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Abstract. We are concerned with a quasilinear elliptic equation of the form:
—Au+ a(x)u — A(Ju]*)|u|*%u = h(u) in RY,

where a > 1 and N > 1. By using variational approaches, we prove the existence
of at least one positive solution of the above equation under suitable conditions
on a(x) and h. Especially, we are interested in the situation that a(z) is invariant

under the finite group action G.

Keywords: quasilinear elliptic equation, G-invariant solution, interaction esti-

mate.

1. Introduction

In this paper we consider the existence of positive solutions for the following quasilinear

elliptic problem:

—Au+ a(x)u — A(Ju]®)|u|*%u = h(u) in RY,

where « > 1, N > 1 and h behaves like pure power nonlinearities. Solutions of (1.1) are

related to standing wave solutions for the following Schrodinger equation:

i%z =—-Az+V(x)z — h(\zp)z — %A(]zya)|z]a—2z, (t,z) € (0,00) x RV,
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where k > 0 is a constant. Functions of the form z(¢, z) = u(z)e~* satisfy (1.2) if and only
if u(z) satisfies (1.1) (with a(z) = V(z) — A, k = 1). Quasilinear term —rA(|z]|*)|z|* 22
derives from a superfluid film equation in plasma physics, which was introduced in Kurihara
[19]. See also [10, 11, 16, 20] for physical backgrounds. However, very few results are
known about the existence of solutions for (1.1).

We are looking for positive solutions of (1.1) in the setting of G-invariant potential.
We denote the orthogonal group in RY by O(N) and let G C O(N) be a finite subgroup
which satisfies for all x € SN=1 = {x € RY; |z| = 1}, there exists at least one g € G such
that gx # x. We put

m = min card{gz; g € G} (>2)
xeSN-

and choose o € SNV ~1 such that card{gzo; g € G} = m. We also put

{97059 € G} ={e1, -, em} and Ao = min lei —e5] € (0,2]. (1.3)
i#£j

Our conditions on potential a(z) € C(RY,R) are as follows.

|z|—o00

al) There exists aoo > 0 such that lim a(z) = .
a2) There exists ag > 0 such that inf a(xz) >a

(
( zERN
(a3) a(gz) = a(x) for all z € RY and g € G.
(a4) There exist A > Ag and ¢y > 0 such that a, — a(x) > —coe M for all x € RY.

For nonlinear term h € C'(Ry,R), we assume h(s) = 0 for s < 0 and

h(s)
(h1) There exists n > 0 such that 11 =
20— 1)N + 2
(h2) There exist ¢ >0 and 2a—1<p<oofor N=1, 2,20 -1<p< ( aN )2+ for

N > 3 such that h(s) < ¢(|s| + |s|P) for all s > 0.
(h3) There exists § > 2a — 1 such that 0 < 6h(s) < h/(s)s for all s > 0.

Our main result is the following

Theorem 1.1. Assume « > g (al)—(a4) and (h1)—(h3). Further we assume either

(i) (h3) holds for 6 > 2a — 1 or

2 —1)N +14
(ii) (h3) holds for 8 = 2a — 1 and (h2) holdsfor2oz—1§p<(a ]\; i if N > 4.
If N =3, (h2) holds for

3 7
20—-1<p< if — < —
Q <p<5>H i 2<a_3,

1

90 —1<p< 00T ifoz>;



Then (1.1) has at least one positive solution ug € H'(RY) which is invariant under the

group action G on x, that is, ug(gz) = ug(z) for all z € RY and g € G.

Remark 1.2. (i) A in (a4) corresponds to a convergent rate from below in the setting of

(al) and A > Ao plays an essential role in our main result.

(ii) Since o > 3, condition (h2) implies that h may have a supercritical growth in the sense

of Sobolev embedding.

H(s) h(s) .

(iii) It follows from (h3) that 1 ., are non-decreasing for all 1 < ¢ <6 and s > 0.
s s

(iv) When 6 = 2a — 1 in (h3), we require either 2o — 1 < p < ¥2 or 20 -1 < p <

N—2
—(20‘_11\])N+4. Since we assume o > 3, it follows {+2 < (2a_]1\,)N+4 for N > 4.

When h(s) = sP, we need no restriction with respect to p (see Remark 4.6 below).

More precisely, we have the following

3
Theorem 1.3. Assume a > 2 (al)—(a4) and h(s) = sP,2a—1 <p < oo for N = 1,2 and
(20— 1)N + 2
N —2

20 —1<p< for N > 3. Then problem (1.1) has a G-invariant positive

solution.
Equation (1.1) has a variational structure, that is, one can obtain solutions of (1.1)
as critical points of the associated functional J : H*(RY) — R defined by

1
J(u) = 5 /N IVu|? + a(z)u® dz + % /N IVu|?|u|?** % de — /N H(u)dx. (1.4)
R R R

We remark that nonlinear functional / |Vul?|u[**7? dz is not defined on all H'(RY)
RN
except for N = 1. Thus it is very difficult to handle (1.4) directly. In [27], which is first

existence result for (1.1) up to our knowledge, they overcome this difficulty by restricting
themselves to N = 1 or radially symmetric case. In [21], they used a constrained minimiza-
tion argument and obtained a positive solution only up to unknown Lagrange multiplier.
We also mention to the result of [23] in which they made a change of variables and worked
on a suitable Orlicz space. On the other hand in [13], they used of a change of unknown
function that they called dual approach and introduced an associated semilinear equation
in the case of a = 2. We also refer [12, 22, 24| for other results on (1.1). Especially
n [22], they studied autonomous case of (1.1) on the annulus and obtained multi-bump
positive solutions whose bumps have group symmetries.

In this paper, we adapt dual approach introduced in [13] to our setting o > 1. More
precisely, we will show that for some suitable function f(¢) (f(t) depends on o > 1), if

v € HY(RY) is a solution of the following semilinear problem:
—Av+a(z)f(v)f'(v) = h(f(v))f'(v) in R, (1.5)
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then u = f(v) is a solution of (1.1). Thus to obtain solutions of quasilinear equation (1.1),
it suffices to show the existence of solutions of semilinear equation (1.5). The functional
associated to (1.5) is defined by

I(v) = %/RN Vol? + a(2) f(v)? dz — /RN H(f(v)) dz. (1.6)

As we will see in Section 2, I(v) is well-defined for all v € H'(R") under (h2). Not only
we can convert our quasilinear problem into a semilinear problem, but also we have the
following adequacy of our dual approach. By the form of J(u), a natural function space

which corresponds to (1.1) seems to be

X :={uec H(RY); / IVu|?|u|?*2dx < oo}. (1.7)
]RN

We will see that X is equal to

Y :={u € H'(R"Y); there exists v € H'(R") such that v = f(v)}
={f(v);ve H'(R")}. (1.8)

We will also observe if u = f(v), then

f(v)
f'w)

These relations tell us two facts: Firstly the transformation f does not change the energy

J(u) = I(v) and J' (u)u = I'(v)

(1.9)

level. Secondly since f/((l;)) = 0 if and only if v = 0 (see Section 2 for the definition of f),
any nontrivial critical point u of J(u) can be written by u = f(v) for some v € H}(RY)
with I’(v) = 0. Moreover relation (1.9) enables us to use both J(u) and I(v) to find a
positive solution of (1.1). We also mention that another dual approach has been used in
the study of periodic solutions of nonlinear wave equations. For this topic, we refer [9, 14,
26].

A further difficulty is caused by a lack of compactness for corresponding functional

J(u) or I(v). In the earlier results mentioned above, they assumed

(ab) a(z) < as for all z € RY.

It is well-known that in the semilinear case, the mountain pass minimax value for corre-
sponding functional is attained under the assumption (a5). However without any order

relation between a(x) and a.,, the mountain pass minimax value is not attained in gen-

eral. We remark that in some sense, this is still valid in our quasilinear case. We make a
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combination of concentration compactness principle and interaction estimate to overcome
this difficulty. These arguments appear, for instance, in [1, 4, 5, 17] and the references
there in. Such kinds of arguments also appear when we study inhomogeneous elliptic prob-
lems (see [2, 3, 28, 29]). We modify these arguments according to our setting and obtain
the existence of a positive solution without assuming (a5). To make use of concentra-
tion compactness principle and interaction estimate, it is important to study the following

autonomous equation as a limit case of (1.1):
—Au + asor — A(Ju|*)|u|*2u = h(u) in RY. (1.10)

As to (1.10), we have the following result.

Theorem 1.4. Assume « > 1 and (h1)—(h3). Then (1.10) has at least one solution w(z)
having the following properties:
(i) w e C*RY,R) and w(x) > 0 for all z € RV
(ii) w is radially symmetric: w(z) = w(|z|) and decreases with respect to r = |z|.
(iii) There exist ¢, ¢ > 0 such that

. 0
lim evV@l7l(|z| + 1) w(z) = ¢, lim eV®="(r+1)"7 — = —¢.

|z|— o0 r—00 a/’a

(iv) w is a least energy solution of (1.10), that is,
Joo (W) = Coo := Inf{J(u); Ji(u) = 0,u € X \ {0}},

where J, is the associated functional defined by

1
Joo (1) = 3 /N |Vul? + asou? d + %/N |Vul?|u|** 2 dx — N H(u)dz. (1.11)
R R R

We remark that [13] obtained a similar result as Theorem 1.4 in the case v = 2. However,
they do not mention to the property (iv). As to the proof of Theorem 1.4, we also use

dual approach and consider the corresponding semilinear equation:
—Av + aoo f(0) f'(v) = h(f(0)) f'(v) n RY (1.12)

for some suitable f(¢). To study (1.12), we define the associated functional to (1.12) by

Io(v) = %/RN V| + aoo f2(v) d2 — - H(f(v))dx. (1.13)
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In the following sections, we prove Theorem 1.1 and Theorem 1.4 by variational ap-
proaches. Our paper is organized as follows. In Section 2, we explain the dual approach
introduced in [13]. We also give some properties on f(¢). In Section 3, we mention some
known results of (1.12) and prove Theorem 1.4. In Section 4, we show several properties
on I(v) to find a nontrivial critical point. In Section 5, we establish an interaction esti-
mate which is a key of our existence result. Finally in Section 6, we complete the proof of
Theorem 1.1.

Notation. Throughout this paper, C, C’, C1, Cs, etc. denote various positive constants

which is not essential to our problem.

2. Dual approach and functional framework

2.1. Dual approach

From now on, we always assume a > 1. Let f be a solution of the following ODE:

1
~ VItaf(t)e?

We put f(t) = —f(—t) on t € (—o0,0]. By the standard theory of ODE, we can easily see
that f is uniquely determined, of class C*°(R,R) and invertible on all R. We notice that
() = —ala=1)|fO)P*2f()(f(t))*. Especially f is concave for t > 0. Using function

f(t), we have the following lemma.

f(t)

ontel0,00), f(0)=0. (2.1)

Lemma 2.1. Let v € H'(R") be a nontrivial critical point of I(v) and put u = f(v).

Then u is a positive solution of (1.1).

Proof. We can easily see that if v € H'(RY) is a nontrivial critical point of I(v), then v

is a solution of (1.5). For v = f~!(u) (f~! denotes the inverse of f), we have
Vo= (") (@Vu, Av=(f71)"(w)|Vul* + (f71) (u)Au.

Moreover direct calculations yield

1

(f) = ) V1talf(f71(t)RPe2 = 1+ aft)e-2,

ala — 1)t

V14 altPe—2

-1 2a0—4
Av = oo~ Dlul u|Vu|2 + 1+ aful2*2Au.
V1+ alu?e=2

(f7H)"(t) =

Thus we have




Consequently from (1.5), we can observe that u satisfies

_ 2a0—4
—V 1+ alu]?*2Au — afa = Dyl u]VuP + a(z)u — h(w)

1+ afu2e-2 1+ auPe=?2 /1 +afue—?’

or equivalently,
—Au — afu**2Au — ala — D |ul** " u|Vul? + a(z)u = h(u). (2.2)
On the other hand, it follows from
A(|u|®) = div (au|* *uVu)
= alu|* 2ulu + Vu - V(a|u|*?u)
= alu|* *ulAu + Vu - (a(a — 1)u|*?Vu)

= alu|* 2ulu + a(a — 1) |u|*?|Vu|?

that

A(|u|®) w20 = ofu** 2 Au + ala — 1)|ul?**u|Vul?. (2.3)
Thus from (2.2) and (2.3), we see that if v is a solution of (1.5), then u = f(v) is a solution
of (1.1).

Finally we show that w is positive. Testing u_ = max{—u,0} in (1.1), we have
0= / Vu_|* + a(z)u? dz + afa — 1)/ |Vl |ul** 2 |u_|? dx
RN RN
+ a/ Vo [2[uf202 do — / h(u)u_ dz
RN RN
> / IVu_|? + agu?® dx > 0.

RN

Thus it follows u_ = 0. By the maximum principle, we obtain u > 0. |

As to asymptotic behaviours on the unique solution f of (2.1), we have the following

Lemma 2.2. It follows
(i) lim & =1.
t—0
f(t) L

(ii) tlggo o = Q2.

(i) [fFO <[t [F/OI <L 1" (O] < afa = 1)[t]**72 for all t € R.

Proof. We have from (2.1)

t = / VI+af(t)2e-2df + Cp, (2.4)
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where C is a constant which satisfies f(0) = 0. By the 'Hospital’s rule,
/
lim /() lim 1) i f'(t)

SN = lim
S [ e ey O VI aT )

t
Since f(t) = —f(—t) on t € (—o0, 0], we obtain %im @ = 1. Similarly we have from (2.4)
tlim J;(f) = tlim 1) T
(/ VI+af(t)2e-2df + C’o)
/!
= tlim S0 —
— 1 To
([ viraraETa s a) T Vv aroEs o
[VitaraEar s
= lim o = 2.5
t— o0 (1 + af(t)2a—2) TGS ( )
Moreover
20—2
. /\/1 +af(t) df +Co . VIt af(t)ze-2
lim P Y = lim —
t=oo (14 af(t)**7)2@-D t—o00 a?f(t)20-3(1 + af (t)2=2)2—D
1
.1 ( 1+ af ()22 ) ?
= lim — —
= 0% \ f(0)1n-5(1 + af (1)) D
1
—2a+2 2
— lim % ) Ta
e a? \ (f(0)2042 4 )
1 Q 3 1—2a
== (a%) = q2@-1, (2.6)
Thus from (2.5) and (2.6), we have
lim f(lt) = ozoﬂi;z% e aze
t—oo to
The proof of (iii) is standard. Thus we omit the proof here. i

Lemma 2.3. It follows
1
alf(t)l < [tlIf (@) < |f(t)] forallt € R.
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Proof. Since f(t) is an odd function, it suffices to show that

< t
T VI+af(t)?

é (1) < f(t) forallt>0.

We claim that

F(t):= f(t)/1+af(t)22=2—t>0 forallt>0.
Indeed we see F(0) = 0 and by (2.1)

afa —1)f(t)** 2
1+ af(t)2e—2

F'(t) = > 0.

Thus F(t) > 0 for all ¢ > 0, that is,

t
< f(t) forallt>0
V14 af(t)?e—2
is proved. The other inequality is also shown in a similar way. |

2.2. Functional framework.

In what follows, we denote the unique global solution of (2.1) by f. We also denote the

inverse of f by f~!. Hereafter in this paper, we use the following notation:
w13 = /N V|2 +v?de, ve HY(RY).
R

Lemma 2.4. Assume o > 1, (al), (a2) and (h2). Then I(v) (I(v)) is well-defined on
HY(RY) and of class C*(H*(RN),R).

Proof. By (iii) of Lemma 2.2 and (h2), it follows

I(v) < / |Vo|? +a(z) f(v)? da:~|—/ cf(0)? 4 cf ()Pt dx < C|lv|| g +c/ f(v)PTt da.
RN RN RN

By Lemma 2.2 (i) and (ii), we have

p+1

F(©) < Cixpj<iv + Caxjupsa v, f0)PF! < Cro? + Colv] "=

where y is the characteristic function. Since ZEt < 2N T () is well-defined on H*(RY).

In a standard way, we can show I(v) € CY(HY(RY),R). i

By Lemma 2.1, it suffices to show the existence of a nontrivial critical point of I(v)
(I (v)) to obtain a positive solution of (1.1) ((1.10) respectively). As introduced in Section
1, the natural function space associated to (1.1) is X defined in (1.7). The next lemma

gives another characterization of the function space.
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Lemma 2.5. It follows X =Y, where Y is defined in (1.8).
Proof. First we show Y C X. For v € HY(RY), we put u = f(v). Then we have

1
VTP = 1 @F Vo = e Vol

By (iii) of Lemma 2.2 and (2.1), we obtain
/ IVl + 2 dac—i—a/ Va2 dx:/ Vol? + F(v)2da < Cllo|%: < o0. (2.7)
RN RN RN

Thus it follows Y C X.
To show X C Y, it suffices to show f~1(u) € H*(RY) for all u € X. For u € X, we
put v = f~1(u). Then it follows

/ |V’U|2dac:/ |(f_1)'(u)|2|Vu|2da;:/ (14 aju**?)|Vu|* dz < co.
RN RN

RN

Next by (i) and (ii) of Lemma 2.2, it follows

i £ 0) _ 1, lim f7(s)

s—0 S s—oo  §¢

=c
for some ¢ > 0. Thus there exist constants C';, Cy > 0 such that

£ (s)| < Cix|s|<1l8] + C2x|s|>1|s]* for all s € R.
Then we have

2Na
v[* < Cixpu<i|ul® + Coxjus1|ul** < Crlul® + Colu| N2,

By Sobolev’s inequality, we obtain
N

/ lv|? dz < C’l/ |u|2dm+C’2/ |7,L|12\’N—oé dx
RN RN RN
N -2

< 01/ lul? dz + C} (/ o | V| ul?* 2 dx) < 0.
RN RN

Thus it follows X C Y and hence X =Y. |

Remark 2.6. It follows from Lemma 2.5 that J(u) (and Jo(u)) is well-defined on all Y.
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Lemma 2.7. For any v € HY(RY), we put u = f(v). Then we have

(i) J(u) = I(v),

(i) J'(w)u = I'(v) ]{f,((";)) .
Proof. Firstly we prove that % e HY(RY) for all v € H'(RY). Since

Vv < aVo,

F0)\ 14| f(o)2o
v (f’(v)> = Tt alf(w)22

we see that

2
dx < a2/ |Vo|?dz for all v € HY(RY).
RN

L (jf'((?))

Moreover from Lemma 2.3, we have

/.

Therefore we obtain

£ ()|
[ (v)]

< alv|. Thus we observe that

f) |?

f(v)

‘ f(v)
0

Next we substitute uw = f(v) into J(u). Then it follows

d:z:<a2/ lv|?dz  for all v € H'(RY).
RN

< allv||gr  for all v € HYRY). (2.8)

Hl

Ty = [ VIR +a@ e+ G [ FIP @Rt = [ H(fw)ds

2 RN

_1 / Vol(1 4+ al f(0)2*2) £ (o) + alz) f (v)? do — / H(f(v)) da
RN

]RN

T2 / Vol* +a(@) f(v)* de — | H(f(v))dz

2 .
= 1(v)

and we obtain (i).

Finally we are going to show (ii). We observe that for ¢ € Y,
J (u)o = Vu-Vo+a(r)updr + ala—1) / |Vul?|u|***ug dx
RN RN

+a | Vu-Velu[** 2 dx—/ h(u)¢ dz,

RN RV
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and for ¢ € HY(RY),

ree= [ Vo-Vora@iwreede— [ aGw)f @) ds

RN

We substitute u = f(v) into J'(u)u. Then it follows

N

T (w)u = / VPO @22 W) + ala) (o) do / h(f(0))f(v) da

Since

[Vol* = [VolP(1+ o[ f(0) 72| (0)

vv.v(f(v)) 1+ a?|f ()P

f'(v) L+ alf(v)[2e—?
f ()
f'(v)
Remark 2.8. (i) We can easily see that Jo(u) and I (v) satisfy the same relation as in
Lemma 2.7, that is, for u = f(v),

we have J'(u)u = I'(v) for all v € HY(RYN). i

f(v)

f'w)

(ii) As we have shown in Lemma 2.1, if I'(v) = 0, then u = f(v) is a critical point of J(u).
Lemma 2.5 and 2.7 imply the converse holds, that is, if u € X satisfies J'(u) = 0, then
v = f~1(u) is a critical point of I(v).

Joo () = Too(v), S (u)u =I5, (v)

3. Some properties on the limit equation and proof of Theorem 1.4

In this section, we give a proof of Theorem 1.4. To this aim, we define a least energy level
for I (v) by
oo = inf{I(v); I’ (v) =0, v e H'(RY)\{0}}.
Proposition 3.1. Assume (hl) and (h2). Then semilinear problem (1.12) has at least
one solution w(x) which has the following properties:
(i) w € C*(RY,R) and w(z) > 0 for all x € RY.
w(z) = w(|z|) and ow < 0.

(i)
or
(iii) There exist ¢, § > 0 such that |D*w(z)| < ce™1*| for all x € RY and |k| < 2.
v)

(i

Proof. We claim that

W is a least energy solution of (1.12), that is, I (W) = Cuo.

o M) _



Indeed from (h2) and (ii) of Lemma 2.2, we see

(2a—1)N+2

ST VRN e T 7

8700 f(s) ™=~ S

Q

Hence h(f(s))f'(s) has a subcritical growth as s — co. Then we can easily see that the
existence of a least energy solution @ having the above properties (i)—(iv) follows directly
from fundamental results due to Berestycki-Lions [8] and Berestycki-Gallouét-Kavian [7].
We omit the details here. |

Remark 3.2. As in [13], we can prove Proposition 3.1 under very weaker conditions on

h(s). More precisely, we only require
h
() 1 M) g,
s—0+ S
(2a — 1)N + 2

) for N > 3

(h2") Thereexist c>0and 1 <p+1l<oofor N=1, 2 1<p<
such that h(s) < ¢(1+ |s|P) for all s > 0.

We remark that it follows from Lemma 2.1 that w = f(w) is a positive solution of
(1.10). Moreover we can easily see that w = f(w) also satisfies (i)—(iii) of Proposition 3.1
(see Lemma 3.6 below). At this stage, to prove Theorem 1.4, we only show w = f()
satisfies (iii) and (iv) of Theorem 1.4. As we have observed in Lemma 2.7, we know that
I () = Joo(w). This implies o < €. In order to prove the reverse inequality, we need

the following lemma.

Lemma 3.3. Assume (hl)—(h3). Let J/ (u) =0 and u # 0. Then Jo(su) < J(u) for
all s > 0. Moreover for any T > 1, there exists ¢ = ¢(T") > 0 such that

Joo (1) — Joo(su) > c(s — 1)*  for all s € [0,T].

Proof. We put

2

k(s) == Joo(su) = s_/ IVu|? + asou? dz + g320‘/
RN 2

Vul?|ul?* 2 do — H(su)dzx.
2
RN

RN
Then we have
K'(s) = s/ IVu|? + asou? do + a?s?* ! / |Vul?|u|**2 dx — / h(su)u dz.
RN RN RN
Since J._(u) = 0, it follows
K (s) = a?(s — 820‘_1)/ (Vo u**2 dx + / h(u)su — h(su)udz.
RN RN
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From (h3), it follows

h h
(su) < (w) for s <1,
su u su

Thus we have k'(s) = 0 if and only if s =0, 1, k’(s) > 0 for 0 < s < 1 and k’(s) < 0 for
s > 1. Thus we obtain k(s) < k(1) for all s > 0 and hence J(su) < Joo(u).
Next it follows from

0=J_(u)u= /

]RN

h(su) - h(u)

for s > 1.

|Vul? + asou? dz + o /

]Vu|2]u|2a_2dx—/ h(u)u dz
RN

RN

1 — 2
oo (1) = Joc(s1) = —° / |vu!2+aoou2da:+9(1—s2a)/ Vul?|uf>*2 dz
2 RN 2 N

R

+ H(su) — H(u)dx

RN
-1 2 2a
= (= S / IVu|? + asou® dz
2c 2 2c RN
b [ HGw ~ B+ b 5 h(ud
su) — H(u) + —h(u)u — —h(u)udz.
RN 2c 2c
We put
a—1 s> s%@
ki (s) = _E i
) =55+ 5

We claim that for any T' > 1, there exists ¢(7') > 0 such that
ki(s) > c(s —1)* for all s € [0,T). (3.1)

We take 6 > 0 so that [1 —d,1+ d] C [0,7]. By Taylor’s expansion, we have

bas) = Co (s 17 +0((s —1)%), s € [1 - 5,1 +4]

Thus taking § > 0 smaller if necessary, it follows k1 (1—4§) > 0 and k1(1+0) > 0. Choosing

small ¢ > 0, we obtain
ki(s) > c(s—1)* forall se€ [l —6,1+4]. (3.2)

Moreover we observe that kj(s) = —s + s?>*~1. Then k{(s) < 0 for s € [0,1 — §] and
Ki(s) > 0 for s € [1 +0,T]. Thus we have k1(s) > min{k1(1 — 9),k1(1 4+ d)}. Finally we
take ¢(T') > 0 so that

min{k; (1 — 8), k1 (1 +6)} > max{c(T), c(T)(T — 1)?}.
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Then we see

ki(s) > c(s—1)* forall s€[0,1—6]U[1+45,T]. (3.3)
Thus (3.1) follows from (3.2) and (3.3).
Next we put
ka(s) 1= H(su) — H(u) + ——hu)u — - h(u)u
S 2a 2 .

We claim that k2(s) > 0 for all s > 0. From (h3), we can see that

o o —oauq h(su)  h(u) >0 fors>1
kb(s) = h(su)u — s2* Th(u)u = 52~ L+ (39 2a+1 Ga? w0 ) L<0 fors<i

Since k2(0) = —H (u) + 5= h(w)u > 0 and k2(1) = 0, we have ko(s) > 0 for all s > 0. i

Lemma 3.4. Assume (h1)—(h3). Then it follows co, = ¢oo. Especially W is a least energy
solution of (1.12) if and only if w = f(w) is a least energy solution of (1.10).

Proof. Firstly we show that c., is well-defined and positive. In fact for any v #Z 0 with
J. (u) =0, it follows from (h3) that

Joo(u) > L. / |Vul? + asou? do + e o’ / [Vul?|ul**"?dx > 0
= 2 041 Jen > 2 0+1) Jgn '

Now let w(x) be a least energy solution of (1.12). We put w = f(w). Then by Lemma 2.7,

we have ¢ < Joo(w) = g () = Coo.

On the other hand, ¢, has a Mountain Pass characterization, that is,

i = inf max L (7(1). T = {y € C(0. 1L H'(BY)): 7(0) = 0, Lo(5(1)) < 0}

(see [13] and the references there in). Let u,, be a minimizing sequence such that Jo (u,) —
Coo and J._ (u,) = 0 for all n € N. We choose t,, > 1 so that I(f 1 (t,u,)) < 0 for each
n. Finally we define v, (t) = f~!(tt,u,). Then ~,(t) € ' and

oo < max Lo (f H(ttpun)) = max Joo (tpuy,).

t€[0,1] t€[0,1]

Since J/_(u,) = 0, the maximum value is achieved at t = i by Lemma 3.3. Thus we

obtain ¢oo < Joo () — Coo and hence Coo = Coo. |

Remark 3.5. A similar result as Lemma 3.4 has been obtained in [12] where another

type of quasilinear Schrodinger equations was studied.

Next we prove precise decay estimates of the least energy solution of (1.10) at infinity.
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Lemma 3.6. Assume (hl)—(h2). Let w(z) be a least energy solution of (1.10). Then
w € C?*(RY,R), w(z) = w(|z|) and %—1;’ < 0. Moreover there exist ¢, ¢’ > 0 such that

| 1|im eVa<lzl(|z| 4 1)¥w(a:) =c, lim eV®<"(r4+1)72 ' 5 = ¢ (3.4)

T|—00 r— 00 r

Proof. Let @ be a least energy solution of (1.12). Then by Lemma 3.4, w = f(0) is a

least energy solution of (1.10). By (i), (ii) of Proposition 3.1 and the fact f € C*°(R,R),

we have w € C*(RY,R) and w(z) = w(|z|). Moreover since 2% = f'(w)22, f'() > 0 and
ow

% < 0, it follows 5> < 0.

Next by Lemma 2.2 and (hl), we can apply the standard comparison principle to

obtain
|DFw(z)| < ce 0%l for all § € (0, /aso), = € RY, |k| <2 and some ¢ > 0.
By Lemma 2.2, we observe that

lw| = | f(w)| < || < ce 0,

ow O oW sz

] | = | g _‘ 00 < e,
_82w 1 (282 1 0 - 12a—3 | OW ° 0% —5 ||
922 | — f (w)(%) ‘i‘f(w)W < afa—1)0| p. =7 < ce

Thus for |z| > 1, we have
—Aw + asow = h(w) + aw?* 2 Aw + a(a — DNw?* 3| Vw|? < ce”1HMdlzl | o= (Za-1le],
Since 2o — 1 > 1 and we can take ¢ arbitrary close to y/a, it follows

—Aw + acow = o(G(x)) as |z| — 0o

where G(z) is the fundamental solution of —A + aI. Then by Gidas-Ni-Nirenberg’s
asymptotic result [15], we obtain (3.4). i

Proof of Theorem 1.4. Theorem 1.4 follows directly from Proposition 3.1, Lemma 3.4
and 3.6. [

Remark 3.7. From Lemma 3.6 and %—‘7‘,’ < 0, there exists ¢ > 1 such that

1 _ _

—e V(2] + 1) 7 < w(a) < eV (0] + 1) (3.5)
— 0 1 —1

—ce VI (r 1) < 8—1: < —Ze_mr(rJrl)_Nz , (3.6)

Vw(z)| < cw(z) for all z € RV . (3.7)
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Hereafter in this paper, we may assume that a., = 1 without loss of generality.

4. Properties of energy functional 1

In this section, we prepare some lemmas to find a positive solution of (1.1) and (1.5). First
we show I(v) has the Mountain Pass Geometry. Next we apply concentration compactness
principle and give a global compactness type result for I(v). In order to prove these
properties, it is rather convenient to consider I(v) rather than J(u) because J(u) has the

quasilinear term. Finally we will show any Cerami sequences are bounded in H'(RY).

Lemma 4.1. Assume (al), (a2) and (h1)—(h3). Then I(v) has the Mountain Pass Geom-
etry.

Proof. First we observe that

1
I(v) > 3 /]RN |Vo|? dx + ao f(v)*dx — . H(f(v))dx.

We put H(s) = —% f(s)* + H(f(s)). Then by Lemma 2.2, we have

) ﬁ(s) ao ﬁ(s)_
ll—{r(l) 52 T 97 sl—>oosj\3§2 =0

Thus for any € > 0, there exists C > 0 such that

< T_GSQ +C€|s|% for all s e R.

We take € = %‘) Then we obtain

1
I(v) > —/ |VU|2d$—|—@/ UQdSE—Ca_o/ |v]1\%f2 dx.

Thus there exist ¢, p > 0 such that I(v) > ¢ for all v € HY(RY) with ||v]|z: = p.
Next we choose ¢ € C§°(RY) so that ¢(x) > 0 for x € RY and

1
9/ IVo|?¢** 2 da < —/ #' 1 da.

Then from (h3), we have for s > 1,

2ce

2
I(£7"(s6)) = J(s6) < 5 /RN VoI? + llall = ¢? do + (- - 89+1)/RN 6+ da

Since 6 > 2a — 1, it follows I(f~!(s¢)) — —oc as s — oo. Thus I(v) has the Mountain
Pass Geometry. ]
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Lemma 4.2. Assume (al), (a2), (k1) and (h2). For ¢ > 0, Iet {v,} C H*(RY) be a

sequence such that
I(v,) — ¢, I'(v,) — 0 in H~Y(RYN) and ||v,| g is bounded.

Then passing to a subsequence, there exist vg € H*(RY), k € NU{0}, {y} C RV, i =
-,k and w* € H*(RN) \ {0} such that

k
I(vy) = I(vo) + Y Ioo(w'),
=1
k
v —vo— Y w'(-—yh)| =0,
=1 H1
I/(Uo) = 0,
I (w') =0,

lyi| — 00, |yi — yi | — 0o as n — oc.

Proof. We show that if v,, — vg in H!(RY), then

F0n) ' (0n) daz — / F(v0) ' (v0) d,

RN RN

[ @ )eds = [ b)) w)ods (41)

RN

for all ¢ € C°(RY). We prove (4.1). We fix ¢ € C°(RY). Since v, — vy in HY(RY),

passing to a subsequence, we may assume that

2N
vy, — v in L (RY) for all g € [2, m)

v, — Vg a.e. in RY

Moreover we see for all R > 0, there exists 1» € L9(Br(0)) such that |v,| < ¢ a.e. Bg(0).

Since f, f' € C®(R), it follows h(f(vy))f (vn)¢ — h(f(vo))f (vo)¢ a.e. in RY. From
(h2), Lemma 2.2 and 2.3, we obtain

[RCf a)ILF ()18l < el f (ua) [l (va)l@] + el f(0n) [PLF (vn)] 9]
2 v p+1
el W

p+l_
< Clonllgl + C'fva| = ~|9]
ptl_
< Clllgl + C'lwl = ~gl. (4.2)
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We take R > 0 large enough so that supp¢ C Bgr(0). Then by (4.2), pT“ < 2N and

Holder’s inequality, we have

rwu¢|dx+c'/ 0] %) da

supp ¢

/RN h(f(vn))f (vn)¢ da < C/

supp ¢

C 2d 24z )
< (/BR(O)IM x> ([, oras)

ptl—o

, P41 p+1 b1 p;il
e 5 da 61" da
Br(0) supp ¢

< Q.

Thus by Lebesgue’s convergence theorem, we obtain (4.1).

Arguing similarly, we can see if v,, — vo in H'(RY), then

[ fwpde = [ g [ HG@— [ (@)

Then Lemma 4.2 follows from a similar argument as in [18]. i

Now we define
HERY) := {u e HY(RY);u(gzr) = u(x) for all g € G}.

By the principle of symmetric criticality due to Palais [25], we see that if the restriction
I| gy g~y (v) has a critical point, then it is in fact a critical point of I(v). Thus to find a
G-invariant solution, it suffices to work in the restricted space H(R™). As a consequence

of Lemma 4.2, we can obtain the following corollary.

Corollary 4.3. Assume (al)—(a3), (h1) and (h2). For ¢ < mceo, let {v,} C HL(RY) be

a sequence such that
I(v,) — ¢, I'(v,) — 0 in (HS) ™! and |Jv,| g2 is bounded.

Then {v,} has a convergent subsequence.
Proof. Corollary 4.3 follows from a similar argument in [1]. i
Next we show the boundedness of any Cerami sequences of I(v).
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Lemma 4.4. Assume (al), (a2) and (h1)—(h3). For ¢ > 0, let {v,,} be a Cerami sequence,
that is,
I(vy) — c and I'(v,) (1 + ||vn||g1) — 0 in H 'as n — oo. (4.3)

Then ||v,|| g1 is bounded.

Proof. First we observe that ||v, |z is controlled by [,y Vo, |? + a(z) f(v,)? de. In fact

from I(v,) — ¢, we have

/N Vo, |? + a(z) f(v,)?dx + ¢ + o(1).

DN | —

/ H(f(vn)) da <
RN

R
From (h3) and Lemma 2.2, it follows H(f(s)) > Cs? for all s > 1. Then we have

/]RN a(x)v? de < /vn|§1 a(x)v? dx+/|u”21 a(x)v? dz
2 !
SC/HnlSla(m)f(vn) dx—i—C’/| H(f(vyn))dx

vn|>1

< C/RN a(x) f(v,)?* dx + C'’ H(f(vy))dz.

RN

Thus it follows

|vn||3: < /RN |an|2dx+C/RN a(z) f(v,)? dac+C’/R H(f(vy,))dx

N

< C’/ Vo, |? + a(z) f(vy)?dz + C" + o(1).
RN

Next we prove [on [Von|* 4 a(z) f(vn)? dz is bounded. We put u, = f(v,) and recall

that Fon) o
‘ () ’Hl < allvnllr, I'(on) e = I (wn)un, 1(vn) = J ().
From (4.3), we have
J(un) = c+o0(1), J (un)un < od'(v)||vnll g = o(1). (4.4).

It follows from (h3) that

11 / |V, |? + a(z)u? dx + @ o / (Vi |?un 22 dz < ¢+ o(1)
2 0+1) fpn' " " 2 0+1) Jpn T N '
(4.5)

Since

N

/ Vo, |? +a(z) f(v,)? de = / (1 + alun [**2)|Vu,|* + a(z)u? dr, (4.6)
RN R
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it follows from (4.5) that [ n [Vo,|*+a(z)f(vs)? dz is bounded for § > 2a—1. We suppose
6 = 2a — 1. Then we have from (4.5)

/ |Vu,|? + a(z)u? de < ¢+ o(1). (4.7)
RN
By (4.6) and (4.7), it suffices to show
K () = / 222 V|2 d (4.8)
]RN
is bounded. From (4.4) and (h2), we have

/ |Vun|2]un|2a_2dajgc—i—o(l)—f—/ H(uy)da
]RN

RN
udr + C’ /
R

Sc-l—o(l)-l—C/

|ty [P da
RN N

<c+o(l)+ C'/ |, [P d. (4.9)
RN
Now we suppose N =1, 2 or N = 3 and p < 5. Then by Sobolev’s inequality, it follows

p+1
2

/ lun [P dz < C </ |V, |* + a(z)u? dac) <.
RN RN

Thus K (uy,) is bounded.

(2a —1)N + 4

Next we consider the case N > 3 and p < N

Using Holder’s and

Sobolev’s inequalities, it follows

2Na—(N—-2)(p+1) (N—-2)(p—1)

T oNa—Nt N 3(Na-NT2)
/ |, [P do < / u? dx / |tun | V=2 dz
RN RN RN

2Na—(N—2)(p+1) N(p—1)

) T aNe-Nt o e Na-N+D)
<C / us dz / |Vun|*|u,|**™= dx
RN RN

(p—1)
< CK (uy) "NoonTD) (4.10)

Here we used (4.7). From (4.9) and (4.10), we obtain

N(p—1)

K(up) < ¢+ 0(1) 4+ CK (uy, ) 2™ e-~+2)

Since p < w, or equivalently % < 1, we have K(u,) is bounded and
hence ||v,, || gt is bounded. i
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Corollary 4.5. Suppose h(u) = uP, 2aa < p+1 < oo for N =1,2 and 2a—1 < p <

—(20‘;_)]2\’” for N > 3. Let {v,} be a Cerami sequence of I(v). Then |[v,|| g is bounded.

Proof. If p+1 > 2aor p+1=2a and N =1 or 2, the claim follows similarly. We
suppose N > 3 and p+ 1 = 2a. It is sufficient to show K (u,,) defined in (4.8) is bounded.

Arguing as above, we have

1
K(u,) <c+o(l)+ —/ |, | dx
RN

2a
<c+o(l)+ — (/ |un|2dx> (/ |un|12VALC§ dx)
2c RN RN
N(a—1)
Na—N+2
<c+o(l)+C (/ IV | |w, |2 dx)
RN
N(a—1)
=c+o(l) + CK(uy,)Ne-~N+2,
Since ]\J,\gf—;,lJr)z <1, K(u,) is bounded. i

Remark 4.6. As we have observed above, we require only 2a — 1 < p < % if
h(s) = sP. This is because of the growth order at infinity when 6 = 2a — 1 in (h3). In
the case h(s) = sP and p = 2a — 1, the growth order of H(s) at infinity is exactly equal to
s2@. However (2 — 1)h(s) < h'(s)s does not implies H (s) behaves like s>* at infinity in
general. For example, h(s) = 529! + 59 for some ¢ > 2a — 1 fulfills (h3) with 0 = 2o — 1.

Thus we need to restrict the range of p for general nonlinearities.

5. Interaction estimate

In this section, we establish an interaction estimate which plays an important role in the

existence result. To this aim, it seems to be better to use energy functional J(u) rather
than I(v) because function f(t) is nonlinear and concave. Even if we consider J(u), we
need delicate estimates since J(u) has the quasilinear term.

Now let w be a least energy solution of (1.12). For [ > 0, we put

m

y(s) = f7H (s ) f(@(x —ley))) € HE(RY)

i=1
where {e;} C SV~1 are vectors defined in (1.3). In this setting, we have the following.

Proposition 5.1. Assume o > 3, (al)—(a4) and (h1)—(h3). Then there exists lp > 0 such
that if |l > ly, then
sup I(y(s)) < meso. (5.1)
s>0
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For simplicity, we write w = f(w), w; = w(x — le;) and u; = f(w;) for i =1,--- m.
To prove Proposition 5.1, we need some preliminaries. For the proof of next lemma, we
refer to [1, 9.

Lemma 5.2. Assume (h3). For any integer m > 2 and K > 0, it follows:
(i) Ift; € [0, K] for all i =1,---,m, then

m m 1 m
H (Za) —ZH(ti) -3 Z 'h(ti)tj > 0.
i=1 i=1 1,7=1, i#j
(ii) For any € > 0, there exists 6. x > 0 such that if t; € (0, 5) and t; € (0,6, k| for i # j,
then
m m 1 m
H (Z ti> - ZH(@) -5 > h(t)t
i=1 =1 i,7=1, i#£j
1 & e 1, 1

> 3 > ohtat—e Y (ti+ St + Stity )

i,j=1, i#j J=1, j#i
For an interaction estimate of u; and u;, we have the following

Lemma 5.3. Let i, j € [1,m] and i # j.
(i) For any ¢ > 0 and § € (0, 1), there exists C' > 0 such that

/ ufuf + |V Vug|? de < Ce~11=0lei=esll for all [ > 0.
RN
(ii) For any R > 1 and q > 0, there exist Cr > 0 and [ (R) > 0 such that

/ ulde < Cre~ 1=~ for all 1 > 1,.
BR(lei)

(iii) For any R > 1, there exist Mpr > 0 and l3(R) > 0 such that

_N-1

/ (Vi - v)uj — (Vg - v)u; dS < —Mpge™ 4l =75 for all | > I,
8BR(lei)

and Rlim Mp = M™ > 0, where v is the outer unit normal vector on 0Bg(le;).
—00

(iv) For any R>1 andr, s >0, r # s, there exist K > 0 and l3(R) > 0 such that

r, s — min{r,s}|e;—e;|l _min{rs}(N—1)
uiujdazSKRe Sriei—eiit] 2 for alll > I3

/RN \(UZ, Br(lei))
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and Rlim Kr=0.
Proof. (i) and (ii) are rather standard.

(iii) First we observe that for every x € RY,

z-(ej—e;) |z —I(ej —e)l

—lr—Ille: — e lle: — e
o= dley = el ey = edf = lej —e| T llej — e

— lasl— oo. (5.2)

Thus from (3.5), there exist ¢ > 1 and [ > 0 such that if [ > I,

1 - (e —e;) _ F— ey z'(ej*ei)
SeTeoal < w(@ — Iej —€i)) —— <ce % forall x € Br(0).  (5.3)
c eleimeill(le; — el + 1)~ 72

Next we recall that Vu - v < 0 by Lemma 3.6. Then from (3.5), we have

:c(e —e;)

/ (Vul : V)Uj ds < —c/ R‘%e Re lej—eil dS x €_|6J_el|l
8BR(lez) 8BR(O)

for some ¢ > 0 independent of [ and R. Next we claim that

(e —eq)

. _N=-1 _p
lim R~z e e 55T dS > 0. (5.4)
R—o0 JaBr(0)
Indeed, up to rotation if necessary, we may assume that |:”:Zf| = (1,0,---,0). Changing
j i

the variable x = Ry, we have

z-(ej—e;)
/ R "7 ¢ Re PR dsS :/ R™
9BRr(0) OBRr(0)

Using polar coordinates

-k / eftv das,.
0B1(0)

y1 = cos by,

Yo = sin 6 cos Os,

yn =sinfy ---sinfy_osinfy_1,

we have

R e R / e ds,
9B1(0)
27
= R'T e—R/ / / el o801 (gin 61)N~2(sin )N 73 - - - sinOy_o dfy - - dOn_1

— (R 21/ —R(l cosel)(81n91>N 2d91.
0
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We put R(1 —cosf;) =t. Then it follows
R¥/ e fill=cos 1) (i 9, )N =2 dg,
0

—/R o - Ly dt+/2R (a4 D) gy
‘ R R R

0
— / et (2t) T dt e (0,00) as R — oo.
0
Thus we obtain (5.4). Next we observe that

—/ (Vu; - v)u; dS = —/ (Vw(x —l(ej —e;)) - v)wdS.
0BRr(le;) dBR(0)

Since w is radially symmetric, we have

x—llej—e) =

Vuw(z —1l(e; —e;)) - v=w(|z —l(ej —e)|) z —U(e; —e))| |z’

where we write w’ = %—1:. Now it follows
x—llej—e) = 1 . )
- — — —— as [ — oo uniformly in x € dBg(0).
|z —1(ej —e;)| |z ||

Moreover by Lemma 3.6, there exists ¢ > 0 such that

)
)

Thus from (5.3), there exist [ > 0 and ¢ > 0 independent of I, R such that if [ > I,

/
_lle.
w'(|z — Ue; — —c as | — oo uniformly in x € dBg(0).

— e
w(x —l(e; — e

Vw(x —l(e; —€;)) v > c%e“e'ejei”(kj —e;|l + 1)*¥.

Next we observe that

1 1
/ we™? ) dS = — wex1 dS + — we 'z dS
9B R(0) |z| R JoBr0)u{z1>0} R JoBpr0)u{z <0}
1 1
= — wex1 dS — — we "z dS
R JoBg0)u{z1>0} R JoBr(0)u{z1>0}
1

= — w(e®™ —e ")z dS > 0.
R JoBg(0)u{z1>0}

Arguing similarly as above, we have

lim — w(e™ —e ")z dS € (0,00).

R—oo R /BBR(O)U{ZM >0}
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Thus there exist Mr > 0 and I > 0 such that for [ > I,

N—-1

/ (Vu; - v)u; — (Vu, - v)u; dS < —Mpelei—eill]==
8BR(le7;)

and Rlim Mgr =M*>0.

(iv) We may assume without loss of generality that » > s > 0. From (3.5), we have

T, — D |z s
wwdr<e [ el e (s — i(e; - ) .
lz|>R

/RN \(UZ, Br(lei))

We show that

. sles—e; |12 =1 V=D g s
lim e®l¢ ™1t lz|” 77 e w(x —l(ej —e;))’ dx
|lz|>R

l—o0o

r(N—1)
:c/ e gz el dy (5.5)
lz|>R

for some ¢ > 0 independent of R. Indeed from (5.2) and Lemma 3.6, we have

: slej—e;l|l s(N=1) o NS — ., —sT N
lhm e 77 w(x—1l(e; —e;))® =ce for all z € R .
—0Q

Moreover we have

e — eill — & — U(e; — )] < |al,

I st 9 A
2 N-—-1
S — 1 2 L,
(|x—Z<ej—ei>|+1) s (|ej—ez~|) max{l, || =y

Thus we obtain

s(N;l) ‘x’—T(N{l)e_r'xlw(x . l(ej _ ei))s

€s|ej—ei|ll

r(N—-1)

< emax{1, |z| "7 Ye~ =9l o= *= ¢ LYRV).

By the Lebesgue’s convergence theorem, (5.5) follows. Finally we observe that

r(N—1) r(N—-1)
Kg = e s g|m 7 eIl dr < ¢ e~ =2l |~ 7= da.
lz| =R lz| >R
Since r — s > 0, it follows E}im Kr=0. |
— 00

Proof of Proposition 5.1. For simplicity, we prove Proposition 5.1 for the case m = 2.

Then it follows |e; — e2| = Ag = 2. We can similarly prove (5.1) for the case m > 2.
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First we observe that I(v(s)) — —oo as s — oo uniformly in [ > 1. Moreover by the

continuity of I(vy(s)) with respect to s, there exists 0 < s; < 1 < s5 such that
I(v(s)) < meo for all s € [0,s1] U[s2,00) and [ > 1. (5.6)

Thus to prove (5.1), it suffices to show I(y(s)) < mcs for s € [s1, s2].

Step 1: [Decomposition of the energy|. By direct calculations, it follows
I(v(s)) = J(su1 + sus)

= Joo(su1) + Joo(sus2) + 82/ Vui - Vug + aoottius dx

RN

+ — (a(z) — aoo)(ur + ug)” dx
2 RN
as 2002 2,202 2, 2002

+ 5 (w1 + u2) Vg + Vus|? — [Vu [2u — |Vug|*u3** dx

RN

—/ H(suy + sug) — H(suy) — H(sug) dx.

RN
s s
Using §JC/>O(U1)'UJ2 =0, 5JOO(U2)U1 = 0 and Lemma 3.3, we obtain

2

I(y(s)) < 2J50(w) — 2¢(s — 1)* + % /RN (a() — aoo)(u1 + ug)? da

1 1
+ = / s2h(uy)ug — h(su1)suy dx + = / s2h(ug)uy — h(sug)suy d

1 1
— / H(suy + sug) — H(suy) — H(sug) — §h(su1)suQ — §h(SU2)SU1 dx
]RN

RN

2
—%/ aVuy - Vug (u2*™? 4+ u3*~?)
+ ala — 1)(|Vur |Pui® ug + | Vug [2u3* 5uy) do

2

=: 2J 0 (w) — 2¢(s — 1) + % /RN (a(z) — aoo)(u1 4 uz)? dx

+

N | —

1
/ s? h(uy)ug — h(suy)sug dx + —/ s2h(ug)u; — h(susg)su; dx
. 2 Jon
— Li(RY) + Lay(RY) — Ls(RY).
By (a4), Lemma 2.4 in [1] and (3.5), there exists Cy > 0 such that

/ (a(z) — aoo) (uy 4+ ug)? dz < Comax{e ™, e 2~ N=D1 forall [ > 1.
RN
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Next by Taylor’s expansion, it follows
s2h(u1)u2 — h(suq)sus = s2h(u1)u2 — sh(uq)ug + sh(uy)ug — h(suq)susg
= s(s — Dh(ur)uz — s(s — DA (1 4+ 0(s — 1))u1 ) uius

for some 0 < 6 < 1. From (3.5), there exists C' > 0 independent of s € [s1, s3], { > 0 and
x € RY such that

|s2h(u1)ug — h(sui)sus| < Cls — 1|ujus.

Thus by (i) of Lemma 5.3, we have
2j, _ _ 11— (1=8) Aol
s“h(uy)ug — h(suy)susdr < Cls — 1] wpug dr < Cls — 1le (5.7)
RN RN
for any [ > 0 and 0 < 6 < 1. Thus we obtain

I(v(s)) < 2Jo(w) — 2¢(s — 1)% 4+ Comax{e M, e 2~ N=DY L Os — 1]~ (1790l
— Li(RY) + La(RY) = Ls(R™). (5:8)

Now let R > 0 be arbitrary given. Taking large [ > 0 enough so that Br(le;)NBgr(les) = 0.

We decompose
RY = Bg(le1) U Br(leo) U (RY \(Bg(ler) U Br(le2))).
For simplicity, we write B; = Bgr(le;), i = 1,2, Q = RY \(B; U By). Then we have
Li(RY) = Li(B1) + Li(Ba) + Ly(Q) fori=1,2,3.

Step 2: [Estimate of Lq(B1)]. We observe that us is exponentially small on By. Then
by (ii) of Lemma 5.2 and (5.7), we have

1 1
—L1(By) < ——/ h(suq)sug dx — —/ h(suz)suy dx
2 /B, 2 /B,

2 2
s 5 S

+ € sug + —usy + —ujug dz

B S 2

2 1
< _5 / h(uy)ug dx + = / s2h(uy )ug — h(suy)sus dx
2 B; 2 By
2 2
5% 5 8
+ e/ sug + —u5y + —ujug dz
B S 2

1

2
< 2 / h(uy)us dx + Cls — 1|€_(1_6)>\Ol + 0/6/ ug d.
2 Bl Bl
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It follows from (ii) of Lemma 5.3 that

N-—1

/ ug dr < C’Re*Aoll* 2
By

Thus we obtain
s? 1-8) Aol 1 —Aolj— 1
—Li1(By) < 5 h(u1)ug da + C|s — 1|e= (179l 4 O ee ol = 75—
By
where € > 0 is arbitrary and we choose a suitable ¢ > 0 later.

—% fBl h(uq)us dx as follows. Since u; is a solution of (1.10), it follows

—/ h(uy)usdx = / (Vuy - v)ug (1 + ozu?o‘_z) dsS — / Vui - Vug + asottius dx
By

0B1 B1

- a/ ut* 2 Vuy - Vug dz — oo — 1) / ut* 3| Vg [Pug da.
Bl Bl

Since us is also a solution of (1.10), we have

_ vu]_ . qu _|_ AooU1U2 dz = —/ (Vu2 . V)u1(1 + auga—Q) dS
B 9B,

+ a(a — 1)/ w3 3| Vg [Puy da
By

+ a/ uga_QVul -Vus dx — / h(ug)uy dz.
Bl Bl

Thus we obtain from (3.7) and — fBl h(uz)uy dz <0,

- h(uq)us dx
2 Jp,
82 200—2 200—2
< 9 (Vur - v)uz(1 + aui® 7)) — (Vuz - v)ui (1 + auy® ") dS
9B
-1
_ale-1) )82/ w3 Vuy [Pug dz — g32/ ui®*Vuy - Vuy d
2 B 2 B,
-1
2 Bl 2 Bl
< 82 v 1 200—2 v 1 20—2 dS
<5 [, (Vur-vjus(l+0u®™) = (Vuz - w1+ au3™™)
1
—1
_afe-1) )82/ w3 Vuy [Pug do — 252/ ui® Vs - Vug d
2 B 2 B,

+C [ w3 tda.
By
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From (5.9), (5.10), (ii) and (iii) of Lemma 5.3, we obtain

—1
—L1(B;) < —MSQ/ ulo‘ 3]Vu1| ug dr — —32/ u%a*QVul - Vug dx
Bl 2 Bl

2
+C(— MRe—)\oll Ly s — 1|e—(1—5),\oz N
+ 67(205*1))\01) (5.11)

for all [ > max{ly,l2}.
Step 3: [Estimate of Lo(By) and L3(B;)]. By Taylor’s expansion, there exists ¢ > 0

independent of [ and R such that

a82o¢

La(By) < / (200 — 2)u] 2a— 3u2]Vu1|2 + Qu%a_QVul - Vug dx
B

—|—CS2a/ 2o¢ 4 2|Vu1’2+u%a—2|vu2’2
By

+ w22 Vus|? + w2 3us|Vuy || Vus | de. 5.12
2 1

We also have

2 ~1
—L3(B;) < —% Vu - Vugu%o‘_Q dx — % / |Vuq \2 20345 dx
B]_ Bl

+cs2/ |V [|[Vug [uz®? + | Vg [2u3® Puy da. (5.13)
By

From (3.7), (5.12) and (5.13), we obtain

252 — g2 Vg - Vusu? 2 dx
- 1
1

Ly(By) — L3(B1) <

| 9

ala—1)
2

_|_

(252 — s )/ Vg [Pui® 3uy de
By

+ C/ uj +uz® +us* ! dz.
B1

It follows from (ii) of Lemma 5.3 and a > g that

Ls(By) — L3(By) < %(2 s~ g2) | Vuy - Vugu2* 2 dw
By
-1
+ Oé(Oé )(282a_ )/ |Vu |2 2a—3 QdQL‘
2 B
+ Ce™ 2!, (5.14)
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Step 4: [Decay estimate on B;]. From (5.11) and (5.14), we have

—L1(By) + Lo(B1) — L3(B1)
<a(s™ =) [ Vur Vugui® do + o(a — 1)(s* - 32)/ w33 Vg [Pug da
B B,
—I-C( Mg e—Aoll + |3 1|€_(1 3ol +ee —Aoll +6_2>‘OZ)

Arguing as Lemma 3.3, there exists ¢ > 0 such that |s2® — s?| < ¢|s — 1] for all s € [s1, s2].
Then we have from (3.7) and (i) of Lemma 5.3

a(s? —s?) | Vu - Vugui® ?da + afa — 1)(s** — 82)/ ut® 3|V [Pug da
B1 Bl

< C|s—1] ut® Ty da
By

< C'Ns—1] uyusg dz
By
S C//’S o 1’6_(1_6)>\0l-

Consequently we obtain

—Ly(By) + La(By) — L3(B1)
< O(=Mpe =" 4|5 — 1|e= (19l 4 ce=olj= 3+ 4 o=2X0l) (5 15)

for all [ > max{ly,l2}. Similarly we can estimate Li(Bs), Lo(B2) and L3(Bs), that is,

—Ly(B2) + La(B2) — Lg(BQ)
< C(—Mg e~ Ml 4 |s — 1|e= (1792l 4 ce Mol 4 e~ 2%!) (5.16)

for all [ > max{ly,l2}.
Step 5: [Decay estimate on 2. We notice that both u; and uy are exponentially
small on Q. First by (i) of Lemma 5.2, we have —L;(€2) < 0. Next since

U2
(uy +up)?*™2 — w22 = / (2a — 2)(ug + 7)?* 2 dr < e(ug + u2)®* Pug,
0

it follows

Q)SC/ ’vu1|2u2 2a 3+ ga 3)
Q
+ | Vug|?u1 (u %O‘ 3—|—u§a 3)+|VU/1HVU/2|( 2a— 2—|—u§a ) dz.
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Finally we have

—L3(Q2) < C’/ |Vu1||Vu2|(u%O‘_2 + uga—z) + |Vu1|2ufo‘_3u2 + |Vu2|2ugo‘_3u1 dz.
Q

Thus we obtain from (3.7), (iv) of Lemma 5.3 and o >

DN o

—L1(Q) + La(02) — L3(2) < C/ w22+ udus? Y g 4 ud® g da
Q

< C(Kre™ min{2,2a—2} Aol — + KRG_AOZZ_¥)

< O'Kpe "7 (5.17)

min{2,2a—2}(N—1)
2

for all [ > 5.
Step 6: [Conclusion|. From (5.8), (5.15), (5.16) and (5.17) we have

N—-1

I(v(s)) < 2Jo(w) — 2¢(s — 1)% 4+ Comax{e M, e 2~ N-D} 4 O  Kre 01~ 3
+ Cpe™ 2ol 4 Cyls — 1e(1=DMl 4 Cuee Ml ~"5 — OsMpe ="z

for all | > max{ly,ls,l3}, where 0 < § < 1 and € > 0 are arbitrary. Now we fix large R > 0

so that .
C1Kp < 75MR.

Next using Young’s inequality, we have for all 7 > 0, there exists C;, > 0 such that
Cals — 1e= =01 < (s — 1)2 4 0, e~ 2=l
Thus choosing 17 > 0 so small that
—2¢(s —1)* +n(s — 1)* <0,

we have

I(7(s)) < 2Jo(w) + Comax{e™, e~ (V=11

N—-1
2

+ Coe= 2Nl 4 C§6_2(1_6)>‘°l — (%MR — 046) e Mol

for all [ > max{l1,l2,l3}. Finally we choose € > 0 small enough so that %MR — Cye > 0.
We also choose 0 < § < % Since 2 = Ag < A and 2(1 — §) > 1, there exists [y >
max{ly,l2,l3} such that for [ > I,

I(7(s)) < 2Js(w) for all s € [sq,s2].
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From (5.6) and Lemma 3.4, we obtain

ig%](’y(s)) < 2J00(w) = 2]00(121) = 2.

Thus we complete the proof of Proposition 5.1. i

6. Proof of Theorem 1.1

By Lemma 4.1, we can define the Mountain Pass value cy;p by

cup = inf tren[gﬁ]f(v(t))’ I'={y € (0,1, H&(RY)) ; 7(0) = 0, I(v(1)) < 0}.
By Proposition 5.1, we have cj;p < mcs,. By Corollary 4.3 and Lemma 4.4, we can apply
the variant of the Mountain Pass Theorem [6]. Then there exists vo € H%(RY) such that
I(vg) = eprp and I'(vg) = 0. Putting ug = f(vg), then ug is a G-invariant positive solution
of (1.1). Similarly Theorem 1.3 follows from Lemma 4.1, Corollary 4.3, 4.5 and Proposition
5.1. |
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