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Fuzzy control for uncertainty nonlinear
systems with dual fuzzy equations

Raheleh Jafari and Wen Yu*

Departamento de Control Automdtico, CINVESTAV-IPN (National Polytechnic Institute), Mexico City,

Mexico

Abstract. Many uncertain nonlinear systems can be modeled by the linear-in-parameter model, and the parameters are uncertain
in the sense of fuzzy numbers. Fuzzy equations can be used to model these nonlinear systems. The solutions of the fuzzy equations
are the controllers. In this paper, we give the controllability condition for the fuzzy control via dual fuzzy equations. Two types
of neural networks are applied to approximate the solutions of the fuzzy equations. These solutions are then transformed into the
fuzzy controllers. The novel methods are validated with five benchmark examples.

Keywords: Fuzzy equation, fuzzy number, fuzzy control

1. Introduction

Fuzzy control can be divided into direct and indirect
methods [15]. The direct fuzzy uses a fuzzy system as a
controller, while the indirect fuzzy control uses a fuzzy
model to approximate the nonlinear system first, then
a controller is designed based on the fuzzy model. The
indirect fuzzy controller utilizes the simple topological
structure and universal approximation ability of fuzzy
model. It has been widely used in uncertain nonlinear
system control. We use indirect fuzzy control in this
paper.

The fuzzy model usually comes from several fuzzy
rules [36]. These fuzzy rules represent the controlled
nonlinear system. Since any nonlinear system can
be approximated by several piecewise linear systems
(Takagi-Sugeno fuzzy model) or known nonlinear sys-
tems (Mamdani fuzzy model) [23], fuzzy models can
approximate a large class of nonlinear systems, while
keep the simplicity of the linear models. In this paper,
we discuss another type of fuzzy model. The basic idea
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is: many nonlinear systems can be expressed by linear-
in-parameter models, such as Lagrangian mechanical
systems [31]. The parameters of these models are uncer-
tain, and the uncertainties satisfy the fuzzy set theory
[41]. In this way, the inconvenience problems in non-
linear modeling, complexity and uncertainty, are solved
by linear-in-parameter structure and fuzzy logic theory.
The linear-in-parameter model with fuzzy parameters
is called fuzzy equation [10, 14, 30].

Fuzzy equations are very simple compared with the
normal system systems [23, 36]. They can applied
directly for nonlinear control. The nonlinear system
modeling corresponds to find the fuzzy parameters of
the fuzzy equation, and the fuzzy control is to design
suitable nonlinear functions in the fuzzy equation. Both
fuzzy modeling and fuzzy control via fuzzy equations
need solution of the fuzzy equation. There are various
approaches [16] uses the parametric form of fuzzy num-
bers and replaced the original fuzzy equations by crisp
linear systems. In [8], the extension principle is applied.
The coefficients can be real or complex fuzzy numbers.
However, the existence of the solution is not guaranteed
[1] suggests the homeotypic analysis method [2] applies
the Newton’s method. In [4], the solution of fuzzy equa-
tions are obtained by the fixed point method. One of
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the well-known methods is the method of «-level [17].
By using the method of superimposition of sets, fuzzy
numbers can be solved. Recently, fuzzy fractional dif-
ferential and integral equations have been extensively
studiedin[3,5, 24,29, 37]. However, the above methods
are very complex.

The numerical solution of the fuzzy equation can be
obtained by iterative method [21], interpolation method
[39], and Runge-Kutta method [28]. It can also applied
to fuzzy differential equations [22]. These methods are
also difficult to be applied. Both neural networks and
fuzzy logic are universal estimators, they can approxi-
mate any nonlinear function to any prescribed accuracy,
provided that sufficient hidden neurons and fuzzy rules
are available [13]. Resent results show that the fusion
procedure of these two different technologies seems to
be very effective for nonlinear systems identification
[40]. Neural networks can also be used to solve the
fuzzy equation. In [9], the simple fuzzy quadratic equa-
tion is solved by a three neurons networks [19] and [20]
extend the results of [9] into fuzzy polynomial equation.
[26] gives a matrix form of the neural learning. How-
ever, these methods are very special, they cannot solve
general fuzzy equations with neural networks.

In this paper, we discuss more general fuzzy
equations: dual fuzzy equations [39]. Normal fuzzy
equations have fuzzy numbers only on one side of the
equation. However, dual fuzzy equations have fuzzy
numbers on both sides of the equation. Since the fuzzy
numbers cannot be moved between the sides of the
equation [21], dual fuzzy equations are more general
and difficult. We first discuss the existence of the solu-
tions of the dual fuzzy equations. It corresponds to
controllability problem of the fuzzy control [12]. Then
we provide two methods to approximate the solutions
of the dual fuzzy equations. They are controller design
process. Finally, we use five real examples to show the
effectiveness of our fuzzy control design methods with
neural networks.

2. Uncertain nonlinear system modeling with
dual fuzzy equations

Consider the following unknown discrete-time non-
linear system

Xer1 = f X url,  ye =g [x] 9]

where u; € 0" is the input vector, x; € %! is an inter-
nal state vector, and y; € W is the output vector.

and g are general nonlinear smooth functions
T
N '] ) Uk =
Y
p)

T T . . - _
ug . up -] If 95 is non-singular at x = 0, U =

yk=<I>[ykT,1,ykT,2,~-~u;{,ukT,1,-~] ()

where @ (-) is an unknown nonlinear difference equa-
tion representing the plant dynamics, u; and y; are
measurable scalar input and output. The nonlinear sys-
tem (2) is a NARMA model. We can also regard the
input of the nonlinear system as

Xk = [y]zw—]aylz‘fzv"'u]{au]{flﬂ"']T (3)

the output as yy.
Many nonlinear systems as in (2) can be rewritten as
the following linear-in-parameter model,

=Y aifi(x) )
i=1
or

Yo+ D> bigi) =Y aifi (xi) ®)

i=1 i=1

where g; and b; are linear parameters, f; (x) and g;(xx)
are nonlinear functions. The variables of these functions
are measurable input and output.

A famous example of this kind of model is the robot
manipulator [31]

M(@)g+Clq.9)qg+Bqg+g@=1t  (6)

(6) can be rewritten as

n
> Yilg.q. 90 =1 (7
i=1

To identify or control the linear-in-parameter sys-
tems (4), (5) or (7), the normal least square or adaptive
methods can be applied directly.

In this paper, we consider the uncertain nonlinear sys-
tems, i.e., the parameters a;, b; or 6; are not fixed (not
crisp). They are uncertain in the sense of fuzzy logic.
The uncertain nonlinear systems are modeled by linear-
in-parameter models with fuzzy parameters. These
models are called fuzzy equations. Before introduce
fuzzy equations, we need the following definitions. The
explanations for these definitions can be found in [42].

Definition 1. [fuzzy number] A fuzzy number u is a
functionu € E : )t — [0, 1], such that, 1) u is normal,
(there exists xo € N such thatu(xg) = 1;2) u is convex,
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u(Ax + (1 — A)y) >min{u(x), u(y)}, Vx,y e R, Vi e
[0, 1]; 3) u is upper semi-continuous on R, i.e., u(x) <
u(xp) + &, Vx € N(xp), Vxo € R,, Ve > 0, N(xg) is a
neighborhood; 4) The set ut = {x € R, u(x) > 0} is
compact.

We use so called membership functions to express the
fuzzy number. The most popular membership functions
are the triangular function

o a <b
u(x)=F(a,b,c)=4q ., 3)
—pb=x=c
otherwise u (x) = 0, and trapezoidal function
jaas<x=<b
u(x)=F(a,b,c,d) = %cfxfd ©)]

1 b<x<c

otherwise u (x) = 0.

Similar with crisp number, the fuzzy number u has
also four basic operations: @, ©, ©®, and @. They
represent the operations: sum, subtract, multiply, and
“multiplied by a crisp number”.

The dimension of x in the fuzzy number u depends
on the membership function, for example (8) has three
variables (9), has four variables. In order to define con-
sistency operations, we first apply «—level operation to
the fuzzy number.

Definition 2. [a-level] The a-level of fuzzy number u
is defined as

[wl*={xeR:ukx) >al (10)

where0 <a <1l,u € E.

So [ul°=ut ={x € M, u(x) > 0}. Because « €
[0, 1], [u]*isabounded as u® < [u]* < u®.The a-level
of u between u“ and u* is defined as

(W] = A (u®,u%) (11)

Let u,ve E, A € N, we define the following fuzzy
operations. u* and u® are the function of «. We define
u* =dy(@), u* = dy(), a € [0, 1].

Definition 3. [Lipchitz constant] [27] The Lipschitz

constant H of a fuzzy number u € E is

|[dpm () — dy(az)| < H o — oo

(12)
or |dy(ay) —dy(an)| < H |ay — az]

Definition 4. [fuzzy operations] [38] Sum,
[ @ v]" = [w]® + [v]* = [u” + 2%, 7" +2%] (13)

Subtract,

[u©vl* = [u]® — [v]* = [u® — 2", u® = "] (14)

Multiply,

w <o <worluouv*=A(w,w)
(15)
where wot: ayl+llya_ﬂlyl, wazﬁaﬂl—i-ﬁ]

]. It is a cross product of twp fuzzy

<

Q

|

<

<
c

m =
n
S
—

numbers.
Multiplied by a crisp number: For arbitrary crisp real
positive number T,

—tu* <[ul*0t < —tu”

or [ul* @ t = A (—tu”, —tu%)

Obviously, we have the following properties: the scalar
multiplication: « € [0, 1]

o [AGEE AT =0
"= 2= 4 gae ey <0 19

Su=(—0u, uek

Definition 5. [dot product] [6]The dot product of two
fuzzy variables u and v is

min{u®v*, u®v%, u®v, u*v*}
wv)¥*=A4 ( ’ ’ ’
v

max {u® v, u*v*, u®v®, u*v*}

Definition 6. [distance] The distance between the fuzzy
numbers u and v is

d(,v)= sup {max (Ju® —2%|, |@* =)} (17)
0<a<l

Definition 7. [absolute value] [2] Absolute value of a
triangular fuzzy number u(x) = F(a, b, c) is

[u(x)| = |al + |b] + |c| (18)

Definition 8. [positive] A fuzzy number u € E is said
to be positive if u l'>0and negative if !l <o.

Clearly, If u is positive and v is negative then u ©
v=06(u © (&v)) is a negative fuzzy number. If u is
negative and v is positive thenu © v = ©((6u) © v) is
a negative fuzzy number. If # and v are negative then
u Qv = (0u)© (6v)is a positive fuzzy number.
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If u is positive and v is negative:

! +
v, uv +

Ok

(X:A
(u®Ov) (—ul 1

= =L
c\ \c‘
\:

<|
N——

If u is negative and v is positive:

=1 15
v tuv
uMov)*=A -

If u and v are negative:

o uv +u'”
@ov ' =A| _ aul 4l gl

When the parameters in the linear-in-parameter
model (4) or (5) are fuzzy number, (4) and (5) become
fuzzy equations. For the uncertain nonlinear system (1),
we use the following two types of fuzzy equations to
model it

i = a1 filxp) ®ar foxi) ® ... D ay fulxr) (19)
or

ay f1(xk) ® a2 o(xi) @ ... D ay fu(xy)

(20)
=Db1810xx) D brgo(xi) @ ... @ byygm(xx) © yr

Because a; and b; are fuzzy numbers, we use the fuzzy
operation @. (20) has more general form than (19), it is
called dual fuzzy equation.

In a special case, f;(xx) has polynomial form,

a1 XD ... ®apxy =b1xk @ ... O bpxy Dy (21)

(21) is called dual fuzzy polynomial.
If we use the dual polynomial fuzzy Equation (21) to
model a nonlinear function

2k = f(x) (22)

The object is to minimize error between the two out-
put yx and zx. Since yy is a fuzzy number and zj is a
crisp number, we use the maximum of all points as the
modeling error

max vk — zkl = max lve — flx)l = max Bkl (23)

where yy=F (a (k), b (k), c(k)), Bx=F (B1, B2, B3) ,
which are defined in (8). From the definition of the
absolute value of a triangular fuzzy number (18),

la (k) = f(al
Sl + e (k) — fx)l

max = max
& 1Bl k b —

pr = maxy |a (k) — f(xi)]
B2 = maxy {b (k) + f(xr)}

B3 = max {c (k) + f(xp)}

(24)
The modelling problem (23) is to find a (k) , b (k) , and
c (k) , such that

min {mI?XIﬂkI} = r%lnc {m]?Xka - f(xk)l}

ag,by,cx ax,
(25)
From (24)

B1 = lak) — fxp)l,
B3 = c(k) + f(xx)

(25) can be solved by the linear programming method,

B2 =bk)+ f(xp)

min B
subject: A+ Xm0 ajx; © > j=o bjx = f(xx)
— (Xm0 © Yo bixih = — f(x)
(26)
min B
subject: [27:0 iji © Xj=0 bjxljc} > f(xe)
B2>0
27
min 3
subject: B [2720 ajx; © 27':0 Bjxljc] > fxe)
B3>0
(28)
where a;, b;, a; and l_aj are defined as in (11). In

this way, the best approximation of f(xj) at point xx
is yx = F (ak, by, cx). The approximation error of this
approximation S is minimized.

In this paper, we use the dual fuzzy Equation (20)
to model the uncertain nonlinear system (1). The con-
troller design process is to find uy, such that the output
of the plant y; can follow desired output yj, or the
trajectory tracking error is minimized

min ||y — ]| (29)

This control object can be considered as: finding a
solution uy for the following dual fuzzy equation

a1 f1(xp) @ a2 fr(xk) @ ... @ ap fulxr)

(30)
= b181(xk) ® bago(xp) D ... D b gm(xi) ® i
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where x; = [y v 5 - ul ul 07
It is impossible to obtain an analytical solution for
(30). In this paper, we use neural networks to approxi-

mate the solution.

2.1. Controllability of uncertain nonlinear systems
via dual fuzzy equations

Since the control object is to find a u; for the
dual fuzzy Equation (30), the controllability problem
becomes if the dual fuzzy equation has solution. In order
to show the existence of the solution of (30). We need
the following lemmas

Lemma 1. If the dual fuzzy Equation (30) has a crisp
solution uy, then

{n?_ domain [ f; (x)] } N {N"_,domain [g; (x)| } # ¢
Gn

Proof. Let ug € 9N be a solution of (30), the dual fuzzy
equation becomes

a1 f1(ug) @ ... ® an fu(uo)
=b181(up) @ ... ® by gm(uo) ® yZ

Since fj(uo) and g;(uo) exist, up €domain]f;(x)],
up €domain|g;(x)]. Consequently, it can be con-
cluded that ug € N}_,domain [ f; ()| = D1, and ug €
ML, domain [gj ()] = Ds. So there exists ug, such
that ug € D1 N Dy # ¢.

Obviously, the necessary condition for the existence
of the solution of (30) is (31).

Assume two fuzzy numbers mq, ng € E, mo < no.
Define a set K(x) ={x € E,mg < x <ngp}, and an
operator S : K — K, such that

S(mo) = mgy, Smo) <no (32)

here S is condensing and continuous, it is bounded as
S(z) < r(z), z C K and r(z) > 0. r(Z) can be regarded
as the measure of z.

Lemma 2. If we define nj = S(nj—1) and m; =
S(mi—1), i =1,2, ..., the upper and lower bounds of
S are s and s, then

5= lim n;, s= lim m;, (33)
o0

mo<m <..<myp=..=<n,=<..=<n <ng.
(34
The proof of this lemma is directly, see [11].

If there exists a fixed point xo in K, the successive
iterates x; = S (xj—1), i = 1, 2, ... will converge to xo,
i.e., the distance (17) lim;_, o d(x;, xg) = 0.

Theorem 1. If the fuzzy numbers a; andb; (i =1---n,
j=1---m)in (30) satisfy the Lipschitz condition (12)
ldm(ai) — dm(ar)| < H la; — ax|
ldu(ai) — dy(ax)| < H la; — ak|
ldm (bi) — dm(bi)| < H |bi — by
|du(bi) — duy(bi)|l < H |bj — by

(35)

where k = 1---n, dy and dy are defined in (12), the
upper bounds of f; and g; are | f;| < 7, gj| < g, then
the dual fuzzy Equation (30) has a solution # which is
in the following set

X uekE, [u* —u*| 36)
H= - _
< (nf+mg) Hlay — a2

Proof. Because the fuzzy numbers g; and b; in (30)
are linear-in-parameter, from the definition (12) and the

property (16)
du(a) = aipy(@) f1(X) @ ... & anp (@) fn(x)
Sbim()g1(x) © ... © by py()gm(x)

So

ldp(e) —dy(@)| = | f1i(0)] | arm(e) © a1 u (@) |

+ -+ 1O an u(@) © anm (@)l

+ 181 b1 m(e) © bry(e)l

-+ 1gm O bm () © by (@)

(37
By the Lipschitz condition (12), (37) is
ldu (@) — du(p)l < FH Y[ la — ¢l
+2H Yl — ¢l = (nf +mg) Hla =gl

Similarly, the upper bounds satisfy

|dy(@) — dy(p)| < (nf +mg) Hla — ¢l

Since the lower bound |dy () —dy(e)| >0, by
Lemma 2 the solution is in K g which is defined in (36).
The following theorem uses linear the programming
conditions (26)—(28) to show the controllability condi-
tions of the dual polynomial fuzzy Equation (21).

Lemma 3. If the data number m and the order the
polynomial n in (21) satisfy

m>2n+1 (38)
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where k = 1---m, then the solutions of (27) and (28)
are B, = 3 = 0.

Proof. Because
n . n i
Zgjxi S ijxljc < —f(xx) 39)
Jj=0 j=0

i=1,2,...,m.Wechoose 2n + 1 points for xi, and the
interpolating the dual polynomial

n n
b(k)=> ax,©) bx] (40)
j=0 j=0

If h = maxy{b (k) + f(xx)} and h > O, then we can
change the dual polynomial (21) into a new dual poly-
nomial b (k) — h. This new dual polynomial satisfies
(39). Because the feasible point of (27) f2 > 0, it must
be zero. Similar result can be obtained for (28).

Both f(xx) and xj are crisp. If the data number is
k=1---n, there exists solution for the polynomial
approximation [25]. Because b (k) and ¢ (k) , (26) has a
solution.

Theorem 2. If the data number is big enough as (38),
and the dual polynomial fuzzy Equation (21) satisfies

D [h (xk1, uk1) , h (2, uk2)] <UD [ugy, ugz]  (41)

where 0 <1 < 1, h(-) represents a dual polynomial
fuzzy equation,

h (xXk1, ug1) - arxg @ ... ® apxy;

(42)
=b1xk1 @ ... ® buxy; ® yi

D [u, v] is the Hausdorff distance [32],

D[u, v] = max {sup infd (x, y), sup inf d (x, y)}
xeu YEV xevp YEU

d (x, y) is the distance defined in (17), then (21) has a
unique solution u.

Proof. From Lemma 2 we know, there are solutions for
(26)—(28), if there are many data which satisfy (38).
Without loss of generality, we assume the solutions for
(26)—(28) are at x; = 0, which corresponds to uq (41)
means 4 () in (42) is continuous. If we choose a § > 0
such that D [y, ug| < 8, then

D [h(xg, uo), uol = (1 —10)8

Here (0, ug) = ug. Now we select x near 0, x; €
[0, c], ¢ > 0, and define

Co:p= sup D[y, ]
xx€[0,c]

Let {yx, } be a sequence in Cp, for any ¢ > 0, we can
find Ny(e) such that p < &, m,n > No. So yi,, —> Yk
for x; € [0, c]. Furthermore

D [y, uo] < D [yk, Yk, + D [Yhy» o] < &48
43)
for all x € [0, c], m > Ny(e). Since ¢ > 0 is arbitrary
small,

D [yx,uo) <8 (44)

for all x € [0, c]. We now show that yy is continuous at
xo = 0. Given § > 0, there exists §; > 0 such that

D [yk, u0) < D [yks Vi | + D Yk 0] < €+ 81

for every m > Ny(e), by (44), whenever |x — xo| < 81,
Yk is continuous at xg = 0. So (21) has a unique solution
uo.

The necessary condition for the controllability (exis-
tence of solution) of the dual fuzzy Equation (30) is
(31), the sufficient condition of the controllability is
(35). For most of membership functions such as the tri-
angular function (8) and the trapezoidal function (9),
the Lipschitz condition (35) is satisfied. They are con-
trollable.

3. Fuzzy controller design with neural
networks approximation

There are not analytical solution for the dual fuzzy
Equation (30). In this paper, we use neural networks
to approximate the solution (control). In order to use
neural networks to approximate the solution of the dual
fuzzy Equation (30), we first need to transform it into
normal fuzzy Equation as (19).

Generally, the inverse element for an arbitrary fuzzy
number u € E does not exist , i.e., there isnot v € E,
such that

ubv=0
In other word,

u®(©u)#0
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Fig. 1. Dual fuzzy equation in the form of neural network (NN).

So (30) cannot be

ay f1(xx) @ ... © an fu(xr) © b1g1(xk)
O©... 0 bgm(xy) = y;;
[a1 © b1] fi(xx) @ [a2 © b2l fo(xp) @ ... = yj

In this paper we use the @ operation. We add &b; g;(x),
and apply @t on the both sides of (30)

ar f1(xx) @ ... ® ay, fulxr)

S {[h1g1(0) ® ... ® bugm(»)] @ 7}
=b1g1(xk) D ... ® by gm(xk)
®{[p121(0) @ ... ® bugn(x)| @ T} & yf

When 7 = 1, be the definition of @, (45) is

(45)

a1 f1(X) @ ... ® @ fu(x) © b181(x) © ... © bygn(x) = y;
(46)

We design a neural network to represent the fuzzy
equation (46), see Fig. 1. The input to the neural network
is the fuzzy numbers a; and b;, the output of the fuzzy
number y,. The weights are f; (x) and g; (x).

The objective is to find suitable weight x (solution)
such that the output of the neural network y; converges
to the desired output yf. In the control point of view,
we want to find a controller u; which is a function of
x, such that the output of the plant (1) yj (crisp value)
approximate the fuzzy number yj.

In order to simplify the operation of the neural net-
work as in Fig. 1, we use the triangular fuzzy number

(8) in this paper. The input fuzzy numbers g; and b; are
first applied to a-level as in (10)

[0 =A(a¥.a?) i=1-n

[bj1*= A (b“ Z") j=1---m @7

Ziovi

Then they are multiplied by the weights f; (x) and
gj (x), and summarized according to (13)

o Zist Ji (x) &a + ZieCf fixa®,
O =2 T S, i) e
iECf L Lo iéMf L et}
(0] = A <ZjeMg 8j (X)b*i(j 2 jec, 81 () b; >
2 jec, 8 b Y jew, 8 (X) b
(48)
where My = {i| f; (x) > 0}, Cr={i| f; (x) < 0}, My=

{jlgj(x) = 0}, Cg = {jlg; (x) < O}.
The output of the neural network is

] =a(0,7- 00" -0) @9

In order to train the weights, we need to define a cost
function for the fuzzy numbers. The training error is

er =y ©

where [yf]*=A (ﬁa;ﬁa> =4 (&aﬁ’ika) ,
[ex]* = A (Qka , ?k“) . The cost function is defined as
f=J+T"
o 1 * & o 2
2= 5 (5 - ) (50)
_ 0 —oN\2
I =3 (y,’g"‘ - j’ka>
Obviously, J; — 0 means [5)k]a - [y/ﬂa-

Remark 1. A main advantage of the least mean square
index (50) is that it has a self-correcting feature which
permits to operate for arbitrarily long period without
deviating from its constraints. The corresponding gra-
dient algorithm is susceptible to cumulative round off
errors and is suitable for long runs without an addi-
tional error-correction procedure. It is more robust in
statistics, identification and signal processing [33].

Now we use gradient method to train the weights
fi(x) and g; (x). The solution x¢ is the functions of
fi (x) and g; (x) . We calculate 371?; as

Oy 8J” N aT”
3X() - 8)60 aX()
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By the chain rule

oxp O3k ] afi(x) axg
de” O3 D 904" dg;(x)
83)71(“ 3&"‘ 9gj(x) axg

07 _ 8% B~ 907" 4o

aek dyk Zaof g j(x)
3yk 30/

If f; and g’; are positive
%222;1 (y — Y ) S
+zj (o1 - 9 b3
on —Zl 1= ( Vo — )E“f[
+300 (77; - W) Fjag}
Otherwise
= - (0 - ) @,
+Z, 1( — K )bjag,//
% =2 - (ny _ﬁa) al fi
30 (0F - 3) b5
The solution xg is updated as

0Jk
xo (k+1) = xo (k) — oo
where 7 is the training rate n > 0. In order to increase

training process, we add a momentum term as

xo (k + 1)=Xo(k)—n% + ¥ [xo (k) — xo (k — 1)]
where y > 0

After xo is updated, it should be substitute to the
weights f; (xo) and g; (xo).

The solution of the dual fuzzy equation (30) can be
also approximated by another type of neural network,
see Fig. 2. Here the inputs are the nonlinear functions
fi (x) and g; (x), the weights are the fuzzy number g;
and b;. We use the training error e to update x.

The input is a crisp number x (k) . After the nonlinear
operations f; (x) and g; (x), O and Oy are the same as
(48). The output of this neural network is the same as
(49).

The different between the networks of Fig. 1 (NN)
and Fig. 2 (FNN) are: FNN does not change weights,

Fig. 2. Dual fuzzy equation in the form of feedback neural network
(FNN).

it is an autonomous system. NN is a standard neural
network. FNN is more robust than NN, and we can use
bigger training rate n in FNN.

4. Applications

In this section, we use several real applications to
show how to use the dual fuzzy equation to design fuzzy
controller.

Example 1. [A chemistry process] A chemical reac-
tion is to use the poly ethylene (PE) and poly propylene
(PP) to generate a desired substance (DS). If the cost
of the material is defined as x, the cost PE is x and the
cost of PP is x?. The weights of PE and PP are uncer-
tain, which satisfy the triangle function (8). We want to
product two types DS. If we wish the cost between them
are F(3.5,4,5) = y*, what is the cost x ? The weights
of PE are F(2.5,3,3.25) = a; and F(0.75, 1, 1.25) =
bi. The weights of PP are F(1.75,2,2.5) =a> and
(1.75, 2, 2.5) = by. The above relation can be modeled
by the following dual fuzzy equation

(2.5,3,3.25)x @ (1.75, 2, 2.5)x>
=(0.75,1,1.25)x & (1.75,2,2.5)x* & (3.5, 4, 5)

Here fi (x) = g1 (x) = x, f2(x) = g2 (x) = x>. Weuse
NN and FNN shown in Fig. 1 and Fig. 2 to approx-
imate the solution x. The learning rates for them are
the same n = 0.02. The results are shown in Table 1.
The exact solution is xo = 2. The neural networks start
from x(0) = 4. Both neural networks converge to the
real solution.
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Table 1 Table 2
Comparison results of two types of neural networks Comparison results of two types of neural networks

k x (k) with NN k x (k) with FNN k x (k) with NN k x (k) with FNN

1 3.8377 1 3.7970 1 0.6251 1 0.7250

2 3.6105 2 3.3090 2 1.0542 2 1.1060

3 3.3435 3 2.9567 3 1.3321 3 1.5042

: : : 3 39 2.9899 10 2.9931

38 2.0053 26 2.0080 40 2.9922 11 2.9959

39 2.0044 27 2.0053 41 2.9940 12 2.9974

40 2.0036 28 2.0034
The thermal balance is [18]:

A B C D R
K2 ks ke Ok ®
The exact solution is x = 3 [18]. The maximum learn-
ing rate of NN as Fig. 1 is n = 0.005. The maximum
learning rate of FNN as Fig. 2 is n = 0.1. The approx-
imation results are shown in Table 2. FNN is faster and
more robust than NN.
Example 3. [Water tank system] The water tank
K p KB K c K I system has two inlet valves gi, g2, and two outlet
valves g3, qa, see Fig. 4. The areas of the valves
are uncertain as the triangle function (8), A; =
F(0.023, 0.025, 0.026), Ay = F(0.01,0.02, 0.04),
A3z = F(0.014,0.015, 0.017), Agq = F(0.04, 0.06,
0.07). The velocities of the flow (controlled by
A B C D R the valves) are f1 = (j5e', f2=xcos(Tlx),

Fig. 3. Heat source by insulating materials.

Example 2. [Heat source by insulating materials]Heat
source is in the center of the insulating materials. The
thickness of the materials are not exact, which satisfy
the trapezoidal function (9),

A = F(0.12,0.14,0.15,0.18) = a
B = F(0.08,0.1,0.2,0.5) = a»
C = F(0.09,0.1,0.2,0.4) = b,
D = F(0.02,0.03,0.05, 0.08) = b,

see Fig. 3. The conductivity coefficient of these
materials are Kjp=¢e" = fi, Kp=xJx= f5,
Kec=x*= g1, Kp = xsin(%) = g», here x is the
elapsed time. The object of the example is to find the
time when the thermal resistance at the right side arrives
R = F(0.00415, 0.00428, 0.00569, 0.03187) = y*.

f3= cos(%), fa=3 If we hope the outlet
flow is g = (4.090, 6.338, 36.402) = y*, what is the
control variable x. The mass balance of the tank is
[34]:

PALf1 © pArfo = pA3f3® pAsfa D q

where p is the density of the water. The exact solution is
xo = 2 [34]. We use x (0) =5, n =0.001, y = 0.001
for both NN and FNN. The error |X — xo| between the
approximate solution X and the exact solution xg is
shown in Fig. 5. For this example, both NN and FNN
work well.

Example 4. [Solid cylindrical rod] The deformation
of a solid cylindrical rod depend on the stiffness
E, the forces on it F, the positions of the forces
L, and the diameter of the rod d [35], see Fig. 6.
The positions are not exact, they satisfy the trape-
zoidal function (9). L; = F(0.3,0.4,0.6,0.7), Ly, =
F(0.5,0.7,0.8,0.9), L3 = F(0.5,0.7,0.8,0.9). The
are of the rod is A = %dz. The external forces are
the function of x, F| = x’, F, = x0./x, F3 = ¢ [7).
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Fig. 4. Water tank system.
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Fig. 5. The error between the approximate solution and the exact
solution.

We want the desired deformation at the point N is
N* = F(0.000673, 0.000931, 0.001164, 0.001310) as
in (9), what is control force should be applied. Accord-
ing to the tension relations [7]

LiFy ® Ly(Fi+ F,)  L3F3

N*
AE AE AE @

where d = 0.02, E = 70 x 10°. The exact solution is
x=4.

Weuse x (0) = 7,n = 0.002, y = 0.002 for both NN
and FNN. The error |X — x| between the approximate
solution X and the exact solution x¢ is shown in Fig. 7.
For this example, both NN and FNN work well. FNN
is little better than NN.

Example 5. [Water Channel system] The water in the
pipe d; is divided into three pipes d3, d3, ds, see Fig.
8. The areas of the pipes are uncertain, they satisfy
the trapezoidal function (9). A1 = F(0.4, 0.6, 0.7, 0.8),
Ar = F(0.05,0.1,0.2,0.4), Az = F(0.03,0.08, 0.1,
0.2). The water velocities in the pipes are controlled
by the valves parameter x, vi = X3, vy = % V3 =X
[34]. The control object is to let the flow in pipe dy is

»>
Fq
M
»
(b) N Fs
M

d

Fig. 6. Two solid cylindrical rods.

T
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Fig. 7. The error between the approximate solution and the exact
solution.

Table 3
Comparison results of two types of neural networks

k x (k) with NN k x (k) with FNN
1 5.9024 1 5.9226

2 5.7361 2 5.5341

3 5.5321 3 5.1234
77 3.0599 21 3.0162
78 3.0322 22 3.0131
79 3.0110 23 3.0086

Q=F(10.207861, 14.955723, 16.591446, 16.982892)
what is the valve control parameter x. By mass balance
Avy = Ayva @ Azv3 @ Q

The exact solution is x = 3 [34]. The maximum learn-
ing rate of NN as Fig. 1 is n = 0.001. The maximum
learning rate of FNN as Fig. 2 is n = 0.08. The approx-
imation results are shown in Table 3. FNN is faster and
more robust than NN.
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d,

Az

Fig. 8. Water Channel system.

5. Conclusions

In order to model uncertain nonlinear system, we use
dual fuzzy equations, which are in the form of linear-in-
parameter. We first prove that these fuzzy models have
solutions under certain conditions. These conditions are
controllability of the fuzzy control algorithms. By some
special fuzzy operations, we transform the dual fuzzy
equations into two types of neural networks. We design
modified gradient descent algorithms to train the neural
networks, such that the solutions (fuzzy controllers) are
estimated by the neural networks he novel methods are
validated with Five benchmark examples are proposed
to validate our methods. Further work is to study the
stability of training algorithms.
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