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Galileons as the Scalar Analogue of General Relativity

Remko Klein,1, ∗ Mehmet Ozkan,1, † and Diederik Roest1, ‡

1Van Swinderen Institute for Particle Physics and Gravity, University of Groningen,

Nijenborgh 4, 9747 AG Groningen, The Netherlands

We establish a correspondence between general relativity with diffeomorphism invariance and
scalar field theories with Galilean invariance: notions as the Levi-Civita connection and the Rie-
mann tensor have a Galilean counterpart. This suggests Galilean theories as the unique non-trivial
alternative to gauge theories (including general relativity). Moreover, it is shown that the require-
ment of first-order Palatini formalism uniquely determines the Galileon models with second-order
field equations, similar to the Lovelock gravity theories. Possible extensions are discussed.

I. INTRODUCTION

Given the ubiquity of scalar fields in many areas of
physics, ranging from elementary particles and con-
densed matter to cosmology, one would like to under-
stand what the most general interactions of such a
field are. Already at the classical level this question
turns out to have an intricate answer, both from a
theoretical as well as a phenomenological viewpoint.
Scalar Lagrangians often only include the field

φ itself and its first derivative ∂µφ. Dependence
on higher-order derivatives generically leads to field
equations beyond second-order in derivatives, sig-
nalling additional degrees of freedom. By virtue of
the Ostrogradski theorem [1], this induces a ghost-
like excitation. However, this fatal feature can be
eliminated by only allowing specific combinations of
the second derivatives to appear in the Lagrangians.
The resulting field equations can either be purely
2nd-order or include 0th- and 1st-order terms. Such
theories are referred to as (generalized) Galileons,
respectively [2, 3] (see also [4]).
Galileons have found wide-spread applications in

cosmology. For instance, they arise as the higher-
order interactions in the DGP model [5], and when
coupled to gravity allow for a self-accelerating uni-
verse without a cosmological constant [6, 7] and
without ghost instabilities [2]. Moreover, Galileons
obey a non-renormalization theorem [8, 9], and thus
can play an essential role for the construction of ra-
diatively stable inflationary models [10]. Violating
the Null Energy Condition, Galileons can lead to
stable alternatives to inflation [11]. Finally, the so-
called Fab-Four subset of Galileons gives rise to self-
tuning of the cosmological constant [12].
These theories draw their name from the symme-

try

φ → φ+ c+ vµx
µ . (1)
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This arises from a particular non-relativistic contrac-
tion of Poincaré5 in which φ denotes the transverse
position of a three-brane [13, 14]. In contrast, the
usual Galilean symmetry xi → xi + ci + vit arises
from a non-relativistic contraction of Poincaré4, with
xi denoting a point particle position in the spatial
dimension.

Purely second-order field equations are manifestly
invariant under this Galilean symmetry. However,
the set of theories for which this holds (which we
will refer to as Galilean theories) is much larger, as
it allows for any higher-order term. We will demon-
strate that it is actually the combination of Galilean
symmetry plus the requirement of an underlying
first-order formalism that leads to the second-order
Galileons of [2]. This is reminiscent of general rela-
tivity, in which the set of diffeomorphism invariant
theories generically leads to higher-order field equa-
tions. Only the subset of Lovelock gravities allows
for an underlying first-order, Palatini formalism and
leads to second-order field equations [15–17].
In this letter we will deepen this analogy with gen-

eral relativity. Notions such as the Riemann tensor,
the metricity condition and the Levi-Civita connec-
tion have a Galilean counterpart. Our results place
Galileons on a par with Lovelock gravity. The Pala-
tini formalism provides an elegant derivation and
proof of the second-order nature of both theories.
Finally, this improved understanding might allow for
a similar construction in other domains as well.

II. GENERAL RELATIVITY

General relativity is based on diffeomorphism in-
variance. This dictates the form of the covariant
field strength of the metric, the Riemann tensor.
Since the Riemann tensor contains second deriva-
tives of the metric, a generic theory depending on
it will have field equations that are higher order in
derivatives than two. The Einstein-Hilbert term is
special as it yields only second-order field equations.
F.e, all other f(R)-gravity theories have higher-
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order terms leading to an additional scalar degree
of freedom, in addition to those of a massless gravi-
ton.
In addition to the Einstein-Hilbert term, there is a

larger subset of general relativity theories that have
up to second order field equations. This set is re-
ferred to as Lovelock gravity [18], and its basic build-
ing blocks are the Lovelock invariants L0 =

√−g
and

Ln =
√
−gδµ1...µ2n

ν1...ν2n

n
∏

i=1

Rµ2i−1µ2i

ν2i−1ν2i , (2)

with n = 1, 2, . . .. In addition to the cosmological
constant and the Einstein-Hilbert term, this includes
e.g. at quadratic order the Gauss-Bonnet term. The
most general Lovelock Lagrangian in D-dimensions
is a linear combination of the Lovelock invariants
with n ≤ [(D − 1)/2], since the higher order invari-
ants are non-dynamical in D-dimensions.
The set of Lovelock theories can be derived in an

elegant and insightful manner by means of a first-
order formulation. In this so-called Palatini formal-
ism [19], one assumes both geometric objects of gen-
eral relativity, the metric gµν and the connection
Γρ

µν , to be independent - in contrast to the usual
metric formalism in which one takes the Levi-Civita
connection. Generically, evaluating a theory in the
metric formalism or in the Palatini formalism yields
entirely different dynamics. Only for Lovelock the-
ories there is a clear relation between the two for-
malisms: the dynamics of the metric formalism is
contained in that of the Palatini formalism. One
can see this by starting from a generic theory of the
form

L = L(gµν , Rµνρ
σ = 2∂[νΓ

σ
µ]ρ + 2Γλ

[µ|ρΓ
σ
λ|ν]) .

(3)

In the metric formalism the equation of motion is

δL
δgµν

=
∂L
∂gµν

+ 2∇(ρ∇σ)

(

gµλ
∂L

∂Rνρσ
λ

)

, (4)

whilst in the Palatini formalism the equations of mo-
tion are

δL
δgµν

=
∂L
∂gµν

= 0 , (5)

δL
δΓρ

µν
= ∇σ

( ∂L
∂Rσ(µν)

ρ

)

= 0 . (6)

(Here we assumed the absence of torsion, see [17]
for a more general treatment.) For Lagrangians that
are linear in the Riemann tensor, i.e. the Einstein-
Hilbert term, (6) necessarily implies the metricity
condition

∇ρgµν = 0 , (7)

which determines the connection to be the Levi-
Civita connection. Upon using this unique solu-
tion, (4) and (5) are seen to be identical. If higher
powers of the Riemann tensor are present, the Levi-
Civita connection is generically no longer a solution
to (6). However, following [15], we will require it
to be a solution to higher-order terms in the La-
grangian as well, thus restricting the set of admissi-
ble Lagrangians.
We now assume our Lagrangian admits an expan-

sion in terms of the Riemann tensor and whose coef-
ficients only depend on the metric. Since the latter
are covariantly constant due to the metricity condi-
tion, we can apply the chain rule to obtain

∂2L
∂Rσ(µν)

ρ∂Rαβγ
δ
∇σRαβγ

δ = 0 . (8)

By using the Bianchi identity ∇[σRαβ]γ
δ = 0, this

can be translated in a condition on the Lagrangian:

∂2L
∂R(σ|(µν)

ρ∂Rα)βγ
δ
= 0 . (9)

This condition uniquely singles out the Lovelock in-
variants Ln. In addition, the second term of (4) van-
ishes on account of the Lovelock condition (9) and
one concludes that (4) and (5) are identical upon re-
stricting to the Levi-Civita connection. Moreover,
this demonstrates the second-order nature of the
field equations for these theories: as the Lagrangian
only includes the metric and the Riemann tensor, its
variation with respect to explicit metrics can only
contain up to second-order derivatives.

III. GALILEAN THEORIES

A generic Galilean theory will have a field equa-
tion higher order in derivatives than two. The subset
of such theories that have up to second order equa-
tions of motion, are the Galileons of [2], whose basic
building blocks can be written as [20] (see also [21])

Ln = φn+1δµ1...µn

ν1...νn

n
∏

i=1

Sµi

νi , n = 1, 2, . . . (10)

where we introduced

Sµν = φ−1∂µ∂νφ . (11)

The most general Galileon in D-dimensions is a lin-
ear combination of the invariants with n ≤ D, since
all higher-order ones vanish.
By comparing (2) and (10), one is tempted to view

Sµν as a Galilean covariant field strength for the
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scalar. To see this, consider a scalar field φ whose
transformation we write as

δφ = Λ(x) =
Λ(x)

φ
φ , (12)

where Λ(x) is a space-time dependent parameter. In
order to construct covariant quantities, we introduce
a gauge field that transforms as

δΓµ = ∂µ

(Λ(x)

φ

)

. (13)

The covariant derivative is then given by

Dµφ = (∂µ − Γµ)φ . (14)

Moreover, we define a field strength for Γµ as

Sµν = ∂µΓν + αΓµΓν , (15)

whose transformation is given by

δSµν = −Λ

φ
S(µν) +

1

φ
∂µ∂νΛ − 1

Λ
D(µ

(Λ2

φ2
Dν)φ

)

+
1

φ
(1− α)Γ(µ

(

Γν)Λ− 2∂ν)Λ +
2Λ

φ
Dν)φ

)

. (16)

In order for this to be covariant one usually takes the
field strength to be the anti-symmetric combination.
The transformation then vanishes identically and the
field strength is invariant. This leads to the usual
set of gauge theories. In contrast, we will take the
symmetric projection, which forces us to impose the
condition Λ = a + bµx

µ and set α = 1 in order
to eliminate the non-covariant terms. This implies
that we have Galilean symmetry acting on our scalar
field.
Note however that in this case the field strength

is not invariant, but merely covariant. Also note
that it is due to the symmetry of the field strength
that we can write down its second term (which is
reminiscent of a non-Abelian term but absent in the
case of a single gauge field). We stress that this form,
which is suggestively similar to the Riemann tensor,
is dictated by symmetry; apart from gauge theories,
the unique alternative are Galilean theories.
To make contact with definition (11), we need to

impose a condition expressing Γµ in terms of the
scalar. The only covariant option is the vanishing of
the covariant derivative:

Dµφ = 0 , ⇔ Γµ = φ−1∂µφ , (17)

which allows us to solve the connection as a com-
posite field (note that it can always be set equal to
zero at any point by means of a Galilean transfor-
mation). Inserting this expression into (15) (with
α = 1) precisely yields (11). 1

1 More generally Dρ1 . . .DρnSµν , upon using (17), reduces
to φ−1∂ρ1 . . . ∂ρn∂µ∂νφ.

Now, starting from a Galilean theory written in
terms of φ and Sµν [Γρ]

2, two different formalisms
naturally present themselves. Firstly, one can take
the ’metric’ approach by demanding the vanishing
of the covariant derivative and fully expressing the
theory in terms of the scalar, resulting in the usual
formulation. Secondly, one can take a Palatini ap-
proach and view Γµ as an independent field. As
in the case of general relativity, the two formalisms
generically yield different dynamics. However, pre-
cisely for Galileons do the two formalisms have a
clear relation: the dynamics of the metric formalism
is contained in that of the Palatini formalism.
To see this consider a general Lagrangian

L = L(φ, Sµν = ∂(µΓν) + ΓµΓν) , (18)

whose field equation in the metric formalism is

δL
δφ

=
∂L
∂φ

+ (∂µ + Γµ)(∂ν − Γν)
( 1

φ

∂L
∂Sµν

)

. (19)

and whose field equations in the Palatini formalism
are

δL
δφ

=
∂L
∂φ

= 0 (20)

δL
δΓµ

= (∂ν − 2Γν)(
∂L
∂Sµν

) = 0 . (21)

For the Galilean theory linear in the field strength,
i.e. φ2Sµ

µ , (21) implies the vanishing of the covari-
ant derivative and the two formalisms are seen to be
equivalent. However, for higher order terms the van-
ishing of the covariant derivative is no longer consis-
tent with (21). Following the discussion in the pre-
vious section, we will require (17) to be a solution to
the higher order terms as well, thus restricting the
set of admissible Lagrangians.
Assuming a Taylor expansion in Sµν with φ de-

pendent coefficients and using (17) at the level of
the equations of motion, one finds firstly that the
Lagrangian must have weight +1, and secondly

∂2L
∂Sµν∂Sρσ

DµSρσ = 0 . (22)

Note that the field strength transforms as φ−1, which
we will refer to as weight −1 (see first term in (16)).
Its covariant derivative is therefore defined as Dµ =
∂µ + Γµ and satisfies the Bianchi identity

D[ρSµ]ν = 0 . (23)

2 We suspect that any Galilean theory L(φ, ∂φ, ∂∂φ, ...) can
be rewritten as L′(φ, ∂∂φ, ...) by adding suitable total
derivatives, and hence that any Galilean theory can be writ-
ten in terms of φ, Sµν and covariant derivatives of Sµν only.
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Using this identity, equation (22) translates into the
following condition on the Lagrangian

∂2L
∂Sµ(ν∂Sρ)σ

= 0 (24)

These conditions, namely weight +1 and (24), en-
sure that the second term of (19) vanishes. There-
fore the scalar field equations (19) and (20) are
identical upon restricting to solution (17) of (21).
Similar to general relativity, this demonstrates the
second-order nature of the field equations for these
theories: the Lagrangian only depends on φ and Sµν

implying up to second-order derivatives in the vari-
ation with respect to the explicit φ’s.
Finally, the conditions uniquely single out the

Galileons. To see this we note that any Lagrangian
satisfying the conditions yields a purely second or-
der scalar field equation, and is hence contained in
the Galileons. Conversely, any Galileon has weight
+1 and satisfies (24).

IV. GENERALIZED GALILEONS

Remarkably, one can extend the first-order for-
malism beyond theories that are restricted by sym-
metries, as in the above. The set of theories can be
extended to the generalized Galileons, which have an
arbitrary function in front of the Galileon invariants,
and still have up to second-order field equations [22].
However, while the most general set allows for de-
pendence on both φ as well asX ≡ (∂φ)2, we restrict
to functions f(φ) only.
We will again start from a scalar field transforming

as (12). However, in this case we introduce a gauge
field with transformation

δΓµ = ∂µ

(Λ(x)

f(φ)

)

. (25)

The covariant derivatives and field strength read

Dµφ = ∂µφ− Γµf ,

Dµf = (∂µ − Γµf
′)f ,

Sµν = ∂(µΓν) + f ′ΓµΓν , (26)

where f ′(φ) ≡ ∂f(φ)/∂φ. The vanishing of the co-
variant derivative in this case yields

Γµ = f−1∂µφ , ⇒ Sµν = f−1∂µ∂νφ . (27)

Starting from a Lagrangian with arbitrary φ and
Sµν dependence, the equation of motion for the con-
nection is:

(∂ν − 2f ′Γν)(
∂L
∂Sµν

) = 0 . (28)

A similar analysis as in the previous section reveals
that the only Lagrangians whose connection equa-
tion has the solution (27) are of the form

Ln = f(φ)n+1δµ1...µn

ν1...νn

n
∏

i=1

Sµi

νi , n = 1, 2, . . . (29)

which are precisely the generalized Galileons whose
free function is restricted to be φ dependent only.
Again the equivalence of the scalar equations of

motion follow automatically. Note however that the
scalar field equation is no longer obtained by solely
varying with respect to the explicit φ’s: it picks up
contributions from the variation of Sµν .
This first-order formalism therefore leads to the

generalized Galileons with arbitrary functional de-
pendence on the scalar field (but not its first deriva-
tives). In the case of a constant function, the La-
grangian is invariant under the Galilean transfor-
mation; however, all these terms are total deriva-
tives and hence not dynamical. The case of a lin-
ear function leads to the actual Galileons; the La-
grangian transforms with a total derivative. For
quadratic and higher-order expressions, the result-
ing Lagrangians are not invariant. Nevertheless, it
provides one with an understanding of why these
theories lead to second-order field equations: the
consistency and equivalence of the Palatini formal-
ism only requires the Lagrangian to be covariant,
and not invariant, under the underlying symmetry.

V. CONCLUSIONS

To conclude, it seems worthwhile to summarize
the similarities (and differences) between the first-
order formalisms for the metric and the scalar. We
have summarized the analogous concepts in Table I
to highlight the striking similarity.
One difference concerns the transformation of the

field strength in the two formalism. While the Rie-
mann tensor transforms identically in the first- and
second-order formulation, this is not the case for
Sµν : in addition to the covariant weight −1 piece,

General relativity Galilean theories

Field Metric gµν Scalar φ

Symmetry Diffeomorphism φ → φ+ c+ vµx
µ

Connection Γρ
µν Γµ

Field strength Rµνρ
σ Sµν ≡ ∂(µΓν) + ΓµΓν

Bianchi ∇[λRµν]ρ
σ = 0 D[ρSµ]ν = 0

Condition ∇ρgµν = 0 Dµφ = 0

2nd-order Lovelock Galileons

TABLE I. Dictionary of concepts in GR and Galilean

theories.
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there are additional terms in the last line of (16).
However, since these all vanish upon imposing the
vanishing of the covariant derivative, this difference
is immaterial. Similarly, one could worry about the
lack of covariance of the field equations (19) and
(21). Indeed generic Lagrangians will not be invari-
ant (up to a total derivative) under Galilean trans-
formations, resulting in non-covariant field equa-
tions. However, these terms vanish exactly for the
set of Galileons.
Galileons can be constructed as Wess-Zumino

terms in non-linear realizations of the appropriate
coset space [23, 24]. This construction does not
entail a one-to-one correspondence between broken
generators and Goldstone bosons – while φ is the
Goldstone boson of broken translational invariance
in the fifth dimension, there is a so-called inverse
Higgs mechanism [25] at work that expresses the
Goldstone bosons of the other four broken gener-
ators in terms of the scalar field. This is reminis-
cent of our covariant derivative condition (17). Simi-
larly, one can construct conformal and DBI Galileons
[5, 24, 26] by starting from different cosets; do these
also admit an underlying Palatini formalism? More
generally, does this formalism extend to general-
ized Galileons with arbitrary dependence on the first
derivative of the scalar as well (including DBI and
conformal)? It is unclear how to extend the formal-
ism to cope with such terms in general; e.g. there
is an ambiguity in how to express X in terms of Γµ

and ∂µφ.
In addition, one can couple the Galileons to grav-

ity. The resulting Lagrangian reads [3, 27]

Ln =
√
−gφ

[n/2]
∑

p=0

(−1

8
)p

n!

(n− 2p)!p!p!
δµ1...µn

ν1...νn ·

·
p
∏

i=1

XRµ2i−1µ2i

ν2i−1ν2i ·
n
∏

j=2p+1

φSµj

νj . (30)

Note that these terms interpolate between the
Galileon (10) and Lovelock (2) structures; however,
the latter are polynomial in XR rather than R itself.
Moreover, this theory can be generalized by includ-
ing an arbitrary function fn(φ,X) for every n [22],
without losing the second-order nature of the field
equations. In four dimensions this set of theories is
actually identical to the much older Horndeski result
[12, 28]. Finally, it has been argued that a further
generalization allows for more general functional de-
pendence without introducing additional propagat-
ing degrees of freedom [29–32].

It is natural to wonder whether such scalar-tensor
theories also allow for a first-order formalism, and
to interpret the resulting geometric structures.
A possible starting point for such an extension
might be found in the dimensional reduction of
higher-dimensional Lovelock theories, giving rise
to Horndeski-type theories [33] (or brane-world
scenarios [5, 26]). This connection to higher-
dimensional gravitational theories might point the
way to a first-order formalism for scalar-tensor
theories; moreover, it could provide a geometric
interpretation for the various structures uncovered
in this letter.
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