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Abstract

In this work, we introduce the concept of fuzzy parameterized interval-
valued fuzzy soft set theory (fpivfss) and study their operations. We
then define fpivfss-aggregation operator to form fpivfss-decision mak-
ing method that allows constructing more efficient decision processes.
Finally, some numerical examples are employed to substantiate the con-
ceptual arguments.
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1 Introduction

There are some mathematical tools for dealing with uncertainties; two of them
are fuzzy set theory, developed by Zadeh [11], and soft set theory, introduced
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by Molodtsov [9]. In [12] Zadeh introduced and used interval-valued fuzzy set.
After that many authors study the mathematical tools and their applications.

For soft set theory, Maji et al. [7] defined operations of soft sets to make a
detailed theoretical study on the soft sets. Also Maji et al. [6] defined a fuzzy
soft set and they gave the application of fuzzy soft set in decision making prob-
lem in [8]. By using these definitions, the applications of soft set theory have
been studied increasingly. Cagman and Enginoglu [1] studied the soft decision
making and Cagman et al [2] also gave an application of soft set theory in deci-
sion making. Chen et al. [3], discussed the parameterization reduction of soft
sets and its applications. An adjustable approach to fuzzy soft set based on de-
cision making is given by Feng et al. [4]. Cagman et al. [2] defined the concept
of fuzzy parameterized fuzzy soft set (fpfs-set). The purpose of this paper is
to combine the interval-valued fuzzy soft sets and fpfs-set, from which we can
obtain a new soft set model: fuzzy parameterized interval-valued fuzzy soft set
theory. In this paper, we define fpivfs-sets in which the approximate functions
are defined from fuzzy parameters set to the interval-valued fuzzy subsets of
the universal set. We also define their operations and soft aggregation operator
to form fpivfs-decision making method that allows constructing more efficient
decision processes. We finally present examples which show that the methods
can be successfully applied to many problems that contain uncertainties.

2 Preliminary

Molodtsov [9] defined soft set in the following way. Let U be a universe set
and E a set of parameters. Let P(U) denote the power set of U and A C E.

Definition 2.1 [9]. A pair (F,E) is called a soft set over U, where F is
a mapping given by F : E — P (U). In other words, a soft set over U is a
parameterized family of subsets of the universe U.

Definition 2.2 [6]. Let U be an initial universal set and let E be a set of
parameters. Let IV denote the power set of all fuzzy subsets of U. Let A C E.
A pair (F, E) is called a fuzzy soft set over U where F' is a mapping given by

F:A—- 1Y,

Definition 2.3 [12]. An interval-valued fuzzy set X on a universe U is a
mapping such that

X:U — Int([0,1]),

where Int ([0, 1]) stands for the set of all closed subintervals of [0, 1], the set of
all interval-valued fuzzy sets on U is denoted by P (U).
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Suppose that X € P(U),Va € U, (x) = [uy (w), pg (x)] is called the
degree of membership of an element z to X where y (z) and yf (7) are the
lower and upper degrees of membership of x to X respectively such that

0<py (2) < pf(z) <1

The complement, intersection and union of the interval-valued fuzzy sets
are defined in [5] as follows: Let X,Y € P (U) then

1. the complement of X is denoted by X¢ where
pge (@) =1—pg () = [1 = pf (2),1 = pg (2)];
2. the intersection of X and Y is denoted by X N Y where

fxn v (v) = inf [ug (), py ()]

= [inf (g (@), uy (@) ,inf (pf (), 6 (2))]
3. the union of X and Y is denoted by X UY where

pxy v (T) = sup [pg (x), py (7))

= |sup (g (@), 15 (@) ,sup (pf (), wf (2))] -

Definition 2.4 [2]|. Let U be an initial universe, E the set of all parameters
and X a fuzzy set over E with membership function

/‘LX:E_)[Oa]-]a

and let vx be a fuzzy set over U for all x € E. Then an fpfs-set I'x over U
is a set defined by a function vyx(x) representing a mapping vx : E — F (U)
such that
Ty (&) = 0'if o (2) = 0.
Here, vx is called a fuzzy approzimate function of the fpfs-set I'x, and the
value vx () is a set called z-element of the fpfs-set for all x € E. Thus, an
fofs-set I'x over U can be represented by the set of ordered pairs

Ix = {(ux (z) /z,7x (z)) s 2 € E, yx (z) € F(U), px (z) € [0,1]}.
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It must be noted that the set of all fpfs-sets over U will be denoted by
FPFS(U).

Definition 2.5 [8]. Let 'y € FPFS (U). Then fpfs-aggregation operator,
denoted by FPF'S,,,, is defined by

FPFSu,: F(E)x FPFS(U)— F(U),
FPFSu (X, T'x)=T%
where
'y = {,up;( (u)/u:ueU}

which is a fuzzy set over U. The value ' s called an aggregate fuzzy set of
I'x. Here, the membership degree prs, (u) of u is defined as follows:

pirs, pox () foy x(z) ()
|E|Z Y

zel

where |E| is the cardinality of E.

Definition 2.6 [12]. Let U be an initial universe and E be a set of param-
eters. P (U) denotes the set of all interval-valued fuzzy sets of U. Let A C E.

A pair (F, A) 15 an interval-valued fuzzy soft set over U, where Fisa mapping
given by F: A — P (U).

3 Fuzzy parameterized interval-valued fuzzy
soft set

In this section, we shall define fuzzy parameterized interval-valued fuzzy soft
sets (fpivfs-sets) and their operations with examples.

Definition 3.1 Let U be an initial universe, E the set of all parameters
and X a fuzzy set over E with membership function: px : E — [0,1] and
let nx be an interval-valued fuzzy set over U for all x € E. Then a fuzzy
parameterized interval-valued fuzzy soft set (fpivfs-set) Wx over U is a set
defined by a function nx representing a mapping

x: E— Int(U)
such that nx (z) = 0 if px () = 0.

Here, nx = {n},nﬂ is called an interval-valued fuzzy approximate function
of the fpivfs-set Wy, and the value ny (z) is a set called an z-element of the
fpivfs-set for all x € E. Thus a fpivfs-set Wy over U can be represented by
the set of ordered pairs
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Ux ={(z/px (x) ,nx (2)) - w € E,nx () € Int (U), px () € [0,1]}.

It must be noted that the set of all fpivfs-sets over U will be denoted by
FPIVFSS(U).

Example 3.2 Let U = {uq, ug, us, us} be a set of universe, E = {xy, x9, x3, 14}

be a set of qualities and let p: E — [0,1]. Suppose X = {5%, RENE %} and

nx (z) is defined as follows:

us Ug
[0.3,0.6] [07 08} [0.5, 0.8]7 [0.2, 0.5}}7

up
ui

nx (z1) = { ]
nx (z2) = {[0, 0.7] {0.2%20.3] ) [0.3%30.5]’ [0.1%40.3]}’
nx (73) = { ]

u2 us Uq
[01 0.4] > 0.4, 0.6] * [0.3, 0.8]” [0.4, 0.5}}7

nx (24) = {[0.5%10.7} ) [0.1?20.4} ’ [o,u8.4]’ [0.8%40.9]}'

Then the fpivfs-set Wx is given by

\I’X:{(%’{[osuom’ [07 08}’ [05 08 [0.2, 05})

(5 {5
_T%’ { 0.1, 0 4]’ O 4 (]6]’ [0 3 0 8] O 4 0. 5]})
{os )

[0, 07]7 [02 03 ) [03 05 [0.1, 03]})

8

Z4
1

(
( 0.5, 07]’ 01 04]’ [0, 04] [0.8, 09} }

Definition 3.3 Let Vx and Uy be two FPIVFSS(U). Then WV is said to
be a fuzzy parameterized interval-valued fuzzy soft subset (fpivfs-subset) of Wy
and we write ¥y C Uy if

1. px ()< py(x),VoekE,
2. nx (z) Sy (z), VreE.

Definition 3.4 Two FPIVFSS(U) ¥x and Uy are said to be equal and we
write Vx = Uy if Ux is a fpivfs-subset of Uy and Yy is a fpivfs-subset of V.
In other words, Vx = Wy if the following conditions are satisfied:

1. px(x)= py(x),VaeE,

2 nx (@) =y (2), Voek.
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Definition 3.5 Let Vx € FPIVFSS(U). If nx (x) =0, Vx € E, then
Uy is called an X -empty fpivfs-set, denoted by Wy . If X =0, then the X -
empty fpivfs-set (Vg ) is called an empty fpivfs-set,denoted by Wy .

Definition 3.6 Let Vx € FPIVEFSS(U). If nx (x) = U, Vx € E, then
U s called an X-universal fpivfs-set, denoted by V. If X = E, then the
X-universal fpivfs-set W ; is called a universal fpivfs-set, denoted by V.

Proposition 3.7 Let Vx, Uy and ¥, be any three FPIVFSS(U). Then the
following results hold:

I Uy C U,
2. ¥y, C Wy,
3. ¥y C Wy,
4. ¥x C Uy,

5 Uy C Yy and Uy C VU, =Uyxy C Uy,

6. (UVx = Uy and ¥y = Vy)e Uy = Uy

7. (Ux C Uy and ¥y C Uyx)& Uy = Uy,
Proof: The proof is straightforward.

Definition 3.8 Let Vx € FPIVFSS(U). Then the complement of Vx,
denoted by VS, is defined by ¢ (ux (x)) and ¢ (nx (x)), Vo € E, where ¢ is a
fuzzy complement and ¢ is an interval-valued fuzzy complement.

Example 3.9 Consider Example 3.2. By using the basic fuzzy complement
for px (x) and interval-valued fuzzy complement for nx (x) we have

U = {(%7 {[0.41?10.7] ) [0.21?20.3] ’ [0.2%30.5}7 [0.51?40.8} }) )

x2 Ul U2 us Ug
0.9’ (0.3, 1] [0.7,0.8] * [0.5,0.7]’ [0.7, 0.9] )

(85 { s > ma%w» o557 o))
(%4’ {[0.3%10.5] ; [0.6%20.9] ; [O.Z,3 1 [0.1%40.2} })} :

Proposition 3.10 Let Vx € FPIVFSS(U). Then the following results
hold:

1. (U% )" = Wy,



Fuzzy parameterized interval-valued fuzzy soft set 3341

2. Vg = Vg
Proof: The proof is straightforward.

Definition 3.11 The union of two FPIVFSS(U) Vx and Vy, denoted by
Uy U Uy, is defined by

pxuy () = s (pux (), py ()

and
nxay () =nx () U ny (z)

where s is an s-norm and U is an interval-valued fuzzy union.

Example 3.12 Consider Vx as in FExample 3.2. and let Wy be another
FPIVFSS(U) defined as follows:

Uy = {((%1’ {[0.31,&10.6] » Jo. 5u20 70 [04 05] [0.1, 03]})

(%’{[0.3%10.5] [0, 02]’[05 06 0.4, 06]}’

)
(%’ {[0.4%10.6] ’ [0.%.4} ’ [01 03 [05 06 })

((%7 {[0.51?10.6] ) [0.31?20.5} ) [0.31?30.4}’ [0.27?40.3]})}‘

By using the basic fuzzy union (maximum) and the interval-valued fuzzy union
we have

Uq U2
[0.3,0.6] * [0.7,0.8] [05 08 [02 05 )

)
).
)

Y

qfxuquz{

[03u107}’ [02ugo3} [05 06] [04 0.

531}
[04 06]’ [04 06} [03 08] [0.5, 06}

Ve N /N /N /N
| 8
o

= —_— —_— —_—

[05%10.7]7 [03 05 [05 08 0, 09]})}'
Proposition 3.13 Let Vx , ¥y and ¥y be any three FPIVESS(U). Then
the following results hold:
1. Ux U¥y = Uy,
2. Up, UVyx =Wy,
3. Uy U Uy = Uy,
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4. Ux UWp =g,
5 Ux U Uy = Uy U V.
Proof: The proof is straightforward.

Definition 3.14 The intersection of two FPIVFSS(U) ¥x and Uy, de-
noted by Wx N Wy, is defined by

pxny () =t (px (x), py (x))

and
nxay () = nx () y ()

where t is a t-norm and N is an interval-valued fuzzy intersection.

Example 3.15 Consider example 3.12 again. By using the basic fuzzy in-
tersection (minimum) and the interval-valued fuzzy intersection we have

Wy N0y = {(5

{

(5 {w"

(_?21 {[01 0.4] [02 04} [0.11,80.317 [0.41,640.5}})7
{

’ [03 06 ) [05 07} [0.4?30.5}’ [0.1?40.3}})’

O
,_‘

=
o

' 0, 06] » o, 02 [0.3?30.5]’ [0.11,&40.3] }) )

o
—_

(%7 [0.51?10.6] ) [0.11?20.4] ) [o,u(:;’.4]7 [0.21?40.3] })} :

Proposition 3.16 Let Vx , ¥y and Y, be any three FPIVESS(U). Then
the following results hold:

1. UxNUyx = Uy,

2. Wy, N, ¥y =Uy,

3. Uy N Uy =Wy,

4. Ux Nz =Tz,

5. Ux N Uy = Uy N Uy.
Proof: The proof is straightforward.

Proposition 3.17 Let ¥x , Wy be any two FPIVFSS(U). Then De Mor-
gan’s law is valid:

1 (Ux Uy ) =T gNWeE
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2. (Ux NWy) =TS U TS,
Proof: 1. For all z € F,
nexo vy (@) = ¢ (pxor) (@)

C(S (IUX (x) YUY (l‘)))
=t(c(px (z)),c(py (x)))

pixe (), pye (7))

= NxeA ye (7).
Likewise, the proof of 2 can be made similarly.

Proposition 3.18 Let Vx , Uy and ¥y be any three FPIVFSS(U). Then
the following results hold:

1 Ux U (UyNUy) = UxUWy)Nn(TxUly),
2.Ux N (UyUWy)=(TxNWUy)U(TxNWTy).
Proof: 1. For all x € F,
txunz) (2) = s (px (2) T (py (2), pz (2)))
=t (s (ux (2),py (x)) ;s (ux (), pz (2)))
= [ xu Y)n (xuz) (T)
and
nxovaz) (@) =nx (2) U (ny (z) Nz ()
= (nx (z) Uny
= N(x0 v)A (x0z) (T)

Likewise, the proof of 2 can be made similarly.
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4 fpivfs-Aggregation operator

In this section, we define an aggregate interval-valued fuzzy set of an fpivfs-
set. We also define fpivfs-aggregation operator that produces an aggregate
interval-valued fuzzy set from an fpivfs-set and its fuzzy parameter set. Also
we give an application of this operator in decision making problem.

Definition 4.1 Let Vx € FPIVFSS (U). Then a fpivfs-aggregation oper-
ator, denoted by FPIVFS,,,, is defined by

FPIVFS,,,: F(E) x FPIVFSS (U) — Int (U),

FPIVFS,, (X, Ux) = U

where
Uy = {U//Lq;;{ (u):u e U}
which is an interval-valued fuzzy set over U. The value W% is called an aggre-

gate interval-valued fuzzy set of Wx. Here, the membership degree piys (u) of
u 18 defined as follows:

pys (u) = |E|Zux )= x () () , c* |E|Zux )t x () () |

zeE zeE
where |E| is the cardinality of E.

In the following example, we present an application for the fpivfs-decision
making method.

Example 4.2 A company wants to fill a position. There are four candi-
dates who form the set of universe, U = {uy,us,ug,us}. The hiring com-
mittee considers a set of parameters, E = {xy,x9,23,24}. The parameters
x; (1 =1,2,3,4) stand for "experience”, "computer knowledge”, "young age”,
and ’ good speaking”, respectively. After a serious discussion each candidate is
evaluated from point of view of the goals and the constraint according to a cho-

1 X2 T3 T4

sen fuzzy subset X = {ﬁ’ R —}ofE Finally, the committee constructs

the following fpivfs-set over U.

Step 1 Let the constructed fpivfs-set, U, be given as follows:
Ux = {((%’ {[0.3%10.6] y [0.7%20.8} ’ [0.5?30.8}’ [0.2%40.5} }) y
(xv {[oué 7 . 2,0, 3 o 3,0, 5 [0.11?40.3} }) y

(

N

o

8
o

A0 {[o 1uo 4] [0.4%20.6] ) [0.31?30.8]’ [0.4%40.5] }) ’

=
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(IT4’ {[0.5%10.7] ) [0.11?20.4] ) [0,u3.4]7 [0.8%40.9} })} :

Step 2 The aggregate interval-valued fuzzy set can be found as

Tt — Uy U2 Uus3 Uy
X [0.1575, 0.2775]" [0.1225, 0.2275]" [0.075, 0.2525]" [0.2575, 0.32]

Step 3 Vu; € U, compute the score r; of u; such that
= 5, (- 5) ()

Uj eU
Thus, we have

ry = 0.047, ro = —0.29, r3 = —0.38, r4 = 0.62.

Step 4 The decision is any one of the elements in S where S = max,,cy {r:}.
In our example, candidate uy is the best choice because maxy,,cy{r;} = r4.
Hence candidate uy is selected for the job.
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