAM theory in the limit ¢ — 0.

3.2 First variation. The first variation of our problem produces the Euler-Lagrange equa-
tion:

Theorem 3.1 The density o° solves the PDE

(3.7) div(D,H(Du®, z)o) = 0.

Proof. To simplify notation, we drop the superscripts ¢; so that (3.4) reads
(3.8) gAw + H(Du,z)w = \w,

where w and A depend upon w. Let {u(r) | |7| < 1} be a smooth curve of functions,

with 4(0) = w. Let A(7) denote the principal eigenvalue corresponding to the potential
H(Du(T),x):
~Aw(r) + H(Du(r), 2)w(r) = AN7)w(r).

Since the principal eigenvalue is simple, we can take A(-) and w(-) to be smooth functions of
T.
Differentiating with respect to 7 and then putting 7 = 0, we find

%Aw’(o) + H(Du, z)w'(0) — M0)w'(0) = D,H(Du, z) - D (0)w(0) + X (0)w(0).
Multiply by w = w(0) and integrate by parts, recalling (3.5) and (3.6) to discover the identity

N()=—- [ D,H(Du,xz)- Du'(0)odx.
Tn
Since v = u(0) minimizes the principal eigenvalue A, we have X' (0) = 0. Consequently,
D,H(Du,x) - Du'(0)o dz =0
Tn
for all variations «/(0). This implies the weak formulation of (3.7). O

3.3 Second variation. A second variation provides us with bounds on the second deriva-
tives of u®:

10



Theorem 3.2 (i) We have the estimate
(3.9) |Duf |0 dx < O,
Tn
the constant C' independent of .
(ii) Furthermore,

(3.10) |D*uf|Pof dx < C.
Tn

Proof. 1. Again we omit the superscript €. Multiply the PDE (3.1) by the periodic function
v = v° and integrate:

D,H(Du,z) - Dvodx = 0.
Tn

Estimate (3.9) follows, since Du = P + Dv and since the uniform convexity of H in the
variable p implies |p|? < C(D,H(p,x) - p+ 1) for some positive constant C.

2. Differentiate (3.8) once, and then twice, with respect to xy:

(3.11) gwak + Hw,, + (H),w = Awg,,

€
(3.12) §Awmkmk + Hwy, ), + 2(H) e, + (H)gp2p W = AWz, g, -

Here we use the notation (H),, = (H(Du,x)),
parts and using (3.11), we deduce

Multiplying (3.12) by w, integrating by

ket

/ 2(H )y W, w + (H):Ekmkw2 dr = 0.

Consequently, using (3.11) we see that

5 | s = [ (0w, d

(3.13) = /n (gwak + Hw,, — )\ka> Wy, dx

_ _/ 1Dy, o + (A= H)u?, do.

{an §|D¢|2 — Hy? dl’}
Jpn 2 d

A = J[v] = —min
(4

11



and therefore
(3.14) / %|D¢|2 + (A= H)p?dx >0
for all periodic functions . In particular,

/n §|Dwmk|2 + (A= H)w?, dz >0
for k =1,...,n; and so (3.13) implies

/ (H)zyz,0 dz < 0.

But
(H)Uﬂkxk - Hpiuﬂfiﬂfkrk + Hpipjumﬂkuﬂfjfﬂk + 2sz’rku$i$k + Hxlfﬂk'

We substitute above, and note that Theorem 3.1 implies

/ Hp Uz, 2,0 dv = 0.

Estimate (3.10) then follows from (1.4), the strict convexity of H in the variable p and (3.9).
0

3.4 Differentiations in the variable P. Next define
(3.15) HE(P) == \. = J.[v°].
We will later show that the function H® is an approximation to the effective Hamiltonian H.

Theorem 3.3 (i) We have

(3.16) DHE(P)= | D,H(Du*,z)o° dx.

']I‘n
(ii) Furthermore,
(3.17) D*H®(P) = DgHDxpug(X)szu505+€DIpw5®Dmpw5+2()\—H)Dpw5®Dpw5 dx.
’]Tn

It follows that the mapping P — H¢(P) is convex, since for all £ € R"
/ e|Dpw - &)* +2(N — H)|Dypw - £ dx > 0

12



according to (3.14).

Proof. 1. As usual, we drop the superscripts . Differentiate (3.8) with respect to Py, to
find

€
(3.18) éAwpk + Hwp, + (H)p,w = Awp, + Ap,w.
Multiply by w, integrate by parts, and recall that we are now writing H® = \:

_— B
Hp = Hyuy,pode = H,, (Du,x)o dz,
’I[‘n ’]Tn

the last equality holding in view of (3.7), since w = P - x 4+ v and v is periodic in x.

2. Next, differentiate (3.18) with respect to F:

9
§AkaPz + HkaPz + (H)Pkwpl + (H)Pzwpk + (H)Pszw

= )‘kaPz + )\pk’LUpl -+ )\pl’wp]C + )\pkplw.
We discover upon multiplying by w and integrating by parts that
Hp, p, = / ((H)pwp, + (H)pwp)w + (H) ppw’ dz,

since

10
/n wp,wdr = 200, Jon w?vdr = 0.

Recalling (3.18), we further calculate that
B, = [ (nwyon + (H)nwwn + (Hnpe? ds
= /n (()\ — H)ywp, — %Awpk> wp, +
(()\ — H)wp, — %Awpl> wp, + (H)p, pw? dx
— /n eD,wp, - Dywp, + 2(N — H)wp,wp, + Hpipjuzipku$jplw2 dux.

O

3.5 Limits as e—0. We next show that in the limit € — 0 the basic PDE of weak KAM
theory appear.

13



Firstly, let us introduce for this section the temporary notation that the Lipschitz con-
tinuous function @ and the measure ¢ are weak solutions of (1.1) and (1.2):

(3.19) H(Du,z) = H(P),
in the viscosity sense and also ¢ almost everywhere, where & = P - x 4 v for periodic ©; and
(3.20) div(D,H(Du,x)5) = 0.

At this point we want to introduce as in Chapter 2 a probability measure v satisfying
(2.8). There is however a problem since for the current approximation based upon (3.2),
unlike the alternate approximations in Section 2 above and Section 4 below, we do not have
uniform sup-norm bounds on |Duf|. However according to (3.9), we do have uniform L?
bounds on |Duf| if we integrate against the measure ¢. The next lemma shows that these
are good enough if we take test functions ® in (2.8) that grow at most quadratically in p.

Lemma 3.1 (i) We have the bound

(3.21) | Duf|*? d < C/ e|Dy|? +*dw + C

Tn

n

for each smooth function 1.

(i) In addition,

(3.22) lim [ |Da— Duf|?0® dz = 0.

e—0 Tn

Proof. 1. The PDE (3.4) implies

° Awt H(Du®,z) = H*(P).

2we
Multiply by ? and integrate:
Dw#|? _
5/ %W dv+ [ HDw oprde = 05 P) [ rde+e [ L Du- Dy
2 ’]I‘n (’U}E) 'I[‘n ’]Tn ’]I‘n w€

Since [p|> < H(p,z) + C, this implies the estimate (3.21).
2. The uniform convexity hypothesis (1.4) implies

H(Du®,z)+ D,H(Du®,x) - (Di — Du®) + %|Dﬁ — Duf|* < H(Du,x) = H(P).

14



Consequently,

%/ |Dit — DufPodx + | H(Du®,x)o° dx < H(P).
mn T’n
Now multiply (3.4) by w® and integrate:
H(Duf,x)o® dov = H°(P) + = | Dwf|? dx.
Therefore
/ |Dit — Duf|*0® dx < C|H(P) — H*(P)| — 0,

since we will see in the proof of Theorem 3.4 below that He(P) — H(P). O

In view of this result, we may assume upon passing if necessary to a subsequence that

(3.23) lim @(Dug,:c)asd:c:/ / O(p,x)dv

e—0 Tn

for all continuous functions ® = ®(p, x) satisfying the quadratic growth bound |®(p, z)| <
C(|p|* +1). We define also the probability measure u to satisfy

(3.24) / /n\I/(U,x)d,u:/n /n\I/(DpH(p,x),x)dV

for all continuous ¥ = ¥ (v, z) growing at most quadratically in v.

Next is our main assertion, that the measure p defined by (3.23) and (3.24) is a minimizing
measure.

Theorem 3.4 (i) We have
(3.25) lim H*(P) = H(P).

e—0

(ii) The measure p satisfies

(3.26) /n/nv-ngdu:O

for all smooth, periodic functions ¢ = ¢(z); and
(3.27) / / vdp=:V € 0H(P).

(iii) The measure p minimizes Mather’s action functional (2.11) among all other proba-
bility measures satisfying (3.26) and (3.27).
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General weak KAM theory (as recounted for instance in [E3]) then implies that the

measure v has the form v = dy,_pgyo. This by the way already follows from our estimate
(3.22).

Proof. 1. We have

HS(P):infsup{ H(P+Dv,x)1/)2—g|D@/J|2dx| ¢2d:p:1};
vy T Tn

and so our taking v = v shows B B
H¢(P) < H(P).
A bound from below is harder. For this, note that

e(P) = sup{ H(P + Dv*, 2)y? — §|D¢]2 dz| | w*dr = 1}
P Tn T

> [ H(P+ Dv*,2)¢?dz — %yDW dz,
’]l‘n
for each smooth function ¢ with L? norm equaling one. Now in view of estimate (3.21), we

may assume
Du* =P+ Dv® — Du= P+ Dv weakly in L2

for some periodic, Lipschitz continuous function v. Therefore lower semicontinuity of the
integral implies
lim iglf H*(P) > H(Du, x)¢?* dz.
E—> Tn
Recall next the smooth functions u¥ = P -z +v* and ¢ introduced in Section 2. Our taking
Y? = o* shows that

lim iglf He(P) > H(Du,z)o" dx
e— T

> H(Du*, z)o*dx+ [ DH(Du",z) - D(v—v")o" dx.
" "

Owing to (2.3), the last term equals zero. We now send k — oo and recall (2.5), to deduce
that
limiglf H*(P)> H(P).
This proves (3.25).
2. According to Theorem 3.1,
D,H(Du,x) - Dpo® dx = 0,

"En
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for all periodic ¢. Remember (3.23) and send ¢ — 0:

/ D,H(p,x) - D¢pdv = 0.
n Tn
Changing to the (v, ) variables and recalling the definition of the measure p gives us (3.26).
Next, recall (3.16):
DHE(P)= | D,H(Du*,z)o° dx.

T
The limit of the right hand side as ¢ — 0 is

/ DpH(p,:U)dV:/ / vdp =:V.
Re JTn n JTn

Since the functions H® are convex and converge pointwise to H, it follows that V € dH(P).

3. We now assert

(3.28) /n/nL(v,x)d,u—l—/n TnH(p,x)dV:P-V.

To see this, notice that the term on the left equals

/ / L(DPH,:I:)—i—H(p,x)dl/:/ D,H -pdv
n n R Tn

= liII(l) D,H(Du,x) - Du®o® dx
=0 Jon

= hncl) D,H(Du,x) - (P + Dv°)o dx
E— Tn
=PV
Next, multiply (3.4) by w® and integrate by parts:

H(P)=X = [ H(Dw,z)o% dr — %/ | Dw?|? do.
']T”L

'IFTL
This identity and (3.25) imply

H(P) < / Hdv.
n TTL
Therefore we can invoke (3.28) to calculate
//Ld/LZP-V—/ Hdv < P-V — H(P)=L(V).
n n R Tn

where we recall that the effective Lagrangian L is the dual of H. The last equality holds
since V- € 0H(P). But L(V) is the minimum value of the action (2.11) among all probability
measures satisfying (3.26), (3.27), and so it follows that p is in fact a minimizer. O
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4 Lagrangian approximation by principal eigenvalues

4.1 A different approximation. Inspired in part by Benamou and Brenier [B-B], we
present now a Lagrangian variant of the foregoing approximation. The main new technical
feature is that the symmetric eigenvalue problem (3.4) is replaced by two dual eigenvalue
problems (4.4) for a nonsymmetric operator. These computations are motivated by some-
what related dual eigenfunction calculations in [E2]; and this section represents a partial
solution to the problem of generalizing the approach of that paper to Hamiltonians more
general than $|p|? + W (z).

Fix a vector field v = v(z) on T", and introduce the generator of corresponding flow,
regularized by an e-dependent viscosity term:

(4.1) AL :=v-Dop+eAo.

The corresponding Donsker—Varadhan I-functional is

As ¢
4.2 I[u] := — inf Y= dpu.
(4.2) vl ério/w 5 W
We introduce next for ¢ > 0 and P € R" the expression
(4.3) K. [v] = —min{/ L(V,x)—P-VdquIf,[,u]},
1 n

the minimum taken over probability measures p on T". As we will see, the effect of the
term IZ[-] in the limit € — 0 will be to enforce the flow invariance requirement (2.12). The

Donsker-Varadhan formula asserts that K.|[v] equals the principle eigenvalue of the operator
eA+v-D— (L(v,x)—P-v)on T

We select v. to minimize K.[-] among vector fields over T". That is, we take v. to
minimize the corresponding principal eigenvalue A° of the dual problems

eAw®™ — div(v.w™) — (L(ve, @) — P - vo)w™ = A w™.

(4.4) {gAwE + Ve Du® = (L(ve, @) = P vo)w® = Awf

The dual eigenfunctions w® and w®* are positive and are normalized so that

(4.5) / ww® dx = 1.
For later reference we define
(4.6) o = ww™, v :=logw®, uf:=P-x+0°.
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As in Section 3 we will just assume that the minimizer v, exists and is smooth, although

Theorem 4.1 will show that we can in fact compute v, in terms of u°, which turns out to be
the smooth solution of the PDE (4.9).

4.2 First variation. As usual, the first variation provides useful information:

Theorem 4.1 (i) We have

(4.7) D,L(v.,z) = P+ 1201:5 = D,
and consequently
(4.8) D,H(Du®,x) = v..
(ii) Furthermore, u® solves the PDE
(4.9) eAUF + e|Du — P|* + H(Duf,z) = \°.

Proof. 1. To simplify notation, we drop the sub- and superscripts €. Then the first equation
in (4.4) says

(4.10) eAw+v-Dw — (L(v,z) — P-v)w = \w,

where w and A depend upon v. Let {v(7) | |7| < 1} be a smooth curve of vector fields, with
v(0) = v. Let A(7) denote the corresponding principal eigenvalue. Then

eAw(r) + v(7) - Dw(r) — (L(v(7),2) — P - v(7))w(T) = X(T)w(7).
Differentiating with respect to 7 and then setting 7 = 0, we discover

(4.11) eAw'(0) +v'(0) - Dw + v - Dw'(0) — (D, L(v,z) — P) - v/(0)w
— (L(v,z) = P-v)w'(0) = M'(0) + X (0)w.

E%

Multiply by the dual eigenfunction w* = w®* and integrate by parts, using the second
equation in (4.4) to remove the expressions involving w’(0) and deduce

N(0) = /n v'(0) - Dww* — (D,L(v,z) — P) - v'(0)ww* dx.

We have X (0) = 0, since v = v(0) minimizes the principal eigenvalue A. Furthermore the
variation v'(0) is arbitrary, and thus

(Dw — (D,L(v,z) — P)w)w* = 0.
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Since w* > 0, assertion (4.7) follows.

2. In view of (4.7), H(Du®,z) = v. - Du® — L(v.,x); and so the first equation in (4.4)
becomes

(4.12) eAw® + H(Duf, x)w® = A w®.

Since v° = log w®, we can rewrite this PDE into the form (4.9). O

Remarks. (i) Observe that the PDE (4.12) satisfied by u®, w* agrees (up to a factor 1)
with the PDE (3.4) satisfied by the corresponding functions u®, w® in Section 3. However
our current function u® (defined by (4.6)) does not seem to correspond to a solution v® the
minimization problem for the functional J.[-] discussed in Section 3.

(ii) We note also that in fact w’(0) = 0 in the foregoing calculation; that is, an O(7)
variation of the minimizer v, creates an o(7) variation in the principal eigenfunction w*®.
To see this, observe that our plugging (4.7) into (4.11) gives

eAw' (0) + v - Dw'(0) — (L(v,z) — P - v)w'(0) = Aw'(0).

Consequently, since the eigenspace for the principal eigenvalue is one dimensional, we have
w'(0) = kw = Kkw® for some constant x. But the normalization [w(7)?dz = 1 implies
Jw(0)w'(0) dz = 0 and therefore £ = 0. O

We derive next a form of the Euler-Lagrange equation:
Theorem 4.2 The density o° solves the PDE

(4.13) —eAo® + 2¢ div(0° Dv°) + div(D,H(Du®, x)o°) = 0.

Proof. We again drop the superscripts ¢, so that the dual eigenfunction equations (4.4)
read

(4.14) {5Aw—|—v-Dw—(L(v,;p)_P.V)w:)\w

eAw* — div(vw*) — (L(v,z) — P - v)w* = Aw*.
Multiply the first equation by w*, the second equation by w, and subtract:

e(w*Aw — wAw*) + w*v - Dw + wdiv(vw*) = 0.
Observe next that

w*v - Dw + wdiv(vw*) = div(ww*v) = div(ov) = div(c D, H)
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and

w'Aw — wAw* = —div (wZD <%*)> = —dw (w2D <%)>

D
= —Ao + 2div (0 v

w

) = —Ao + 2div(cDv).

O

4.3 Second variation. Similarly to the calculations in §3.3, a second variation calculation
provides us with estimates on the second derivatives of u®:

Theorem 4.3 We have the estimate

(4.15) / |D*uf|Pof dx < C.

Proof. We drop the superscripts ¢, so that the PDE (4.9) becomes
eAv + ¢|Dv|* + H(Du,z) = \.

Differentiate twice with respect to xy:

EAVL g, + 26V,0, Uiy, + 26V, Vs + Hpip Uniay Uiy,
+ HpUgp0y, + 2Hp,0 g0y, + Hayop = 0.

Therefore
(4.16) / (Hp,p Uy Uiy, + 26Vz,0,Vayay )0 A =
- /n(eAvxwk + 260, Vp0p0, + HpiUsizpar + 2Hp 0, Uayzy, + Hypp )0 de.
Now the Euler-Lagrange equation (4.13) implies
/ Hy gm0, 0 dx = —/ (Hp,0) 2, Uz ), d
= / (—eAo + 2e(0Vs; )z, ) Uy zy, AT

= —5/ oAV, 5, dr — 25/ Uy, Vayapz, O AT
n n
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Consequently the integral of the first three terms on the right hand side of (4.16) vanishes;
whence

/ (Hpipjufcifckuffiffk + 2€vzi1‘kv$i$k)a dr = — / (QHpiwkuwwk + Hypop )0 da.
Tn n
4.4 Differentiations in the variable P. By analogy with §3.4 we now redefine
(4.17) HE(P) =\ = K.[v.].

Theorem 4.4 (i) We have

(4.18) DH*(P) :/ v.o'dr = | D,H(Du®, z)o"dx.
n Tn

(ii) Furthermore,

(4.19) D?*H¢(P) = / (DiHDxpuE ® Dypu® + 2e D, pv° @ D,pv°)o dx.

n

In particular we see that P +— H¢(P) is convex.

Proof. 1. As usual, we drop the sub- and superscripts €. Differentiate the first PDE in
(4.14) with respect to Pj:

eAwp, +v-Dwp, +vp, - Dw— (L(v,z) — P-v)wp,
— (DyL(v,z) — P) - vpw +v"w = Awp, + Ap,w,
where v = (v',...,v"). In view of the identity (4.7), the terms involving vp, cancel:
(4.20) eAwp, +v - Dwp, — (L(v,z) — P-V)wp, +v"w = Awp, + Apw.

Now multiply by w* and integrate by parts:
]:ka = Ap, :/ vRww* dr = / vo dx.

2. Upon our dropping the superscripts €, the PDE (4.9) reads
eAv + g|Dv|* + H(Du, ) = \.
Differentiate with respect to P, and then B;:

gAUPkF)l + 2€UIiPkUIiPz + zgvxivripkpz + Hpipjufﬂipkuxjpl + HpiuwiPsz - )‘Psz'
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Then

HPsz - )‘Psz - / (Hpipjuxipkul’jpl + 28U$ipkv$ipl)0-dl‘
TTL

+ / (gAkaPz + 25U1iv$¢PkPl + HpiuliPsz)de'

The last integral vanishes, since the Euler-Lagrange equation (4.13) implies

/ HpiuﬂfiPkPlgdm = _/ (HpiU)IiquPl dx
:/ (—eAo + 2¢(0vy,)s, )Up, p, d

= —5/ oAvp, p dr — 25/ Vg, Vg, P, P, 0 AT
n n

O

4.5 Limits as e—0. This section mirrors §3.5 by showing that in the limit ¢ — 0 the basic
structure of weak KAM theory appears.

First note that in view of the PDE (4.9), we have the uniform estimate
sup |u|, |Du®| < C;
Tn
and so we may assume upon passing if necessary to a subsequence that the uniform limit
limu® =:u
e—0

exists. As in §3.5 we may also suppose that the limit (3.23) holds for some measure v and
all continuous functions ® = ®(p, x). We then define p by the formula (3.24).

Theorem 4.5 (i) The functions H® converge to H:
(4.21) lim H*(P) = H(P).

e—0

(ii) The measure p satisfies

(4.22) /n/nv.pgbdu_o

for all smooth, periodic functions ¢ = ¢(x); and
(4.23) / / vdp =V € OH(P).
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(iii) The measure p minimizes the action functional (2.11) among all other probability
measures satisfying (4.22) and (4.27).

(iv) The function u is a viscosity solution of

(4.24) —H(Du,z) = —H(P).

Proof. 1. The functions H¢ are convex and locally bounded, and so, passing if necessary
to a further subsequence, the limit

(4.25) lim H*(P) =: K(P)

e—0
exists locally uniformly. Then (4.9) implies u = P - x 4+ v is a viscosity solution of
—H(Du,z) = —K(P)
and so also solves this PDE almost everwhere. Hence
H(Du’,z) < K(P) + O(5),

5

for u? :==n? xu, u’ = P -z +v°. We now use v° in the variational formula

H(P) = welcrllfw)feuq% H(P + Dw, )

and send 0 — 0, to deduce
(4.26) H(P) < K(P).

Later we will show that in fact H(P) = K(P).
2. As in the proof of Theorem 3.4, we employ the identity (4.13) to show that measure

1 satisfies
/ / v-Dodu=0

for all smooth, periodic functions ¢ = ¢(z). Likewise, (4.25) and (4.18) imply

(4.27) /n/nvd,u =V € OK(P).
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Now calculate

// v:cdu—l—/ H(p,z du—// (D,H,z)+ H(p,x) dv
n n n"ﬂ‘n n n

—/ D,H - pdv
n Tn

(4.28) = ll_r% . D,H(Du*,x) - Dufo® dx
= ll_I)I[l) . D,H(Dv®,z) - (P + Dv*)o® dx
=P -V+ l-li% . D,H(Du®,x) - Dv°o® du.
3. Next multiply (4.13) by v° and integrate by parts:
(4.29) D,H(Dv®,z) - Dv°o® dx = —5/ (Av® + 2| Dv°|?)o° da.
Tn "
Likewise, multiply (4.12) by w®* and integrate, to find
H*(P) = H(Duf,z)o dx +/ eAw w™ dx.
Tn "

Recall from (4.6) that v® = log w®, and therefore
Aw® = (Av° + |DvF|P)uw®
We use this identity and the identity before in (4.29), concluding that

D,H(Du®,x) - Dv°o*dx = — | |Dv*|’0°dz+ [ H(Du?,x)o®dx — H®(P).

T T Tn
This identity lets us return to (4.28), to deduce that

/n/n v,x)dpy < P-V — K(P)=K*V),

where K* is the dual convex function to K. The last equality holds since (4.27) tells us that
V € OK(P). But (4.26) implies for all V' that

K*(V) < H*(V) = L(V).

/n / L(v,z)du < L(V);

and this fact, as already noted in the proof of Theorem 3.4 means that p is a minimizing
measure. In particular, L = K*: whence K = H. 0

Therefore
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5 PDE for deterministic mean field games

Lasry and Lions in [L-L1]-[L-L3| have introduced some fascinating classes of stochastic “mean
field games”, which in turn correspond to various systems of PDE that generalize the two
basic PDE (1.1), (1.2) of weak KAM theory. In the stationary case [L-L2| some of their
equations read, in our notation,

—eAuf + H(Du®,x) = H(P) + V[o°]

and
—eAo® +div(D,H (Du, x)o%) = 0,

where ¢ > 0 and an ofdxr = 1. Here ¢ > 0 is a viscosity coefficient resulting from the
stochastic terms in the dynamics and V-] is a functional defined for probability measures,
the precise form of which depends upon the particular rules of the mean field game. The
deterministic version of these two PDE are

(5.1) H(Du,z) = H(P)+ Vo]
and
(5.2) div(D,H (Du,x)o) = 0.

These have almost the exact from of our two basic PDE (1.1), (1.2) of weak KAM theory, the
only difference being the term V[-] which couples the measure o with to the Hamilton-Jacobi
equation for u. (We note also that coupled PDE of the from (5.1) and (5.2) arise also from
WKB expansions for solutions of nonlinear dispersive equations: see for instance Section
14.2 in Whitham [W].)
Let us take
Vo] = (o),

for some smooth, nondecreasing function ® : R — R, and for heuristic purposes assume that
u, o are smooth solutions of (5.1), (5.2).

Theorem 5.1 (i) We have the estimate
(5.3) / |D?u|?0 + ®'(0)|Do|? dx < C.

(i) In particular, if ®'(s) > c|s|? for positive constants ¢ and ~y, then

(5.4) / o dy <C.
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The significance is that estimate (5.4) shows o € L? for p = % This is not the case

for the more weakly coupled PDE (1.1), (1.2) of weak KAM theory, in which o is in general
a measure that may be singular with respect to Lebesgue measure. The term V[o] = ®(0)
has a regularizing effect, persisting even for the deterministic case ¢ = 0.

Proof. Differentiate (5.1) twice with respect to xy:

_ /
Hpipjuxﬁkumwk + Hpiuﬂfﬂwk + 2H, iy, Uz, T kaﬂfk - ((I) (U)ka)xk'

Next multiply by ¢ and integrate over T, using (5.2) to simplify and obtain the identity

T

n

The estimate (5.3) follows, and then (5.4) results from the Sobolev inequality. O

6 Nonvariational approximations, “second order” weak
KAM theory

In this speculative section we return to the entropy regularization discusses in Section 2, and
examine an very singular nonvariational approximation.

6.1 A linearization. To motivate developments in subsequent subsections, we next cal-
culate linearization of the Euler-Lagrange PDE (2.3), which we rewrite in the symmetric
form

1 1
(6'1) A];{[uk] = _Ee_kH(ekHHpi)xi = 7 Hpi)ﬂﬁi - HpiH uk - HIinz‘ = 07

]f ( Pj Yz

H evaluated at (Du”*,z). 1 proved in [E1] that u = limy_. u* is a viscosity solution of
Aronsson’s equation

(6.2) Aplu] := —Hy Hp ug,e; — Hy Hy, =0,

H evaluated at (Du, z).

Define the linearization

Uy Hp, ),

Pj T

1
+Ee*’ﬂHkajvxj (" H,,)).,.
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Thus

1
(63) Lkv = _E<Hp¢pjvfj)xi - Hpipj (H>Iivxj - Hpi<HpJ‘U3¢j)$i'

Again H = H(Du*, x). The formal adjoint of L; with respect to the usual L? inner product
is

. 1
(64) Lkw = _E(Hpipiji)l"j + (Hpipj (H>x1w)z] - (Hpj (sz‘w)ﬂﬁi)ﬂcj'

Observe that o = (=" solves

(6.5) Lio* =0,

since (0*H,,),, = 0 and of = o*k(H),,. We will return to this observation in the next
section.

6.2 A solution for the dual operator, symmetry. Define now the weighted inner
products

(f9)e:= [ fgohde, [f glx:= Tnfg(ak)_ldx.

'H‘TL
We show next that Ly is symmetric with respect to(:,-)x, and L} is symmetric with respect
tO[-, ]k

Theorem 6.1 (i) For all smooth v, w, we have

k

n

1
(6.6) (Liv,w), = (v, Lyw)y = / {(Hpivxi)(Hpijj) + —Hpipjvmiji} o dx.

As usual, H is evaluated at (DuF, z).
(ii) Furthermore
(6.7) Li(c*w) = o* Lyw
and
[Liv,w], = [v, Liwlg

(6:8) = o { (o (2),,) (i, (3),) + 2oy, (2),, (),

Proof. 1. Define for 7 € R the inner product

(f,g)r = [ fgerPuisrDva) gy
’]I‘n

28



Then

1 1
©9) (Al ol = ¢ [ eI, )0 do = ¢ [ Hy e

H evaluated at (Du* + 7Dv,z). We compute

d
—<A’fq[uk + T}, W),

= = (Lyv,w)o + (A% [u*], wkD,H - Dv)y = (Lyv,w)o,

7=0

since A% [u*] = 0. Also,

d /1
— (= H, w. e
dr <k/ piWei€ dx)

Insert the previous two calculations into (6.9) and multiply by e *7* to obtain (6.6).

2. We have

1
N /n (EHpipjvxiji + (Hpiwxi)(Hpjvxj)) e*H .

=0

/ oL} (o*w) do = /

Livwo® de = / v(Lyw)o® du,
T

n n

for all smooth functions v and w. Hence (6.7) holds, and consequently

. w
Liw = o"L, <E> .

Then

sl = (1(2) ) = (1 (5).2),
L 2),) (), ) 1 (2, (), s

K3

O

6.3 A nonvariational approximation. Recall from the introduction that the PDE ap-
proach to weak KAM turns upon the pair of equations (1.1) and (1.2). The variational
approximation (2.1) replaces (1.1) with Aronsson’s PDE

(1.1) Aplu] := —Hp,(Du, v)Hy, (Du, 2)Uy,e; — Hy,(Du, x) Hy, (Du, x) = 0.
I suggest now that the proper generalization of (1.2) is the PDE

7

(1.2) Lo := —(Hy,(Du,x)(Hy, (Du,x)0)s,)e; = 0,
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and interpret the pair of PDE (1.1), (1.2)" as a “second order” version of weak KAM theory.
Note carefully that sufficiently smooth solutions u, o of (1.1) and (1.2) also solve (1.1)’, (1.2)".
However a solution u of (1.1)" need not solve (1.1), and it is not clear to me if a solution of
(1.2)" must necessarily solve (1.2).

We conclude with the derivation of some uniform estimates for a regularization of the
foregoing PDE. That such natural estimates hold is perhaps an indication that (1.2)" is
indeed a proper generalization of (1.2). Consider for § > 0 the equation

AL = —0AU + Ax[u]
(6.10) = —6Au’ — H, (Du’,z)H, (D, x)uiixj — H,,(Du’,z)H,,(Du’, )
=0

and the corresponding linearization

Lsv = iA‘;{[u(s + 7]
dr

A calculation shows
(6.11) Lsv = —0AV — Hy, (Hp Vg, )z, — Hpp, (H )z, Vs,
H evaluated at (Du®, x). The adjoint of Ls with respect to the usual L? inner product is

(612> ng = —0Aw — (Hpj (szw)xz)xg + (sz'pj (H)xzw)wj

Next, let ¢ > 0 solve

(6'13) L:;O-d = —0A0° — (Hpj(Hpio-(s)l'i)l'j + (Hpipj(H)wio-(s)mj =0,

/ o dr = 1.

We conclude our paper with the following elegant energy estimate, which is an analog of
(3.10) and (4.15):

with the normalization

Theorem 6.2 We have the estimate

DH|?
(6.14) / (% + |D2u5|2) o’ dr < C

for a constant C independent of 5 > 0.
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Proof. Multiply (6.13) by H = H(Du’, ) and integrate by parts. We calculate
/ pip; )xja‘sd:v = / 5021,([{)% + Hpj(H)m].(Hpia‘s)mi dx
= / 602 (H)a, — 6AU (H,,00),, d
= 0 | of (Hyuy,, + Hy,) = g, (Hy00)s, de
Tn
= 5/ ol H,, —ufcixj(Hpi)xjaé dx

= _5/ (( ) +szx3 TiTj +Hp1pk xx]uik:c )O—(de‘

This identity leads to (6.14).
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