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ABSTRACT

The high accuracy achievable by modern space astrometry requires the use of General Relativity to model the stellar light propagation
through the gravitational field encountered from a source to a given observer inside the Solar System. The general relativistic definition
of an astrometric measurement needs an appropriate use of the concept of reference frame, which should then be linked to the
conventions of the AU resolutions. On the other hand, a definition of the astrometric observables in the context of General Relativity
is also essential for finding the stellar coordinates and proper motion uniquely, this being the main physical task of the inverse ray-
tracing problem. The aim of this work is to set the level of reciprocal consistency of two relativistic models, GREM and RAMOD
(Gaia, ESA mission), in order to guarantee a physically correct definition of the light’s local direction to a star and deduce the star
coordinates and proper motions at the level of accuracy required by these models consistently with the IAU’s adopted reference

systems.
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1. Introduction

The correct definition of a physical measurement requires iden-
tification of an appropriate reference frame. This also applies
to determining the position and motion of a star from astromet-
ric observations made from within our Solar System. Moreover,
modern instruments housed in space-borne astrometric probes
like Gaia (Turon et al. 2005) and SIM (Unwin et al. 2008) aim
to be accurate at the micro-arcsecond level, or higher as in the
case of bright stars observed by SIM (0.2 micro-arcsecond), thus
requiring that any astrometric measurement be modeled in a way
that both light propagation and detection should be conceived in
a general relativistic framework. One needs, in fact, to solve the
relativistic equations of the null geodesic that describe the tra-
jectory of a photon emitted by a star and detected by an observer
with an assigned state of motion. The whole process takes place
in a geometrical environment generated by an N-body distribu-
tion such as for our Solar System. Essential to the solution of
the above astrometric problem (inverse ray tracing from obser-
vational data) is the identification, as boundary conditions, of
the local observer’s line-of-sight defined in a suitable reference
frame (Bini et al. 2003; de Felice et al. 2006; de Felice & Preti
2006).

Summarizing from the quoted references, the astrometric
problem consists of determining the astrometric parameters of
a star (its coordinates, parallax, and proper motion) from a
prescribed set of observational data (hereafter observables).
However, while these quantities are well defined in classical (non
relativistic) astrometry, in General Relativity (GR) they must be
interpreted consistently with the relativistic framework of the
model. Similarly, the parameters describing the attitude and the
center-of-mass motion of the satellite need to be defined consis-
tently with the chosen relativistic model.

Article published by EDP Sciences

As far as Gaia is concerned, at present two conceptual
frameworks are able to treat the astrometric problem at the
micro-arcsecond level within a relativistic context. The first
model, named GREM (Gaia RElativistic Model) and described
in Klioner (2003), is an extension of a seminal study by Klioner
& Kopeikin (1992) conducted in the framework of the post-
Newtonian (pN) approximation of GR. GREM has been formu-
lated according to a parametrized post-Newtonian scheme accu-
rate to 1 micro-arcsecond. In this model finite dimensions and
angular momentum of the bodies of the Solar System are in-
cluded and linked to the motion of the observer in order to con-
sider the effects of parallax, aberration, and proper motion, and
the light path is solved using a matching technique that links
the perturbed internal solution inside the near zone' of the Solar
System with the (assumed) flat external one.

Basically, the pN approach (and post-Minkowskian one, pM,
as in Kopeikin & Mashhoon 2002) solves the light trajectory as a
straight line (Euclidean geometry) plus integrals, containing the
perturbations encountered, from a gravitating source at an arbi-
trary distance from an observer located within the Solar System.
This allows one to transform the observed light ray in a suitable
coordinate direction and to read off the aberrational terms and
light deflections effects, evaluated at the point of observation.
This model is considered as baseline for the Gaia data reduction.

The second model, RAMOD, is an astrometric model con-
ceived to solve the inverse ray-tracing problem in a general rela-
tivistic framework not constrained by a priori approximations.
RAMOD is actually a family of models of increasing intrin-
sic accuracy, all based on the geometry of curved manifolds

! The near zone of a system of bound sources, which generates no
stationary gravitational field, is defined as the region of space with a
size comparable to the wavelength of the gravitational radiation emitted
by that system.

Page 1 of 8


http://dx.doi.org/10.1051/0004-6361/200912691
http://www.aanda.org
http://www.edpsciences.org

A&A 509, A37 (2010)

(de Felice et al. 2004, 2006). As in Kopeikin & Mashhoon
(2002), the full development to the micro-arcsecond level im-
poses consideration of the retarded distance effects by the mo-
tion of the bodies of the Solar System. At present, the RAMOD
full solution requires numerical integration of a set of cou-
pled nonlinear differential equations (also called “master equa-
tions™?), which allows the light trajectory to be traced back to
the initial position of the star and which naturally entangles the
contributions by the aberration and those by the curvature of the
background geometry. RAMOD is formulated with a completely
different methodology. This makes its comparison with the for-
mer one a difficult task.

Despite its difficulty, this comparison is a necessity, beacuse
GREM and RAMOD will be used for the Gaia data reduction
with the purpose of creating a catalog of one billion positions
and proper motions based on measurements of absolute astrome-
try, so any inconsistency in the relativistic model(s) would inval-
idate the quality and reliability of the estimates, hence all related
scientific output.

In this paper we present the first step in the theoretical com-
parison, showing how it is possible to isolate the aberration terms
from the global RAMOD construct (which are normally entan-
gled together with other terms such as those of the deflection)
and recasting them in a GREM-like formula.

In Sect. 2 we review all the building steps of the RAMOD
astrometric set-up. In Sect. 3 we show the procedures used in
RAMOD to define the observables and compare the quantities
of GREM-like formulations by making the aberration part in the
RAMOD framework explicit. Sect. 4 will comment on the re-
sults of the comparison and on what has to be addressed to pro-
ceed with the theoretical comparison of the two models. Finally,
Appendix B reports the calculations of the pN/pM approaches
recovering the stellar aberration.

Throughout the paper, regular bold indicates four-vector
(e.g. u) and italic bold indicates three-vector (e.g. n); the compo-
nents of vectorial quantities are indicated with indexes (no bold
symbols), where the Latin index stands for 1, 2, 3 and the Greek
ones for 0, 1, 2, 3. A repeated index means Einstein summation
convention and indexes are raised and lowered with the metric
gop (in particular, n' n; stands for the scalar product with respect
to the Euclidean metric ¢;;, whereas 1%/, with respect to the met-
ric gop). The speed of light is symbolized by c, notations like {...}
indicate a set of quantities (e.g. {Aa}), and Uqp () or Pyp (u) an
operator projecting with respect to the observer u.

2. The RAMOD frames

In order to bring out the different methodologies and mathemat-
ical constructs applied in RAMOD, this section summarizes the
set-up of RAMOD by focusing on the reference frames needed
to define the measurements.

The set-up of any astrometric model primarily implies the
identification of the gravitational sources and of the background
geometry. Then one needs to label the space-time points with a
coordinate system. These steps allow us to fix a reference frame
with respect to which one describes the light trajectory, the mo-
tion of the stars, and that of the observer. The RAMOD frame-
work is based on the weak-field requirement for the background
geometry, which in turn have to be specialized to the particu-
lar case one wants to model. For example, keeping in mind a

2 These equations derive from the null geodesic with the appropri-
ate projection onto the rest-space of the local barycentric observer
(de Felice et al. 2004, 2006).
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Gaia-like mission, we can assume the Solar System is the only
source of gravity, i.e. a physical system gravitationally bound,
in the weak field and slow motion regime. Then, only first-order
terms in the metric perturbation 4 (or equivalently in the con-
stant G as in the pM approximation) are retained. These terms
already include all of the possible (v/c)"-order expansions of the
pN approach, but just those up to (v/c)? are needed to reach the
micro-arcsecond accuracy required for the next generation astro-
metric missions, like e.g. Gaia and SIM. With these assumptions
the background geometry is given by the following line element

ds” = gopdx”da = (7ag + hop + O (?)) dx"do”,

where O(h?) collects all nonlinear terms in 4, and the coordinates
are X = cr,x! = x, 2% = Y, X3 =z, the origin being fixed at the
barycenter of the Solar System, and 7,4 is the Minkowskian met-
ric. In the small curvature limit (Misner et al. 1973), the metric

components used in RAMOD are

go = -1+ hoo + O(U4/04)
(@)
goi = hoi +O0(v°/°) 6]
(©)
gij = 1+ h()oé,‘j + 0(04/6'4),
2

where hog = 2w/ A hy = w / 3, and w and w' are, respectively,
2 3
the gravitational potential and the vector potential generated by
all the sources inside the Solar System that can be chosen ac-
cording to the IAU resolution B1.3 (Soffel et al. 2003). The met-
ric of Eq. (1) is also adopted in GREM and the subscripts indi-
cate the order of (v/c) (e.g. ho; ~ oW /).
(3)

2.1. The BCRS

In RAMOD, a Barycentric Celestial Reference System (BCRS,
Soffel et al. 2003) is identified requiring that a smooth family
of space-like hyper-surfaces exists with the equation ¢ (x, y, z) =
constant (see de Felice et al. 2004). The function ¢ can be taken
as a time coordinate. On each of these 7 (x,y,z) = constant hy-
persurfaces, one can choose a set of Cartesian-like coordinates
centered at the barycenter of the Solar System (B) and running
smoothly as parameters along space-like curves that point to dis-
tant cosmic sources. The latter are chosen to assure that the sys-
tem is kinematically nonrotating, i.e. nonrotating with respect to
the reference distant sources as recommended by the IAU (Soffel
et al. 2003). The parameters x, y, z, together with the time coor-
dinate ¢, provide a basic coordinate representation of the space-
time according to the IAU resolutions”.

Any tensorial quantity will be expressed in terms of coor-
dinate components relative to coordinate bases induced by the
BCRS.

2.2. The local BCRS

As shown in detail in (de Felice et al. 2004, 2006), in RAMOD at
any space-time point a unitary four-vector exists u that is tangent

3 These resolutions are based on the pN approximation, which is
still compatible with RAMOD, since the perturbation A,z to the
Minkowskian metric in (1) can be calculated at any desired order of
approximations in (v/c) inside the Solar System.



M. Crosta and A. Vecchiato: Gaia relativistic astrometric models. I.

; ;‘:‘ u - / u
| t(x,y, 2) =\cons .
oy L u i
/’ ’ / t
e

Fig. 1. The local observer u with respect to the BCRS coordinate sys-
tem. The spatial axes of the BCRS point toward distant sources. The
dashed lines are the curves that are orthogonal, say 1, to the ¢ = constant
hyper-surfaces, asymptotically orthogonal to the time direction. The
rest-space (green area) of u locally deviates from the space-like hyper-
surface with equation #(x,y,z) = constant by terms of the order of a
micro-arcsecond.

to the world line of a physical observer at rest with respect to the
spatial grid of the BCRS defined as

h
u® = (=goo)” ' 6§ = (1 + %)63 +0(1?). )

The totality of these four vectors over the space-time forms a
vector field that is proportional to a time-like and asymptotically
Killing vector field 5. In fact, to the order of accuracy required
for Gaia, the congruence of curves u does not admit a global
family of orthogonal hyper-surfaces, i.e. a rest-space that covers
the entire space-time. However, the rest-space of u can be locally
identified by a spatial triad lying on a surface, which differs from
the ¢ = constant one (see Fig. 1) in such a way that their spatial
components point to the local coordinate directions as chosen by
the BCRS. This frame works as a local BCRS.

The tetrad associated to the local BCRS has spatial axes (the
triad) coinciding with the local coordinate axes, but its origin is
the barycenter of the satellite. At the O(hz), this triad is (Bini
et al. 2003)

h
A8 = hod® + (1 - %)53 +0(1?). 3)

Let us stress that u is an essential prerequisite of RAMOD,
because at any space-time point and apart from a position-
dependent rescaling of its time rate, it plays the role of a
barycentric observer as the one located at the spatial coordi-
nate fixed at the barycenter of the Solar System. In RAMOD
any physical measurement refers to this local BCRS.

2.3. The proper reference frame for the satellite

The proper reference frame of a satellite consists of its rest-space
and a clock that measures the satellite proper time. The tensorial
quantity that expresses a proper reference frame of a given ob-
server is a tetrad adapted to that observer, namely a set of four
unitary, mutually orthogonal four-vectors As, one of which, i.e.
A, is the observer’s four-velocity, while the other A;s form a
spatial triad of space-like four-vectors (Misner et al. 1973). The
physical measurements made by the observer (satellite) repre-
sented by such a tetrad are obtained by projecting the appropriate
tensorial quantities on the tetrad axes.

The same measurements can also be defined by splitting
the space-time into two subspaces, as sketched in Appendix A.
Essentially, this last method is useful when we do not know the
solution of a tetrad, which depends on the metric, and we only
need to know the moduli of the physical quantities. As far as
RAMOD is concerned, given the metric (1) and in the case of
a Gaia-like mission, an explicit analytic expression for a tetrad
adapted to the satellite four-velocity exists and can be found in
Bini et al. (2003). The spatial axes of this tetrad, named {Ej}, are
used to model the attitude of the satellite.

2.3.1. Satellite proper reference frame and IAU conventions

In RAMOD the satellite reference frame is obtained by succes-
sive transformations of the local BCRS tetrad {43} as defined in
Eq. (3). In particular, the vectors of the triad {4;} are boosted
to the satellite rest-frame by means of an instantaneous Lorentz
transformation (Bini et al. 2003, and reference therein), which
depends on the relative spatial velocity v* of the satellite

1
V= =l - ), (4)
Y
identified by the four-velocity u with respect to the local BCRS
u, whose Lorentz factor is given by y = —u$u, (Jantzen et al.
1992).

The boosted tetrad { A5 ¢ obtained in this way represents

bs
a CoMRS (Center-of-Mass Reference System, comoving with
the satellite), similar to what is defined for Gaia (Bastian 2004,
Klioner 2004). In addition to the definition in the cited works,
one of the axes is Sun-locked, i.e. one axis points toward the Sun
at any point of its Lissajous orbit around L2. The Gaia attitude
frame is finally obtained by applying the following rotations to
the Sun-locked frame: (i) by an angle w,t about the four-vector
/;‘S’ _ which constantly points towards the Sun (where w),, is the an-
guiar velocity of precession); (ii) by a fixed angle @ about the im-
age of the four-vector /;"A after the previous rotation; and (iii) by

3
an angle w,t about the image of the four-vector /}"A after the

5 i
previous two rotations (where w, is now the spin angular veloc-
ity). The triad resulting from these transformations establishes
the satellite attitude triad, given by

Eq = Ry (0,0)Ra (@) Ry (w)t) da:

The final triad {E;} only depends on the attitude parameters of
the satellite, and should be the RAMOD equivalent of the GREM
Satellite Reference System (SRS) (Bastian 2004). This defines
the spatial components of the reference system.

To complete the process one has to include the transforma-
tions between the observer’s proper time and the barycentric
coordinate time. This can be done using the subspace splitting
technique cited in Appendix A. Let us consider the satellite’s
world-line in the space-time geometry as

us = ul (5§ +567). (5)

where ' = v'/c are the BCRS coordinate components of the
satellite velocity and v = dx'/dt (v* = v'v;); u® can be chosen
as the normalization factor. Since the satellite is a physical ob-
server, from the unitary condition ug,u§ = —1, we deduce the
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expansion of u’ in powers of (v/c) (once we use the pN poten-
tials w and w' defined by IAU resolutions, Soffel et al. 2003):

U2
@zlﬂﬂ@+—) (6)
2
3 5 2 .

Then, by inserting the last expression (6) in Eq. (A.3), we obtain
the formula which ties the running between the clock on board
up to the order (v/ ¢)*and that for the origin of the BCRS:

dr,,

v 1 : v .
—u] [(900 + —gio) + —giodx' + gij—dx/] (7)
c Cc c

1)2 L
(E + w) + v’dR’}

(w2 v 3w

2 8 2

~ dr -2

+ 4wivi) dr
. . U2 .
+4w'dR' — (3w + 5) v’de] ,

where x' is any spatial location inside or in the neighborhood of
the satellite and R\ = x' — xI_ It is trivial to check that, when we
make a first-order Taylor series expansion around the satellite
barycenter location x; of the potential (and the vector potential),

wu)zwug+(gf)R§+0m%.

oxi )

Equation (7) can be transformed (Crosta 2003) in the relation-
ships between the proper time on board the satellite and the
barycentric coordinate time interval as reported in IAU resolu-
tions B1.5. This finally completes the definition of the proper
reference frame for the Gaia-like satellite in the RAMOD frame-
work and, moreover, gives proof of the compatibility of the
RAMOD formalism with the IAU conventions (hence with a
GREM-like approach).

3. Multi-step application of the observable
in RAMOD to the aberration

The classical (non relativistic) approach of astrometry has tra-
ditionally privileged a “multi-step” definition of the observable;
i.e., the quantities that ultimately enter the “final” catalog and
are referred to a global inertial reference system, are obtained
taking into account effects such as aberration and parallax, one
by one and independent from each other.

GREM reproduces this approach of classical astrometry in
a relativistic framework. For this model the BCRS is the equiv-
alent of the inertial reference system of the classical approach,
while the final expression of the star direction in the BCRS is
obtained after converting the observed direction into coordinate
ones in several steps that divide the effects of the aberration, the
gravitational deflection, the parallax, and proper motion (Klioner
2003) (see Appendix B). As is well known, stellar aberration
arises from the motion of the observer relative to the BCRS ori-
gin, assumed to coincide with the center of mass of the Solar
System.

In the previous section we mentioned that RAMOD relies
on the tetrad formalism for the definition of the observable. In
general, the three direction cosines that identify the local line-
of-sight to the observed object are relative to a spatial triad {E;}
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associated with a given observer u’; the direction cosines with
respect to the axes of this triad are defined as

P )osk“EP
Cos iy = @ )aph" = ey, (8)

(P(u/)aﬁkakﬁ)l/z

where the final ¢; is a shorthand notation for cosy; and k* the
four-vector tangent to the null geodesic connecting the star to
the observer, and all the quantities are obviously computed at the
event of the observation®. As a consequence, given the solution
of the null geodesic equation and the motion and the attitude of
the observer, Eq. (8) expresses a relation between the unknowns,
the position and motion of the star, and the observable quantities
that include all of these effects mentioned for GREM. Once the
procedure for defining Eq. (8) is complete, the final measure-
ments will naturally entangle every GR “effect” in a single re-
sult. In other words, RAMOD does not need to disentangle each
single effect, relativistic or not. The main purpose is to keep as
long as possible the physical expressions of the quantities en-
tering Eq. (8). Therefore, the natural way to “extract” any of
those effects in a separate formula, as in GREM, is to express
the observable with a specific tetrad that makes the aberration
part evident.

3.1. Attitude-free tetrad for the aberration

Whatever tetrad we consider, the expression of Eq. (8) for the
relativistic observable in the RAMOD model can also be written
as (de Felice et al. 2006)

7 _ el
,, - s =) E;. .
7(1 - Vﬂ%))

where v is the spatial four-velocity (see Eq. (4), also called as
the “physical velocity”) of the satellite ug relative to the lo-
cal barycentric observer u. The quantity l_?o) was introduced in
RAMOD and is a unitary four-vector that represents the local
line-of-sight of the photon as seen by u at the moment of obser-
vation. In general, [* = PZ(u)k'B /(~uPkg) (de Felice et al. 2004,
20006). Finally, vy is the Lorentz factor of uy with respect to u;
that is,

L., (10)

V1 —=v2/c? -7

where v = vy,

To retrieve the aberration effect given by the motion of the
satellite with respect to the BCRS in RAMOD, one needs to spe-
cialize Eq. (9) to the case of a tetrad (s} adapted to the center
of mass of the satellite assumed with no attitude parameters. In
this case, in fact, the observation equation will give a relation
between the “aberrated” direction represented by the direction
cosines e,, as measured by the satellite and the “aberration-free”
direction given by the quantity I_E'O) referring to the local BCRS
frame {A3}. The vectors of the triad {3} differ from the local
BCRS’s {43} for a boost transformation with four-velocity u;.
This means that it can be derived from Eq. (3) using the relation
(Jantzen et al. 1992)

@ —
—USUy =

N _ a | yo Y o
@ _.ID(uS)o.[A& -1 (vpﬁp&)], (11)

4 Also, each Eq. (8) is essential in RAMOD as it represents a boundary
condition needed to uniquely solve the master equations.
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where ug and v are the above-mentioned four velocity of the
satellite and its physical velocity relative to the local BCRS, and
P(ug)y = 6% + uluye.

3.2. Aberration at the (v/c)® order as function of the local
line-of-sight

To recover a GREM-like aberration relativistic effect in

RAMOD, we have to expand Eq. (9) with respect to the (v/c)

small pN parameter. From de Felice et al. (2006) and Bini et al.
hoo

(2003) it is
o 1v? o vl " vt
MS=(1+7+§;)(50+;(51~)+0(C—4)

where v’ are the same as was defined in the previous sections.
Now, when considering Eq. (4) one deduces that W~0 (04/ C4)
and

12)

; hoo Ui 1)4
=1+ —|=-+0|=| 13
i e PRt @
Expanding Eq. (11) with relations (10) and (4), one gets
3 = a8+ (hag) — (L + L2V e (18)
a = fa T \RAB) T g T g “
L1 107 ot
_u;(z g_2)(u»§yﬁ)(maﬁ)+o(_4) (14)

Then, using Egs. (3), (12), and (13) and expanding the scalar
products to the right order, we obtain

1 2 a 4
(Mfﬁaﬁ) = (1+h00+§%)%+0(z—4) (]5)
v? vt
(#a) = (14100 & 405 ) (16)
2 4
() = 5 +0(%) a7

so that the expression for the boosted tetrad finally becomes

~ 3/’100 1()2 v?
A =+ |1+ —+ =516
“ a ( 22

1o v° vt
+=—6—+0[— |
2¢ ¢ (6‘4)

Oc

(18)

Given Eq. (18) one can consistently recast Eq. (9) as
I-v) ¥ I-v) &
( V)ﬁ _a + ( V)ﬁ_O (1+
y(1=val?)  y(1-val?)
1 (l__ V)ﬁ %‘5?% +O(v4)’
c

2y (1 - v, ") *

ey = —
c

3/’100 + 1 1)2 v?
2 2 ¢?

19)

where &, are the cosines related to the tetrad {3}, which, as said,
does not contain the attitude parameters. Here and in the rest of

the section, we replace (l_(o)ﬁ - vﬁ) with (l_(o) - V)ﬁ, and the sym-

bol ZZB) with I to ease the notation.

After long calculations and considering the IAU metric, the
first term on the righthand-side of this formula can be written as

-0 _
y(l—val_“):l +;[ o+ (65,07 ) I (20)
+C—12 {wl“—(é,‘,v’lj)v + (6”0’1/) —%vz] 7“}

v+ I [3w (6,~J-v"l_j)

ol

The second term is zero since both I and v, are zero, while the
third one becomes

=y

1
2 ),(1 —V(J”) c

+Ci3 {—Zwva - [((Z‘jv"l_j)2 - %vz

+(607)' = 30 30) + (T

J i .2 2 ‘@ 4

ot Aol
Finally, collecting all terms, we get

=1+ % [-v =+ (@0T) |

L)

+CL3 {—Zwv“ - % (5ijviij)2 v

+ I 3w (00T ) + ((5[/‘1)[17)3 - %vz (6:0')

(o)) -0 () @2)

3.3. Recasting to the GREM-like aberration

Expression (22) relates the observed direction cosines with .
The equivalent relation for the GREM observable is Eq. (B.6)
where the aberration is expressed in terms of a vector n. At first
glance, it comes out that we cannot simply identify  with n,
since the last expression shows differences in terms up to the
(v/c)? order! In particular, the appearance of the term w* and
of different factors at the (v/c)> order cannot allow a straightfor-
ward comparison, as expected, of Eq. (22) to the GREM vecto-
rial one of Eq. (B.6). Therefore, to compare formula (22) with
GREM’s formula (B.6) and find a relationship between n and [,
we need to reduce the s to their coordinate Euclidean expres-
sions.

In GREM, n represents the “aberration-free” coordinate line
of sight of the observed star at the position of the satellite mo-
mentarily at rest. In RAMOD, as said, [ represents the normal-
ized local line-of-sight of the observed star as seen by the lo-
cal barycentric observer u. In other words, I is a four-vector that
fixes the line of sight of an object with respect to the local BCRS.
Do n and [ have a similar role in the two approaches? From the
physical point of view they have the same meaning, as the ob-
served ‘“‘aberration free” direction to the star. Let us start from
the definition of n in GREM:

Page 5 of 8



A&A 509, A37 (2010)

where p' = ¢~'dx’/dt and p is the Euclidean norm of p', so that
p = (1 + hoo + hO[pi) + O(h2). This means that
n' = p' (1 + hoo + haip') + O (1?). (23)
On the other hand, using the definition of 7, it can be easily
shown that its spatial components are
7i K K
l = — = = — >

Ugk uOk0 (—1 + hoo + hOilk(_o)

and, from u° = (—goo)_l/2 and k'/k° = ¢~ 'dxi/dr = pi, we get

— . R _1
I'= p'(=gon)'" (1 — hoo - hOiPl)
. 1 .
= pl (1 + 5/’100 + hol‘pl) + O(/’lz) . 24)
Finally, from Egs. (23) and (24) one has
- ; hoo vt
' =n1-— — 25
n ( > )+O(c4 , (25)

namely, the spatial light direction, expressed in terms of its
Euclidean counterpart at the satellite location in the gravitational
field of the solar system. It is worth noticing that no terms of the
order of O[(v/c)*] appear in (25).

Combining Eq. (22) with (25) and setting 6;v'n/ = v - n to
ease the notation, we obtained

~ a

1
ey =n"+—[-v"+ (v-n)n’]
c

(- n) - %vz} n“} +

frolz)

i.e. the righthand side of the aberration expression of RAMOD
rewritten as in GREM.

Now we have to be certain that the lefthand side of Eq. (26)
can also be directly compared with GREM’s formula (B.6). Let
us apply the tetrad property A,As5 = gag to the definition of &,
and get

(26)

1 1
+§{—§(v~n)v“+

1 1
= {—2wv“ -3 (- n)*v*

1
+(@-n)nt 2w+(v-n)2—§v2

) P(u)osk®
€= —— 5 =
(Paapkeie)!
k2l kA2 k*2d  dx
@ - - (27
|gaﬁuakﬁ| gaﬁ/lgkﬂ kﬁ/lg djéO

Is there a relation between the direction cosines of this equa-
tion with the spatial components of the observed vector s’ in
GREM? The crucial point stands on the definition of the coor-
dinate system. The tetrad components of the light ray can be
directly associated to COMRS coordinates, i.e. to a coordinate-
induced tetrad (as in Klioner 2004), if the boosted local BCRS
tetrad coordinates X are equivalent to the COMRS ones X°.

In RAMOD, at the milli-arcsecond level, i.e. at (v/c)?, the
rest-space of the local barycentric observer coincides globally
with the spatial hyper-surfaces that foliate the space-time and
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define the BCRS (de Felice et al. 2004). At micro-arcsecond ac-
curacy, instead, the vorticity cannot be neglected and the geom-
etry is affected by nondiagonal terms of the metric, meaning that
the + = constant hyper-surfaces do not coincide with the rest-
space of the local barycentric observer (de Felice et al. 2006).
Then, to be consistent, at each point of observation we can only
define a spatial direction measured by the local barycentric ob-
server and then associate it to the satellite measurements via the
direction cosines relative to the boosted attitude frame.

The equivalence of the two coordinate systems thus holds if
the origins of the two reference systems coincide and only lo-
cally, i.e. in a sufficiently small neighborhood, since the tetrads
are not necessarily holonomic. Under these hypotheses and
from (B.1), one can state that

di@  dXxe a
— = —==n =-S5,
dzd  dX°

and it follows that

(28)

eyg = —5.
Therefore, using the local validity of Eq. (28) and considering
thatn-n = 1and v* = o;jv'v) = v -v, Eq. (26) can be written as

a

s = —na+é[v“(n-n)—n“(v-n)]+

1
c—2{(v-n)[v“(n-n)—n“(v'n)]+
%[n“(v-v)—v“(v'n)]}+

1
C—3{Zw[v“(n-n)—n“(v-n)]+
@ -n)?[v'(n-n)—n@-n)]+

1 ot
—(v-n)[n“(v-v)—v“(v'n)]}+0(—4). (29)
2 c

Finally, from the relationa X (b X ¢) =b(a-c)—c(a-b),itis

a

K =—n“+l[nx(vxn)]“+iz{(v-n)[nx(vxn)]“
c c

+% [v X (n X v)]“} + % {[(v -n)’ + Zw] [ X (@ x n)]*

4
LIS [vx(nxv)]“}+0(v—) (30)
2 ct

which is formula (B.6) for the aberration in GREM-like model
if we consider that v = x,, and w = w (x,). This result states that,
limited to the case of aberration and using the appropriate defi-
nitions of the IAU recommendations, RAMOD recovers GREM
at the (v/ ¢)’ order.

4. Conclusions

This paper compares two approaches within the context of rela-
tivistic astrometry, GREM and RAMOD, both suitable for mod-
eling modern astrometric observations at micro-arcsecond accu-
racy. Because of the structure of GREM, the earliest stage of a
theoretical comparison starts with the evaluation of the aberra-
tion “effect” in RAMOD.

This work presents a first analysis between two different
methods in applying general relativity, the only theory of grav-
itation up to now, to astrometry. Understanding any difference
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and/or equivalence represents a valuable help to exploit the Gaia
observations to their full extent and to validate data analysis in
the new era of relativistic astrometry.

Indeed, the different mathematical structures of GREM and
RAMOD hinder a straightforward comparison and call for a
more in-depth analysis of the two models. While GREM favors
the direct application of the coordinate approach since the be-
ginning, RAMOD prefers, instead, to keep the meaning of the
physical quantity as far as possible, i.e. to move to the coordi-
nates once the condition equations are solved (namely the equa-
tions linking the measurements and astrometric unknowns). This
implies a certain number of differences between the two deriva-
tions that have to be taken into account to avoid misinterpreta-
tions of parallel but different quantities. Up to now, we can dis-
tinguish the following differences in how the two models use:
(i) the boundary conditions; (ii) the astrometric measurements;
(iii) the attitude implementation; (iv) and the definition of the
proper light direction.

Of crucial importance is point (i). The light signal arriving at
the local BCRS along the spatial direction [* = P(u)gkﬁ satisfies
the RAMOD master equations, a set of nonlinear coupled dif-
ferential equations (de Felice et al. 20006). Therefore the cosines
(i.e. the astrometric measurements) taken as a function of the
local line of sight (the physical one), at the time of observa-
tion, allow fixing the boundary conditions needed to solve the
master equations and determining the star coordinates uniquely.
However, since the direction cosines are expressed in terms of
the attitude, the mathematical characterization of the attitude
frame is essential for completing the boundary value problem in
the process of reconstructing the light trajectory. The vector 7 in
GREM, i.e. the “aberration-free” counterpart of / of RAMOD, is
instead used to derive the aberration effect (in a coordinate lan-
guage), and there is no need to connect it with a RAMOD-like
boundary value problem.

In RAMOD the direction cosines link the attitude of the
satellite to the measurements, combining several reference
frames useful to determine, as final task, the stellar coordinates:
the BCRS (kinematically non-rotating global reference frame),
the CoMRS (a local reference frame comoving with the satellite
centre of mass), and the SRS (the attitude triad of the satellite).
The coordinate transformations between BCRS/CoMRS/SRS
come out naturally once the IAU conventions are adopted. A
proof of this is given when we apply proper time formula (A.3)
to get the relationship between the running time on board and
the barycentric coordinate time (7). This is inside the conceptual
framework of RAMOD, where the astrometric set-up allows one
to trace the light ray back to the emitting star in a curved geom-
etry, and it is not natural to disentangle each single effect. As for
the solution of the geodesic equation, RAMOD defines a com-
plete procedure to derive the satellite attitude that as input de-
pends only on the specific terms of the metric that describes the
addressed physical problem. GREM, instead, embeds the defi-
nition of its main reference system (BCRS) within the metric,
consequently each further step depends on this choice. This in-
cludes all the subsequent transformations among the reference
systems that are essential for extracting the GREM observable
as a function of the astrometric unknowns. On the other side, the
RAMOD directly implements in the solution of the astrometric
problem the relativistic algorithms of the attitude frame, assur-
ing its consistency with GR, since by definition the origin of the
tetrad system follows the observer’s world-line (i.e. the center
of mass of the satellite in this case). The last comment explains
items (ii) and (iii) and introduces item (iv).

Because physical quantities do not depend on the coordi-
nates, the direction cosines are a powerful tool for comparing the
astrometric relativistic models: their physical meaning allows us
to correctly interpret the astrometric parameters in terms of co-
ordinate quantities. This justified the conversion of the physical
stellar proper direction of RAMOD into its analogous Euclidean
coordinate counterpart, which ultimately leads to the derivation
of a GREM-style aberration formula. Another point arises when
the observables of RAMOD have to be identified with s', i.e. the
components of the observed vector of GREM. This matching is
admitted only if the origins of the boosted local BCRS tetrad in
RAMOD and of the CoMRS in GREM coincide.

In conclusion, to what extent, then, is the process
of star coordinate ‘“reconstruction” consistent with General
Relativity&Theory of Measurements? Solving the astrometric
problem in practice means to compile an astrometric catalog
with the same order of accuracy as the measurements. This pa-
per shows not only that the two models give the same results,
but also that particular care is needed in the interpretation of the
observables and of the quantities that constitute the final catalog
in order to avoid differences that already exist at the level of the
aberration effect.
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Appendix A: Length and time measurements due
to a space-time splitting

An observer u’ carrying its laboratory is usually represented as
a world tube; in the case of a non-extended body, the world tube
can be restricted to a world line tracing the history of the ob-
server’s barycenter in the given space-time. At any point P along
the world line of u’, and within a sufficiently small neighbor-
hood, it is possible to split the space-time into a one-dimensional
space and a three-dimensional one (de Felice & Clarke 1990),
each space being endowed with its own metric, respectively
UpW') = _“fz“;/; and Pog (1) = gop + u(’lu;,. Clearly,

Yap = Uaﬁ (u,) + Pwﬁ (u,) . (A1)
The subspace with metric P,g (1) is generated by lines (i.e.
geodesics in a normal neighborhood) that are orthogonal to the
world line of u” at P. This sub-space defines the rest-space of
the observer u’ at P and here one is allowed to measure proper
lengths. The subspace with metric Uyg (u”) is generated by lines
that differ from that of u’ by a new parameterization. In this sub-
space one measures the observer’s proper time.

As a consequence of Eq. (A.1), the invariant interval be-
tween two events in space-time can be written as ds? =
Pop (') dx¥dx? + U,p (u’) dx*dx?, from which we are able to
extract the measurements of infinitesimal spatial distances and
time intervals taken by u’ as, respectively,

ALy = [Pop (1) dxed? (A.2)
and
AT, = —c'ul,dx”. (A.3)
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star path

Fig. B.1. The vectors representing the light direction in the pM/pN ap-
proaches inside the near-zone of the solar system.

Appendix B: Stellar observed direction and stellar
aberration in GREM-like approaches

The pN/pM approaches (Kopeikin & Schifer 1999; Kopeikin &
Mashhoon 2002; Klioner 2003) transform the observed direc-
tion to the source (s) into the BCRS spatial coordinate direc-
tion of the light ray at the point of observation with coordinates
xi(t,) = xi (see Fig. B.1). Now, paraphrasing Klioner (2003),
the coordinate direction to the light source at x! is defined by the
four-vector p® = (1, p’), where p’ = ¢~ 'dx’/dt, x', and ¢ are the
BCRS coordinates. But the coordinate components p’ are not
directly observable quantities; the observed vector towards the
light source is the four-vector s* = (1, s'), defined with respect
to the local inertial frame of the observer. In the local frame:

; dX'
== X0 (B.1)
where X* are the coordinates in the CoMRS. Then to deduce
the spatial direction p’ from s’ an infinitesimal transformation
X?(x*) between COMRS and BCRS is adopted, given by the for-
mula
dX* = AgdA. (B.2)
From (B.2) the expression of s’ as a function of the spatial com-
ponents p' is obtained:

o AL+ Al

S = —W' (B3)
AO + Aj p/

One can make Eq. (B.3) explicit by following the procedure re-
ported in (Klioner & Kopeikin 1992) and adopting the IAU res-

olution B1.3 (Soffel et al. 2003). From the BCRS (ct, ') to the

CoMRS (c¢7, X', the transformation between the time coordi-
nates reads as

T = t—c2[A@) + ;'R (B.4)
+¢*[B + 6;jB'R. + 6,,6 x B'R"R

+C(t,x)] + O (c-S) ,
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and between the spatial coordinates as

X =

. 1 . . , .
i -2 i i i J
6j+c (Evvj+qFj(t)+Dj(t))]RS

+c 2D (ORIRE + O (™). (B.5)
All the functions A, B, C, D are defined in Klioner & Kopeikin
(1992) or in IAU resolutions, and R. = x' — xi are the coordinate
displacements with respect to the center of mass of the satellite
xi in the BCRS, and finally v’ = dx/dz.

As reported in Klioner (2004), the attitude in GREM (SRS)
is obtained by applying an orthogonal rotation matrix Ri“ to X! in
Eq. (B.5). At this stage the role of the SRS is equivalent to that
of the ESs in Eq. (8).

If one keeps all the terms up to the order of 1 micro-
arcsecond, the observed stellar direction s' is transformed (in the
CoMRS) into the unitary “aberration-free” direction n' = p'/p

(where p = +/pip)):

i

s = —n'+c M nx (v x )

+c72 {(n o) [rxmxv)] + % [v % (1% v)]’}

+c @ m)? + @w )| n x @ x W]

+% (n-v)[vx(nx v)]’} +04). (B.6)
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