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FUZZY P-VALUE OF HYPOTHESES TESTS WITH CRISP
DATA USING NON-ASYMPTOTIC FUZZY ESTIMATORS

NIKOS MYLONAS AND BASIL K. PAPADOPOULOS*

ABSTRACT. In a fuzzy hypothesis test the null hypothesis is rejected or ac-
cepted with a degree of rejection or acceptance. A way to carry out such a
test is to use fuzzy significance level and fuzzy p-value, which is a fuzzy num-
ber constructed by a fuzzy estimator. This approach is particularly useful in
critical situations, where subtle comparisons between almost equal statistical
quantities have to be made. In such cases the fuzzy hypotheses tests give
better results than the crisp tests, since they give us the possibility of par-
tial rejection or acceptance of Hp using a degree of rejection or acceptance
obtained by ordering the fuzzy numbers of p-value and significance level.

1. Introduction

In classical crisp statistics the problem of testing a hypothesis for a parameter 0
of the distribution of a random variable X is to decide whether to reject or accept
at a significance level + the null hypothesis Hy : 6 = 6y against the alternative
hypothesis H; from a random sample of observations of X using a test statistic U
which is evaluated for the sample observations, resulting in a value u. The space
of possible values of U is decomposed into a rejection region and its complement,
the acceptance region. Depending on the alternative hypothesis Hy, the rejection
region has one of the following forms [6]:

a) U < w1, if the alternative hypothesis is Hy : 6 < 6y (one sided test from the
left), where

PU <ue) =7
b) U > wus, if the alternative hypothesis is Hy : 6 > 6y (one sided test from the
right), where

P(U > uc2) =7
¢) U< ueg or U > ue, if the alternative hypothesis is Hy : 6 # 0y (two sided
test), where

P(U < ues) = % and P(U > ug) = %

where u,; the critical values of the test, which are determined by the distribution
of U. So, Hy is rejected, if the value u of the test statistic is in the rejection region
and is not rejected, if w is in the acceptance region.
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An equivalent way to test the null hypothesis Hy against the alternative hy-
pothesis H; is to calculate the p-value, which is defined for the above cases (a),
(b), and (c) as (u is the sample value of the test statistic) [6]:

a)p=PU <u), b)p=PU >u),c)p=2min{P({U <u),P(U >u)} (1.1)

If the p-value is less or equal to v, then Hj is rejected at the significance level -,
otherwise Hy is not rejected.

Many approaches have been developed for fuzzy hypotheses testing. Among
them [13] and [5] deal with the problem of hypotheses testing when the hypotheses
are fuzzy from crisp or fuzzy data respectively using the concept of fuzzy p-value.

In [2] a method for testing crisp hypotheses has been proposed, which uses
fuzzy test statistics obtained by fuzzy estimators produced by a set of confidence
intervals and fuzzy critical values. In [12], from the various types of existing fuzzy
estimators we use the well known non-asymptotic fuzzy estimators of [14] for the
construction of the fuzzy test statistics. These are more convenient, because they
are functions, whereas the fuzzy estimators of [2] are not functions, since they
contain two small vertical segments.

Continuing this work, we present in this article a method for testing crisp hy-
potheses using fuzzy p-value P obtained by fuzzy test statistics, which are con-
structed by non-asymptotic fuzzy estimators. Fuzzifying the significance level v to
S and using fuzzy ordering between P and S, we decide for the rejection or accep-
tance of Hy at the significance level « with a degree of confidence d, as explained
in Sections 1.1 and 2.

If the p-value of the test is close to the significance level, then the crisp hy-
pothesis test is unstable, since two similar samples may lead to contradicted result
(one gives rejection and the other acceptance of Hy), as in Examples 3 and 6. This
problem does not exist in the respective fuzzy test in which we use a fuzzy test
statistic U produced by a fuzzy estimator 6 of 6 (instead of a crisp estimator) and
a degree of rejection or acceptance of Hy [12]. In such case a fuzzy hypothesis test
gives similar results for the two similar samples: very low degree of rejection or
acceptance, which means “no decision”.

1.1. Ordering fuzzy numbers. The fuzzy hypotheses tests are based on or-
dering fuzzy numbers, for which we will use one of the several procedures used
(12],13],[8],[9],[10]), according to which the degree of the inequality A < B that
counts the degree to which the fuzzy number A is less or equal than the fuzzy
number B is defined as [2]

v(A < B) = max {min(A(z), B(y)) z <y} (1.2)

If v(A < B) = 1, then the degree of confidence (truth-value) of A < B is defined
as

vVWA<B)=dev(A<B)=1 and v(B<A)=1-d (1.3)
If v(B < A) =1, then the truth-value of B < A is defined as
viB<A)=d<v(B<A)=1and v(A<B)=1-4d (1.4)

The truth-value n of A =~ B is defined as
vVAxB)=n<v(A<B)=1 and v(B<A)=n
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F1GURE 1. Ordering triangular shaped fuzzy numbers

or ¥(B<A)=1 and v(A<B)=n (1.5)
In the case of the triangular shaped fuzzy numbers of Figure 1, which appears
often in fuzzy hypotheses tests, we can see that:
v(A < B) =1 according to (1.2), since the core of A is at the left of the core of B,
v(B < A) = yp according to (1.2), where yo the truth level of the point of inter-
section of the right part of A and the left part of B.
Therefore according to (1.3) and (1.5),

v A<B)=1-—yy and v(A= B) =y

2. Fuzzy p-value, Fuzzy Significance Level and Degree of Rejection or
Acceptance of H

Using Zadeh’s extension principle [15], a fuzzy p-value is defined as a fuzzy
number which is found by its a—cuts.

In a fuzzy test of the null hypothesis Hy : 8 = 6y for the parameter 0 of a
distribution from a random sample of observations we use a fuzzy test statistic U
produced by a fuzzy estimator  of 6. So, the a—cuts of the fuzzy p-value of the
test as described in [5] are:

a) for one sided test from the left (alternative hypothesis Hy : 0 < 6p):

Pla] = [Pr (U <Uifa]), Pr(U <U,[o])] (2.1)
where U the test statistic and U;[a] and U,.[a] the a—cuts of the fuzzy test statistic

U for the given sample,
b) for one sided test from the right (alternative hypothesis H; : 6 > 6y):

Pla] = [Pr (U >U,[o]), Pr (U >Ula])] (2.2)
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¢) for two sided test (alternative hypothesis Hy : 6§ # 6y):
2 (Pr(U < Uila))) .
min {1,2(Pr (U < U,[a]))}], w0 <myu

Pla] = _ 2.3
. [2Pr (U > U,[o])) , 23

min{l,QPr (U > Ul[a])}] , uy > my

where my the median of the distribution of U under the null hypothesis Hy and
ug the core of the fuzzy test statistic U (where U(ug) = 1).

Since the p-value is fuzzy, the significance level has to be a fuzzy set S, too.

A simple way to fuzzify a significance level 7 is to use a triangular fuzzy numbers
of one of the forms [7]

(a) S=T(0,v,2y) or (b)S=T(y—ec,7v,2y+c), cconstant (2.4)

which expresses the notion “the significance level is approximately ~”.

So, using fuzzy ordering between the fuzzy numbers P and S (Section 1.1):
Hj is rejected at the significance level v with degree of rejection d, if the truth
value of P < S is d,

Hj is accepted (not rejected) at the significance level v with degree of acceptance
d if the truth value of P > S is d,

if the truth value of P =~ S is d;, then no decision can be made on the rejection
or the acceptance of Hy at the significance level v with any degree of confidence
d>1-—d.

3. Fuzzy p-value of the Mean of a Normal Distribution or of Any
Distribution From Large Sample

In the following subsections we present the development of the fuzzy p-value of
hypotheses tests for the mean of a normal random variable with known variance,
of a random variable that follows any distribution from a large sample and for
the equality of the means of two normal random variables with known variances,
using fuzzy statistics constructed by the non-asymptotic fuzzy estimator of the
mean developed in [2] and [14].

3.1. Fuzzy p-value of the hypotheses tests for the mean of a normal
random variable with known variance. We test at significance level v the
null hypothesis that the mean p of a random variable X that follows normal
distribution with known variance o2 is equal to po,

Ho: p=po
using a random sample of observations of X of size n with mean 7.
3.1.1. Two sided test. In the two sided test of Hy the alternative is
Hy:op# o
In the crisp case we use the statistic [6]
X —
7=2"Ho
a/vn
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where X is the statistic of the sample mean. It is known [6] that under the null
hypothesis (1 = po) Z follows the standard normal distribution N(0,1), so from
a random sample of observations Hy is rejected if p < -y, where according to (1.1)
29(zq), 20 <0
_ ( 0) 0 (3.2)
2(1=®(20)), 20>0
the crisp p-value of the test, ®(z) the distribution function of the standard normal
distribution and

_ T Jo
0= (3.3)

the sample value of the statistic (3.1). If p > ~, then Hj is not rejected.
In the fuzzy case, the test of Hy is based on the fuzzy statistic

= _ B —Ho
Z =
o/\/n
which is generated by substituting X in (3.1) with a fuzzy estimator 7z of the mean
[2].
In our approach we use the non-asymptotic fuzzy estimator @ the a—cuts of
which for the given sample are [14]

g g

nla] = {x — zh(a)%, T+ Zh(a)\/ﬁ:| , a € [0,1] (3.4)
where T the sample mean,
h:[0,1] — [720;] h(a) = (;—W;)wﬂ;, =001  (3.5)
and
Zh) = @711 — h(a)) (3.6)
where ®~! the inverse distribution function of the standard normal distribution.

From (3.1)-(3.6) and interval arithmetics follows that the a—cuts of the fuzzy
statistic Z for the given sample are [2]

70[04] = [ZO — Zn(a) 20+ Zh(a)] , a € [0,1]

The median of the standard normal distribution is equal to its mean, which is
zero, and the core of Z is obtained for o« = 1 to be zy — 2p(1) = 20 + Zr(1) = 20,
since according to (3.5) h(1) = 0.5, s0 2,1y = (1 — 0.5) = 0. Hence, since the
statistic Z follows the standard normal distribution, according to (2.3) the a—cuts
of the p-value of this test are:

[QPI(Z <zy— Zh(a)),
Pla = min {1,2Pr (Z < 20 + zp(a)) }], 20 <0
B [2 (PT(Z > 20+ Zh(a))) ’
min {1,2Pr(Z > 20 — zp(a)) }]» 20 >0 37)
[22 (20 = 2h(a)) '
_ min{1,2<I> (20+Zh(a))}] , 20 <0
[2(1—®(20 + 2n(a))) 5
min {1,2 (1 — ®(z0 — 2p))) }]» 20 >0
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p-value test of Ho: u=2, withH :p+ 2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 2. Fuzzy p-value P and significance level S for the two
sided test of Hy : 4 = 2 of Example 1

where ®(z) the distribution function of the standard normal distribution and zg
and zj(,) are given by (3.3) and (3.6).

Using the fuzzy significance level S given in (2.4), Hy is rejected at significance
level v if P < S and not rejected if P > S with a degree of rejection or acceptance
as described in Section 2.

3.1.2. One sided test. If the alternative is (one sided test from the left)

Hy:op < po,
then according to (1.1) the crisp p-value is
p = ®(20)
According to (2.1) the a—cuts of the p-value of this test are
Pla] = [Pr(Z < 20— 2n(a)), Pr(Z < 20+ 2p(a))] 58)
= [2 (20 = 2n() s @ (20 + 2n(0))] .
If the alternative is (one sided test from the right)
Hy: p> po,
then according to (1.1) the crisp p-value is
p=1-2(z)
According to (2.2) the a—cuts of the p-value of this test are
Pla] = [Pr(Z = 20+ 2n(a)), Pr(Z > 20 — 2p(a))] (39)

= [1 — (I)(ZO + Zh(a))a 1- ¢(ZO - Zh(a))]
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p-value for Hu: u=2 with H : p<2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 3. Fuzzy p-value P and significance level S for the one
sided test of Hy : = 2 with Hy : p < 2 of Example 1

Example 1. a) We test the null hypothesis Hy : u = 2 at significance level
~v = 0.05 with alternative Hy : u # 2 (two sided test) for the mean u of a random
variable X that follows normal distribution with variance 02 = 4 using a random
sample of n = 25 observations with sample mean T = 1, 056.

b) We test Hy at significance level v = 0.05 with alternative (H; : p < 2 one sided
test from left) using the same sample.

a) In the crisp test the sample value of the statistic (3.1) is given by (3.3),
1,056 — 2

= 72/\/%
so the crisp p-value of the two sided test is given by (3.2),
p = 28(—2.36) = 0.018 < v = 0.05

Therefore Hy is rejected by this crisp test.
For v = 0.05, (3.5) and (3.6) give

1 005 0.05
Zh(a) = P71 <1 — Kz - 2) a+ 2D =0.98 — 0.48a

so according to (3.7), the a—cuts of the fuzzy p-value are (z9 = —2.36)
Pla] = [2®(—2.36 — (0.98 — 0.48a)) , min {1, 28(—2.36 + (0.98 — 0.48a)}]
2 (®(—3.34 + 0.48a)) , min {1, 2®(—1.38 — 0.48a)}] .
(3.10)

According to (2.4b) the significance level v = 0.05 can be fuzzified to a triangular
fuzzy number as

S(a) = T(y — 0.02,7,~ + 0.02) = T(0.03,0.05,0.07) (3.11)
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Ho: p=8, H1: p# 8, sample mean=8

FIGURE 4. Fuzzy statistic Z and critical values CV; for the two
sided test of Example 2

So implementing (3.10) and (3.11), we get the results of Figure 2, where the core
of the fuzzy number P is at the left of the core of S and their point of intersection
has 7o = 0.72, so the truth value of P < S is 1 — 0.72 = 0.28. Therefore, Hy is
rejected the two sided test with degree of rejection 0.28.

b) The crisp p-value of the one sided test from the left is

p=0(—2.36) = 0.009 < v = 0.05,

so Hy is rejected by this test.

Implementing (3.8) and (3.11), we get the results of Figure 3, where the core of
the fuzzy number P is at the left of S and their point of intersection has yo = 0.51,
so the truth value of P < S is 1 — 0.51 = 0.49. Therefore, Hy is rejected by the
one sided test from the left with degree of rejection 0.49.

Example 2. We test at significance level 0.05 the null hypothesis Hy : p = 8 with
alternative Hy : u # 8 (two sided test) for the mean p of a random variable X
that follows normal distribution with variance o2 = 4 from a sample of n = 25
observations with sample mean T = 8 with two sided fuzzy test which uses:
a) fuzzy critical values, developed in [2] and [12],
b) fuzzy p-value.

The value of the test statistic Z is

8§—8

Zo—ﬁ

Since

20 =0< 20.05/2 = 1.96
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p-value test of H o p=8, with H1: p# 8, from sample with m=8

1

: v
09F - . s

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 5. Fuzzy p-value P and significance level S for the two
sided test of Example 2

Hj is not rejected by this crisp test.
Also, the crisp p-value of the test is given by (3.2),

p=20(0)=2-05=1>~=005

In this case the crisp test gives no rejection of Hy with the largest possible
difference between the test statistic and the critical values since the value of the
test statistic is exactly in the middle of the no rejection region (the crisp p-value
has its maximum possible value, one), so it is the best case for acceptance of Hy.

a) Applying the two sided fuzzy test of [12], which uses the fuzzy critical values
of [2], we obtain the results of Figure 4, where the point of intersection of the fuzzy
numbers Z and CV1 is y; = 0.31 and of Z and CV 5 is yp = 0.32, so

min (v(Z > CV1),v(Z < CV3)) =min (1 —y;,1 — yz) = 0.68

Therefore, Hy is accepted by this test with degree of acceptance d = 0.68.

b) Implementing (3.7) and (3.11) for the two sided test of Hy, we get the results
of Figure 5, where the core of the fuzzy number P is at the right of S and their
point of intersection has yy = 0.05, so the truth value of P > S is 1 —0.05 = 0.95.
Therefore, Hy is accepted by this test with degree of acceptance 0.95.

3.2. Fuzzy p-value of hypotheses tests for the mean of a random variable
from large sample. We test at significance level v the null hypothesis that the
mean g of a random variable X is equal to pg

Ho: p=po

using a random sample of observations of X of large size n (n > 30).
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p-value test of H o p=5, with H ;iHES, from sample with m=5.4
1 T T T T . . .

09r

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 6. Fuzzy p-value P and significance level S for the two
sided test of Hy : = 5 of Example 3 from a sample with T = 5.4

In the crisp case we test Hy using the statistic
X —
z=="H
s/v/n

where X the statistic of the sample mean and s the sample standard deviation. It is
known [6] that under the null hypothesis (u = pg) Z follows the standard normal
distribution N(0,1) according to the central limit theorem, so Hy is rejected if
p < =, where the crisp p-value of the test is found as in Section 3.1 for the sample
value of the statistic (3.12),

(3.12)

_ T~ Ho

If p > ~, then Hy is not rejected.
In the fuzzy case, for the test of Hy we use the fuzzy statistic
= _ B —Ho
Z =
s/\/n
which is generated by substituting X in (3.12) with the non-asymptotic fuzzy
estimator of the mean of [14], the a—cuts of which for the given sample are

(3.14)

_ _ s _ s
file] = x_zh(a)%a I+Zh(a)ﬁ ) a €10,1]

So, the a—cuts of the fuzzy p-value are given by (3.7) for the two sided test and
by (3.8) or (3.9) for the one sided tests, for the value zy of (3.13).

Example 3. We test the null hypothesis Hy : 4 = 5 at significance level v = 0.05
with alternative the Hy : u # 5 (two sided test) for the mean p of a random
variable X for two random large samples of n = 100 observations with sample
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p-value test of H o p=5, with H ;i u*ES, from sample with m=5.45
1 T T T T . .

—P
0.9 . sl

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 7. Fuzzy p-value P and significance level S for the two
sided test of Hy : u = 5.45 of Example 3 from a sample with
T =5.45

means and variances:

a) T =540 and s> =4.62, b) Ty =545 and s2 = 4.69

We evaluate the value of the statistic (3.12) for the first sample from (3.13)
54 -5
V4.62/+/100

so the crisp p-value of the test is found by (3.2) to be
p=2(1— ®(1.86)) = 0.063 > v = 0.05

Therefore Hj is not rejected by this test.
For the second sample, which has sample mean and variance T = 5.45 and
52 = 4.69 (very close to these of the first sample), (3.13) gives

L _ _545-5
7 V/4.69/+/100

so the crisp p-value of the test is found by (3.2) to be
p=2(1— ®(2.08)) = 0.038 < 7 = 0.05

Therefore Hj is rejected by this test.

a) Implementing (3.7) for the first sample fuzzifying the significance level to a
triangular fuzzy number as in (3.11), we get the results of Figure 6, where the
point of intersection of the fuzzy numbers P and S is yo = 0.93. This according
to (1.5) means that v(P ~ S) = 0.93, so according to Section 2, we cannot make a
decision on rejecting or not Hy by this test with any degree of confidence d > 0.07.

b) For the second sample (Z = 5.45), we plot the fuzzy numbers P and S in

Figure 7, where their point of intersection has yo = 0.94, so v(P ~ S) = 0.91.

Zo = = 1.86,

=2.08,
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1 Hu:p1=p2,H1:p1=i=p2,a1,czknown

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 8. Fuzzy p-value P and significance level S of the two
sided test of Hy : 1 = po of Example 4

Therefore, we cannot make a decision on rejecting or not Hy from this test with
any degree of confidence d > 0.09.

3.3. Fuzzy p-value of the tests of Hy : p; = uo, for the means puq, us of
two normal random variables with known variances. We test at significance
level ~ the null hypothesis that the means p; and ps of two random variables X3
and X; that follow normal distributions with variances o7 and o3 are equal,

Ho: pn = po

using two independent random samples of observations of X7 and Xo of sizes n

and no with sample means and variances 1, To and s%, s%

It is known [6] that under the null hypothesis (equal means) the test statistic
X1 —-X s? 83
_a1—A42 1 72

where o9 =
oo ni n2

Z (3.15)

(X1, X the statistics of the sample means) follows standard normal distribution
N(0,1), so Hy is rejected from a random sample of observations if p < ~, where
the crisp p-value of the test is found as in Section 3.1 for the value of the statistic
(3.15) for the given sample,

= 1"%2 (3.16)

g0
If p > v, then Hj is not rejected.
In the fuzzy test of Hy, we use the fuzzy statistic

= M2
7 - M2 1
o)) (3 7)
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that is generated by substituting X; — X5 in (3.15) with the non-asymptotic fuzzy
estimator Ji;5 of the difference of the sample means [2].
The a—cuts of fi;, for the given sample are found as in Section 3.1 to be

Zla] = [zo — Zi(a), %0+ zh(a)} , a € (0,1]

So, the a—cuts of the fuzzy p-value are given by (3.7) for the two sided test and
by (3.8) or (3.9) for the one sided tests for the value zg of (3.16).

Example 4. We test the null hypothesis Hy : 11 = u9 at significance level v = 0.05
with alternative the Hy : p1 # pe (two sided test) for the means p; and po of the
variables X; and X5 that follow normal distributions with variances a% = 5.2 and
0% = 3.7 from two independent random samples of observations of sizes n; = 15
and ne = 8 and sample means T; = 50.2 and Ty = 51.1 with two sided fuzzy test
which uses:

a) fuzzy p-value,

b) fuzzy critical values, developed in [2] and [12].

According to (3.16), the value of the test statistic (3.15) is

50.2 —51.1
0= —F/— = -1

[52 31
15 8

so the crisp p-value of the test is given by (3.2)
p=28(—1) = 0.387 > v = 0.05

Therefore Hy is not rejected by the crisp test.

a) Implementing (3.7) for zo = —1 and fuzzifying the significance level to a trian-
gular fuzzy number as in (3.11), we get the results of Figure 8, where the core of
P is at the right of the core of S and their point of intersection has yy = 0.43, so
v(P > S)=1-0.43 = 0.57. Therefore Hy is accepted by this test with degree of
acceptance 0.57.

b) Applying the fuzzy test which uses fuzzy critical values developed in [2] and
[12], we get the results of Figure 9, where the core of Zg is between the cores
of CV1 and CV4 and the point of intersection of Zg and CV; has truth value
y1 = 0.63 and of Zy and CV,, y2 = 0.12, so that

min (0(70 >CVy),v(Zy < Wg)) =min (1 —y1,1 —ys) =0.37
Therefore, Hy is accepted by this test with degree of acceptance d = 0.37.

4. p-value of the Test for the Variance of a Normal Random Variable

In this section we present the hypotheses testing of the variance of a normal
random variable and in the next section of the variances of two normal random
variables using fuzzy p-value produced by fuzzy statistics [2] constructed by the
non-asymptotic fuzzy estimator of the variance given in [14].

We test at significance level 4 the null hypothesis that the variance o2 of a
normal random variable X is equal to o2,

. 2 _ 2
Hy: 0% =0y
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1 Hu:p1=p2,H1:p1=i=p2,a1,czknown

FIGURE 9. The fuzzy test statistic Z and critical values for the
test of Example 4

using a random sample of n observations of X with sample variance s2.

In the crisp case we test Hy using the test statistic [6]
5, (n—1)8?
X ==
90
where S? is the statistic of the sample variance.

It is known that under the null hypothesis (02 = o) the statistic x? follows
X2 _ distribution with n—1 degrees of freedom [6], so from a sample of observations
Hy is rejected if p < v, where the crisp p-value of the test according to (1.1) is:
for the one sided test from the left,

b= anl(X(%)
for the one sided test from the right,
p=1- anl(Xg)
for the two sided test,

p=min{2F, 1(x3), 2(1 - Fm1(x3)) } (4.1)
where F,,_; the distribution function of the X%—1 distribution and
n—1)s?
P Gt L (42)
90

the value of the statistic x? for the given sample. If p > «, then Hy is not rejected.
The fuzzy statistic of this test is derived by substituting 52 in x? with a fuzzy
estimator 02 of the variance,
— (n—1)02

S el i 4.
p% - (4.3)
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p-value H : o2=2, H,: o2+ 2 for s%=1.984

© sig
0.9 pval

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 10. Fuzzy p-value P and significance level S of the two
sided test of Example 5

In our approach we use the non-asymptotic fuzzy estimator, the a—cuts of
which for the given sample are found in [14] to be

o2la] (n—1)s (n—1)s

| (4.4)
X?{,h(a);n—l X%,h(a);n—l

where
X%,h(a);nfl = Frj—ll (h(a)) and X?%,h(a);nfl = F7:—11 (1 - h<a)) (45)

From (4.2)-(4.4) and interval arithmetics we deduce that the a—cuts of x2 for the
given sample are

(n—1x5g (n—=1)x3

b

X3la] = (4.6)

2 2
XR;h(cx);n—l XL;h(a);n—l

The core of x2 is obtained by (4.6) for a = 1 to be (n — 1)xZ/m (from (3.5)
h(1) = 0.5, so X%ﬂ'h(l)'nfl = X%'h(l)'nfl = F,;!,(0.5) = m), where m the median
of the x2_; distribution, so

-1 2 2
(= Dxp )X°<m<:>xﬁ< m
m n—1
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H,: 0%=2, H : 6% * 2 from a sample with s ?=1.984

X

FIGURE 11. Fuzzy statistic Z and critical values CV,, CVy of
the two sided test of Example 5

Therefore, according to (2.3) and (4.6) the a—cuts of the fuzzy p—value of the two
sided test of Hy are

—1)v?
2Pr | v2 < (2” )Xo ’
XR;h(a);n—l

—1)v?
2Pr [ 2 > M ,
XL;h(a);nfl _
-1 2 2
min ¢ 1, 2Pr X2>M X%> m
XR;h(oz);n—l ]

So since x? follows x2_, distribution with n — 1 degrees of freedom, (4.7) gives:
2

m
if 2
1 XO —n— 17
— 1)v2 —1)v2
op (2060 ) -y d g op (22 Dx0 ) L (4.8)
XR;h(a);n—l XL§h(04)§"—1
2
n

-1’

e () e (5229)
X%;h(a);n—l ’ 7 X?%;h(a);n—l

(4.9)

Pla] =

where F(z) the distribution function of the x2_; distribution.
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p-value H : 6%=2, H : 0%+ 2, s?=2.77

* sig
pval | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 12. Fuzzy p-value P and significance level S of the two
sided test of Example 6 for the first sample

According to (2.1) the a—cuts of the fuzzy p—value of the one sided test from

the left are
pl =0xE ) o (n=1)xG
2 ? 2
XR;h(a);nfl XL;h(oz);nfl

and according to (2.2), of the one sided test from the right

—1)y2 —1)x3
1—F M L 1-F M
XL;h(a);n—l XR;h(a);n—l

Using the fuzzy significance 1eve1§ given in (2.4), Hy is rejected at significance
level v if P < S and not rejected if P > S as described is Section 2.

Pla] =

Pla] =

Example 5. We test the null hypothesis Hy : 02 = 2 at significance level v = 0.01
with alternative H; : 02 # 2 from a random sample of 101 observations with sample
variance s2 = 1.984 with two sided fuzzy test which uses:

a) fuzzy p-value,

b) fuzzy critical values, developed in [2] and [12].

The crisp value of the test statistic x? is found by (4.2) to be
, (101—1)-1.984

=—FF— =092
X0 2

So, according to (4.1) the p-value of the crisp test is

min{2F100(99.2), 2 (1 — F100(99.2))}
= 0.9924 >~ =0.01

p

Therefore Hy is accepted by this test.
a) Implementing (4.8)-(4.9) and fuzzifying the significance level to a triangular
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fuzzy number as in (2.4a) we get the results of Figure 10, from which we see that
the core of the fuzzy number P is at the right of the core of S and their point of
intersection has 39 = 0.02, so P > S with degree of confidence 1 — 0.02 = 0.98.
Hence, Hj is accepted by this test with degree of acceptance 0.98.

b) Applying the fuzzy hypothesis test developed in [2] and [12], which uses fuzzy
critical values, we get the results of Figure 11, where the core of Z is between the
cores of CV; and CV, and the point of intersection of Zy and CV; has y; = 0.16
and of Zy and CVy , y2 = 0.19. So

min (v(Zy > CV1),v(Zy < CV3)) =min (1 —y;,1 — y2) = 0.81
Therefore, Hy is accepted by this test with degree of acceptance d = 0.81.

Example 6. We test the null hypothesis Hy : 02 = 2 at significance level v = 0.01
with alternative the H; : 02 # 2 (two sided test) using a random sample of 101
observations with sample variance: a) s* = 2.77, b) s =2.83

For the first sample (variance s> = 2.77) the sample value of the test statistic
x? is found by (4.2) to be

, (101 —1)-2.77

X0 2 )

so according to (4.1), the p—value of the crisp test is

p = min {2F100(1385)7 2 (1 - F100(1385>)}
— min{1.987, 0.013} = 0.013 > v = 0.01

Therefore, Hy is accepted by this crisp test.
For the second sample (variance s? = 2.83) (4.2) gives

101 —1)-2.83
= U028 s
2
so according to (4.1), the p-value of the crisp test is

min {2F100(1415)7 2 (1 - F100(1415)>}
min {1.992, 0.008} = 0.008 < v = 0.01

p

Therefore, Hy is rejected by this crisp test.

a) Implementing (4.8)-(4.9) and fuzzifying the significance level to a triangular

fuzzy number as in (2.4a), we get the results of Figure 12, where the point of
intersection of P and S has yo = 0.99, so v(P ~ S) = 0.99. Hence according to
Section 2, we cannot make a decision on rejecting or not Hy from this test with
any degree of confidence d > 0.01.
b) For the second sample (T = 5.45) we plot the fuzzy numbers of P and S in
Figure 13, where their point of intersection has 3o = 0.96, so v(P =~ S) = 0.96.
Therefore, we cannot make a decision on rejecting Hy or not from this test with
any degree of confidence d > 0.04.
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p-value H : 6%=2, H : 0+ 2, s?=2.83
1 T T T T T T T T
* sig
pval | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 13. Fuzzy p-value P and significance level S of the two
sided test of Example 6 for the second sample

5. p-value of the Tests of Hy : 07 = 03, for the Variances 07,03 of two

Normal Distributions

We test at significance level v the null hypothesis that the variances o2 and o3
of two normal random variables X; and X5 are equal,

o2 2
Hy: o] =03,

using two independent random samples of observations of X; and X5 of sizes nq,
ng and variances s?, s3.
It is known [6] that
o (i —1)S} 2 o (n2—1)83 2
X1="—5 — ~Xp—1 and X;=-"——5"" "~ Xp,1
o1 03

where S%, 57 the statistics of the sample variances. So, in the crisp case under the
null hypothesis (equal variances) the test statistic

X3 ,
-1 S
p=t01_ =L (5.1)
X5 S3
Nog — 1

follows a F},, —1,n,—1 distribution with n; —1 degrees of freedom for the numerator
and ng — 1 degrees of freedom for the denominator [6]. Therefore, Hy is rejected
if p <, where according to (1.1) the crisp p-value of the test is:

for the one sided test from the left,

i
b= Fnlfl,ngfl )
52
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for the one sided test from the right,

st
p=1-— Fnl—l,ng—l <2>
s
for the two sided test,

, 2 2
p = min 2Fn171,n271 2 > 211 _F’I’Llfl,’ﬂzfl 2
83 82

where F,, _1 n,—1(x) the distribution function of the F,,, _1 ,,—1 distribution. If
p > 7, then Hy is not rejected.
In the fuzzy test of Hy we use the statistic
— T
F=2
o3
created by the fuzzification of F. Since F is the ratio of the fuzzy estimators &3
and o3, its a—cuts are found using interval arithmetics for their a—cuts, which in
our approach are given by (4.4). So, the a—cuts of the fuzzy statistic F for the
given sample are found to be

[ (nq —1)s7? (ny — 1)s2

2 2
Fla] = XRih(a)mi—1  XLih(a)ini—1
(ng —1)s3 ' (na—1)s3

2 .
_X%;h(a);ng—l XR;h(a);ng—l (5 2)

(nl - 1)5% X%;h(a);nQ—l (nl - 1)5% XzR;h(a);ng—l

2.2 ) 2.2
(n2 —1)s3 XR;h(a)ny—1 (n2 —1)s3 XL:h(a)jni—1

where X%;h(a)mrl and X%%;h(a);nrl are defined by (4.5).
The core of F is obtained by (5.2) for a = 1 to be

(n1 — 1)s2 XZ.n(1)ma1 (= 1)simn,

(n2 - 1)53 X?%;h(l);nl—l (n2 - 1)S§mn1—1

since from (3.5) k(1) = 0.5, so

2 —1
XL;h(l);nz—l _ X%;O.S;nQ—l o Fn271(0'5) o Mpy—1

X%;h(l);nl—l X%;O.S;nlfl Fn_llfl(o‘r)) Mp,—-1

where 1y, _1, My,—1 the medians of the xZ _; and x2,_, distributions and F;ll_l,

F, ' | their inverse distribution function. Hence, if m = Fn_ll_lmz_l(()ﬁ) the
median of the Fy,, 1,1 distribution (F, 171’,1271 the inverse distribution function

of the Fy,, _1 n,—1 distribution)

(n1 —1)s2my, 1 2 (ng—1)my, 1
I dme <

(ng —1)s3mp, 1 s3 (1 —1)mp,—1
Therefore according to (2.3), the a—cuts of the p-value of the two sided test of Hy
are:
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g5 (2= Dma
S% - (nl — 1)mn2—1
2
Pla] = |opr [P <= D)5t XLin(ayina =
- (n2 - 1)53 X?{;h(a)ﬁn—l 7
2 (5.3)
min 1, 2pr [ F < (1= DT Xth(@yina—1
’ ~ (ne — 1)‘9% X2L;h(a);n1*1 7
g s (2= Dma
s% (nq — 1)mn2—1
2
Pla] = |[2Pr|F> (n1 = 1) XRih(a)ma—1
o (n2 - 1)55 X%;h(a)nﬂ—l
(5.4)

min {1 2Pr (F > (n1 — 1)si X%;h(a);ml) }]
7 N (712 - ]')S% X%;h(a);nlfl
Since F follows the F),, 1,1 distribution, (5.3) and (5.4) give:
lf i% < (n2 - 1)mn1—1

$3 7 (1 —Dmpy—1

_ —1)82 XTn(a)ima—
P[O{] = 2Fn1—1,n2—1 <(n1 )81 L$h( )1 : 1>7

(n2 o 1)‘9% X%(’,;h(a);nlfl

—1)82 Xheih(a)img—
min d 1, 25,y | VT3 Xt ) U (5.5)
(n2 = 1)83 XL n(aysm—1
g 51 (n2 = Dmp,

$3 7 (n1— D)myy,—1

_ —1)82 Xih(a)mg—
P[O&] =|2(1 _Frbl—l,ng—l (nl )S; §7h( Jina 1 ;
(77‘2 - 1)82 XL;h(a):,nlfl
2
. (nl - 1)52 XL;h a);na—1
min 01, 2 (1= Pt | (o553 (@)inz (5.6)
2 2 XR;h(a);nl—l
According to (2.1), the a—cuts of the fuzzy p—value of the one sided test from

the left are
2
E, L <(”1 - 1)5% XL;h(a);Ml)
ny—Ll,nza—

Pla] =

)

(n2 o 1)‘9% X%;h(a);nlfl

2
F a1 (nl — 1)3% XR;h(a);n271
1—1,n2 (712 — 1)83 X%;h(a);nlfl
and according to (2.2), of the one sided test from the right

2
1—F, . ((nl — 1)st XR;h(a);nzl>
ni—1l,ng— b)

Pla] =

(Tlg - 1)‘9% X%;h(a);nl—l
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. g2=g2 ) 2
p-valueofHo.c:r1 02,H1.01¢02
T

- P
0.9 - s

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 14. The fuzzy p-value P and significance level S of the
two sided test of Example 7

2
1—F, . <(n1 - 1)5% XL;h(a);nz—l>]
ni—1iL,nzs—

(n2 B 1)5% X2R;h,(a);n1—1

Example 7. We test at significance level 0.01 the null hypothesis Hy : 0% = 03

with alternative H; : 02 # o2 (two sided test) using two random samples of
ny = 11 and ny = 13 observations with sample variances s? = 0.24 and s2 = 0.8
with two sided fuzzy test which uses:

i) fuzzy p-value,

i) fuzzy critical values, developed in [2] and [12].

a) The sample value of the test statistic (5.1) is

2 024
o1 —03

s2 0.8
So, the p—value of the two sided crisp test is (Fio.13(x) the distribution function
of the Fig 13 distribution that follows the statistic F).

P = min{2F10713(0.3), 2 (1 — F10)13(0.3))}
min {0.064, 1.872} = 0.064 > v = 0.05

so Hj is not rejected by this test.

Implementing (5.5)-(5.6) and fuzzifying the significance level to a triangular
fuzzy number as in (2.4a), we get the results of Figure 14 where the core of P is
at the right of S and their point of intersection has yg = 0.6. This according to
(1.5) means that v(P > S) = 1 — 0.6 = 0.4. So Hy is accepted by this test with
degree of acceptance d = 0.4.

b) Applying the fuzzy test developed in [2] and [12], which uses fuzzy critical
values, we get the results of Figure 15, where the core of Z; is between the cores
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2=y 2 2o 2
Ho.a1 02,H1.c1 o,

—CVv1| |
- Cwv2

FIGURE 15. The fuzzy test statistic Z and critical values of the
two sided test of Example 7

of CV; and C'V3 and the point of intersection of Zy and C'V; has y; = 0.78 (the
point of intersection of Zy and C'V3, not shown, has y, = 0.08), so that

min (0(70 >CVy),v(Zy < Wg)) =min(l —y1,1 —ys) =0.22

Therefore as described in Section 2, Hj is accepted by this test with degree of
acceptance d = 0.22.

6. Hypotheses Tests for the Mean of a Normal Variable With
Unknown Variance

We test at significance level v the null hypothesis that the mean p of a random
variable X which follows normal distribution with unknown variance is equal to
Mo

Ho: p=po
using a random sample of n observations of X with sample mean and variance T
and s2.

In the crisp case we test Hy using the statistic

_ X — o

S/v/n

where X and S are the statistics of the sample mean and standard deviation. It
is known [6] that under the null hypothesis (1 = uo) T follows ¢,_1 distribution
with n — 1 degrees of freedom. Therefore, Hy is rejected if p <y, where according

to (1.1) the crisp p-value of the test is:
for the one sided test from the left,

p = Fn_1(to)

(6.1)
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for the one sided test from the right,
p=1- Fn—l(tO)
for the two sided test,

2F,1(to), to <0
p= (6.2)
2 (1 — anl(t())) s to >0
where F,_1(x) the distribution function of the ¢,,_; distribution and
T — o
to = 6.3
o= m (6.3)
While if p > ~, then Hy is not rejected.
In the fuzzy case, for the test of Hy we use the fuzzy statistic
T=FE"10 (6.4)

a/\/n
which is generated by by substituting X and S in (6.1) with the non-asymptotic
fuzzy estimators i and @ of the mean and standard deviation. As described in [2]
the a—cuts of Tt for the given sample in our approach are [14]

s s
ﬁ[a] = |:x - th(oz);n—lﬁv T+ th(a);n—l \/ﬁ:| ) o€ [O, 1] (65)
where h(a) is given by (3.6) and
thayn—1 = F 1 (1= h(a)) (6.6)

According to (4.4) the a—cuts of the non-asymptotic fuzzy estimator of the
standard deviation for the given sample are

gla) = |s (n—1) s (n=1) acl0,1 6.7
[ ] [ \/XZR;h(a);nl ’ \/X%;Ih(a);nl‘| 7 © [ ’ ] ( )

where X?%;h(a);n—l and X%;h(a);n—l are defined in (4.5).

Using fuzzy number arithmetics from (6.4)-(6.7) follows that the a—cuts of the
fuzzy statistic T for the given sample are

_ S S
T — Ko — th(a),n 1~ = f — po + th(a),n 1= f
1 (n—1) (1)
5, | —
\/’E X%;h(a);n 1 f XR sh(a)n—1

] Xi;h(u);n—l XR ;L(u> n— 1
= == (to — tha)) » (to + th(a))

Tla] =

where 1j,(q);n—1 is given by (6.6).
The median of the ¢ distribution is equal to its mean, which is zero and the core
of the T[«] is obtained for o =1 to be

XT:0.5m—1 m
%(to _ th(l);nfl) —

n—1
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where m the median of the y2_; distribution, since according to (3.5) k(1) = 0.5,
SO th(1)yin—1 = to.sn—1 = Ff_10,5m_1 = 0. Therefore, since the statistic 7" follows
t,—1 distribution, according to (2.3) the a—cuts of the p-value of the two sided
test of Hy are:

if m1m§0@m§Q
XLin(e)
- sh(a);n—1
P = 2Pr | T < (| ————"—(tg — t —
[a] r > n—1 (to h(a)n R
6.8
> (638)
min {1, 2Pr | < A/ =2 (1 4 tayn) | ¢ |
if tg > 0,
X?%h() 1
P = |2Pr | T > 4/ 2800 (4 + 1 vayen—
[o] r = 1 (to + th(ayin-1) | »
(6.9)

X%;h(a);nfl (

min{ 1,2Pr | T >
n—1

to — th(a);nfl)

Since T follows ¢,,_; distribution, (6.8) and (6.9) give:
iftg <0,

2
- XL'h(a)'n—l
Pla] = |2F,_y | | 229 0t yne) |
[a] —1 — (to = th(a)m—1)
X2
min { 1,2F, ; Jﬁ@%iﬁm+mmmhg (6.10)
—
if to > 0,

2
_ X% oy
P[Oé] =12 1— Fn—l %(to +th(a);nfl) ,

2
. XL‘h(oc)'n—l
1,2 1-F,— ——————(to — th(a):n— 6.11
min 4§ 1, 1 n—1 (to = th(aym—1) ( )

where F,_1(t) the distribution function of the ¢,_; distribution.
According to (2.1) the a—cuts of the fuzzy p—value of the one sided test from
the left are

2
- XL;h(oc);n—l
L\ —

n_1 to — th(a);n—l) )
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pvalue HD: p=1, H1: p#1, s unknown

:
- P
. S 7

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p-value, y

FIGURE 16. Fuzzy p-value P and significance level S for the two
sided test of Hy : =1 of Example 8

Xhan
sh(a)n—1
F,_1 471(_)1 (tO + th(a);n—l)

and according to (2.2) of the one sided test from the right

- X?{;h(a);nfl (

P[Oé] = (1-F, to + th(a);nfl) ;

n—1
2
XL;h a)n—
1_Fn71 %(to_th(a);nfl>

Example 8. We test the null hypothesis Hy : ¢ = 1 at significance level v = 0.01
with alternative the Hy : p # 1 (two sided test) for the mean p of a normal random
variable X using a sample of n = 25 observations with sample mean and variance
7 = 1.32 and s? = 3.04.
In the crisp test the sample value of the statistic (6.3) is
1.32 -1

to = ——or = 0.918,
* T V/3.04/v25

so according to (6.2) the p—value of the crisp test is
p=2(1— Fys_1(0.918)) = 0.3678 > v = 0.01

Therefore Hy is not rejected by the crisp test.
Implementing (6.10)-(6.11) and fuzzifying the significance level to a triangular
fuzzy number as in (2.4a), we get Figure 16, where the core of P is at the right of
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S and the point of intersection of P and S has o = 0.31. So, Hy is accepted by
this test with degree of acceptance d =1 — 0.31 = 0.69.

7. Hypotheses Tests for the Probability of Success p of a Binomial
Distribution

We test at significance level v the null hypothesis that the probability of success
p of a binomial distribution is equal to po,

Hy: p=po

using a random sample of observations of size n in which happened x successes.
In the crisp case, we test Hy using the statistic [6]

P —po

VPoqo/n

where g = 1 —po and P = X/n the statistic of the sample proportion of successes.
It is known that if n is sufficiently large, then we can use the normal approxima-
tion to the binomial, so Z under the null hypothesis follows the standard normal
distribution N(0,1). Therefore, Hy is rejected if p—value < v, where the crisp
p-value of the test is found as in Section 3.1 for the sample value of the statistic
Z7

Z = (7.1)

20 = _P—Po_ (7.2)
V/Pogo/1
and p = z is the proportion of successes for the given sample. If p—value > ~,

then Hy is not rejected.
In the fuzzy case, the test of Hy is based on the fuzzy statistic

Z - PP (7.3)

v/ Pogo/n

which is generated by substituting P in (7.1) with a fuzzy estimator p [2].
In our approach we use the non-asymptotic fuzzy estimator p, the a—cuts of
which for the given sample are

_ ~ [Pq /pq
p[OL] = lp — Zh(a) F? p+ Zh(a) n] , @€ [07 1] (74)

where ¢ = 1 — p and h(a) and 2, are given in (3.5) and (3.6). From (7.1)-(7.4)
and interval arithmetics follows that the a—cuts of the fuzzy test statistic Z for
the given sample are

Zla] = [ - zhm),/]%o, 20+ zhw/é";}] La € [0,1] (7.5)

Since Z follows the standard normal distribution its median is equal to its mean,
which is zero. So according to (2.3), the a—cuts of the p-value of the two sided
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pvalue ofHo: P=p, H1: P* P,

— . . .
. P
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p-value, y

FIGURE 17. Fuzzy p-value P and significance level S for the two
sided test of Hy : p = pg with Hy : p # pg of Example 9

test of Hy are:

if 20 < 0,
Pla] = |2Pr (Z < 20 = Zn(a) pq) )
Podo
min {1, 2Pr (Z < 20 + Zn(a){/ pq) }] (7.6)
Poqo
if 2o > 0,

Pla] = [2 (Pr(Z > 20+ Zn(a)) /pﬁgo> ,
min {1, 2 (Pr (Z > 20 = Zh(a) | ﬁ)) }] (7.7)

Since Z follows the standard normal distribution, (7.6) and (7.7) give:

if 20 S 0,
ﬁ[a] = |29 (2:0 — Zh(a) pq) 5
\/ Poqo
min {1, 2 <z0 + Zh(a) pq) H : (7.8)
Podqo
if zg > 0,

F[Oz] = [2 (1 - o (2’0 + Zn(a) pq)) ,
Pogo
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Ho:p=p0, H1:p# P,

FI1GURE 18. The fuzzy test statistic Z and critical values for the
two sided test of Example 9

min {1, 2 (1 -9 <zo — Zn(a) ;Zg())) }] (7.9)

where ®(z) the distribution function of the standard normal distribution and zg
and zj(q) are given by (7.2) and (3.6).
According to (2.1), the a—cuts of the fuzzy p—value of the one sided test from

the left are
P <Zo — Zh(a) pq) , @ (2:0 + Zh(a) pq>‘| (7.10)
Podqo Podo

and according to (2.2) of the one sided test from the right,

Pla] = [1 - <z0 + Zn(a) pq) ,1-® (zo — Zh(a) 4/ pq)] (7.11)
Poqo Poqo

Example 9. a) We test at significance level v = 0.05 the null hypothesis that the
probability of success p of a binomial distribution is equal to pg = 0.5

Ho: p:0.5

Pla] =

with alternative Hy : p # 0.5 (two sided test) using a random sample of n = 200
observations in which happened 124 successes with two sided fuzzy test which uses:
1) fuzzy p-value,

i1) fuzzy critical values, developed in [2] and [12].

b) We test Hy at significance level v = 0.05 with alternative H; : p > 0.5 using
the same sample.
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a) In the crisp case we test Hy evaluating the sample value (7.2) of the statistic

124

B 0.62—0.5 _35
1/0.62(1 — 0.62),/200
So, the crisp p-value of the test is found as in Section 3.1 to be

p-value = 2(1 — ®(3.5)) = 0.0005 < v = 0.05,

20

Therefore Hj is rejected by the crisp test.

1) Implementing (7.8)-(7.9) and fuzzifying the significance level to a triangular
fuzzy number as in (3.11), we get the result of Figure 17, where the core of P is at
the left of the core S and their point of intersection has yy = 0.18. So according to
Section 2, Hy is rejected by this test with degree of rejection d =1 — 0.18 = 0.82.
1) Applying the fuzzy test developed in [2] and [12], which uses fuzzy critical
values, we get the results of Figure 18, where the core of Z is at the right of the
core of CV 4 and their point of intersection has y1 = 0.45. So according to Section
2, Hy is rejected by this test with degree of rejection d = 1 — 0.45 = 0.55.

b) For the one sided test from the right, as in Section 3.1 the crisp p-value of the
test is

p-value = 1 — (3.5) = 0.00025 < v = 0.05,

so Hy is rejected by the crisp test.

Implementing (7.11) and (3.11) for zy of (7.2) we get the results of Figure 19,
where the core of the fuzzy number P is at the left of the core of S and the
point of intersection of P and S has yy = 0.11, so the truth value of P < S is
1 —0.11 = 0.89. Therefore, Hy is rejected by the one sided test with degree of
rejection 0.89.

8. Hypotheses Tests of Hj : p; = p, for the Probabilities of Success
p1,p2 of Two Binomial Distributions

We test at significance level = the null hypothesis that the probabilities of
success p; and po of two binomial distributions are equal,

Hy: p1=po

using two random samples of observations of sizes n; and ns in which happened
x1 and xo successes respectively .
In the crisp case we test Hy using the statistic [6]
P — P
zZ=-"1"-2 (8.1)
Sp

X
where P, = —17 P, = 22 the statistics of the sample proportions of successes,

n n2

1 1

sp=4/Dq| —+ — (8.2)
P ny %)
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pvalue of Hu: P=p, H1: P>p,
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p-value, y

FIGURE 19. Fuzzy p-value P and significance level S for the one
sided test of Hy : p = pg with Hy : p > pg of Example 9

and
T =+ To

8.3
- (8.3)

D=
a “poolled” estimator of p under Hy and ¢ =1 — p.

It is known that if n; and no are sufficiently large, then we can use the normal
approximation to the binomial [6]. Then under the null hypothesis (p1 = p2), Z
follows the standard normal distribution N(0,1), so Hy is rejected if p—value < 7,
where the crisp p-value of the test is found as in Section 3.1 for the sample value
of the test statistic (8.1)

20 = b1~ P2 (8.4)

Sp

~ T1 T2 . . .
where p; = —, po = — the proportions of successes in the given samples.
ny Up)
In the fuzzy case the test of Hy is based on the fuzzy statistic

7Z =" (8.5)

Sp

which is generated by substituting the difference P, — P, in (8.1) with a fuzzy
estimator Py, [2].

In our approach we use the non-asymptotic fuzzy estimator p,, which is con-
structed in [2] and generalized in [12], the a—cuts of which for the given samples
are

Prala] = [P1 — P2 — zn(a)S0, D1 — P2 + Zh(a) 0] (8.6)
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where (/]\1 =1 —]/)\17 é\g =1 —]/7\2 and
s = (2191 P2d2 (8.7)

From (8.1)-(8.7) and interval arithmetics follows that the a—cuts of the fuzzy
statistic Z for the given samples are

S S
Zo[a] = |:ZO — Zh(oz) 0 2o + Zh(a) SO:| , Q€ [0, 1} (88)
p

Sp
Since Z follows the standard normal distribution, its median is equal to its

mean, which is zero. So according to (2.3), the a—cuts of the fuzzy p-value of two

sided test are:

if 20 < 0,

Pla] = [2@ (zo — zh(a)zo) , min {1,2<I> (20 + zh(a)zo) H , (8.9)
p P

if zg > 0,
?[a] = |:2 <1 — (I) (Z() + Zh((,)so)> s
Sp

min {1, P <1 By <zo ~ Zh(a) zz» H (8.10)

where ®(z) the distribution function of the standard normal distribution and
20, 8p, S0 and zj(q) are given by (8.4), (8.2), (8.7) and (3.6).
According to (2.1) the a—cuts of the fuzzy p—value of the one sided test from the

left are
F[Oz] = |:<I) (ZQ — Zh(a):zo) , ® (2’0 + Zh(a)?)il (8.11)
p P

and according to (2.2) of the one sided test from the right,

Pla] = Kl —® <20 i Zh(‘”ii)) 11— (1 —® (zo - zh(a)Z’Z))] (8.12)

Example 10. We test at significance level v = 0.05 the null hypothesis that the
probabilities of success p; and ps of two binomial distributions are equal Hy :
p1 = p2 with alternative Hj : p1 # pa (two sided test) using two random samples
of observations of sizes n; = 250 and ns = 400 in which occurred z; = 40 and
o = HH successes respectively.

In the crisp case we test Hy evaluating the value of the statistic (8.1) for the
given sample, where

40 95
Dy = — = ]_ Dy = — = .1
P1= 555 0,16, po 100 0.138
and
40 + 55

250 + 400
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p-value of Hu: P,=P,, HO: P, %P,
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FIGURE 20. Fuzzy p-value P and significance level S for the two
sided test of Hy : p1 = po of Example 10

So from (8.2) we get
—  [0.146(1 — 0.146) [ — + — ) = 0.029
RN Te ' 250 ' 400) ~

L _ 0160138
7 TT0.029

and from (8.4)
=0.759
Thus, the crisp p-value of the test is
p-value = 2(1 — ®(0.759)) = 0.448 > v = 0.05

so Hy is not rejected by the crisp test.

Implementing (8.9)-(8.10) and fuzzifying the significance level to a triangular
fuzzy number as in (3.11), we get the result of Figure 20, where the core of P
is at the right of the core S and their point of intersection has yo = 0.28. So
according to Section 2, Hj is accepted by this test with degree of acceptance
d=1-0.28=0.72.

9. Conclusions

If the value of the test statistic of a hypothesis test is close to the critical values
of the test, then the crisp test is unstable, since a very small change in the sample
may lead from rejection to no rejection of Hy or vice-versa, as in Examples 3 and
6. Whereas, our approach, which uses non-asymptotic fuzzy estimators for the
construction of the fuzzy p—value and a degree of rejection or acceptance of the
null hypothesis Hy, gives better results than the crisp test, since it gives us the
possibility to make a decision on a partial rejection or acceptance of Hy, as shown
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in Examples 3 and 6 where we get a very low degree of rejection or acceptance of
the null hypothesis, which means “no decision”.

The advantage of our approach compared to the approach of [13] is that it tests
crisp hypotheses using fuzziness, which leads to a degree of rejection or acceptance
of the null hypothesis, whereas the tests of [13] give crisp results when applied to
crisp hypotheses, as explained in its examples.

In the crisp statistics the hypotheses tests which use critical values are equiva-
lent to the tests which use p—value. This does not happen in the fuzzy hypotheses
tests, since in general the tests which use fuzzy critical values give different degrees
of rejection or acceptance of Hy than the tests which use fuzzy p—value. The two
tests give similar results only in cases in which the p-value of the test is close to
the significance level (or equivalently if the value of the test statistic is close to a
critical value), but in the other cases the former gives significantly lower degree of
rejection or acceptance than the latter (Examples 2,4,5,7 and 9). Characteristic
is the case of the hypotheses tests of the Examples 2 and 5, in which the crisp
p-value is one (the value of the test statistic is in the center of the acceptance
region), which is the best case of acceptance. As shown in these examples, the
tests that use fuzzy critical values give significantly lower degree of acceptance of
Hj than the expected, which is a value close to one, (d = 0.68 in Example 2 and
d = 0.81 in Example 5), whereas the tests that use fuzzy p—value give degree of
acceptance of Hy near to one (d = 0.95 in Example 2 and d = 0.98 in Example
5). So, since the tests which use fuzzy p—value are in much better agreement with
the crisp hypotheses tests than the tests which use fuzzy critical values in [2] and
[12], we can conclude that the former give more reliable results than the latter.

References

1. Buckley, J. J.: Uncertain probabilities II: the continuous case, Soft. Comput. 8 (2004) 193—
199.

2. Buckley, J. J.: Fuzzy statistics, Springer-Verlag, Berlin, 2004.

3. Dubois, D. and Prade, H.: Ranking of fuzzy numbers in the setting of possibility theory,
Information Science 30 (1983) 183-224.

4. Dubois, D. and Prade, H.: Fuzzy Sets and Systems: Theory and applications, Academic
Press, 1980.

5. Filzmoser, P. and Viertl, R.: Testing hypotheses with fuzzy data: The fuzzy p-value, Metrika
59 (2004) 21-29.

6. Hogg, R. V. and Tanis, E. A.: Probability and Statistical Inference, 6th edn, Prentice Hall,
Upper Saddle River, N.J., 2001.

7. Holena, M.: Fuzzy hypotheses testing in a framework of fuzzy logic, Fuzzy Sets and Systems
145 (2004) 229-252.

8. Klir, G. and Yuan, B.: Fuzzy Sets and Fuzzy Logic: Theory and Applications. Prentice Hall,
Upper Saddle River, NJ., 1995.

9. Lee, H. and Lee, J. H.: A method for ranking fuzzy numbers and its application to a decision-
making, IEEE Transactions on Fuzzy Systems 7 (6) (1999) 677-685.

10. Lee, S., Lee, H., and Lee, D.: Ranking the sequences of fuzzy values, Information Sciences
160 (2004) 41-52.

11. Mylonas, N. and Papadopoulos, B.: Hypotheses tests using non-asymptotic fuzzy estimators
and fuzzy critical values, Proceedings of the 16th International Conference on Artificial
Intelligence Applications and Innovations, 584, (2020) 157-166.

12. Mylonas, N. and Papadopoulos, B.: Fuzzy hypotheses tests for crisp data using non-
asymptotic fuzzy estimators and a degree of rejection or acceptance (under review).



FUZZY P-VALUE OF HYPOTHESES TESTS WITH CRISP DATA 35

13. Parchami, A. and Taheri, S, Mahmoud: Fuzzy p-value in testing fuzzy hypotheses with crisp
data, Stat. papers 51 (2010) 209-226.

14. Sfiris, D. and Papadopoulos, B.: Non-asymptotic fuzzy estimators based on confidence in-
tervals, Information Sciences 279 (2014) 446-459.

15. Zadeh, L. A.: Fuzzy sets, Information and Control 8 (3) (1965) 338—-353.

NI1KOS MYLONAS: SECTION OF MATHEMATICS AND INFORMATICS, DEPARTMENT OF CIVIL EN-
GINEERING, SCHOOL OF ENGINEERING, DEMOCRITUS UNIVERSITY OF THRACE, KIMERIA, XANTHI,
67100, GREECE

E-mail address: nimylona@civil.duth.gr

BasiL K. PAPADOPOULOS: SECTION OF MATHEMATICS AND INFORMATICS, DEPARTMENT OF
CIvIL ENGINEERING, SCHOOL OF ENGINEERING, DEMOCRITUS UNIVERSITY OF THRACE, KIMERIA,
XANTHI, 67100, GREECE

E-mail address: papadob@civil.duth.gr



	Fuzzy p-Value of Hypotheses Tests with Crisp Data Using Non-Asymptotic Fuzzy Estimators
	Recommended Citation

	tmp.1630691366.pdf.i_q9s

