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ABSTRACT

We study some relations between separability in fuzzy topological spaces and one in fuzzy hyperspaces. And we
investigate some properties of axiom of countability in fuzzy hyperspaces.

Key words

1. Introduction and preliminaries

In 2000, K.Hur, JR.Moon and J.HRyoul5] introduced
the concept of a fuzzy hyperspace and studied some of
its properties. In this paper, we study some relations
between separability in fuzzy topological space and we in
fuzzy hyperspaces. And we investigate some properties
of axioms of countability in fuzzy hyperspaces.

We will list some concepts and properties needed in
the later section.

Let I=[0,1] and let I;=(0,1]. For a set X, let I*
be the collection of all the mappings from X into [I.
Then each member of I, A:X—I, is called a fuzzy set
in X(cf. [210,13]). In particular, @ and X can be
considered as fuzzy sets in X defined by @(x)=0 and
X(x) =1 for each x= X, respectively.

The concept of a fuzzy point and its properties refer
to [8,10,12). And we will denote the set of all fuzzy
points in a set X as F,(X).

Definition 1.1{1]. Let X be a nonempty set. Then a
fuzzy set A in X is called :

(1) an upper fuzzy set if A(x))*%— whenever A(x)#0
for each x X.

(2) a lower fuzzy set if A(x)(—% whenever A(x)+1
for each x= X.

It is clear that the only fuzzy sets in X which are

both upper and lower fuzzy sets are @and X.
Throughout this paper, we use the fuzzy topological
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. fuzzy separability, axioms of countability, compactly Cy, fuzzy hyperspace.

space defined by Chang[2]. For a fts X, we will denote
the family of all F~open sets and F-closed sets in X as
FO(X) and FC(X), respectively.

Definition 1.2[31. A fts X is said to be fuzzy Ti(in
short, FTy) if for any two fuzzy points x, and y, in
X ix#y

(case 1) When , there exist U, Ve FO(X) such that
x,€U, v,qU and y,eV,x,qV.

(case 2) When x=y and A< u(say), there exists a
Ue FO(X) such that y,qU and x,qU.

Definition 1.3[4]. A fuzzy set A in a fts X is said
to be fuzzy compact(in short, F-compact) in X if for
each F-filter base 8 such that for any finite subcollection
{B;:i=1,,n} of B,

((\B)aA.( ) dBNA + 0.

Definition 1.4. Let X be a fts.

(1) QCFyx is said to be dense(resp. @-dense) in X
{11] if for each @ #+ Ue FO(X), there exists
x,€ 8 such that x,e Ulresp. x,qU).

(2) Aerl* is said to be fuzzy dense(in short, F-
dense) in X[9] if clA=X.

It is clear that the concept of being dense and that of

being Q—-dense do not imply each other.

Definition 15.
(1) Separable(i)(resp. Q-separable) [11] if there exists
a sequence {x, i1} ,en Of fuzzy points in X such

that {x, ;}.en is dense(resp. Q-dense) in X.

(2) Separable(ii)[12] if there exists a seqguence
{x ., 4} neny of fuzzy points in X such that for

each @ # UeFO(X), there exists an x, , such
that Xy, A”EU.
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It is clear that X is separable(i) if and only if it is
separable(ii).

Although the concept of being dense and that of being
Q-dense do not imply each other, but we have the
following.

Result 1.A[11, Proposition 5.1]. A fts X is separable
(1) if and only if it is Q-separable.

In the light of Result 1.A, from now on, we shall
make no difference between separable()(F-separable)
spaces and Q-separable spaces. For convenience, they
are both called fuzzy separable(F-separable) spaces.

Definition 1.6. A fts X is said to:

(1) satisfy the first axiom of countability or be C,[12]
if every fuzzy point in X has a countable local
hase.

(2) satisfy the @Q-first axiom of countability or be
Q- C, [10] if every fuzzy point in has a countable
Q-local base.

Result 1.B[10, Proposition 3.11. If X is a C, -space,

then it is a @— C, —space.

Definition 1.7[12]. A fts (X, T) is said to satisfy
the second axiom of countability or to be Cy if there
exists a countable base B for 7.

2. Separability and axioms of countability
in fuzzy hyperspaces

Notations 2.1. For a fts X, let
I¥={E:E is a nonempty F-closed set in X},
I} = (EcI}: ECA}, where Ael¥,
K(X)= {EEIé{: E is F-compact iIn X},
F(X)={F<I :E has at most » elements },
F(X)={Ee I} E is finite }.

Definition 2.2[5]. Let X be a fts. Then the fuzzy
Vietoris(or finite) topology T, on I} is the generated
(U, -+, U,y with
Uie FO(X) for each i=1,--,n The pair (f5.T.) is
called a fuzzy hyperspace with fuzzy Vietoris topology(in
short, fuzzy hyperspace).

by the collection of the forms

It is clear that K(X), F,(X) and F(X) are

subspaces of If.

Result 2.A[6, Theorem 3.7). Let X be a FT;-space

and let U, V;eI* upper fuzzy sets in X for each

i=1,-,n and each j=1,-,m. Then (U, -, U>C
<Vy, o, V> if and only if U%_, U,CU%, V; and for
each V, there exists U; such that U, CV;.

Result 2.B[5, Theorem 3.7]. Let X be a FT, -space.
F(X) is dense in I}.

Definition 2.3[7]. A fts X is said to be finitely
F-compact if each finite fuzzy set in X is F-compact in
X.

Theorem 2A4. If X is a finitely F-compact FT,

-space, then K(X) is dense in I,

Proof. Let EeIf and let U=<Uy, -, U>N
K(X)NK(X) such that Ee U, where <U;,-, U,> is
a base member for 7. Then EC L:J) U; and EqU; for
each i=1,, n.

Let F={x, 4, ,%,} Since X is FT,, Fe Iy,

i=1,,n. Let x, ,qU: for each

Moreover, FC ,L;‘Jl U, and FqU,; for each i=1,--, n.
Then Fe<U,,--,U,>. Since F is finite, by the
FeK(X). Then Fe<U,,U>N
K(X)# @. Thus Ee cK(X), ie, [T cK(X). So
cdd K(X)=IX. Hence K(X) is dense in I}.

hypothesis,

Definition 2.5[6]. A fts X is called a (¢, €)-fuzzy
topological space(in short, (g, €)-fts) if for each
UsFO(X), Uis a (g, &)-fuzzy set in X, ie., there
exists x,€F,{X) such that x,¢U if and only in

XAEU.

Theorem 2.6. Let X be a (g,€)— FT,-space. Then

X is F-separable if and only if I¥ is separable.

Proof. (=) : Suppose X is F-separable. Then, by
Result 1.A, X is Q-separable. By Definition 1.5, there
exists a sequence D= {x, 4 }..n Of fuzzy points in X

such that D is Q-dense in X. Let 8 be the collection of
finite subsets of D. Then B is countable. Let
<U,,*, U,> be a base member for T,. Since D is
Q-dense in X and © # U;e FO(X) for each i=1,,
<, m there exists »,&N such that x, ;<D and
x,. .aU; for each =1, ,m. Since X is a (g, €)
~fts, x, .U, for each i=1,-, m Let E={x, 4..

<o, x, 4} Since X is FTy, EeI*. Moreover, EqU;
for each i=1,,n and EC L:Jl U;. Then E€BN

<U,, -, U,>. Thus B is countable dense in Ij. Hence
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I¥ is separable.
(<) Suppose ¥ is separable. Let 8 ={(A,} ,en be a
countable dense subset of IX. For each ne N, choose a
fuzzy point a, €A, Let D= {a, , },en Now let
Us FO(X). Then clearlv <U> is open in I. Since 8
is dense in I}, BNKU> #+ ©. Let A,=B8N<U>.
Then A,e<U>. Thus A,qU. Let a, ;=A, such
that a, ,; qU. Then a, ;=D such that

Thus D is Q-dense in X. So D is countable Q-dense
in X. Hence, by Result 1.D, X is F-separable.

an,/l,,qU

Theorem 2.7. et X be a (g, €)— FT,-space. Then
X is F-separable if and only if F(X) is separable.

Proof. (=): Suppose X 1is F-separable. Then, by
Result 1.A, X is Q-separable. Let D={x, , } .,y be a

sequence of fuzzy points in X such that D is Q-dense
in X. Let B8 be the collection of finite subset of D. Then
clearly 8 is countable. Let U =<U, -, U,> NF(X),

where (U, +--,U,> is a base member for 7T,. Since D
i1s Q-dense in X and © # U,e FO(X) for each
n;€ N such that x, , €D
and i=1,-,m. Let E=

{x, i, %, 2. ) Since X is FT,, E€I. Since X

i=1,-,m, there exists

X, 4,qU; for each

is a (g,s)-fts, x, ,, €U, for each i=1,:, m.
Then EC ZIU,- and EqU, for each i=1, -, m. Thus
EedU,,,U,>.S0 EeBNU+# @. Hence F(X) is
separable.

(&) Suppose F(X) is separable. Let 8= {A4,} ,cn
be a countable dense subset of F(X). For each ne N,
choose a,;,, €A, Let D= {a, ,},ecn Now let
Ue FO(X). Then <U>N F(X) is open in F(X).
Since B is dense in F(X), B NKU>NFX))+ @.
Let A,e8 NEKU>NFX)). Then A,e<{U>. Thus
A,qU. Let such that @, ;,qU. Then
ay, ;€D such that a, ,qU. Thus D is Q-dense in

X. So D is countable Q-dense in X. Hence, by Result
1.A, X is F-separable.

an,},‘eAn

Theorem 2.8. Let X be a finitely F-compact (g, )
— FT,-space. Then X is F-separable if and only if

K(X) is separable.

Proof. (=) : Suppose X is F-separable. Then, by
Result 1.A, X is Q-separable. Let D={x, ,} ..y be a
sequence of fuzzy points in X such that D is Q-dense
in X. Let 8 be the collection of finite subsets of D. Let
U=« -, U,> NK(X), where (U, -, U,> is a
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base member for T,. Since D is Q-dense in X and
© # U,e FO(X)
n,€N such that x, , €D and =x, ; qU; for each

for each ¢=1,:,m, there exists

i=1,,m Llet E={x, .. %, 4,) Since X is

Tiw, E€If. Since X isa (q, =)-fts, X, i+ €U, for

each i=1,--,m. Then EC Ql U; and EqU, for each

i=1,-,m. Thus Ee U, -, U,>. Since each finite
fuzzy set in X is F-compact in X, Ee K(X). Then
EspNKU, -, U,>NKX) =BNU+ @. Hence
K(X) is separable.

(&) Suppose K(X) is separable. Let 8= {A4,)} sen
be a countable dense subset of K(X). For each ne N,
choose a, €A, Let D= {a, +},en. Let
© # UsFXX). Then <U>» NK(X) is open in K(X).
Since 8 is dense in K(X), CU>NK(X)+@. Let A,
e<(U>NK(X). Then A,qU. let a, ,qU Thus D
is Q-dense in X. So D is countable Q—-dense in X.
Hence, by Result 1.A, X is F-separable.

Theorem 29. Let X be a FT,-space. If D=

(x4} neny 1s Q-dense(resp. dense) in X, then

D"= Dx, ., xD(n factors) is Q-dense (resp. dense) in
X”: X><’ o x X .

Proof. Let U be a nonempty F-open set in X",
where U= U x Uyx - x U, and U;= FO(X) for each

U:# <, U,‘ 7“' %] for
i=1,-+,n Since D is Q-dense(resp. dense) in X,
there exists m;= N such that x, ; gD(resp. x, ; D)

=1, n. Since each

for each i=1,--,n. Thus (%, ;,, =" % ., 4, )aD" (resp.
(X map> "X m, a,) ED". Hence D" is Q-denselresp.

dense) in X".

Theorem 2.10. Let X and Y be fts's and let f:
X —Y a F-continuous surjection. If D= {x,,;},cn Is

Q-dense(resp. dense) in X, then f(D) is Q—dense(resp.
dense) in Y.

Proof. It is obvious.

Theorem 2.11. Let X be a FT,-space. If F,(X) is
separable, then X is F-separable.

Proof. Suppose F,(X) is separable. Let 8 = {4,} nen
be a countable dense subset of F,(X). For each ne N,
choose a, , €A, Let D={a, ;}.cy. Then D is
countable. Let © # UsFO(X). Then U=<U>N
F,(X) is open in F,(X). B is dense in F,(X), 8
NU+@. Let A,e6NU. Then A,=<U). Thus
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A,qU. let a,, €A such that a, ; qU Then «a,,
A,€D such that a, , ¢U Thus D is Q-dense in X.

So X is Q-separable. Hence, by Result 1.A, X is k-
separable.

Theorem 2.12. Let X be a finitely F-compact space.
If K(X) is first countable, then X is C,.

Proof. Let x,= F,(X). Since each finite fuzzy set is
{x,}e K(X). Since K(X)
countable, there exists a countable local base U at {x,}.
={<U,>},en be a

countable local base at {x;}. Then clearly {U,} ,-~ 15 a

F-compact in X, is first

Without loss of generality, let U

countable local base at x,. Hence X is Cy.

From Theorem 2.12 and Result 1.3, we can easily
obtain the following.

Corollary 2.12. Let X be a finitely F- compact
space. If K(X) is finite countable, then X is @—C,.

Theorem 2.13. If I is first countable, then cach onc

of the subspace of I is first countable.

Theorem 2.14. Let X be a (g, €)— FT,— space. Il
X is Q—C,, then F(X) is first
countable.

Proof. Suppose X 1s @Q—C; and let E=
(x4, % a4, e (X)), where x;,eMX) for

=1, ,n. Since X i1sQ— C,, for each

each
i=1,,n,
there exists a countable Q-local base B ;(x, ;) at x, ;.
Let 8 be the collection of all open sets of the form
(Vy -, V.>NF(X), where V,eB (x, ;) for cach
i=1,-, n. Then clearly B8 is countable. We show that
B is a local base at E. Let BeB. Then B=
<V, V,>NF(X), where V,e Bi(x, ;).

B(x; ;) is a Q-local base at x, i, x, ¢V, for each

Since

i=1,-,n. Then EC CJI V.. So EefB. Now let U

=LU, -, U,>NFX) such that EeU. Then

m

EC Ul U, and EqU; for each j=1,-, m. Thus for

j=

each i=1, -, n, there exists j= {1, -, m} such that
X, ;\/C]U/'. Let U:ﬂy;':]{U,-ixL ;\}l]U,'}. Then clearly,
x..,qU and UeFO(X). Since B (x, ;) is a

Q-localbase at x; ;.
that x, ,¢B;,C U Since X isa (¢g,€) fts, x;, ;€B,,
Then

there exists B;e8 ;(x, ,) such

x; ,€U and x;,<€U for each i=1, -, n.

Ul B,.C -U1 U, and for cach U, there exists a B, such
i= j=

that B,CU;. Thus, by Result 2A, <B, B>

NEX)C KU, -, U,> NF(X). Moreover, EC L’:JI B,
Thus

-, B,> . So B is a countable local base at E.

and X .0B; for each i=1,, n.
Ec (B,

Hence F(X) is first countable.

From Result 1.B and Theorem 2.14, we can easily
obtain the following.

Corollary 2.14-1. Let X be a (q,e)— FT, space. If
X is C,, then F(X) is first countable.

From Theorem 2.14 and Theorem 2,13, we can easily
obtain the following.

Corollary 2.14-2. Let X be a (g,€)— FT, space. If
X is Q—C,, then F,(X) is first countable.

From Theorem 2.14 and Result 1.B, we can easily
obtain the following.

Corollary 2.14-3. Let X be a
X is C,, then F,(X) is first countable.

(g, €)— FT,~space. If

Theorem 2.15. Let X be a FT, space. If X is Cy,
then K(X) is second countable.

Proof. Suppose X is Cy. let 8={U,},., be a
base for X. Let B8 °={U,," -,
U,>: U,<B}. Then clearly 87 is a countable base for

K(X). Hence K(X) is second countable.

countable

Definition 2.16. Let X be a fts and let Ae ",

(1) A subcollection U of T¥ is called a proper cover of
A if

(i) Uis a cover of A
(ii) for cach Uel, UqdA.

(2) X is said to be compactly C, if for each
F compact set K in X there exists a countable
collection 8 of F-open sets in X such that if
{U, -, U,} is a proper cover of K then there
exists a proper cover {V, -, V,}CB8 of K such
that <V, -, V,,C U, =, U,>.

Theorem 2.17. Let X be a fts. Then X is compactly
C, if and only if K(X) is first countable.

Proof. and let
Ke K(X). Let 8 be the countable collection of F-open
sets in X satisfving Definition 2.16. Let B(K) be the
collection of open sets in K(X) which are constructed

(=) Suppose X 1is compactly Cy
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from the finite proper covers of K contained in 8. Then
clearly B(K) is countable. We shall show that B(K) is
a local base at K. Let Ke<U,, -, U,> NK(X),
where (U, -, U,> is a base member for 7T,. Then
{Uy, U} is a proper cover of K. By
Definition 2.16, there exists a proper cover (V,, -, V,.}
of K in B8 such that <V, V,>NKX)
CUy, -+, U, NK(X). Hence K(X) is first countable,

(<) Suppose K(X) is first countable and let
Ke K(X). Then there exists a countable local base
B(K) at K. We may assume that each member B, of

B(K) is of the form B,= < U{, -, U%,> NK(X). Let 8
= {Uf: k>1and 1<i<un,).If {U,,, U,} is a proper

clearly

cover of K, then KC L:Jl U; and KqU; for each

i=1,,n. Thus Ke<U - ,U,>NK(X). So there
exists Bye B(K) such that B,C U -+, U,> NK(X)
and {U?, -, Uk,,,} is a desired proper cover in 3. Hence

X is compactly Cy .
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