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Abstract

We introduce the concepts of fuzzy H-continuity and fuzzy strongly closed graph, respectively and investigate some

of their properties.
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1. Introduction and preliminaries

Since the introduction of fuzzy sets by Zadeh in his
classic paper[17] of 1965 and fuzzy topological spaces by
Chang([3] in 1968, certain mappings between topological
spaces, weaker than usual open or continuous ones, have
been generalized to and studied in fuzzy topological
spaces by different authors[1, 2, 5, 6, 11, 13, 14, 16]. In
this paper, we extend the notion of H-continuity
introduced by PELong and T.R. Hamlett[9] to fuzzy
topological spaces.

In order to make the exposition self-contained as far
as practicable, we list some definitions and results that
will be used in the sequel. Let X be a non-
empty(ordinary) set and let I the unit interval [0,1]. A
fuzzy set A in X is a mapping from X into I[17]. A
fuzzy point x, in X is a fuzzy set in X defined by :
for each yeX,

— /1’ if y=x,
x/l(y)_{ 0’ lf y%x,

where x€X and Ae(0,1] are respectiVely called
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the support and the value of x,[12,14]. A fuzzy point
x, is said to belong to a fuzzy set A in X iff
A< A(x)[12]. A fuzzy set A in X is the union of all
fuzzy points which belong to A[12]. A subfamily T of
P is called a fuzzy topology on XI[3] if G) @, Xe T,
(i) for any {U,} ,ca" T, U ,eaU,=T and (ii) for any
A,Be T, ANBeT. In this case, each member of T
is called a fuzzy open(in short, F-open) set in X and
its complement a fuzzy closed(in short, F-closed) set in
X. The pair (X, T) is called a fuzzy topological
space(in short, fts). For a fts X, FO(X) and FC(X)
denote the collection of all F-open sets and F-closed
sets in X, respectively. For a fuzzy set A in a fts X,
the closure clA and the interior intA of A are
defined respectively as clA = N{VerlX: ACV and
Ve F(X)} and intA = U{VeFO)(X): VCA}12L
We will use the notion of fuzzy compactness in the
sense of S. Ganguly and S. Saha[7].

Definition 1.1[17]. Let f be a mapping from a set X
intoa Y. Ael* and BelI'. Then :
(i) The image of A under f, f(A) is a fuzzy set
in Y defined by for each yeY,
[f(A)I) = sup,oiAx) if fU ) # 0,
=0 otherwise,
where f Yy) = {xeX:f(x) =y}
(ii) The inverse image of B under £, 7 (B) is a
fuzzy set in X denoted by for each xeX,
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FTUB)(x) = B(f(x)).

Result 1.A[3,16]. Let 7: X— Y be a mapping. Then :
1) F7YB)=1[f YB)I for each Bel".
(2) [F(A)]° Cf(A°) for each AeTlX.
(3) ¥f B CB,, then f NB)Cf (By),

where B, B,el”.
(4) i A, CA,, then f(A)CSf(Az),
where A,, A,eI*.
(5Y f(f YB))CB for each BeI".
In particular, if f is surjective, then
f(fYB)) = B for each BeI".
6) Acf M f(A)) for each AeTl*.
In particular, if f is injective, then
FUf(A)) = A for each Aer”.
(1) If {B,}eaCI’, then
F MU seaBo) = Ueea £ 7HBL)
and
f T M aenB o) =N genf (Ba).
(8) I (A,.},eaCl”, then
FU senA D = Usen AAL).
(9) Let &£ Y—Z be a mapping.
Then (g ) (C)=7F"" (g (C)
for each Cel”.

Result 1.B[4]. Let f: X—Y be a mapping. Then :

(1) f(x2) =1[f(x)], for each x;€ F,(X).

@ K Ael® and x,€A, then f(x;)ef(A4).

R I A=r* and y, = f(A), then there exists x=€X
such that f(x)=y and x,sA.

(4 If Bel¥, ye /(X) and y,= B, then for each
xefN(y), x.sf"H(B).

) If BeI®¥ and x,ef Y(B), then [f(x)],<B.

Definition 1.2[12). Let (X, T) be a fts and let Y a
crisp subset of X . Then the family Ty = {Aly: Ae T}
is a fuzzy topology on Y. In this case, Ty is called the
fuzzy relative topology or fuzzy subspace topology of T
to Y and the pair (Y, Ty) is called a fuzzy subspace
of (X, T).

It is clear that Aly= ANY.

Definition 1.3[8). Two fuzzy sets A and B in a set
X ae said to be disjoint if AOB= @, where
(AOB)Yx)= max [0, A(x)+B(x)—1] for each
xsX.

it is clear that AOQB = @ if and only if A ¢B, ie,
ACB.

Definition 1.4[5). A fts X is said to be fuzzy Ts,(n
short, FT,,) if for any two distinct fuzzy points x,
and y, in X, there exist U, Ve FO(X) such that
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x,€U, y,eVand UV = 0@,

Definition 15[12,14]. let {(X,, T, :a2sA} be a
family of fts's, let X = EI;IAX . the usual Cartesian
product of {X,}.es and let =z, the projection form X
onto X, for each e A. Let P [ A) be the family of all
finite subsets of A, let = {z;Y(B): Be T,, acA)
arld let ﬂ"_— {maEFﬂ-a_l(Ua):UaETavFEPf(A)}'
Then there exists a unique fuzzy topology T on X for

* which Zis a base for T and ¥ is a subbase for 7. In

fact, T is the family of all unions of members of &

In this case, T is called the fuzzy product topology
on X and the pair (X, T) is called the fuzzy product
topological spacelin short, product fts).

Definition 1.6[2). et A be a fuzzy set in a fts X.
Then :
(1) A is called a fuzzy regular open set in X if

A= int( clA).
(2) A is called a fuzzy regular closed set in X if
A= cl(intA).
We denote the collection of all fuzzy regular
openlresp. closed] set in X as FRO(X)I[resp.
FRC(X)].

It is clear that FRO(X)CTFO(X) and FRC(X)C
FC(X).

Result 1.CI1, Lemma 3.1). Let A be a fuzzy set in a
fts X. Then :

(1) int( clA)e FRO(X).

(2) cl( intA)e FRC(X).
Definition 1.7[2]. Let X and Y be fts's. Then a
mapping f:X—Y is said to be fuzzy almost
continuous(in ~ short, fal-continuous) if for each
VeFRO(Y), f NV)eFO(X).

It is clear that every F-continuous mapping is
fal~continuous.

Result 1.D[21, Theorem 3.3]. Let X and Y be fts's.
Then a mapping f: X—Y is fal-continuous if and only
if for each x,eF,(X) and each Ve FO(Y) with

f(x) eV, there exists U FO(X) such that x,eU
and A(U)C int( cl V).

2. Fuzzy H-continuous mappings

From now on, we consider X, Y, Z as fts’s.

Definition 2.1. Let A< 7X. Then A is said to be fuzzy
H-closed relative to X (in short, fH-closed) if for each
F-open cover {V,),ca of A in X, there exists a
finite subfamily Ay of A such that ACU ,e4,( cl V).

The fts X is said to be a fH-closed space if for each
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F-open cover {V,},ea of X, there exists a finite
subfamily Ay of A such that U ,ea(clV,)=X.

Lemma 22. Let X be a FTy,-space. If B is
fH-closed in X, then Be FC(X).

Proof. Assume that
x,€F,(X) such that x,€ clB

v,€B. Since X is FTs,,
V, eFO(X) such that
U, 0V, =0. Let V={V, eFO{(X):y,B)}. Then

clearly ¥ is a fuzzy open cover of B. Since B is
fH-closed in X, there exist w;,:,v,=B such that

Bc(cdV, U, UdV,)= (Ui V,),
(v, -, v, JcV For each i=1,,n, Ilet
U,eFO(X) such that x,€U, and U,OV, = @
, V,,cU,. Then BcC (U V,)C (U US)
= (N2, U,)°. Thus ddBC (N3, U,)"
x,€ (N2 UL)°. But

el (N%, U,)°. This is a contradiction. So
Hence Be FC(X).
Definition 2.3. A mapping f: X—Y is said to be fuzzy

H-continuous(in  short, fH-continuous) if for each
x,€F,(X) and each Ve FXY) such that f(x eV

and V¢ is fH-closed in Y, there exists U = FO(X)
such that x,€U and F(U)CV.

ciBE B. Then there exists an
but x,€B. Let

U,,

x,€U,,, y,€V,,

there exist and

and

where

Le.
Since
x,€ clB, X

clBCB,

Theorem 24. Let £ X—Y be a mapping. Then the
following are equivalent:
(1) f is fH-continuous.
2 If VeFOX(Y) and V° is fH-closed in Y, then
fF U (V)eFO(X).
These statements are implied by
(3) If B is fH-closed in Y, then F ' (B)eFC(X).

Furthermore, if Y is F7,,, then all three statements
are equivalent.

Proof. (1) =(2): Suppose f: X— Y is fH-continuous. Let

Ve FO(Y) and let V¢ be fH-closed in Y. Let
x,€f (V). Then f(x,)= V. By the hypothesis, there
exists Us FO(X) such that x,eU and FAU)CV.
Thus x,€ UCf '(V). Hence, by Proposition 1.8 in
[10], F Y V)eFO(X).

(2)=(1): Suppose the condition (2) holds. Let
x,€F,(X) and let Ve FO(Y) such that f(x) eV
and V¢ is fH-closed in Y. Then, by the hypothesis,
FUV)eFO(X) and x,ef "NV). Let U=F"YV).
Then clearly x,€ U FO(X) and f(U)C V. Hence f
is fH-continuous.

(3)=(2) Suppose the condition (3) holds. Let
Ve FO(Y) and let. V° be fH-closed in Y. Then, by

the hypothesis, 7~ '(V°) = [ "Y(V)]°e FC(X). Hence
F U V) e FO(X).

Now assume that Y is F7,, and we show that (2)
implies (3). Let B be any fH-closed set in Y. Since Y
is FT,,, by Lemma 22, Be FC(Y). Then B‘e FO(Y).
Thus, by the condition (2), f YB°)=I[f YUB]I°

e F(X). Hence f~'(B) e FO(X).

In general, the condition (2) does not imply the

condition (3) as shown in Example.

Example 25. Let X = {a,b,c} and let Y = {x, y}.
Consider the fuzzy topologies Tx and Ty on X and
Y, respectively defined by :

Tx=1{2,X,{(a,0.2),(5,0.2),(c,0.3)}}
and
Ty=1{2, 7, {(x,0.2), (y,0.3)}}.

Let f: (X, Tx)—(Y, Ty) be the mapping defined by
Ha)=Ff(b)=x and flc)=y. Let V= {(x,0.2),
(v,0.3)}. Then cleartly VeFO(Y) and V°© is
fH-closed in Y. Moreover, f Y V)e FO(X). So the
condition (2) holds.

On the other hand, let B = {(x,0.2), (¥,0.3)}. Then
B is fH-closed in ¥ but 7 '(B)e FC(X). Hence the
condition (3) does not hold.

Theorem 2.6. A mapping f: X—Y is fH-continuous if
and only if for each F-closed flI-closed B in 7,
fY(B)eFC(X).

Proof. (=). Suppose f is fH-continuous. Let B be
any F-closed fH-closed set in Y. Then B‘e FO(Y)
and (B°)°=B is fH-closed in Y. By Theorem 2.4,
FUBY) = [f {(B] eFO(X). fi(Be
FC(X).

(<) Suppose the necessary condition holds. Let
Ve FO(Y) such that V° is fH-closed in Y. Then
clearly V¢ is F-closed fH-closed in Y. By the
hypothesis, 7 Y(V°) = [Ff " W(V)I°eFC(X). Thus
F UV)eFO(X). Hence, by Theorem 24, f is
fH-continuous.

Lemma 2.7. If A and B are fH-closed in X, then
AUB is fH-closed in X.

Proof. Let {V ,} =4 be a F-open cover of AUB in X.
Since ACAUB and BC AUB,{V ,}.c4 is a F-open
cover of A and B in X, respectively. Since A and B
are fH-closed in X, there exist finite collections A,
and A; of A such that AC Ug,ean(clV,) and
BCU geaf clVy).  Then AUBCU (. peaxa,

Hence
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(V,UVy) and A;XA,; is finite. Hence AUB is
fH-closed in X.

Lemma 2.8. Let (X.7T)be a fts and let 8" = {Ve
T:V° is fH-closed in X)}. Then there exists a unique
fuzzy topology T* on X for which " is a fuzzy base
for T°.

Furthermore T°C T and (X, T*) is always a fuzzy
H-closed space. In this case, (X, T") is called the
induced H-closed fuzzy topological space by (X, T)
and will be denoted by X*.

Proof. Clearly X€Z". So UF*=X. LetB,, B,8"*
and let x,=B,NB;. Then B, B, T, Bf and Bj are
fH-closed in X. Thus, by Lemma 27, BiUB;5 is
fH-closed in X. BiU B; = (BN By)°,
(BN By)° is fH-closed in X. Moreover BBy, T.
Then B,NB,=8". Hence this completes the proof.

Since

Result 2.A[8Lemma 3.7]. Let (X, T) be a fts and let
B.={VeT: V' is F- compact in X)}. Then there
exists a unique fuzzy topology T. on X for which & .
is a fuzzy base for T..

Furthermore 7.CT and (X, T.)
compact fuzzy topological space. In this case, (X, T.)

is called the induced compact fuzzy topological space by
(X, T)and will be denoted by X..

It is clear that T.C T°CT.

is always a

Proposition 29. Let f: X— Y a mapping. Define the

mappings f:X—Y" and f.:X—VY. as follows,
respectively : for each xe X,
Flx)=fAx) and f(x) = FA(x).
Consider the following diagram :
f
X Y
r id
Fa Y
id
\
qu
Then the following hold.
(1) f is fH-continuous if and only i 7 is

F-continuous.
(2) [8Proposition 3.8] f is fc—continuous if and only if
f+ is F-continuous.
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3) id: Y>Y" and id: Y*— Y, are F-continuous.

4) id~': Y*>Y is fH-continuous.

(B id 7! Y,—>Y" is fc-continuous.
Theorem 2.10. let f: X—Y be f{H-continuous. If
1 X—-Y" is F-closedresp. F-open), then f is
F-closed(resp. F-open).

Proof. Suppose f': X—Y" is F-closed(resp. F-open).
lLet Fe FC(X)(resp. Fe FO(X)). Then, by the
hypothesis, f*(F) is F-closed(resp. F-open) in Y*. By
Proposition 29(3), id: Y—Y' is F-continuous. Then
id " (f*(F)) is F-closed(resp. F-open) in Y. But
id NF(F))=fF). So AF) is F-closed(resp.
F-open) in Y. Hence f is F-closed(resp. F-open).

Theorem 2.11. If f: X—Y is fH-continuous and
AeP(X), then f| 4:A—Y is fH-continuous.

Proof. Let Ve FOX(Y) such that V¢ is fH-closed in
Y. Then, by Theorem 24(2), f Y(V)e F(X). Thus
(F1a) ™ MV)=Ff"YVINAesFO(A). Hence f| A is
fH-continuous.

Theorem 212. If f X-Y

g:Y~Z is fH-continuous,
fH-continuous.

is F-continuous and
then g-°f X—Z is

Proof. Let We FO(Z) such that W° is fH-closed in
Z. Then, by Theorem 2.4(2), ¢ "(W)eFO(Y). Since
f is F-continuous, f (g "NW)HeFO(X). But
(g- 7Y W) =f"eg "(W). Thus(g-pH (W)
e FO(X). Hence, by Theorem 24(2), g-f is
fH-continuous.

3. Fuzzy strongly closed graphs

let f:X—Y be a mapping. Then the subset
G()={(x,f(x)):x=X} of the Cartesian product
X XY is called the graph o F.

Definition 3.1. Let X and Y be fts’s. Then a mapping
[ X~Y is sad to have a fuzzy strongly closed
graph(in short, F-strongly closed graph) or the graph
G(f) is said to be fuzzy strongly closed (in short,

F-strongly closed) in XxY if for each
(1,02 F,(G(f)), there exist U eFO(X) and
Ve F(Y) such that x,eU, y,eV and (UX
AVOG(H = .

Definition 3.2. Let X and Y be fts’s and let
f: X—=Y be a mapping. Then the graph G(f) of f is
said to have an upper fuzzy point in X X Y provided
that for each (x,;,y,)eF,(G(f)), there exist
UsFO(X) and V eFXY) such that x,€U,
vy,eVand if (UX cd V)OG) + @, then there exists
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(a,b)e G(f) such that (U x cl VXa, b) >—%.

Lemma 33. Let X and Y be fts's, let /2 X—Y a
mapping and let G(f) have an upper fuzzy point in
X XY. Then f has a F-strongly closed graph if and
only if for each x;€F,(X) and each y,< F,(Y) such
that y # f(x), there exist Ue F(X) and Ve FXY)
such that x;eU, y,.€V and AUO clV= 2.

Proof. (=): Suppose f has a F-strongly closed graph.
Let x,F,(X) and let y, < F,(Y) such thaty # f(x).
Then clearly (x,,y.) e F,(G(f)). By the hypothesis,
there exist UeFOXX) and V €FO(Y) such that
x; €U, y,eV and(Ux d V)OGS = @. Assume
that AU)® clV# @. Then AU)q( clV). Thus there
exists beY such that F(UXB)+ clV(d)>1, ie,
sup 1, U(2) + clV(8)>1. So there exists an
ae X such that b= f(a) and Ula)+ clV(b)>1, ie,
(Ux cdV)(a,b)>0. Since (Ux cdVIOG(f)=0
and (a,b)eG(f), (Ux cdV){ae,b)=0. This is a
contradiction. Hence f(U)O clV = @.

(&) Suppose the necessary condition holds. Let
(24,5 ,0&F,(G()). Then clearly

x,€F,(X), y,€F,(Y) and y# f(x). By the
hypothesis, there exist U FXX) and V e FO(Y)
such that =x,eU, y,eV andAU)O clV= 0.
Assume that (U X clV)OG(f) # @. Since G(f) has
an upper fuzzy point in XXY, there exists

(@.HeGHsuch  that (Ux dVXed> 5,  ie,
min [U (a), cl V()] > —% Then :

AUXD + A V(b)) ~1= sup .o, U(2)
+ V() -1
>U(a)+ cV(p)—1
>2minlU(a),
dVnl-1
>0.

Thus f(U)® cl V+ ®. This is a contradiction. So
(Ux VYOG = @. Hence f has a F-strongly
closed graph.

Remark 34. If f: X—Y has a F-strongly closed graph,
then for each x,€F,(X) and each y,=F,(Y) such
that y #+ f(x), there exist Us FXX) and Ve FXXY)
such that x,€ U, y,€V and f(U)O V= 0.

Theorem 35. let f: X—Y be fal-continuous and let
G(F) have an upper fuzzy point in Xx Y. If ¥ is
FT,,, then f has a F-strongly closed graph.

Proof.} Let x;€F,(X) and let y,=F,(Y) such that
y# f(x). Then y,+ f(x,). Since Y is FT,,, there

exists VeFO(X) such that y,eV  and

fepe(av)- clVe FRKY), (cdV)e
e FRO(Y). Since f is fal-continuous, there exists
UeFO(X) such that x,eU and Ff(U)YCT(clV)".
Then f(U)O clV= @. Hence, by Lemma 3.3, f has a
F-strongly closed graph.

Corollary 3.5. Letf/: X—Y be F-continuous and let
G(f) have an upper fuzzy point in XxY. If Y is
FT,,, then f has a F-strongly closed graph.

Since

Theorem 36. Let £ X—Y be a surjection with
F-strongly closed graph. Then Y is FTy,.

Proof. Let v, and z, be distinct fuzzy point in V.
Since f is surjective, there exists x=X such that
vai= flx). Then (x,, z,) & F,(G(f)). Since f has a
F-strongly closed graph, by Remark 3.4, there exist
UsFX(X) and Ve FO(Y) such that x,€ U, z,€V
and AUYO dV=o. Thus F(x;)=yv,e(clV)e,
Hence Y is FTy,.

The following is the immediate result of Theorem 3.6
and Corollary 3.5.

Theorem 3.7. A fts X is FT,, if and only if the
identity mapping id: X—X has a F-strongly closed
graph.

Theorem 3.8. If a mapping f: X—Y has a F-strongly
closed graph, then it is fH-continuous.

Proof. Let K be any fH-closed set in Y and let
x,elf THK)IS. Let y,K. Then clearly
(%, v F,(G(F)). Since f has a F-strongly closed
graph, by Lemma 3.3, there exist U, & FO(X) and

vV, eFOY) such that x,=2U,,, y,=V, and
fU,)OcV, =¢@. Consider the family (V,,
eFX(Y):y,=K} Then cdlealy {V, = FO(Y):

v.,€K} is an F-open cover of K in Y. Since K is
fH-closed in Y, there exists a finite subset K, of K
such that KCU, c5(cdV,) Lt U=N{U,,=
FXX):x,e U, and y,=K,}. Then x,€ Ue F(X)
and UQF MKY= o, ie, Uc[f XK)*. Thus
[f "MK)I°eFO(X). So f Y(K)eFC(X). Hence, by
Theorem 24, f is fH-continuous.
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