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Abstract

The main purpose of this paper is to explore new relationships be-
tween a I'-semigroup and its operator semigroups in terms of fuzzy ideals
so as to apply them, together with the already obtained such relation-
ships, in the study of fuzzy ideal extension of I'-semigroups.
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1 Introduction
The notion of fuzzy set was introduced by L.A.Zadeh[11], and since then this

concept has been applied to various algebraic structures. In [3], Kuroki charac-
terized several classes of semigroups in terms of fuzzy left, right and two-sided
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ideals and bi-ideals. M. K. Sen and N. K. Saha[9] introduced the concept of I'-
semigroup as a generalization of semigroup and ternary semigroup. A natural
example of a I'-semigroup is the set of all mappings from any non-empty set
A to a non-empty set B where I' is the set of all mappings from B to A and
ternary composition aab or awafS (a,b € S, a, f € I') is the usual mapping com-
position. Uckun Mustafa, Ali Mehmet, Jun Young Bae[4] investigated some
properties of fuzzy ideals in I'-semigroups. T. K. Dutta and N. C. Adhikari[2]
studied different properties of I'-semigroup via its operator semigroups. In
order to make the operator semigroups work in the context of fuzzy subsets
of a I'-semigroup as it did for conventional subsets we have investigated in [7],
various relationships between the fuzzy ideals of a I'-semigroup and that of
its operator semigroups including an inclusion preserving bijection(Theorem
5.14.and 5.17[7]) between the set of all fuzzy ideals of a I'-semigroup and that
of its operator semigroups. Motivated by the work of Xie [10] on semigroups
and the fact that I'-semigroups encompass semigroups we extended the notion
of fuzzy ideal extension to I'-semigroups in [8]. The purpose of this paper is
to bring operator semigroups into action to re-establish many results of [8].
To do this we first obtain some new relationships between a I'-semigroup and
its operator semigroups. These results together with those already obtained
in [8] were used to work out as stated above. Among other results we have
obtained characterization of a prime ideal of a I'-semigroup in terms of fuzzy
ideal extension.

2 Preliminaries

We recall the following definitions and results which will be used in the sequel.

Definition 2.1 [2] Let S and T be two non-empty sets. S is called a T'-
semigroup if there exist mappings from S xT'x S to S, written as (a, a, b) —
aab, and from I'x S xT" to I, written as («, a, B) — aaf satisfying the follow-
ing associative laws (aab)fc = a(abf)c = aa(bfc) and a(afb)y = (aaf)by =
aa(pby) for all a,b,c € S and for all a, 3,y € T.

Example (a): Let S be the set of all non-positive integers and I' be the set
of all non-positive even integers. Then S is a I'-semigroup where aab and
aaf(a,b € S, a, [ € T') denote usual multiplication of integers.

Example (b): Let S={5n +4 : n is a positive integer} and I' = {Sn +1:n
is a positive integer}. Then S is a I'-semigroup where aab = a + « + b and
aaf=a+a+ [ (a,be S, and o, € I', + is the usual addition of integers).

Definition 2.2 [11] A fuzzy subset of a non-empty set X is a function p :
X —[0,1].
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Definition 2.3 [10] The set of all fuzzy subsets of a set X with the relation
f € g << flx) < g(x) Vx € X is a complete lattice where, for a non-
empty family {u; : i € I} of fuzzy subsets of X, the inf{yu; : i € I} and the
sup{p; : i € I} are the fuzzy subsets of X defined by:

inf{u;:1€1}: X — 10,1, z — inf{u;(z) :i €I}

sup{p; i€ I} : X — [0,1], x — sup{u;(z) : i € I}

Definition 2.4 [4] A non-empty fuzzy subset v of a I'-semigroup S is called

a fuzzy left ideal(right ideal) of S if p(zyy) > p(y)(resp. p(zyy) > wp(z))
Ve,y e S, Vy el

Definition 2.5 [4] A non-empty fuzzy subset v of a T'-semigroup S is called
a fuzzy ideal of S if it is both fuzzy left ideal and fuzzy right ideal of S.

Definition 2.6 [5] A fuzzy ideal v of a I'-semigroup S is called a fuzzy prime
ideal if inf p(zyy) = max{p(z), p(y)} Yo,y € 5.
vy

Example (c): Let S be the set of all 1x2 matrices over GF;(the finite field
with two elements) and I' be the set of all 2x1 matrices over GF,. Then S is
a [-semigroup where aad and aaf(a,b € S and «, 3 € T') denotes the usual
matrix product. Let p: S —[0,1] be defined by
wa) = { 03 a=(00)

0.2 otherwise
Then p is a fuzzy prime ideal of S.

Definition 2.7 [6] A fuzzy ideal pu of a I'-semigroup S is called fuzzy semiprime
ideal if p(x) > infF w(xyx) Vo € S.
YE

Proposition 2.8 [7] Let S be a I'-semigroup and ¢ # 1 C S. Then I is a ideal
of S iff ur is a fuzzy ideal of S, where py is the characteristic function of I.

Definition 2.9 [2] Let S be a I'-semigroup. Then an ideal I of S is said to
be (i) prime if for ideals A, B of S, AUB C I implies that A C I or B C 1.
(17) semiprime if for an ideal A of S, AU'A C I implies that A C I.

Proposition 2.10 [5,6] Let S be a I'-semigroup and ¢ # I C S. Then I is
a prime ideal(semiprime ideal) of S iff pr is a fuzzy prime ideal(resp. fuzzy
semiprime ideal) of S, where py is the characteristic function of I.

Theorem 2.11 [5,6] Let I be an ideal of a T'-semigroup S. Then the following
are equivalent:

(1) I is prime(semiprime).

(17) forxyye S;alyCIl=ax €l oryel(resp. ala Cl=x€l).

(17) forx,y € S,aT STy C I =x €l oryecl(resp. 2I'STa CI =z €1).
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Definition 2.12 [8] Let S be a I'-semigroup, p be a fuzzy subset of S and
x € S, then the fuzzy subset < x,p >: S — [0,1] defined by < z,u > (y) =
ian w(xyy) is called the extension of u by x.

e

3 Corresponding Ideal Extensions

Let S be a I'-semigroup and p a relation on S x I' defined as : (x, a)p(y, B) if
and only if xas = yfs for all s € S and yra = vy for all v € I". Then p is an
equivalence relation. Let [z, a| denote the equivalence class containing (z, «).
Let L = {[z,a] : © € S,a € T'}. Then L is a semigroup with respect to the
multiplication defined by [z, ][y, 5] = [ray, §]. This semigroup L is called the
left operator semigroup|2] of the I'-semigroup S.

Dually the right operator semigroup R of ['-semigroup S' is defined, where
the multiplication is defined by [« al[3, b] = [caf3, b].

In [7], for fuzzy subsets of a I'-semigroup S and of its left, right oper-
ator semigroups L, R respectively, we have defined four functions namely,
O* 0™, ()*l, ()+l, which are defined as follows:

For a fuzzy subset p of R (o of L) a fuzzy subset p*(respectively o©) of S
by p*(a) = }Yrellﬁ w([y, a])(respectively ot (a) = ’1561% o([a,7])) where a € S and

for a fuzzy subset n of S we define a fuzzy subset 77+l (n*/)of L(respectively R)
by " ([a,a]) = ing n(aas) (respectively n* ([a,a]) = ing n(saa)).
se s€

It has subsequently been proved that ()*, ()™, ()*/7 ()+/ preserve fuzzy ideals.

In fact we have shown that ()* and ()™ are inclusion preserving bijections
(cf. Theorem 5.14,5.13[7]) with ()* and ()T are respectively their inverses. In
[10] Xie defined for a semigroup S and a fuzzy subset p of S, a fuzzy subset
< x, p >, called the extension of u by x, by < x,u > (y) := u(xy) Yy € S. Tt
is also proved that if p is a fuzzy ideal of .S then so is < x, u >.

Now we can deduce the following propositions easily:

Proposition 3.1 Let S be a commutative I'-semigroup and L(R) the left (re-
spectively the right) operator sengroups of S. Let 3 be a fuzzy (left, right, two

sided)ideal of S then < x,u™ > (respectively < x, pi* >) is a fuzzy (left, right,
two sided) ideal of L(respectzvely R) for all z € L(R).

Proposition 3.2 (With the same notation as in the above proposition) If o
is a fuzzy (left, right, two sided) ideal of L(R) then < x,0" > (respectively
< x,0" >) is a fuzzy (left, right, two sided) ideal of S for all x € S.

Now we obtain the following lemmas on the relationships between a I'-
semigroup and its operator semigroups which play crucial role to the develop-
ment of this paper.
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Lemma 3.3 Let pu be a non-empty fuzzy subset of a commutative I'-semigroup
S. Then for all x € S

(1) <z, p ¥ C< [oz,x],u*/ > Va el
(17) < x,p>* = 1I€1£ < e, z], @ >

Proof. (i) Let [3,y] € R. Then

< zp>" ([By)) = inf <, 1> (s5y)

= infinf = infinf
infinf u(zysfy) = infinfu(zysBy)

Again
< ol pw” > (1B) = 1 (o 2][8,v)

= 1" ([, 2By)) = infu(sazdy)

= ing p(xasPy)(using commutativity of )
se

Si inf inf < inf h
ince, irelrérelsu(x”ysﬁy) < ;relsu(a:&sﬁy), we have

<, u>" ([B,y]) << [oval,p” > (16,3))

/

whence < x, u >*,§< [, ], p* > .
(1) Let [B,y] € R. Then

inf < [oal,w” > (18,9]) = infp” (o, 2][8,9))
— infp ([0 ady]) = infinf p(sazdy)

= inf <@pu>(sBy) =<z,p>" ([0,y))
Thus < z, i > — in£ < [oz,x],u*/ >. n
ae

Lemma 3.4 Let o be a non-empty fuzzy subset of the right operator semigroup
R of a I'-semigroup S then for all x € S, < [B,z],0 >*2 < x,0" > V3 €.

Proof. Let p € S. Then

< [B.zl0>"(p) = inf <[B,2],0 > ([v,p])

= Info([8, z]ly,p]) = info([3, zyp))



1460 T. K. Dutta, S. K. Sardar and S. K. Majumder

Again
< #,0" > (p) = info™(zyp) = inf inf o (5, 2yp])
= Infinfo((8, z9p)

Since

info ([3,ayp]) = nfinfo([5, avp])

Thus we have < [3,y],0 >* (p) > < x,0* > (p). Consequently, <
B,y],0 > DO< z,0">. =

For the sake of convenience, from [1] we recall here that there are four
functions namely ()7, ()*l, 0O, ()*/ for a I'-semigroup S and its left and right
operator semigroups L, R respectively. They are defined as follows: For I C
R, I"={se S |a,s] € INVa €T'}; for P C S,P*l = {[a,z] € R: sax € PVs €
Stifor JC L, Jt ={s € S [s,a] € JVa € T'}; for Q C S,Q*l ={[r,al € L:
zas € QVs € S}.

Lemma 3.5 Let I be an ideal, p a fuzzy ideal of a I'-semigroup S and R the

right operator semigroup of S. Then (ur)* = p . where iy is the characteristic
function of I.

Proof. Let [3,y] € R. Then (u;)*([8,9]) = irelgu(sﬁy). Suppose [3,y] € I*.

Then sfy € I for all s € S. Hence ps(spy) = 1 for all s € S. This

gives ingu(sﬁy) = 1 whence (u;)*([8,9]) = 1. Also p.([3,y]) = 1. Hence
s€

(u)* (18,9]) = pper ([8,y])- Suppose [B,y] & I*'. Then for some t € S, 0y ¢ I.
So u(tBy) = 0. This gives infus(sBy) = 0 e, (ur)"([8,y]) = 0. Again

pr([3,y]) = 0. Thus in this case also (ur)*([8,9]) = s ([3,y]). Hence

/

()" =p,r. =

Lemma 3.6 Let {A,}aca be a family of ideals of a T'-semigroup S. Then
(ﬂaGAAa)* :ﬂaeA AL

Proof. Let [a, 2] € ((,cx Aa)*- Then sax € () Aa Vs € S. Hence Vs € S,
sax € A, Va € A. This gives [a,2] € ,cp A5 . Hence ((,cp 4a)” C
Naca A Reversing the above argument we deduce that (), A% € (Naex Aa)™ -

Hence (N,ep Aa)” = Noes A% . ®

Lemma 3.7 Let S be a I'-semigroup, R its right operator semigroup and p :=
inf{p; : i € I} a non-empty family of fuzzy subsets of S. Then p* = inf{u
iel}.
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Proof. Let [o,z] € R. Then

p o, 2] = (inf{p, i€ I} [a, 2]

— irelg(inf{,ui i € T}H(sax))

= ufifuse)

Now

inf{y;" : i€ I}(aa])= iig(uf'[&’ﬂ?])

= Refiebutson) = fiefrlsow)
Hence the lemma. m
Now by using the above lemmas together with results obtained in [5], [6]
on correspondence between the fuzzy prime(semiprime) ideals of S and that
of the operator semigroups and theorem 5.14,5.13[7] we deduce the following
results on fuzzy ideal extension of I'-semigroups

Proposition 3.8 Let S be a commutative I'-semigroup with unities and p a
fuzzy ideal of S. Then < x,p > is a fuzzy ideal of S for all x € S.

Proof. Let R be the right operator semigroup of S. Since S is commutative,
its right operator semigroup R is also commutative. Now p* is a fuzzy ideal of
R(cf. Proposition 5.10[7]). Let # € S. Then for any o € ', < [a, 2], u* > is a
fuzzy ideal of R(cf. Proposition 3.2[10])and hence ;llelﬁ < [a, 2], ' > is a fuzzy

ideal of R. This together with Lemma 3.3 implies that < z,pu >* is a fuzzy
ideal of R. Consequently, (< z,u >*)* is a fuzzy ideal of S (cf. Proposition
5.9[7]),i.e., < x,pu > is a fuzzy ideal of S(cf. Theorem 5.13,5.14[7]). m

Now by applying Proposition 5.3[3], Corollary 3.9[8] and Lemma 3.3 we
deduce the following proposition.

Proposition 3.9 Let S be a commutative I'-semigroup. If ju is a fuzzy semiprime
ideal of S, then < x,u > is a fuzzy semiprime ideal of S for every x € S.

Theorem 3.10 Let S be a commutative T'-semigroup, {i;}icr be a non-empty
family of fuzzy semiprime ideals of S and let p = inf{p; : i € I}. Then for
any x € S, < x,u > 1s a fuzzy semiprime ideal of S.

Proof. Let R be the right operator semigroup of S. Since S is commutative,
its right operator semigroup R is commutative. Now {zu' };c; is a non-empty
family of fuzzy semiprime ideals of R[6]. Hence inf{yu} };c; is a fuzzy semiprime
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ideal of R. Again by Lemma 3.7, inf {1 };e; = . Thus we see that u* is a
fuzzy semiprime ideal of R. This means that for any [, 2] € R, < [a, 2], u* >

and hence in{j < [a, 2], p*" > is a fuzzy semiprime ideal of R. This together
[e1S

with the Lemma 3.3 implies that < x,  >* is a fuzzy semiprime ideal of R.
Hence (< z, u >*)*[6] i.e., < x, u > (cf. Theorem 5.14[7]) is a fuzzy semiprime
ideal of S. m

Theorem 3.11 Let S be a commutative T'-semigroup, {S;}ic; a non-empty
family of semiprime ideals of S and A := Nic1S; # ¢. Then < x, s > 1S a
fuzzy semiprime ideal of S for all x € S where 4 is the characteristic function
of A.

Proof. Since Vi € I, S; is a semiprime ideal of S, Sj/ is a semiprime
ideal of the right operator semigroup R of S,Vi € I[6]. Now A := N;c/S;.
A = (ﬂieISi)*/ = ﬁieISi*, (¢f. Lemma 3.6) # ¢. So by Corollary 3.11[10], <
[a, 2], pu .o > is a fuzzy semiprime ideal of R, Vo € I'. Hence (1;61% < oy, x], g >

is a fuzzy semiprime ideal of R. This together with Lemma 3.5 implies that in%
ac

< [o, 2], (pa)* >, ie.,< @, 44 >* (cf. Lemma 3.3(i7)) is a fuzzy semiprime
ideal of R. Hence (< x,ua >*)* is a fuzzy semiprime ideal of S[6]. Con-
sequently, by Theorem 5.14[7], < x,pu4 > is a fuzzy semiprime ideal of S.
n

Theorem 3.12 Let S be a I'-semigroup and I be an ideal of S. Then I is
prime if and only if for v € S with x ¢ I,< x,ju; >= py, where py is the
characteristic function of I.

Proof. Let I be a prime ideal of S and = ¢ I. Then by dual of Lemma
3.12[2], I* is a prime ideal of the right operator semigroup R of S[1]. Also
[a,x] ¢ I* for some o € I'. Then < [a, z], pu,» >= p s (cf. Corollary 3.6[10]).
Now (,u[)*, = pi,. (cf. Lemma 3.5). It follows that < [a, 2], pu,» >= (,ul)*/.
Hence < [a, 7], p ./ >*= ((,u[)*l)* = us(cf. Theorem 5.13[7]). Now by Lemma
34, <z, () >C<[a,],p,, >* . Hence < z, (u,,)* >C pr. This together
with Lemma 3.5 implies that < x, ((,ul)*/)* >C puy. Hence by applying Theorem
5.14[7] we deduce that < x,pu; >C py. Also u; €< z,pu; > (cf. Proposition
3.7[5]). Hence < x, puy >= puy.

Conversely, suppose < z, puy >= py for all z in S with z ¢ I. Let 2Ty C [
where x,y € S. Then uj(zyy) = 1 Vy € I'. Let « ¢ I. Then by hypothesis

< @pr >= . This gives < @, 51 > (y) = pu(y)ie,infur(zyy) = pily).

Hence ur(y) = 1 whence y € I. Consequently I is a prime ideal of S(cf.
Theorem 3.12). m
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